Hindawi

Journal of Mathematics

Volume 2020, Article ID 8426897, 12 pages
https://doi.org/10.1155/2020/8426897

Research Article

Hindawi

On Discrete Time Wilson Systems

Teena Kohli,! Suman Panwar,? and S. K. Kaushik

'Department of Mathematics, Janki Devi Memorial College, University of Delhi, Delhi 110060, India
’Department of Mathematics, Shri Ram Murti Smarak College of Engineering and Technology, Bareilly, UP, India
3Department of Mathematics, Kirori Mal College, University of Delhi, Delhi 110007, India

Correspondence should be addressed to S. K. Kaushik; shikk2003@yahoo.co.in

Received 13 August 2020; Revised 4 November 2020; Accepted 13 November 2020; Published 7 December 2020

Academic Editor: Yongqiang Fu

Copyright © 2020 Teena Kohli et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, we define the discrete time Wilson frame (DTW frame) for I* (Z) and discuss some properties of discrete time
Wilson frames. Also, we give an interplay between DTW frames and discrete time Gabor frames. Furthermore, a necessary and
a sufficient condition for the DTW frame in terms of Zak transform are given. Moreover, the frame operator for the DTW
frame is obtained. Finally, we discuss dual pair of frames for discrete time Wilson systems and give a sufficient condition for

their existence.

1. Introduction

The idea of frame as a redundant peer of a basis was
originated in 1952 by Duffin and Schaeffer [1]. It came to
limelight only with the historic paper of Daubechies et al. [2].

A sequence of vectors {uj}. CH is termed as a frame (or
jeN
Hilbert frame) for a separable Hilbert space # if there exist

constants &), &/, >0 such that

dlulP< Y [nup| <dt Jul, forallue sz, ()
jeN

The positive numbers &f; and &, are termed as lower and
upper frame bounds of the frame, respectively. The bounds

may not be unique. If &, = &, then {uj}.

jeN
o j-tight frame, and if &/; = o, = 1, then {u]}jeN is said to be

a Parseval frame. The inequality in (1) is recognized as the

frame inequality of the frame f;j}jeN‘

A sequence of vectors {u j} G is called a Riesz basis if
jeN

{u j} ., Is complete and there are positive constants &/; and
jeN

g, such that

is called an

2

2
Z aju; <d, Z 'ocj| ,
jeN jeN

forall {“j}jeN € £ (N).

2
CONIE
jeN

(2)

Gabor frame for L? (R) (which is a Riesz basis) has bad
localization properties in either time or frequency. Thus, a
system to replace Gabor systems which do not have bad
localization properties in time and frequency was required.
Wilson [3, 4] suggested a system of functions which are
localized around the positive and negative frequency of the
same order. The idea of Wilson was used by Daubechies et al.
[5] to construct orthonormal “Wilson bases” which consist
of functions given by

€, COS (2k7rx)w<x —%), if jiseven,
¥ (x) =4 o
2sin(2(k + 1)7x) w<x - JT)’ if jisodd,
. = V2, ifk=0,
712 ifkeN,

(3)
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with a smooth well-localized window function w. For such
bases, the disadvantage described in the Balian-Low theo-
rem is completely removed. Independent of the work of
Daubechies et al. [5], orthonormal local trigonometric bases
consisting of the functions w; cos((k+ (1/2))m (=), j € Z,
k € Ny, where N, = NU {0}, were introduced by Malvar [6],
where window functions are assumed to be compactly
supported, and only two immediately neighbouring win-
dows are allowed to have overlapping support. Some gen-
eralizations of Malvar bases were studied in [7, 8]. To obtain
more freedom for the choice of window functions, bio-
rthogonal bases were investigated in [9]. A drawback of
Malvar’s construction is the restriction on the support of the
window functions. Therefore, it was preferred to consider
Wilson bases of Daubechies et al. [5].

Feichtinger et al. [10] proved that Wilson bases of ex-
ponential decay are not unconditional bases for all modu-
lation spaces on R including the classical Bessel potential
spaces and the Schwartz spaces. Also, Wilson bases are not
unconditional bases for the ordinary L? spaces for p#2, as
shown in [10]. Approximation properties of Wilson bases
are studied by Bittner [11], and Wilson bases for general
time-frequency lattices are studied by Kutyniok and
Strohmer [12]. Generalizations of Wilson bases to non-
rectangular lattices are discussed by Sullivan et al. [3], with

Mokl

1
N: (E(m/M) + E(—m/M))gO’

where ke Z, LM eNand m=0,1,2,...,M - 1.

