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*e problem of energy crisis and environmental pollution has been mitigated by the generation and use of wind power; however,
the choice of locations for wind power plants is a difficult task because the decision-making process includes political, so-
cioeconomic, and environmental aspects. *us, several adverse consequences have been created by the choice of suboptimal
locations. *e objective of this paper is to address the integrated qualitative and quantitative multicriteria decision-making
framework for the selection of wind power plant locations. Spherical fuzzy sets are the latest extension of the ordinary fuzzy sets.
*e main characteristic of the spherical fuzzy sets is satisfying the condition that the squared sum of the positive, neutral, and
negative grades must be at least zero and at most one. In this research, we establish novel operational laws based on the Yager t-
norm and t-conorm under spherical fuzzy environments (SFE). Furthermore, based on these Yager operational laws, we develop
list of novel aggregation operators under SFE. In addition, we design an algorithm to tackle the uncertainty to investigating the
best wind power plant selection in four potential locations in Pakistan. A numerical example of wind power plant location
problem is considered to show the supremacy and effectiveness of the proposed study. Also, a detailed comparison is constructed
to evaluate the performance and validity of the established technique.

1. Introduction

One of the common and daily activity in humans’ life is
decision-making, aiming to choose the optimal alternative
with respect to a list of attributes. Due to high capacity of
decision-making to model the uncertainty of information, it
has been widely studied and successfully applied to eco-
nomics, management, and the other fields in recent years.
Due to the uncertainty of decision information, utilizing fuzzy
set theory to settle decision-making problem has become a
hotspot in recent years. *e concept of fuzzy set (FS) theory
was firstly proposed by Zadeh [1], and, since then, the FSs

have been widely used in many decision-making (DM)
problems. FSs theory is a useful and appropriate approach to
handle inaccurate and uncertain information in vague situ-
ations. Since the introduction of the FSs by Zadeh, they have
been accepted and widespread in nearly all branches of
science. Many extensions of ordinary FSs have been intro-
duced by many researchers [2–7].*ese extensions have been
used frequently in the progress of DM problems in an un-
certain environment. Some commonly used extensions of
ordinary FSs will be explained in the following.

Intuitionistic FS is firstly established by Atanassov by
adding the negative membership grades. Intuitionistic FS is
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the important generation of FS theory to tackle the un-
certainty in complex real-life DM problems with more ef-
fective and efficient way. Many researchers contribute to
intuitionistic FS theory; for example, Xu and Yager [8]
introduced the geometric means-based aggregation opera-
tors (AOs) under intuitionistic FSs. Xu [9] established list of
novel AOs to tackle the complex uncertainty under intui-
tionistic fuzzy settings. Wang and Liu [10] proposed the
Einstein norm-based AOs using intuitionistic FSs. Yu and
Xu [11] utilized prioritized concept to establish new AOs for
intuitionistic FSs. Munezza et al. [12] presented the multi-
criteria DM system using cubic intuitionistic FS to tackle the
uncertainty in location selection DM problem of small
hydropower plant. Khan et al. [13] presented the novel DM
approach under generalized intuitionistic fuzzy soft sets to
tackle the incomplete information in daily life decision
problems.

Although intuitionistic FS can deal with incomplete and
uncertainty information, it cannot handle inconsistent in-
formation better in real situations. For example, in the work
of Son [14], in the election of village director, the voting
results can be divided into three categories: “vote for,”
“neutral voting,” and “vote against.” “Neutral voting” means
that the voting paper is a white paper rejecting both agree
and disagree for the candidate, but it still takes the vote. *is
example happened in reality, but intuitionistic FS could not
handle it. In order to solve these problems, Cuong et al.
[15, 16] proposed picture FS, which contains three aspects of
information: yes, neutral, and no. It can deal with incon-
sistent information. Up to now, many outstanding contri-
butions have been made in the research of picture FSs; for
example,Wei [17] introduced some novel AOs for picture FS
and discussed their applications in DM problems. Ashraf
et al. [18] highlighted the deficiency in the existing opera-
tional laws and established novel improved AOs to tackle the
uncertainty in complex real-life DM problems under picture
fuzzy environment. Khan et al. [19] established the novel
extension, generalized picture fuzzy soft sets, and discussed
their DM applications. Khan et al. [20] established the novel
AOs using logarithmic function and algebraic norm under
picture fuzzy environment. Qiyas et al. [21] presented the
linguistic information and algebraic norm-based novel AOs
using picture FSs. Ashraf et al. [22] presented the cleaner
production evaluation technique based on the cubic picture
fuzzy AOs using distance information measures. Qiyas et al.
[23] utilized linguistic variables to develop the list of AOs
based on Dombi operational laws to tackle the DM problems
of real word. Ashraf and Abdullah [24] introduced algebraic
norm-based AOs under cubic picture FS and discussed their
applications in decision problem.

Picture FS is an important generalization of FS theory,
but, with the constant complexity of human knowledge
modeling and theory development, picture FS will be invalid
in some DM problems. Ashraf et al. [25, 26] introduced a
new and more general concept spherical fuzzy set (spherical
FS), which is an extension of FS by further slackening the
condition that 0≤ μ2(υ) + ℘2(υ) + z2(υ)≤ 1. We must also
note that the acceptable spherical space provides more
freedom for observers to express their belief in supporting

membership. *erefore, spherical FSs express more exten-
sive fuzzy information, while spherical FSs are more ma-
neuverable and more appropriate for dealing with
uncertainties information. However, spherical FSs have been
successfully applied in some fields, especially in decision-
making fields.

