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This paper considers the fuzzy viscoelastic model with a nonlinear source u,, + Lu + fg gt =OAu (Al - |ulu —nAu, =0 in a
bounded field Q. Under weak assumptions of the function g(t), with the aid of Mathematica software, the computational
technique is used to construct the auxiliary functionals and precise priori estimates. As time goes to infinity, we prove that the
solution is global and energy decays to zero in two different ways: the exponential form and the polynomial form.

1. Introduction

In this paper, we take the following fuzzy viscoelastic model
into account:

¢
uy + Lu+ J gt = OAu (D)l —|ul’u - nAu, =0, x € Q,t € (0,00),
0

u(x,t) =0, (x,t) € T x (0, 00),
u (5, )| ,og = g (x), 1, (%, )| = 1y (%), x€Q,
(1)
where the fuzzy number # € (1,1000),y > 0:
Lu(t) = —Au(t) + Cu(t). (2)

In RN (N=>1), Q is a domain which is well bounded.
Besides, the boundary of Q is smooth perfectly and
expressed as I': = 0Q). Meanwhile, the memory kernel g (t)
is positive and some assumptions will be given in detail.

This type of problems has been observed in many areas
of scientific and engineering fields. For example, time an-
alyticity for the viscoelastic equation is studied as follows [1]:

Uy —Au+ J; g(t = OAu({)dS =ul"u. (3)

S. Berrimi and S. A. Messaoudi applied weak conditions
on the memory kernel g. Meanwhile, considering the

condition that the energy is positive and relatively small,
they obtained the existence of global solutions.
Taking

Uy — Au+ J; gt = OAu (Al +a(x)u, +|ul'u=0, (4)

into account, they also obtained a decay rate exponentially in
[2]. M.M. Cavalcanti and H.P. Oquendo improved this latter
result in [3]. In their work, two situations, the internal
dissipation and the viscoelastic dissipation, are considered to
act on respective part separately. The authors in [3] ex-
panded the internal dissipation to nonlinear cases as much
as possible. Simultaneously, the system is well stabilized
through the dissipation which is induced by the integral
term.

As we know, the viscoelastic terms attract many
mathematicians; for instance, the authors in [4] studied the
energy decay rate for the global solution of a quasilinear
viscoelastic model, and the authors in [5-9] considered time
analysis of solutions for some viscoelastic models. Moreover,
F. Y. Zhang et al. considered a nonlinear viscoelastic
equation in [10]:

t
Uy + Lu+ Jog(t—()Au(C)dfzo. (5)
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The solution is perfectly stabilized through the dissi-
pation, which is induced by the viscoelastic term. The
modified energy functional in [10] has been used to prove
the energy decay through two different ways: the exponential
form and the polynomial form. Additionally, the con-
struction of auxiliary functions is organized by the com-
putational technique of undetermined coefficients. Besides,
the authors in [11, 12] discussed the adaptive fuzzy control of
nonlinear systems, and the discussion of fuzzy coeflicients
involved in these papers is quite interesting.

Inspired by these works, we consider (1) in this paper, the
two optimal decay rates, exponential decay and polynomial
decay, are easily and directly established through the ap-
plication of Mathematica software. The specific arrangement
of this work is as follows: in Section 2, we present some
notations and necessary materials; in Section 3, in view of the
fuzzy number n, we give the whole decay result, and our
choice of the “Lyapunov” functional shows the extensive
applicability and practical significance of the computational
technique.

2. Preliminaries

In this section, L? (Q) and H} () are understood and ap-
plied in their usual senses. We impose the following hy-
potheses and preliminaries on the memory kernel g (). In
addition, the definition of energy function plays a significant
role to our main result:

H;: as a bounded C'-function, g(t): R, — R,
satisfies

- [T gac=e (6)
0

where both g (0) and ¢ are positive.