(E(m/M)T(kL/Z) + E(—m/M)T(kL/Z))go>

1 .
?(E(erl/M)T((kJrl)L/Z) - E—(m+1/M)T((k+1)L/2))g—l’ iftke2Z+1,
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motivation from wireless communication and cosines
modulated filter banks. Wojdyllo [13] studied modified
Wilson bases and discussed Wilson system for triple re-
dundancy in [14]. Discrete time Wilson frames with general
lattices are studied by Lian et al. [15]. Motivated by the fact
that one has different trigonometric functions for odd and
even indices, Bittner [11, 16] considered Wilson bases in-
troduced by Daubechies et.al [5] with nonsymmetrical
window functions for odd and even indices. This generalized
system of Bittner was later studied extensively by Kaushik
and Panwar [17-19] and Jarrah and Panwar [20].

In this article, we consider the system defined by Bittner
[16] to define the discrete time Wilson frame (DTWF) and
give examples for its existence. Some observations related to
properties of discrete time Wilson frames are given. Also, a
relationship between DTW frames and the discrete time
Gabor frames is discussed. Furthermore, a necessary and a
sufficient condition for the DTW frame in terms of Zak
transform are obtained and the frame operator for the DTW
frame is constructed. Finally, dual pair of frames for discrete
time Wilson systems is defined and a sufficient condition for
its existence is given.

The discrete time Wilson (DTW) system associated with
o> g1 € I*(Z) is defined as

ifke2Z, k+0,

(4)

ifk=0,

The DTW system given by (4) can be rewritten for any
neZzas

2nmn )
V2 cos( ) gy ), ik =0,
2nmn kL .
lll(m/M),kL(n) = 2cos< M >go(71—7>, ifke2Z, k+0, (5)
2Sin<w>g1<n - M) ifke2Z+1.
| M 2
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Remark 1. For g, = g_, = g, the DTW system has the form
(E(m/M)T(kL/Z) +ECwmT ki) )g, ifk € 2Z,k+0,
1 .
Yomnoird = 1 ;(E(mH/M)T((kH)L/z) ~E_ o T i )9 1k €2Z 41, (6)
1 .
| W(E(m/M)_l—E(fm/M))g’ lfk:O,

where ke Z, LM eNandm=0,1,2,...,M - 1.

2. Outline of the Paper

In this article, we define discrete time Wilson frames (DTW
frames) and discuss various properties of DTW frames (see
Observations (I) to (VIII)). An interplay between DTW frames
and discrete time Gabor frames has been given in Theorem 1.
Also, a necessary and a sufficient condition for the DTW frame
in terms of Zak transform are given in Theorem 3 and 4,
respectively. The construction of the frame operator for the
DTW frame is discussed in Theorem 5. Finally, we discuss dual
pair of frames for discrete time Wilson systems and give a
sufficient condition for its existence. Various examples are
given to illustrate the discussion.

3. Discrete Time Wilson Frames

In this section, we define the discrete time Wilson frame
based on the Wilson system considered by Bittner [11, 16],
explore their existence through examples, and investigate
various properties including its relationship with discrete
time Gabor systems. We begin with the following definition.

Definition 1. The discrete time Wilson system:
(W mmp: 9094 €P(2) ke Z, LM eN,m=0,1,2,...,M -1},
(7)

where ¥ (a1 18 as defined in (4) and is called a discrete
time Wilson frame (DTWEF) if there exist constants
0< ¢, <d, < oo satisfying

M-1
AN Y Y [ Vmnsd | < LI,

keZ m=0 )
forall f € I*(Z).

The constants &/; and &, are called lower and upper
frame bounds for the DTWF {l//(m/M),kL: gor 91 € ZZ(Z)}.
The supremum of all lower frame bounds and the infimum
of all upper frame bounds are called optimal lower and
optimal upper frames bounds, respectively.

In case the system {W(m/M),kL5 9o 91 € P(2),
keZ LLMeNm=0,1,2, ...,M -1} satisfy only the
right-hand side of inequality (8), then the system is called a
discrete time Wilson Bessel sequence for [? (Z).

In order to show the existence of discrete time Wilson
Bessel sequences which are not DTWF for I (Z), we give the
following examples.

Example 1

(i) Let {g(n)},, = e,» n € N. Then,

M-1 5 M-1 )
S K B Tadl = Y Y 1f (n+kD)|

keZ m=0 keZ m=0
=M ) |f(n+kL)]
keZ
<M|fI?>, forall f € I*(2).