As aggregation operators have a strong role in DM
problems, several researchers have made quite valuable
contributions to introduce aggregation operators for
spherical FS. Spherical aggregation operators based on al-
gebraic norms [26] deal with uncertainty and inaccurate
information in DM problems. Spherical FS representations
of spherical fuzzy norms [27] are introduced under SF in-
formation. SF Dombi aggregation operators based on
Dombi norm are introduced in [28]. SF logarithmic ag-
gregation operators based on entropy are proposed in [29].
Linguistic SF aggregation operators are presented in [30] for
SF information to tackle the uncertainty in DMP. GRA
methodology based on spherical linguistic fuzzy Choquet
integral is proposed [31] for SF information. Cosine simi-
larity measures are presented in [32] to discuss the appli-
cation in DMP. Application of SF distance measures is
discussed in [33] to determine the child development in-
fluence environmental factors using SF information. In [34],
the TOPSIS approach based on SF rough set was proposed
and its application in DMP was discussed. Gü ndoğdu and
Kahraman [35] established the TOPSIS methodology under
spherical FSs and also proposed its applications. Ashraf and
Abdullah [36] presented the emergency decision-making
technique of coronavirus using the spherical FSs. Ashraf
et al. [37] introduced the symmetric sum-based AOs under
spherical FSs to tackle the uncertainty in daily life DM
problems. Gundogdu and Kahraman [38] established the
generalized methodology based on WASPAS under spher-
ical FSs. Shishavan et al. [39] established the list of similarity
measures to tackle the uncertainty in the form of spherical
fuzzy environment. Gündoğdu and Kahraman [40] pre-
sented the new AHP technique to tackle the uncertainty in
renewable energy and in [41] discussed the spherical fuzzy
QFD technique to tackle the uncertainty in robot technology
development problems.

It is evident that the abovementioned AOs are focused
on the algebraic, Einstein, Dombi, and Hamacher norms
under spherical FSs for the implementation of the combi-
nation process. Algebraic, Einstein, Dombi, and Hamacher
product and sum are not only fundamental spherical FS
operations that describe the union and the intersection of
any two spherical FSs. A general union and intersection
under SF information can be developed from a generalized
norm; that is, instances of deferent-norms families may be
used to execute the respective intersections and unions
under spherical fuzzy environment. *e Yager product and
sum are good replacement of the algebraic, Einstein, Dombi,
and Hamacher product for an intersection and union and
are capable of delivering smooth estimates of the algebraic
product and sum. However, there seems to be little work in
the literature on aggregation approaches that use the Yager
operations on FS theory to aggregate the fuzzy numbers.
Akram and Shahzadi [42] introduced the q-rung orthopair
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FS-based Yager AOs to tackle the DM problems. Akram
et al. [43] presented the Yager norm-based AOs under
complex Pythagorean FSs and discussed their application in
DM problems. Shahzadi et al. [44] presented the DM ap-
proach based on Yager operational laws under Pythagorean
information. Garg et al. [45] presented the DM problem of
COVID-19 testing facility using Fermatean FS and Yager
norm information.

From the above analysis, we note that, in many practical
applications, various aggregation operators have been put
forward and implemented. Although in practical problems
many existing AOs are not able to address such specific cases,
in some circumstances, many of these may result in unrea-
sonable or counterintuitive results. Certain new regulations
built without a simple function may have a complicated de-
scription. But generalized aggregation operators for SFSs
continue to be an open subject that attracts the attention of
many researchers. *erefore, in this article, our aim is to
present some novel spherical fuzzy Yager operational laws
based AOs to tackle the uncertainty in real-world DM
problems with more effective and efficient way. *e contri-
bution and originality of this study are summarized as follows:

(i) Novel ranking methodology and Yager norm-based
novel operational laws for spherical fuzzy sets are
proposed

(ii) *e new spherical fuzzy Yager averaging/geometric
aggregation operators are proposed to aggregate the
uncertainties in the form of spherical fuzzy
environment

(iii) Decision-making algorithm is proposed to tackle
the real-world DM problems

(iv) A real-life numerical application about wind power
plant location selection problem in Pakistan is
discussed to show the applicability of the proposed
technique

*e rest of this article shall be organized as set out below.
Section 2 provides basic information concerning spherical
FSs. Section 3 describes the Yager operations of spherical
FSs. Section 4 proposes a new way to rank the spherical fuzzy
number with more consistency. Section 5, presented as the
cornerstone of this work, proposes novel spherical fuzzy
Yager AOs based on the Yager norm, together with the
associated proof of its properties. Section 6 introduces the
novel methodology for interacting with the ambiguity in DM
problems in order to pick the best alternative according to
the list of attributes. Section 7 provides a numerical appli-
cation about wind power plant location selection problem
used to illustrate the designed MAGDM method and a
comparative analysis with some existing frameworks of
MAGDM is discussed in Section 8. *e article is concluded
in Section 9.

2. Preliminaries

Let us briefly recall in this segment the rudiments of FSs and
spherical FSs. For the following review, these definitions will
be included here.