H,: the existence of a positive constant { makes the
following formula hold:
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' _E. P 3
g (< & g°(t), t20,p€[1,2). )

Remark 1. From the assumption above, if p = 1, we have
g(t)<ce ™. (8)
If 1 < p< (3/2), we have

g(t)< . 1 (1/1971)é 1(I/P*I)’
("7 (0) + (p - D)ét] [dt +d,]

(9)

where d; = (p-1)¢>0andd, = g7 (0).
Indeed, the condition p < (3/2) plays an important role
to ensure that

j:o F (Ol < 0. (10)

Theorem 1. Assuming that (uy,u;) € [H*(Q)N H(Q)] x
H} (Q), then u (t) can be found as a unique solution to model
(1) with

u € Ly (0,00; Hy (Q) N H (Q)),

u' € Ly (0,00, Hy ()),u" € Ly (0,005 L* (Q)).

loc

(11)

Simultaneously, we get
u € C([0,00); Hy (), u' € C'([0,00); L (©)).  (12)

Taking the initial data, less regularity, and the priori
estimate into consideration, the theorem above guarantees
the existence of solutions for model (1) as in [7, 13]. In
addition, the Galerkin approximation method can be ap-
plied to accomplish the proof of the theorem above.

Our primary assignment is to find out the energy
function ¢ (t). Combining the multiplier method, the integral
subsection integration, and (H;, H,), the calculation is
provided:

0= J (utt —Au+ctu+ ,[t gt = OAu (A —|ul"u - nAut)utdx
Q 0

1d
Q

0

§<J0|ut|2dx + JQIVM|2dx + Czjﬂlu|2dx) + J; g(t- {)JQAM(()utdxd(

1
lul"uu,dx + nJQ|Vut|2dx => % (J0|ut|2dx + JQIVulzdx + czjglulzdx “Tr o) Llluly”dx)

g(t- ()JQVu (O)Vu,dxd{ + ;7-[0|Vut|2dx,

(13)
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- J g(t- C)J Vu ({)Vu,dxd{
0 Q

:_j wtj gt = OVu(0)dedx
Q 0

t

_ —J Vi, J 9(t = O (Vu(Q) = Vu()dldx - J Vi,V (8) j g(t = )dedx
Q 0 Q

_ % %(JQ JO gt = OIVu(() - Vu(t)lzd(dx>

2

Now, (13) yields

1d t
3 dr <L|uz|2dx +<1 - JO g(()d(>JQ|vu(t)|2dx

[ Qlu(t)|y+2dx>

2 2
+c IQ|u| dx +goVu 15 (y2)

L, g(t)j 2 J 2
- — oV = Vul|°d \% dx =0.
2(g u) + 5 Q| ul*dx + 1 Q| u,|"dx
(15)

Now, it is obvious that the energy of model (1) can be
given directly:

e(t) = %Jolutfdx + % (1 - jo g(()d()jQIVu(t)Izdx

2 y+2

1 u(t dx
+C_J |u|2dx+_govu_-”Q|L
2Ja 2 y+2

(16)

where
gef= JQ Jog(t_O|f(t)_f(()|2d(dx. (17)
Thereby, we can find

pon o d
& (t) = ae(t)
Lo
= E((g oVu) - JQ|Vu|2dx> - nJQ|Vut|2dx

S%((g' oVu) - JQIVuIde> (18)

%(_g(gpow) - g(t)JQ|Vu|2dx>

<

<0,

which means ¢(t) is decreasing.

_lj Jt g’(t—()|Vu(()—Vu(t)ldedx—J Vu, Vi ()
QJo Q

0
(14)

0

g(t - ¢)dldx
t)

1d t 1,
=% <go Vu - JO g({)d(J.Q|Vu(t)|2dx> -3 (g'oVu) + % JQNu(t)Izdx-

3. Main Results

In this chapter, the main result of this work is put forward
directly and clearly. We introduce the following auxiliary
functionals firstly:

e(t) = J uudx + J |Vul*dx,
Q Q

t
X0 = IQ (u + abui - Buy) jo gt - O ((®) - u(0)dldx,
(19)

where the coefficients aand 8 will be determined later.

Lemma 1. The existence of a positive constant C makes the
following conclusion:

lp(B)] <Ce(t), V0. (20)

Proof. Recalling the inequalities of Cauchy and Poincaré,
the following estimates can be arrived:

IQ|ut|2dx + fglulzdx
2

o ()] < +J \Vuldx
Q
(21)
C +1 1
<P J IVuIde+—J |ut|2dx,
2 Q 2J)a

where the symbol C,>0 satisfies ||u||2SCP||VL£||2 for all
u € Hy(Q).