(9)

Therefore, we obtain

M-1
Z Z < f,y/(m/M%kLg}lzsélMll fI?, forall f € I*(Z).

keZ m=0
(10)

M-1 )
Hence, {W(m/M),kL: gel (Z)}m:O,k czimen 15 2
discrete time Bessel sequence for I?(Z) with Bessel
bound 4M.

However, it is a DTW frame if and only if L = 1.
(i) Let g (n)= ][ (1/n),n=1,2,3,...,A,where A<L<M,L>2,

0, otherwise.
Then, we have

M-1
S N K Eum T <MIfI%  forall f € I (2).

keZ m=0
(11)

Hence, {w(m,M),kL: ge lz(Z)}n]\iO{kE s 18 a dis-
crete time Bessel sequence for 12 (Z) with Bessel bound
4M. Furthermore, it is not a frame as it does not satisfy
the lower frame condition for {f (n)},., = e, € *(2).

Moreover, note that

M-1
() IfA = L then {yunnar: 9 € P @DY, or e runten
is a DTW frame with frame bounds A'= 2M and

B =4M.
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(2) It A L=M, then {V/(m/M).,kL: gelr M-1 2T 23 ,
(Z)}m okczimen is @ DTW frame with frame (f, cos( o >g(-)>‘ SE"f” , forall f € I°(2).
bounds A =M and B = 4M. m=0

Next, we give examples of Wilson systems which are (12)

discrete time Wilson f for 2 (Z).
iscrete time Wilson frames for [ (Z) Therefore, {W(m/M)kL gel (Z)}m ST < a

Example 2 discrete time Wilson frame for % (Z).
3 12"y, nel0,L]nZ L<M,
(1 =0,1,2,...,L-1,L<M, Let =
(i) Letg(n) = <| INM), nth . < (if) Let g (m) {0, otherwise.
otherwise. ) Note M. if MZ that
Then, using the fact that YM le27i(mM(a-p) = y ML gami(miM) (g-p) — { » L g-p¢€ ’
M, if q-peMZ, ., Therefore 0, if qg-p¢MZ
0, if q—pgéMZw v :
M-11-1 ,
Z Z [<f, E(m/M)TkLg>| = z z z If (p+ kD)
keZ m=0 keZ m=0 p=0
=[£I, forall f € I*(Z),
M-1
> 1< Taaodf = 50 ( 1A + X 1£ G+ DLIF
keZ m=0 kez
(13)
M-1 2
2mm- 3IM
2y [¢f, cos( = ) < wlflP, feP@.
m=0
Hence, {V’(m/M) i gER (Z)}m okczimen 18 a DTW Indeed, it follows from the fact that
frame for I* (Z). Mo .
In view of the above discussion, we have the following Z 2 mIM)(g-p) _ { M, if q-peMZ, (15)
observations in relation to DTW frames. 170 0, if g-p¢MZ
(DLet f,g € I?(Z) and let T}, be the translation op-
erator on [%(Z), where k € Z and L € N. Then, (IT) Let {‘/’(m/M) ki g0 gy €1 (Z)}m =0k € ZLM €N be a
DTW system for I2(Z). Then,
2mm(.)
Z Z Im((f cos( )TkLg(.»
keZ m=0
(14)
— . (2mm()\——
LS, sm( v )TkLg(.») =0
M-1 M-1 2
2 mm (-) 2nm (-)
I<fs ¥ manir|” = 4 Z Z {f, cos( )TkLgo( »| +4 Z Z {fs sm( )TkLg_1 “»
keZ m=0 keZ m=0 keZ m=0 (16)

forall f € I*(2).

( ()>gO
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Indeed, one can compute that