Definition 1 (see [1]). A fuzzy set (FS) F in a universe set U is
an object having the form

F � 〈υ, μ(υ)〉|υ ∈ U , (1)

where μ(υ) ∈ [0, 1] is represented by the positive mem-
bership grade.

Definition 2 (see [46]). An intuitionistic FS Fs in a universe
set U is an object having the form

Fs � 〈υ, μ(υ), z(υ)〉|υ ∈ U , (2)

where μ(υ) ∈ [0, 1] and z(υ) ∈ [0, 1] are positive and neg-
ative membership grades, respectively. In addition,
0≤ μ(υ) + z(υ)≤ 1, ∀ υ ∈ U.

Definition 3 (see [47]). A Pythagorean FS Fs in a universe set
U is an object having the form

Fs � 〈υ, μ(υ), z(υ)〉|υ ∈ U , (3)

where μ(υ) ∈ [0, 1] and z(υ) ∈ [0, 1] are positive and neg-
ative membership grades, respectively. In addition,
0≤ μ2(υ) + z2(υ)≤ 1, ∀ υ ∈ U.

Definition 4 (see [15]). A picture FS Fs in a universe set U is
an object having the form

Fs � 〈υ, μ(υ),℘(υ), z(υ)〉|υ ∈ U , (4)

where μ(υ) ∈ [0, 1], ℘(υ) ∈ [0, 1], and z(υ) ∈ [0, 1] are
positive, neutral, and negative membership grades, respec-
tively. In addition, 0≤ μ(υ) + ℘(υ) + z(υ)≤ 1, ∀υ ∈ U.

Definition 5 (see [25, 26]). A spherical FS Fs in a universe set
U is an object having the form

Fs � 〈υ, μ(υ),℘(υ), z(υ)〉|υ ∈ U , (5)

where μ(υ) ∈ [0, 1], ℘(υ) ∈ [0, 1], and z(υ) ∈ [0, 1] are
positive, neutral, and negative membership grades, respec-
tively. In addition, 0≤ μ2(υ) + ℘2(υ) + z2(υ)≤ 1, ∀ υ ∈ U.

In what follows, we signify by SFS (U) the family of all
spherical FSs. We shall signify the spherical fuzzy number
(SFN) with the triplet Fts � (μ(υ),℘(υ), z(υ)) for simplicity.

Definition 6 (see [25]). Suppose that, for any
Fts(1)

, Fts(2)
∈ SFS (U).

(1) Fts(1)
⊆Fts(2)

if and only if μ1 ≤ μ2,℘1 ≤℘2 and z1 ≥ z2.
Clearly, Fts(1)

� Fts(2)
if Fts(1)
⊆Fts(2)

and Fts(2)
⊆Fts(1)

.
(2) Fts(1)

∩Fts(2)
� min(μ1,μ2),min(℘1,℘2),max(z1,z2) .

(3) Fts(1)
∪Fts(2)

� max(μ1, μ2), min(℘1, ℘2),

min(z1, z2)}.
(4) Fc

ts(1)
� z1, ℘1, μ1 .

Definition 7 (see [25]). Let Fts(1)
, Fts(2)
∈ SFS (U) with ϱ > 0.

*e operating laws are as follows:

(1) Fts(1)
⊗Fts(2)

� μ1μ2,℘1℘2,
������������

z21 + z22 − z21z
2
2
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(2) Fts(1)
⊕Fts(2)

�

������������

μ21 + μ22 − μ21μ22


,℘1℘2, z1z2 

(3) F
ϱ
ts(1)

� μϱ1,℘
ϱ
1,

�����������

1 − (1 − z21)
ϱ



 

(4) ϱ · Fts(1)
�

�����������

1 − (1 − μ21)
ϱ



,℘ϱ1, z
ϱ
1 

Definition 8 (see [25, 48]). Let Fts(1)
� (μ1,℘1, z1) and

Fts(2)
� (μ2,℘2, z2) ∈ SFS (U). Sc(Fts(1)

) � μ21 − z21 and
Sc(Fts(2)

) � μ22 − z22 are the score values of SFNs. Also
Ac(Fts(1)

) � μ21 + ℘21 + z21 and Ac(Fts(2)
) � μ22 + ℘22 + z22 are

the accuracy values of SFNs. We have the following:

(a) Sc(Fts(1)
)< Sc(Fts(2)

)⟹Fts(1)
<Fts(2)

(b) Sc(Fts(1)
) � Sc(Fts(2)

), Ac(Fts(1)
)< Ac(Fts(2)

)⟹
Fts(1)
< Fts(2)

(c) Sc(Fts(1)
) � Sc(Fts(2)

), Ac(Fts(1)
) � Ac(Fts(2)

)⟹
Fts(1)

� Fts(2)

Definition 9 (see [26]). Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈
SFN (U) (g � 1, 2, 3, . . . , n). *en, the weighted averaging
AOs for SFN (U) are described as

SFWA F1, F2, . . . , Fn(  � ℓ1F1 ⊕ ℓ2F2 ⊕ · · · ⊕ ℓnFn

� 
n

g�1
ℓgFg

�

��������������

1 − 
n

g�1
1 − μ2g 

ℓg




, 
n

g�1
℘g 

ℓg
, 

n

g�1
zg 

ℓg

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
,

(6)

where the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and


n
g�1 ℓg � 1.