Here, it is necessary to indicate that the positive con-
stants CandC, later in this article represent different
meanings in different places.

From the representation of &(¢), it is naturally for us to
get

lp (£)] < Ce (1),
Thus, (20) follows. O

vVt >0. (22)

Lemma 2. For any t >0, the following estimate holds:
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1 1 Proof. Deriving function ¢(t) with respect to time, the
’(t)sJ- |ut|2dx +( + 81(1 +>(1 - ¢)?

following calculation will be given clearly:
2y+2
2y +4)E(0
2y +4E(0)\ J Vulldx
2 %4 Q )
_ j 4| dx—J |Vu|2dx—czj luldx
Q Q Q

1 2 (24)
+(2 c )ngul dx+¢ (1 + JQ J;g(t — O)Vu(t)Vu({)dldx

d
—o(t) = j |ut|2dx + J u,udx + ZJ- VuVu,dx
dt Q Q Q

+252)<J;gz—f'(()d(> oVu+22 J [V, | dx,

+ J lul’vldx + (2 — ;1)J VuVu,dx.
(23) Q Q

Considering the fourth item of (23), we adopt the fol-

where ¢, and e, are selected appropriately. lowing estimate from [10] without proof

I J g(t = OVu(t)Vu ({)d{dx
QJo

(25)
1 1 t
<(—+g(1+—)1-0? J [Vul’dx + ¢, (1 + 2¢,) J g P (QdC |gP o Vau.
4 1 282 Q 0
Taking the sixth item of (23) into account, we adopt the For the last item of (23), we have
following estimate from [1] as follows: " 5
@-n| vuvudes(1-D)([ vupaxs [ [vufax)
J Iulyuzdxzj " udx Q 2 Q Q
Q Q (27)
< 2] P Ddx + J P dx Thus, (21) follows. O

27*2 Lemma 3. For t >0, the following estimate holds:
< (QVH)E(O)) j Vulda + - j juPdx.
2 ye
(26)

1)< (ﬂc256 +e+(1- 5)612)10|u|2dx +<e3 + Ber +<?112 - ﬁ) (1- €)>ngutl2dx

Cp ,377_0‘ B B by
(P ln(on g ) L) (Lo @) ome

tg (0)<C— fot [&> (=g’ oVu) + (ﬁes + e (1-0) + ﬁsscf,y+2<

4ey  4gy,  4dey

Y
w> + gy + a5 (1 —€)>J |Vul*dx
vt Q

o
+<s4 (Bn - a) + E)ngutlzdx,

(28)
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where & >0, (5<i<13), are selected appropriately. Proof. Deriving function x(t) with respect to time, the
expression will be given distinctly:

t
= [t = ) [ 6= O ut0) - w010
Q 0
+J (u+aAu—/3ut)J g'(t—()(u(t)—u(())d(dx+J (u+0cAu—ﬁut)J g(t = Ou,ddx
Q 0 Q 0
- Jg(ut + abu, - ﬁ(—Au vetus [ gl - DMu@Ar-pulu - nAut))(jt gt - O u(t) - u(())dc)dx
0 0

(u + aAu — Bu,)u,dx
Q

+ JQ(”‘*“A”—[;%) Jog' (t -0 (u(t) —u(l)dldx +(J;g(()df)J
= Jg(ut + (a = fn)Au, — fAu +ﬁc2u +/3J-Og(t = OAu ()l - Plul’u >< gt =0 (u(t) - u(())d(dx)

+J- (u+aAu—ﬁut)J g’(t—()(u(t)—u(())d(dx+(j g(()d()
Q 0 0

(u + aAu - Bu, )u,dx
Q

- J u(j gt O (u(t) - u(())dc)dx
Q 0
t
" j Vuu, (£) (B — a0 j 9(t — O (Vu(r) - Vu(()d{dx
Q 0
" ﬁjgw JO 9(t =0 (Vu(8) - Vau(0))d{dx
2 t
+ e JQ” jo gt = O (u(t) - u(0)dcdx
" ﬂ(jo gt~ ()Au(()d()(Jo gt O (u®) - u(())d()dx
- ﬁJQIuI“V jo 90t = O (u(t) - u()didx