M-1 2

Vo =4 3 [ cos 2TV g )
keZ m=0 ke2z m=0
k+0
2 1 oM 2
+4 Z Z (f>si (W)T((mnuz)gﬂ'» Z {fs COS( )90( )
ke2Z+1 m=0 m=0
k+0
M-1 2 M-1
-4Y ¥ [<f, cos( >TkLgO( »| -4 Z (. cos( ‘)go .
keZ m=0
M-1 2 M-1
Yy <f,sm< )TkLg o) +zz (. cos( '>g0 .
keZ m=0
(17)
In view of Observations (I) and (II), we obtain (III). (III) Let {W(m/M) L 9o 91 €12 (Z)} 0k € ZLM €N bea
DTW system for I?(Z). Then,
M-1
Z [<fs ¥ i) kL>| —42 Z [<f, E(m/M)TkLgo(»l +4Z Z <S> E (iany Trr.9- 1()>|
keZ m=0 keZ m=0 keZ m=0
M-1
-4 (f, sin TyL9 g (18)
)Py (37w s cos( ) gy
2 2
—ay Z . cos( )TkLg o, fer@
keZ m=0
Using Observations (II) and (III), we have (IV). (IV) For all f € ?(Z),
M-1 ) M-1 ,
> K B Trrdo O+ 3 X [KF BT g1 ()]
kezZ m=0 keZ m=0
M-1 . 2 M- . 2
- Z Z S COS<2ﬂT4( )>TkLgo(')> Z Z (2771/[( )>TkL£70(')> (19)
keZ m=0 keZ m=0
M-1 2 . M- 2 . 2
33 fon e 50) ¥ 2| sn( T g 0]




V) If go=g,=g for the DIW
M-1

{‘l/(m/M) kLg}m ok e 2z e o then forall f € 2(Z), and
we obtain

system

<

|<f Y mim), kL>

keZ m=0 keZ m=0

3
I

M-1
{E 0 Tk go} e okezimen  and

M-1
{E(m/M)TkLg l}m 0k € ZLM €N be two DTG Bessel se-

VD) Let

quences with Bessel bounds B, and B,, respectively.
Then, the system W omma: 9o 91 € P

-1

keZ m=0 keZ m=0

<4(B, + B,)IfI’

Remark 2. The converse of observation (VI) may not be true
even if additionally we assume that the system

{Zuz(mgM)’kL: 9o g1 € I (Z)}m;o,keZ,L,MeN is a frame for
Z).

-1

keZ m=0

1

M-
Z Z |<f E i T 9- 1>| —4Z|f(2k+1)|

keZ m=0

M-1
Thus, the systeﬁls {E(m,M)TkLgo}m 0k € ZLM €N and

{E(m/M TL9- l}m ok e 2 e n ar€ not DTG frames for
I?(Z). Now, using observation (III), we obtain

M-1
8IfI” < Z Z |<f’V’(m/M),kLg>l2 <16| £,

keZ m=0 )
forall f € I*(Z).

B, =M sup Z

ne[0,L]NN pez

keZ

B, = sup
ne[0,L]NN pez

keZ

M
> |[<Fs B Tiagod|” = 4 Y If R,

Y go(n—kL)go(n—kL—- pM)

212 94

Journal of Mathematics

(7ot

(20)

(2! okezimen 18 @ DTW Bessel sequence with
Bessel bound 4 (B, + B,).

Indeed, using observation (III) and the hypothesis, we
have

M M-1 M-1
S A Vi) <4 Y N E o TerGo O +4 Y. Y 1<+ E g T O

keZ m=0 (21)

forall f € I*(Z).

3. Let L=2,M=4,
e;. Then,

Example L=2,M=4, and

{9—1 (”)}nez =

forall f € I*(2),
(22)
forall f € ?(2).

Hence, {V’(m/M) i g EP (Z)}m ok ez en 15 aDTW
frame for I? (Z) with frame bounds & and 16.

(VII) Let gy, g_; € I*(Z) be such that

< 00,

(24)

|
(n—kL)g_,(n—-kL - pM)‘ < 00.
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Then, the system
M-1 )
Wi 9091 €P@D}, op e pimen is @ DTW

Bessel sequence for [?(Z) with Bessel bound
4(B, + B,).

(VII) If gy, g_, € I*(Z) are functions having bounded
support, then the DTW system

M-1 .
Vomore: 9091 € lz(Z)}m:O)k czimen 15 @ DTW
Bessel sequence for I?(Z).

Indeed, one may perceive that, since the functions g, and
g_, have bounded support, B, and B, as defined in ob-

—

M-1 5
Z Z |<fa I//(m/M),kL>|

keZ m=0

M-
2 Z |<f’E(m/M)TkLg>|2 <

keZ m=0

M-1
<4 Z Z |<f’E(m/M)TkLg>|2'

keZ m=0
(25)

Proof. Using observation (V), we obtain

M-1 M-1
Z Z |<f’1//(m/M),kL>|2 =4 Z Z |<f’E(m/M)TkLg(')>l2

servation (VII) are finite, Mfmd hence the DTW system kez m=0 kez m=0
{‘//(m/M x99y €1 (Z)}m ok 21 e 15 @ DTW Bessel Mot ,
sequence for I (Z). f Cos(Zﬂm.) (')>|
Now, we prove a result related to DTW systems for the = M )9 '
particular case when g, =g_; = g. (26)
Lemma 1. For f,g € I*(Z), we have Hence, we compute
M-1 M-
2mm.
{f> C05< M ) (E(m/M) + E(—m/M))
m=0 m=
1 M-
=5 Z I<f> Eminny@> +<S+E(_mimp) g>| (27)