Definition 10 (see [26]). Let Fg � (μg(υ),℘g(υ),

zg(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). *en, the weighted
geometric AOs for SFN (U) are described as

SFWG F1, F2, . . . , Fn(  � F
ℓ1
1 ⊗F

ℓ2
2 ⊗ · · · ⊗F

ℓn

n

� 
n

g�1
Fg 

ℓg

� 
n

g�1
μg 

ℓg
, 

n

g�1
℘g 

ℓg
,

��������������

1 − 
n

g�1
1 − z

2
g 

ℓg


⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
,

(7)

where the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and


n
g�1 ℓg � 1.

3. New Operating Laws for Spherical FS

Aggregation operators (AOs) play an essential part in
combining data into one form and in tackling MCGDM
problems. Aggregation facilitates the establishment of a
number of choices in a system or a collection of objects that
have come together or have been brought together. In recent
years, AOs based on FSs and their different hybrid com-
positions have provided a great deal of attention and have
become interesting because they can quickly execute func-
tional areas of various regions. In this section, we propose
the Yager norms-based novel operational laws for spherical
FNs.

Definition 11 (see [49]). Suppose that, for any real numbers l

and m, Yager’s norms have the forms

(1) �T(l, m) � 1 − min(1, ((1 − l)δ + (1 − m)δ)1/δ);
(2) S(l, m) � min(1, (lδ − mδ)1/δ), δ ∈ (0,∞).

Definition 12. Let Fts(1)
, Fts(2)
∈ SFS (U) with ϱ, δ > 0. *e

Yager operating laws (YOLs) are Fts � (μ(υ),℘(υ), z(υ))

and are described as follows:

(1) Fts(1)
⊗Fts(2)

�

������������������������������

1 − min(1, ((1 − μ21)
δ + (1 − μ22)

δ)1/δ)



,

�������������������������������

1 − min(1, ((1 − ℘21)
δ + (1 − ℘22)

δ)1/δ)



,
������������������

min(1, (z2δ1 + z2δ2 )1/δ)





(2) Fts(1)
⊕Fts(2)

�

������������������

min(1, (μ2δ1 + μ2δ2 )1/δ)



,
�������������������������������

1 − min(1, ((1 − ℘21)
δ + (1 − ℘22)

δ)1/δ)



,
������������������������������

1 − min(1, ((1 − z21)
δ + (1 − z22)

δ)1/δ)
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(3) F
ϱ
ts(1)

�

����������������������

1 − min(1, (ϱ(1 − μ21)
δ)1/δ)



,
�����������������������

1 − min(1, (ϱ(1 − ℘21)
δ)1/δ)



,

��������������

min(1, (ϱz2δ1 )1/δ)





(4) ϱ · Fts(1)
�

��������������

min(1, (ϱμ2δ1 )1/δ)



,
�����������������������

1 − min(1, (ϱ(1 − ℘21)
δ)1/δ)



,
����������������������

1 − min(1, (ϱ(1 − z21)
δ)1/δ)





Theorem 1. Let Fts(1)
, Fts(2)
∈ SFS (U) with ϱ1, ϱ2 > 0. $en,

(1) Fts(1)
⊕Fts(2)

� Fts(2)
⊕Fts(1)

(2) Fts(1)
⊗Fts(2)

� Fts(2)
⊗Fts(1)

(3) ϱ(Fts(1)
⊕Fts(2)

) � ϱFts(1)
⊕ϱFts(2)

(4) (ϱ1 + ϱ2)Fts(1)
� ϱ1Fts(1)

⊕ϱ2Fts(1)

(5) (Fts(1)
⊗Fts(2)

)ϱ � F
ϱ
ts(1)
⊗F
ϱ
ts(2)

(6) F
ϱ1
ts(1)
⊗F
ϱ2
ts(1)

� F
(ϱ1+ϱ2)
ts(1)

Proof. For any Fts(1)
, Fts(2)
∈ SFS (U) with ϱ1, ϱ2 > 0, we have

Fts(1)
⊕Fts(2)

�

������������������

min 1, μ2δ1 + μ2δ2 
1/δ

 



,

��������������������������������

1 − min 1, 1 − ℘21 
δ

+ 1 − ℘22 
δ

 
1/δ

 



,

��������������������������������

1 − min 1, 1 − z
2
1 

δ
+ 1 − z

2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

������������������

min 1, μ2δ2 + μ2δ1 
1/δ

 



,

��������������������������������

1 − min 1, 1 − ℘22 
δ

+ 1 − ℘21 
δ

 
1/δ

 



,

��������������������������������

1 − min 1, 1 − z
2
2 

δ
+ 1 − z

2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

� Fts(2)
⊕Fts(1)

,

Fts(1)
⊗Fts(2)

�

��������������������������������

1 − min 1, 1 − μ21 
δ

+ 1 − μ22 
δ

 
1/δ

 



,

��������������������������������

1 − min 1, 1 − ℘21 
δ

+ 1 − ℘22 
δ

 
1/δ

 



,

������������������

min 1, z
2δ
1 + z

2δ
2 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

��������������������������������

1 − min 1, 1 − μ22 
δ

+ 1 − μ21 
δ

 
1/δ

 



,

��������������������������������

1 − min 1, 1 − ℘22 
δ

+ 1 − ℘21 
δ

 
1/δ

 