+ J.Q (u + alu — Bu,) J; g (t=0) (u(t) —u(()dl{dx +(J; g(()d()jﬂ(uut + o, Au — ﬁuf)dx
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For any «, 3 >0, we will estimate every item of the right
hand of (29):

[ w90 @ - utracas
Q 0

2
dx

< 83J0|ut|2dx + 4—; JQH; g0t O ()~ u ()AL

(30)
t 2
= o[ fulaxs o [ |[ 070 - 09" (- 0wt - u0ac] ax

C t
S£3J0|ut|2dx + 4—;;(]0 g7 (()d() (g° o Vu),

(Bn - a)jgwt () jo gt = O (Vu(r) - Vu(()d{dx

¢ 2
< (B - a)<s4JQ|Vut|2dx +4_;j0(jog<t _OIVut) - Vu(()IdC) dx) (31)

< (Bn- oc)e4JQ|Vut|2dx + BZ;}(X (JO g7 (()d{) (g o Vu),

ﬁj Vuj g(t—owum—w«))d(dxsﬁssj VuPdx+ - (j gz‘P<6)dc)(g"ovu>. (32)
Q 0 Q 4 0

&5

Similar to the first term, considering the third item of

Applying Young’s inequality properly, the following
(29), similar estimate will be given:

estimates can be obtained from [10]:

g [ u gt- 0 - vu(e)acax

Sﬂcz%jﬂlulzdﬁﬁz (J;gz“’(()d6>(g‘°°v”-)

6

(33)

ﬁ(J;g(t - C)Au(()&)(ﬁ)g(t ~O () - M(())d()dx
= ﬁ(Jog(t - C)Vu(()d(>(Jog(t - O (Vu(0) - Vu(t))d()dx

<B(1- e)ze7JQ|Vu|2dx + ﬁ(s7 + 4%)(10 gt (C)dC> (g7 o Vu),

(34)
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- ﬁJQIulyu jo 9(t = O u(®) - u(()dldx
sﬂsSJQIuIZ“de + fes jo(jo gt =lu(t) - u(())dﬁlzdx (35)

wf Qy+4)E0)) B ([ -
< Be,CY 2(%) jQ|Vu|2dx+4£8(j0g2 P(Odc)(g%Vu),

j uj g (= O u(t) - u(0)dldx

0)C t
o uPax+ 20 Mjo g (¢~ OIVu() - Vu(()|2d()dx (36)
|u

<
4
:£9J
Q
Q

€9
g(0)C,
4eq
j g (¢~ O (u(t) — u(0)dldx

2
dx +
2

x

(=g > Vu),

2

L 29(0)
<as,g j Jvads 225 jﬂ(j (= OIVu(t) - Vu ()| d() (37)
= ocsloj [Vul’dx + —2—— g(O) (=g’ o Vu).
Q €10
Similarly, we have Furthermore,
8] | o - 0w - uOaax
(38)

( )C,
< 811J0|ut|2dx ﬁg ( Vu).

(J; g(()d()[ﬂ(uut + au,Au — ﬁuf)dx

¢ 1
< (Jo g(()d()(sujolulzdx +<4£12 —ﬂ)LJut l del + 0‘513] IVul dx + ﬁJ‘ |Vut| dx) (39)
1
=(1- €)<£12JQ|M|2dx +<4£12—[3>J'Q|ut|2dx + “813J [Vu|*dx +ﬂJ‘ |Vu,| dx)

K 8(0)
Taking (29)-(39) and H, into account, for all £ >0, we e(t) < » P=1

get (28). O (40)

Ky
& (t) < W, P> 1.
Theorem 2. Let every pair (ug,u,) € Hy (Q) x Hy (Q), H,
and H, hold, and t, € (0,00) For every t € [t,,00), there
must be some positive constants K;, K,, and k, which would ~ Proof. We start the proof by selecting an appropriate

enable the solution of the model (1) to satisfy the following: auxiliary functional
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L(t) = Me(t) + ag(t) + by (t), (41) Applying Lemma 1 and the  hypothesis

g' (t) < —&- gP(t), the equivalence between ¢(t) and L(t) is

where the positive constants M, a, and b will be choseninthe =~ achieved. To this point, firstly, a simple calculation shows
sequel. that

IL(t) - Me()]