M-1 M-
<2 [<Fs @[ <2 > Z |<fs Eamy Tir 9[-
m=0

In the following result, we give an interplay between the
DTW frame and DTG frame for I?(2). O

Theorem 1. The Wilson  system {W(m/M),kL:gE

P (o e 200 e n is @ DTW frame for 12 (Z) if and only if
M-1
{E(m/M)TkLg}m ok e 21 e n 15 @ DTG frame for I*(Z).

Proof. Let of; and ¢/, be the positive constants such that

Yy

keZ m=0

2

AfIP <d,IfI%

(frym X )
M (28)

forall f € I*(Z).

Then, using Lemma 1, it is easy to conclude that
M-1 .
{E(m,M)TkLg}m ok .1 < 18 @ DTG frame for I?(Z) with
frame bounds (</,/4) and (#,/2).

M-1

Conversely, let { m/M)TkLg}m 0k € ZLM €N be a DTG

frame for > (Z). Then, there exist positive constants 9, and
3B, such that

M-1
< Z Z |<f>E(m/M>TkLg>|2Sgguﬂfllz,

keZ m=0 ( )
forall f € I*(Z).

B fI*

keZ m=0

Again, by utilizing Lemma 1, we deduce that
{‘/’(m/M),kL: gel? (Z)}f;olk 7 Lnen 18 @ DTW frame with
frame bounds 2%, and 4%,,.

Now, we define discrete time tight Wilson frame for
I?(Z) and investigate their relationship with discrete time
Gabor frame for I? (2Z). O
time

Definition 2. The discrete Wilson

{‘/’(m/M),kL: 9go» g1 € I? (Z)}m okczLMen 8iven by (4) is
called a discrete time tight Wilson frame (DTTWF) if there
exists a constant €, >0 such that

system

M-1
Z Z </ W(m/M),kL>|2 =B,fI> forall f € *(Z).

keZ m=0
(30)

If €, = 1, then the frame {l//(m/M),kL: 9o g € I (Z)} is
called Discrete Time Parseval frame.

Next, we state two results whose proofs can be worked
out using Lemma 1.

Proposition 1. Let {W(m/M)kL gek (Z)}m ok ez en D€

a DTTW frame for 1>(Z) with frame bound €. Then,
M-1 |
{E(m/M TkLg}m okezimen s @ DTG frame with frame

bounds (€.,/4) and (€/2).



M-1

Proposition 2. Let {E(m/M)TkLg}mzo’k CZLMeEN bea DTTG

frame for 1*(Z) with frame bound €. Then,

M-1 ,
{ll/(m/M),kLi UAS ZZ(Z)}m:O,keZ,L,M . s a DTW frame for
1?(Z) with frame bounds 2€ ., and 4% .

4. Discrete Zak Transform and Discrete Time
Wilson Frames

Various properties of the Zak transform (continuous ver-
sion) were studied by Janssen [21,22] and the discrete
version is discussed by Heil [23] who gave the following
definition of discrete Zak transform.

Definition 3 (see [23]). The discrete Zak transform of a
sequence f € [*(Z) is given by

Zf(n,x)= Z f(n+ ja)ezmjx, V(nx) e ZxR, (31)
jeZ
where a € Z* is a fixed parameter and R is the dual group of
R.
Next, we state a result related to Zak transform proved by
Heil [23].

Theorem 2 (see [23]). Givena fixed g € L*(R)and L € Z*.
If L = M, then the system {E(M/M)TkLg} is a frame for I (Z)
with frame bounds @, and D, =0<M'D,<|Zg|*<
M9, < coa.e.

Now, we give a necessary condition for DTW frame in
terms of the discrete Zak transform.

Theorem 3. Let L=M. If LW("'/M)’kL: gel
(Z)}f;&keZ’L’Me n is a DTW frame for 1> (Z) with frame
bounds 2, and D,,, then

L'9

!
ngIZgIZS 3 L<ooae. (32)

4

0<

. M-1 .
Proof.  Since {¥(uanir: 9 € 1 (Z)}m:O,k criven 1S @
DTW frame for [* (Z) with frame bounds &; and 9, using
M-1

Theorem 1, the system {E(m/M)TkLg}m=0k€ZLMeN is a

DTG frame for I>(Z) with frame bounds (2,;/4) and
(2,/2).