,

������������������

min 1, z
2δ
2 + z

2δ
1 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

� Fts(2)
⊗Fts(1)

,

ϱ Fts(1)
⊕Fts(2)

  � ϱ ·

������������������

min 1, μ2δ1 + μ2δ2 
1/δ

 



,

��������������������������������

1 − min 1, 1 − ℘21 
δ

+ 1 − ℘22 
δ

 
1/δ

 



,

��������������������������������

1 − min 1, 1 − z
2
1 

δ
+ 1 − z

2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

��������������������

min 1, ϱμ2δ1 + ϱμ2δ2 
1/δ

 



,

�����������������������������������

1 − min 1, ϱ 1 − ℘21 
δ

+ ϱ 1 − ℘22 
δ

 
1/δ

 



,

����������������������������������

1 − min 1, ϱ 1 − z
2
1 

δ
+ ϱ 1 − z

2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

ϱFts(1)
⊕ϱFts(2)

�

���������������

min 1, ϱμ2δ1 
1/δ

 



,

������������������������

1 − min 1, ϱ 1 − ℘21 
δ

 
1/δ

 



,

������������������������

1 − min 1, ϱ 1 − z
2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

⊕
���������������

min 1, ϱμ2δ2 
1/δ

 



,

������������������������

1 − min 1, ϱ 1 − ℘22 
δ

 
1/δ

 



,

������������������������

1 − min 1, ϱ 1 − z
2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

��������������������

min 1, ϱμ2δ1 + ϱμ2δ2 
1/δ

 



,

�����������������������������������

1 − min 1, ϱ 1 − ℘21 
δ

+ ϱ 1 − ℘22 
δ

 
1/δ

 



,

����������������������������������

1 − min 1, ϱ 1 − z
2
1 

δ
+ ϱ 1 − z

2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭,

⇒ϱ Fts(1)
⊕Fts(2)

  � ϱFts(1)
⊕ϱFts(2)

.

ϱ1Fts(1)
⊕ϱ2Fts(1)

�

����������������

min 1, ϱ1μ
2δ
1 

1/δ
 



,

�������������������������

1 − min 1, ϱ1 1 − ℘21 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ϱ1 1 − z
2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

⊕
����������������

min 1, ϱ2μ
2δ
2 

1/δ
 



,

�������������������������

1 − min 1, ϱ2 1 − ℘22 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ϱ2 1 − z
2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

���������������������

min 1, ϱ1 + ϱ2( μ2δ1 
1/δ

 



,

������������������������������

1 − min 1, ϱ1 + ϱ2(  1 − ℘21 
δ

 
1/δ

 



,

������������������������������

1 − min 1, ϱ1 + ϱ2(  1 − z
2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

� ϱ1 + ϱ2( Fts(1)
.

ϱ1Fts(1)
⊕ϱ2Fts(1)

�

����������������

min 1, ϱ1μ
2δ
1 

1/δ
 



,

�������������������������

1 − min 1, ϱ1 1 − ℘21 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ϱ1 1 − z
2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

⊕
����������������

min 1, ϱ2μ
2δ
2 

1/δ
 



,

�������������������������

1 − min 1, ϱ2 1 − ℘22 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ϱ2 1 − z
2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

���������������������

min 1, ϱ1 + ϱ2( μ2δ1 
1/δ

 



,

������������������������������

1 − min 1, ϱ1 + ϱ2(  1 − ℘21 
δ

 
1/δ

 



,

������������������������������

1 − min 1, ϱ1 + ϱ2(  1 − z
2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

� ϱ1 + ϱ2( Fts(1)
.

(8)
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Proofs of (5) and (6) are similar as above. □

4. A New Way to Rank SFNs

Here, we will construct a new procedure for the ranking of
SFNs in the present section. *is new framework is being
used to rank SFNs and to choose the best alternative. From
Definition 8, we know that Mahmood et al. [48] have given
us a ranking method of SFNs. *erefore, this framework is
sensitive to a slight change in the SFNs, as shown by the
example below.

Example 1. Suppose the following: Fts(α1)
� (0.7, 0.5, 0.66),

Fts(α2)
� (0.7, 0.5, 0.6599), Fts(β1)

� (0.8, 0.3, 0.77), and
Fts(β2)

� (0.8, 0.3, 0.7699) ∈ SFS (U). *en, by Definition 8,
we have

Sc Fts(α1)
  � 0.055504, Sc Fts(α2)

  � 0.055634,

Sc Fts(β1)
  � 0.055467, Sc Fts(β2)

  � 0.055644.

(9)

Since Sc(Fts(α1)
)> Sc(Fts(β1)

) and Sc(Fts(α2)
)< Sc(Fts(β2)

),
Fts(α1)
>Fts(β1)

and Fts(α2)
<Fts(β2)

.

*e findings in the above example demonstrate that the
SFNs ranking, which is assessed on the basis of Definition 8,
would absolutely change, even if the SFNs slightly change. A
new ranking way is proposed in this article in order to
overcome the shortcomings of the ranking framework based
on Definition 8.*e novel ranking framework is proposed in
the following definition.