=lag(t) + by (1)]

aJ wudx + aJ Vulfdx + bJ (u + abut — Bu) r gt -0 () - u(())d(dx’
Q Q Q 0

aj utudx+aj |Vu|2dx+bj (u—ﬁut)J- g(t—()(u(t)—u(())d(dx—bocJ' VuJ gt =) —u(()dldx
Q Q Q 0 Q 0

alC, +2a b b
LU s 1ol 20 [ wubar e B - puias e B0 [ vuras
2 Q 2 Ja 2

bl t bl t 2
+2JQ(JOg(t—O(u(t)—u(())d() dx +2JQ<JOg(t—()(Vu(t)—Vu(())d() dx

C, +2a+|b
'alj WL Rl - '“'j Vuldx + 'b'j jul?dx
Q

/3 |l 16| ! 1 ‘ 2
J | tl dx —ﬁ|blj utudx+7<zjg Jog(t—()d(dx+5JQ Jog(t—f)lu(t)—u(()l d(dx)

lbal (1 t 1 t )
e R I A I T OB AT
2 \2Jalo 2Jalo
2 alC, +2a +|ba ba| +|b|C
SMJ l”tlzderMJ |Vu|2dx+MJ Iulzdx+&g Vu
2 Q 2 2 Ja 4
|b|(1+|a|)(l—€)J
+—"| dx
4 Q
<C,e(t).
(42)
By (25), we get
1
L () — Me(£)] + —J " dx
y+2Ja
b|p* 1 2y +4)E0))’
lal+1blp” J P + 2 (lalC, + 2a +baf + c2r2 BV FDEO) J Vulfdx
2 Q 2 p P 24 o
(43)

bal| +1b|C -
L[ g PG, g MO0,
2 Q 4 Q

4
1 +2
SC1<£(t)+—j lul! dx).
y+2Ja
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Thus, the equivalence between L (t) and €(t) is complete. Secondly, differentiating (41) with respect to t, consid-
ering the assumption H, and Lemmas 1 and 2, the estimate
of L' (t) is given naturally:

L' (t) = Me' (t) + ap' (t) + by (t)

t ' !
<M (9o 5) - 20 [ wuax v ap' 0461 0 (49

< C1Jﬂ|“r|2dx + CZJQIVuIde + C3J0|u|2dx +c,97 o Vu + CSJQ|Vut|2dx,

where the coefficients ¢, c,, ¢, and ¢, are given as follows:

¢, =a+be; +bPe +b(1 —8)(4 - ﬁ),

2p+2 y
1 1 » Cp T [ (2y+4E(0) 1
=al — 1+— )(1- -2
c a<481+sl( +2£2)( )" + 5 ( ”; 5

Y
W) +agg +ag; (1 - €)) -

+ b(ﬂs5 e, (1-07 + ﬁsSCf]”( MZ 0

c; = a(% - c2> + b(/3c256 tegte,(1- E)), (45)

(st o 2 ) ) )

+bE g(0)C, (0ﬁx+ﬁg(0X§) M
4ey 4s10 4¢), 27

:a(l —g) +b(e4(ﬁ11—oc)+%).

Next, it is time to carry out a discussion on the different  ¢; + (h/2(y +2)),¢; = ¢,,¢s = ¢s = 0 and taking the positive

values of p. O  constant h as
~ -2¢, 26, .~
Case 1. p=1 h<minq —2¢, : © ) 263,—264 , (46)
In such a case, choosing 1- _[0 g(Ddl ¢

1 =16y = 6y + (hly +2)(C212) ((2y + 4E(0)/ye), ¢ =
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we find

L) - LJ " dx
y+2Ja

<L'(t)+

J " dx
y+2Ja

<L'(t)+

y+2 2 ye

C2y+2 y
h Gy ((2y+4>E<0>)I VuPdx +
Q

Journal of Mathematics

2 47
212 IQ|u| dx (47)

~ 2 ~ ~ ~ ~ 2
Scljﬂlut| dx + CZJQIVuIde + C3J0|u|2dx +cyg7 o Vu + CSJQW”t' dx

1 1 t 2 1
< —h(—J lut|2dx+—<1—J g(()d()J |Vu|2dx+c—J |u|2dx+—goVu).
2Ja 2 0 Q 2J)a 2

Therefore, (45) yields
L' ()< - he(t). (48)

Remark 2. Using the computational technique proposed in
[10] and selecting some appropriate numerical values by
means of the calculation software Mathematica, it is obvious
that ¢; <0(1<i<4).