Hence, the result follows using Theorem 2.

Towards, the converse of Theorem 3, we have the fol-
lowing result. O

Theorem 4. Let L = M. If there exists ;>0 and 2,>0
such that the following inequality holds

! !
2 <|Zgl’< 49” < 00.a.e., (33)

2

0<

M-1 .
then {W(m/M),kL: gel (Z)}m:Oke s1en i5 @ DTW frame
for 2(Z) with frame bounds &, and D ,,.

Proof. It can be worked out using Theorem 1 and
Theorem 2. O
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Remark 3. For L>M, the system {W(m/M),kL: gel
(Z)}ﬁf;ol)k ¢ z.LM e is ot a frame for I*(Z).

5. Discrete Time Wilson Frame Operator

The frame operator for a frame is constructed by the
composition of two important operators, namely, the
analysis operator and the synthesis operator. The frame
operator is positive, bounded, invertible, and self-adjoint. It
ensures the existence of a canonical dual frame of a given
frame, i.e.,if { f,} is a frame and S is the frame operator, then
{S7'f,} is a frame called the canonical dual of the frame
{f,}. It is known that the canonical tight frame leads to a
perfect reconstruction when used for both analysis and
synthesis. Keeping this in mind, we make an attempt to
construct the frame operator for the discrete time Wilson
frame. We begin with the following definition.

. M-1
Definition 4. Let {‘l’(m/M),kL: 9o g1 € 12 (Z)}mzo,k cZLMeN
be a discrete time Bessel sequence for I?(Z). Then, DTWF
operator S: I>(Z) — I (Z) is defined as

M-1
Sf= Z Z<f’l//(m/M),kL>W(m/M),kL’ Vfe P (2).

keZ m=0
(34)

In the following result, we construct the frame operator
for the discrete time Wilson frame with the help of the frame
operators of the two associated discrete time Gabor Bessel
sequences.

Theorem 5. For g,,g_,€P(Z), let {E(m/M)TkL

M-1 M-1
Io¥meokezmen and {E(m/M)TkLg—l}mzoykez,L)MeN be DTG
Bessel sequences with frame operators S; and S,, respectively.
Then, the frame operator S for DTW system {W(m/M),kL: Jo»

M-
g €l (Z)}m:()l,k €ZLMeN
P, +R), where

is given by S$=2(S,+S,+P,—

M-1
Si.f = Z Z <f’E(m/M)TkL90>E(m/M)TkLgO>
keZ m=0

M-1

S f= Z Z > Emy Tir -0 E gminty Tk 915

keZ m=0

M-1

P f= Z Z s E ity Tk 907 E <oy Tk 90> (35)

keZ m=0

M-1

Pyf = Z Z <f’E(m/M)TkLg—l>E(—m/M)TkL9—1>
keZ m=0

M-1
Rf =Y {f,E,, N 212 () g0 ().
f r;o f (m/M)Go COS( ”M )go

Proof. By hypothesis, we have S, f = Y Y20 (f,E )
kez

T190)E i Tirgo and Sy f = Yyez ey S E T
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. M-1
9-1E (uianTir9-1- Since { m/M)TkLgO}m —0k € ZLM €N and

M-1
{E(m,M)TkLg l}m okezLMen AT€ DTG Bessel sequences,

we obtain

M-1 M-1
Z Z |<fsE(m/M)TkLg>|2 = Z Z |<f’E—(m/M)TkLg>|2'

keZ m=0 keZ m=0
(36)
M-1
K\ f= s Bty Tir 907 E—miny T 90>
keZ m=0
M-1
K, f = f> E—(m/M)TkLg—l>E—(m/M)TkLg—1>
keZ m=0

M-
Sf= Z s W ket 2V (minn kL

Also, using observation (VI), we deduce that the systems

M-1
{E( m/M)TkLgO}m =0k € ZLM €N and {E(*m/M)TkL

9. },Af:o’k ¢ z..M e n are DTG Bessel sequences and the system

{W(m/M),kL: 9o g1 € I (Z)}m ok ez en 182 DTW Bessel
sequence with their frame operators denoted by K, K,, and
S, respectively. Then, for all f € I2(Z), we obtain