Definition 13. Let Fts(1)
� (μ1,℘1, z1) ∈ SFS (U). *en, the

score value Sc is described as

Sc Fts(1)
  �

1 − z1( 
2

+1 − z
2
1 

1/2

1 − μ1( 
2

+1 − μ21 
1/2

+ 1 − z1( 
2

+1 − z
2
1 

1/2,

(10)

where Sc(Fts(1)
) ∈ [0, 1].

Theorem 2. Let Fts(1)
� (μ1,℘1, z1) ∈ SFS (U). If μ1 � z1,

then Sc(Fts(1)
) � 1/2; if μ1 > z1, then Sc(Fts(1)

)> 1/2, and if
μ1 < z1, then Sc(Fts(1)

)< 1/2.

Proof. Let Fts(1)
� (μ1,℘1, z1) ∈ SFS (U). If μ1 � z1, then

Sc Fts(1)
  �

1 − z1( 
2

+ 1 − z
2
1 

1/2

1 − μ1( 
2

+ 1 − μ21 
1/2

+ 1 − z1( 
2

+ 1 − z
2
1 

1/2 �
1 − z1( 

2
+ 1 − z

2
1 

1/2

1 − z1( 
2

+ 1 − z
2
1 

1/2
+ 1 − z1( 

2
+ 1 − z

2
1 

1/2 �
1
2
.

(11)

If μ1 > z1, then

Sc Fts(1)
  �

1 − z1( 
2

+ 1 − z
2
1 

1/2

1 − μ1( 
2

+ 1 − μ21 
1/2

+ 1 − z1( 
2

+ 1 − z
2
1 

1/2 >
1 − z1( 

2
+ 1 − z

2
1 

1/2

1 − z1( 
2

+ 1 − z
2
1 

1/2
+ 1 − z1( 

2
+ 1 − z

2
1 

1/2 �
1
2
.

(12)

If μ1 < z1, then

Sc Fts(1)
  �

1 − z1( 
2

+ 1 − z
2
1 

1/2

1 − μ1( 
2

+ 1 − μ21 
1/2

+ 1 − z1( 
2

+ 1 − z
2
1 

1/2 <
1 − z1( 

2
+ 1 − z

2
1 

1/2

1 − z1( 
2

+ 1 − z
2
1 

1/2
+ 1 − z1( 

2
+ 1 − z

2
1 

1/2 �
1
2
.

(13)

*e proof is completed. □

Theorem 3. Let Fts(1)
� (μ1,℘1, z1) and Fts(2)

� (μ2,
℘2, z2) ∈ SFS (U). If μ1 � μ2 and z1 < z2, then

Sc(Fts(1)
)> Sc(Fts(2)

). Otherwise, if z1 � z2 and μ1 > μ2, then
Sc(Fts(1)

)> Sc(Fts(2)
).

Proof. Let J � Sc(Fts(1)
)/Sc(Fts(2)

). According to Definition
13, we have
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J �
1 − z1( 

2
+ 1 − z

2
1 

1/2
/ 1 − μ1( 

2
+ 1 − μ21 

1/2
+ 1 − z1( 

2
+ 1 − z

2
1 

1/2
 

1 − z2( 
2

+ 1 − z
2
2 

1/2
/ 1 − μ2( 

2
+ 1 − μ22 

1/2
+ 1 − z2( 

2
+ 1 − z

2
2 

1/2
 

�
1 − z1( 

2
+ 1 − z

2
1 

1/2
1 − μ2( 

2
+ 1 − μ22 

1/2
+ 1 − z2( 

2
+ 1 − z

2
2 

1/2
 

1 − z2( 
2

+ 1 − z
2
2 

1/2
1 − μ1( 

2
+ 1 − μ21 

1/2
+ 1 − z1( 

2
+ 1 − z

2
1 

1/2
 

�
1 − z1( 

2
+ 1 − z

2
1 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
  + 1 − z1( 

2
+ 1 − z

2
1 

1/2
. 1 − z2( 

2
+ 1 − z

2
2 

1/2
 

1 − z2( 
2

+ 1 − z
2
2 

1/2
· 1 − μ1( 

2
+ 1 − μ21 

1/2
  + 1 − z2( 

2
+ 1 − z

2
2 

1/2
· 1 − z1( 

2
+ 1 − z

2
1 

1/2
 

.

(14)

Let P � [((1 − z1)
2 + 1 − z21)

1/2.((1 − z2)
2 + 1 − z22)

1/2];
then we have

J �
P + 1 − z1( 

2
+ 1 − z

2
1 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

P + 1 − z2( 
2

+ 1 − z
2
2 

1/2
· 1 − μ1( 

2
+ 1 − μ21 

1/2
 

.

(15)

If μ1 � μ2 and z1 < z2, then we have

J �
P + 1 − z1( 

2
+ 1 − z

2
1 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

P + 1 − z2( 
2

+ 1 − z
2
2 

1/2
· 1 − μ1( 

2
+ 1 − μ21 

1/2
 

>
P + 1 − z2( 

2
+ 1 − z

2
2 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

P + 1 − z2( 
2

+ 1 − z
2
2 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

� 1.

(16)

*us, J � (Sc(Fts(1)
)/Sc(Fts(2)

))>1⇒Sc(Fts(1)
)>Sc(Fts(2)

).
If z1 � z2 and μ1 > μ2, then we have

J �
P + 1 − z1( 

2
+ 1 − z

2
1 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

P + 1 − z2( 
2

+ 1 − z
2
2 

1/2
· 1 − μ1( 

2
+ 1 − μ21 

1/2
 

>
P + 1 − z2( 

2
+ 1 − z

2
2 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

P + 1 − z2( 
2

+ 1 − z
2
2 

1/2
· 1 − μ2( 

2
+ 1 − μ22 

1/2
 

� 1.