Considering the interval of the fuzzy number #, taking

M =10,5 = 100,¢; = 0.01, (1<i< 13),

(49)
a=1,=2,a=1b=-1,y=2,

for example, with the aid of Mathematica, we easily
verify that

c, = —0.580816 — 23 (1 — £),

o

c, = 13.4295 + 5g(t) + 0.611833¢

(e}

(4.72653 — 2h)E(o)2Cf,

2
~0.300916¢” - - , (50)
~ , h
c3 = —0.295408 + 0.530816¢” + 3 +0.01¢,
¢, = ~(5100.03 + 50¢*) (1 - €) - 5¢ — 100&g (0).
Taking another example into consideration,
i
M =10,1=10,¢; = —— (1<i<13),
n=10,¢ = oo (1<i<13) -

a=1B=2,a=1b=-1,y=2,

we find that

¢, = —4.85169 — 18.8333 (1 - ©),
¢, = —1183.8 + 5g(0) + 2.464¢ — 1.2255¢*

(38.8695 — 2h)E(o)2Cf,
_ E

>

(52)
~ h
C; = —2.43435 + 4.81469¢” + 3+ 00126

¢y = ~(1321.45 +83.3333(c* + C, ) ) (1 - £) - 5¢

—25£4(0) - 73.2323C,, g (O)E.

Additionally, we may retrieve more effective data of c;,
and the data provide an intuitive understanding in the
discussion of the auxiliary functionals.

Considering the equivalence between L(t) and ¢(t), it is
easy for us to see that

Me(t)<L(t) < M,e(t), (53)
where the coeflicients M, and M, in (53) have many pos-
sibilities to be chosen.

The following expression can be presented through the
combination of (48) and (53):

L'(t)< - Mils(t). (54)

After a simple integral on the interval (t,,t), (54) leads to
L(t)<e (MM Ly (55)

As a consequence, taking k = —(h/M,), (55) leads to

L(t,) <K18(0)

e(t) < Mle(h/Ml) (1) = K

(56)

where K, is some appropriate positive constant.
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Case 2. p>1.
Using H;, H,, and (9), we easily verify that
) 00 1 (1-6/p-1)
1-9
.[0 g (()d(S JO <m> d(<00, 0<0<2 p-
(57)

Moreover, considering the inequality in [6], for some
constant C,

(p=1/(p-1+0))

(gp o Vu) (6/p- 1+9).

govusc(BO [ g " 0x)
(58)
Taking 0 = (1/2),y =2p —1,wefind (y0/p-1+6) = 1.

Therefore, for some m>1, we get

(1) < C(J lul*dx + J |Vu|>dx + J lut|2dx +gfo Vu),
Q Q Q

(59)
that is,
{J luldx + J Vuldx + J [ *dx + g7 o Vi) < - Lo o).
Q Q Q C
(60)
Taking (48) into account, we have
1
- ()< ——L" (1)
e (1) M7 (1) (61)
For each t >t,, it is straight for us to get
U@ | e r o
y+2Ja
h
< —-— (J 'ut|2dx + €j |Vu|2dx + czj Iulzdx +go Vu)
2\Ja Q Q
h
< - Esm (t)
< - L™ (t
et @
< —CL"(¢).
(62)

As we mentioned before, the symbol C denotes different
constants in different places. Executing a simple integral on
the interval (t,,t), (62) yields

L(t)< (Cpt +C) MV = (Cur+C,) PP (63)

Considering the equivalence between L (t) and e(¢), it is
apparently for us to get

e(t) < (64)

2
(t+ 1)(1/2(}’—1))'

This completes the proof.
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4. Conclusion

Under the assumptions on the relaxation function and the
interval of the fuzzy number #, applying the computational
technique, a lot of auxiliary functionals can be constructed
numerically. Two decay results, the exponential one and the
polynomial one, are derived for the model (1) eventually. The
result shows a new way for the decay rates, which is quite
different from other literatures.
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