1
=) 7= (E(m/M) + E—(m/M))g0> NG (E(m/M) + E—(m/M))gO

M-1

+ {f> (E i T (kL) + E—(m/M)T(kL/Z))g0>(E(m/M)T(kL/Z) + E—(m/M)T(kL/Z))gO

ke2Z,k #0 m=0

1 1
+ {f> 7 (E(m+1/M)T((k+1)L/2) - E—(m+1/M)T((k+1)L/2))g—1> 7 (E(m+1/M)T((k+1)L/2) - E—(m+1/M)T((k+1)L/2))g—l

ke2Z+1 m=0

1 M-1 M-1

=3 S5 E iy 900 E i 9o +
m=0 m:O

1 M- M-1

+5 <f E_uinn 907 E—minn 9o +
m=0 ke2Z .k +0 m=0

M-

+ z Z s Ecomm T (k1120907 E (min) T (k11290 +

ke2Z,k #0 m=0

M-

+ Z Z<f E_uiny T (k1120907 E—iminty T (k112090 +

ke2Z .k +0 m=0

1
Z S Bty 907 E (minn 9o

M-1

1
*3 Z S5 E minn 90 E—minn 9o

m=0

Z Z (f.E (m/M)T(kL/Z)gO>E (m/M)T (kL12)90

M-1

Z Z s Emmn T 120907 E—miny T (k112)90

ke2Z,k#0 m=0

M-1
Z Z S Emumn T (02 9-0E e T (ki1 91

ke2Z+1 m=0

M-1
- Z Z s Emrumn T (s 1y12)9-10 E menn T (112091

ke2Z+1 m=0

M-1
- Z Z<f’E(m+1/M)T((k+1)L/2)g—1>E—(m+1/M)T((k+1)L/2)g—1

ke2Z+1 m=0

M-1
+ Z Z s B T (s 1y12)9-10 E—marinn T ((er1)112) G111

ke2Z+1 m=0

=S f+Sf+ K f+Kf+Pif+T,f-Pf -Tof -Ri f —R,f =Ry f —R,f,

(37)
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where
M-1
Pif= {5 E inty Trr 90> E-muany Tk 9o
keZ m=0
M-1
T,f= s Emimn Tir 900 E minn T 900
keZ m=0
M-1
P, f= S E g Trr 91 E i Trr 915
keZ m=0
M-1
T,f = {f> E—(m/M)TkLg—l>E(m/M)TkLg—1’
keZ m=0
(38)
| M=l
R f= 3 Y LS E uan 90 E iy 9o
m=0
| M=l
Rof =3 Y I E- s 90V E i 90>
m=0
e
R;f = 3 Z > E i 900 E—minny 90>
m=0
1 M=l
R, f = 3 Z S E_minny 900 E—minn 9o-
m=0
Now, for all h € I2(Z), we compute
M-1
(T fohy = )7 Y LS E oy Tt 90 <E g T Gos b
keZ m=0
= — T 2mi(mIM
=2 Y DY F(P)go(p-kDgy(q - kL)h(gexp™™ "0 F*D
keZ m=0 peZ qeZ
MY Y f(p)a(p-KDgola- kL@,
keZ p.qeZ,p+qeMZ
o (39)
(P, f,h) = Z Z > E i Trr 902 <E o Trr 9o B2
keZ m=0
= Z Z S Y £ (P)go(p - kD)gy (q - k)R (gexp > /"0 @+
m=0 peZ qeZ
= Z Y f(p)go(p—kL)gy(q-KL)h(q).
pgeZ,p+qeMZ

Thus, T, f = P, f, forall f € *(Z). Similarly, it can be  time Wilson systems. First, we state the definition of a dual
proved that T,f =P,f, S, f =K, f,S,f =K,f, pair of frames discussed by Christensen [24, 25].
R, f =R,f, andR, f = R, f, forall f € I>(Z).

Hence, we conclude that S=2(S,+S,+P—

P, +R) 0 Definition 5 (see [25]). Let H be a Hilbert space and let
s .
{filier 19i}ier {pf}je]’ and {q;} ;; be Bessel sequences. Then,
6. Dual Pair of Frames for Discrete Time F={fkaUip} joynd G = {g};e; U {a;} jey are dual pair of
Wilson Systems frames if
In this section, we study dual pair of frames and obtain a f= Z<f’ fogi+ Z<f’ pj»qp forallf € H. (40)

sufficient condition for the existence of a dual pair of discrete el il



Journal of Mathematics

In the following result, we give a sufficient condition for
the existence of a dual pair of discrete time Wilson systems.