(17)

*us, J � (Sc(Fts(1)
)/Sc(Fts(2)

))>1⇒Sc(Fts(1)
)>Sc(Fts(2)

).
*e proof is completed.

However, it is also observed that, in certain situations,
the score function that we have described cannot distinguish
SFNs. For example, consider the following: Fts(1)

�

(0.6, 0.5, 0.6) and Fts(2)
� (0.7, 0.5, 0.7) ∈ SFS (U). It is not

difficult to get that Sc(Fts(1)
) � Sc(Fts(2)

) � 0.5 according to
Definition 13. To equate SFNs in these situations, the ac-
curacy function is established and a novel framework for
ordering SFNs is proposed. □

Definition 14. Let Fts(1)
� (μ1,℘1,z1) and Fts(2)

� (μ2,℘2,z2) ∈
SFS(U). Sc(Fts(1)

) and Sc(Fts(2)
) are the score values of Fts(1)

and Fts(2)
, and Ac(Fts(1)

) and Ac(Fts(2)
) are the accuracy

values of Fts(1)
and Fts(2)

, respectively.

(1) If Sc(Fts(1)
)< Sc(Fts(2)

), then Fts(1)
<Fts(2)

(2) If Sc(Fts(1)
) � Sc(Fts(2)

), then

(a) if Ac(Fts(1)
)< Ac(Fts(2)

), then Fts(1)
<Fts(2)

(b) Ac(Fts(1)
) � Ac(Fts(2)

), then Fts(1)
� Fts(2)

.

Example 2. Consider the following: Fts(α1)
� (0.7,0.5,0.66),

Fts(α2)
� (0.7,0.5,0.6599), Fts(β1)

� (0.8,0.3,0.77), and Fts(β2)
�

(0.8,0.3,0.7699) ∈ SFS(U) (from Example 1). *en, by
Definition 13, we have

Sc Fts(α1)
  � 0.055504, Sc Fts(α2)

  � 0.055634,

Sc Fts(β1)
  � 0.055467, Sc Fts(β2)

  � 0.055644.

(18)

Since Sc(Fts(α1)
)< Sc(Fts(β1)

) and Sc(Fts(α2)
)< Sc(Fts(β2)

),
Fts(β1)
>Fts(α1)

and Fts(β2)
>Fts(α2)

.
Incorporating Examples 1 and 2, we can conclude that

the new ranking framework is more reliable and less sen-
sitive than in the previous process.

5. Aggregation Operators Based on
Yager’s Norms

*is section presents some spherical fuzzy AOs using Yager
OLs of SFNs.
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5.1. Yager Weighted Averaging AOs

Definition 15. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n). *en, Yager weighted averaging AOs for
SFN (U) are described as

SFYWA F1,F2, . . . ,Fn(  � ℓ1F1⊕ℓ2F2⊕ · · ·⊕ℓnFn � 
n

g�1
ℓgFg,

(19)

where the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and


n
g�1 ℓg � 1.

Theorem 4. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) and the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have
ℓg ≥ 0 and 

n
g�1 ℓg � 1. $e SFYWA AOs are a mapping

Gn⟶ G such that

SFYWA F1, F2, . . . , Fn(  � 
n

g�1
ℓgFg

�

���������������������

min 1, 
n

g�1
ℓgμ

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�����������������������������

1 − min 1, 

n

g�1
ℓg 1 − z

2
g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(20)

Proof. We prove *eorem 4 by applying mathematical in-
duction on n. For each g, Fg � (μg(υ),℘g(υ),

zg(υ)) ∈ SFN (U), which implies that μg,℘g, zg ∈ [0, 1] and
μ2g + ℘2g + z2g ≤ 1.

Step 1: for n � 2, we get

SFYWA F1, F2(  � ℓ1F1⊕ℓ2F2. (21)

By Definition 12, we have

SFYWA F1, F2(  � ℓ1F1⊕ℓ2F2

�

����������������

min 1, ℓ1μ
2δ
1 

1/δ
 



,

�������������������������

1 − min 1, ℓ1 1 − ℘21 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ℓ1 1 − z
2
1 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

⊕
����������������

min 1, ℓ2μ
2δ
2 

1/δ
 



,

�������������������������

1 − min 1, ℓ2 1 − ℘22 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ℓ2 1 − z
2
2 

δ
 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

���������������������

min 1, 
2

g�1
ℓgμ

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
2

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�����������������������������

1 − min 1, 
2

g�1
ℓg 1 − z

2
g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(22)
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Step 2: suppose that equation (22) holds for n � κ; we
have

SFYWA F1, F2, . . . , Fκ(  �

���������������������

min 1, 
κ

g�1
ℓgμ

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
κ

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�����������������������������

1 − min 1, 
κ

g�1
ℓg 1 − z

2
g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(23)

Step 3: now, we have to prove that equation (22) holds
for n � κ + 1.