Theorem 6. Let L<M and let {y s Gor 91 € P
(Z)}m Ok eZLMeN and {E(m/M),kL: wy,w_y € 1?
(2! ok ¢z e n be two DTW Bessel sequences for 1> (Z).
Then, there exist DTW Bessel sequences {P(m/M),kL: Po>
P € lZ(Z)}m okezLMen and {Q(m/M),kL: d0-q-1 €I
Dh “0k ez, LM en Such that P = {‘//(m/M),kL} U {P(m/M),kL}

and Q = {f(m/M)’kL} {Q(m/M))kL} are dual pair of frames for
1?(2).

Proof. Let T and U be the preframe operators for the DTW
Bessel sequences {W(m/M k900 9 1 el (Z)}m 0 € ZLM €N

and {E(m,M) el Wow_q €12 (Z)}m Ok € ZLM €N’ respectively.
Then, T: P(ZxZy) — 1*(Z) and
U: P(Z x Z,;) — I*(Z) are given by

M-1
T({Cm,k}) = Z Z Conk ¥ (miM) kL

keZ m=0

Mol (41)
U({Cm,k}) = Z Z Con kS (/M) kL>
keZ m=0
where Z,; ={0,1,2,. — 1}. Then,

UT" f = Z Z oV o) Emmnir>  forall f € P (2).

keZ m=0
(42)
Also, the operator ® = [ —UT* is bounded on I?(Z).
Furthermore, ®* =1 -TU*.LetR = {R(m,M))kL: Tos7_q €12

(Z)}m Ok €ZLM eN and S= {S(m/M),kL: So»5_y €12
(! ok ¢ .M e n De a pair of DTW dual frames for I* (Z).
Then, using Proposition 2.1 of [25], we compute

M-1
f= Z Z o ¥ ke omimnyier

keZ m=0

M-1
+ z Z o @R (yaty oS (riny k.

keZ m=0

(43)

Also, using Lemma 6.3.2 of [24], we deduce that R=
(¥ onnnae}U{P" Romanic } and S={E puanyi } U {S ominnac}
form a dual pair of frames for I*(Z) if {@*R(M/M)M} is a
DTW Bessel sequence. Now, observe that {d) “Ry M),kL} isa
DTW system given by {CD*R(m/M)’kL} = {R“(“m/M),kL} =
[Riman: @ 10, @1 € L@}
{R(m,M))kL: TosT_y €12 (Z)}f;()l,kez,L,MeN is a DTW Bessel

Since R=

sequence and @ is a bounded operator, {CD* R(m,M),kL} is a
DTW Bessel sequence.
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Finally, we prove a result related to compact support of
functions generating DTW Bessel sequences.

Theorem 7. Let L<M, and let {¥ i Jo- 91 € P
(Do, OkeZLM €N and § ikt Wow_y € 12
(2! ok e z.LM e n be two DTW Bessel sequences for I* (Z). If
the functions gy, g_,, Wy, and w_; are compactly supported,

then the functions py, p_1,q, and q_, are also compactly
supported.

Proof. R= {R(m/M),kL: TosT_y €12

(Z)}m Ok €eZLMeN and S= {S(m/M),kL: Sp» 5y € I
(Z)}m okeczimen De such that ry,7 .5, and s ; be
compactly supported. Then, in view of the proof of Theorem
6, one can conclude that the functions py, p_;, gy, and q_, are
compactly supported if ®*r, and ®*r_;, are compactly
supported.

By assumption, g, g_;, Wy W_1> 7o T_1> g and s_; are all
compactly supported. Therefore, there exists an N € N such
that

Suppose that

go(m) =g 1 (n) =w,(n) =w_,(n) = sy(n)
=s_(m)=rq(n)=r_(n)=0, foralln¢ [-N,N].
(44)
Since
M-1
CD*ro = (I - TU*)”O =Ty~ Z Z <”o>f(m/M),kL>1//(m/M),kL’
keZ m=0
(45)

@ * r, is compactly supported. Similarly, ® * r_, is compactly
supported. O

7. Conclusion

Gabor frame for L? (R) (which is a Riesz basis) has bad lo-
calization properties in either time or frequency. Wilson [3, 4]
suggested a system of functions which are localized around the
positive and negative frequency of the same order. Based on the
Wilson systems, Wilson frames for L? (R) were introduced and
studied in [17-20]. In this article, discrete time Wilson frames
(DTWEF) are defined and their relationship with discrete time
Gabor frames is investigated. Also, frame operator for the
DTWE has been constructed. Finally, keeping duality in mind,
dual pair of frames for the discrete time Wilson systems have
been studied.
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