SFYWA F1, F2, . . . Fκ+1(  � 
κ

g�1
ℓgFg ⊕ ℓκ+1Fκ+1

�

���������������������

min 1, 
κ

g�1
ℓgμ

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
κ

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�����������������������������

1 − min 1, 
κ

g�1
ℓg 1 − z

2
g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⊕
������������������

min 1, ℓκ+1μ
2δ
κ+1 

1/δ
 



,

����������������������������

1 − min 1, ℓκ+1 1 − ℘2κ+1 
δ

 
1/δ

 



,

���������������������������

1 − min 1, ℓκ+1 1 − z
2
κ+1 

δ
 

1/δ
 



⎛⎝ ⎞⎠

�

������������������������������������������������������������������������������������

min 1, 
κ+1

g�1
ℓgμ

2δ
g )

1/δ⎛⎝ ⎞⎠ ,

�������������������������������������������������������������

1 − min 1, 
κ+1

g�1
ℓg 1 − ℘2g 

δ
)
1/δ⎛⎝ ⎞⎠ ,

������������������������������

1 − min 1, 
κ+1

g�1
ℓg 1 − z

2
g 

δ
)
1/δ⎛⎝ ⎞⎠⎛⎝ ⎞⎠.




⎛⎜⎜⎜⎜⎜⎜⎝





⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝




⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(24)

*at is, when n � z + 1, equation (22) also holds.

Hence, equation (22) holds for any n. *e proof is
completed. □

Next, we give some properties of the proposed SFYWA
aggregation operator.

Theorem 5. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) such that Fg � F. $en,

SFYWA F1, F2, . . . , Fn(  � F. (25)

Proof. Since Fg � F (g � 1, 2, 3, . . . , n), by *eorem 4, we
get

SFYWA F1, F2, . . . , Fn(  �

���������������������

min 1, 
n

g�1
ℓgμ

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − z

2
g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

���������������������

min 1, 
n

g�1
ℓgμ

2δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘2 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − z

2
 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

��������������

min 1, μ2δ 
1/δ

 



,

�����������������������

1 − min 1, 1 − ℘2 
δ

 
1/δ

 



,

�����������������������

1 − min 1, 1 − z
2

 
δ

 
1/δ

 



⎛⎝ ⎞⎠

� (μ(υ),℘(υ), z(υ))

� F.

(26)

*e proof is completed. □
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Theorem 6. Let Fg � (μg(υ),℘g(υ),zg(υ)),F−
g � min{

(μg(υ)), min(℘g(υ)), max(zg(υ))}, and F+
g � max(μg(υ)),

min(℘g(υ)),min(zg(υ))}∈SFN(U)(g �1,2,3, . . . ,n). $en,

F
−
g ≤ SFYWA F1, F2, . . . , Fn( ≤F

+
g. (27)

Proof. *e procedure is similar to the above theorem, so it is
eliminated here. □

Theorem 7. Let Fg � (μg(υ),℘g(υ), zg(υ)), F∗g � (μ∗g(υ),

℘∗g(υ), z∗g(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). If μg ≤ μ∗g,℘g ≤
℘∗g and zg ≤ z∗g, then

SFYWA F1, F2, . . . , Fn( ≤ SFYWA F
∗
1 , F
∗
2 , . . . , F

∗
n( .

(28)

Proof. *e procedure is similar to the above theorem, so it is
eliminated here. □

Definition 16. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n). *en, Yager ordered weighted averaging
AOs for SFN (U) are described as

SFYOWA F1, F2, . . . , Fn(  � ℓ1Fυ(1)⊕ℓ2Fυ(2)⊕ · · ·⊕ℓnFυ(n)

� 
n

g�1
ℓgFυ(g),

(29)

where υ(g) represented the ordered and (υ(1), υ(2),

υ(3), . . . , υ(n)) is a permutation of (1, 2, 3, . . . , n), subject to
ευ(g− 1) ≥ ευ(g) for all g. Also the weights (ℓ1, ℓ2, . . . , ℓg) of Fg

have ℓg ≥ 0 and 
n
g�1 ℓg � 1.

Theorem 8. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) and the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have
ℓg ≥ 0 and 

n
g�1 ℓg � 1. $e SFYOWA AOs are a mapping

Gn⟶ G such that

SFYOWA F1, F2, . . . , Fn(  � 
n

g�1
ℓgFυ(g)

�

����������������������

min 1, 

n

g�1
ℓgμ

2δ
υ(g)

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�������������������������������

1 − min 1, 

n

g�1
ℓg 1 − ℘2υ(g) 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�������������������������������

1 − min 1, 
n

g�1
ℓg 1 − z

2
υ(g) 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(30)

Proof. It follows from *eorem 4 similarly. □

Theorem 9. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) such that Fg � F. $en,

SFYOWA F1, F2, . . . , Fn(  � F. (31)

Theorem 10. Let Fg � (μg(υ),℘g(υ),zg(υ)),F−
g � min(μg

(υ)), min(℘g(υ)), max(zg(υ))}, and F+
g � max(μg(υ)),

min(℘g(υ)), min(zg(υ))} ∈ SFN (U)(g � 1,2,3, . . . ,n).
$en,

F
−
g ≤ SFYOWA F1, F2, . . . , Fn( ≤F

+
g. (32)

Theorem 11. Let Fg � (μg(υ),℘g(υ), zg(υ)), F∗g � (μ∗g
(υ),℘∗g(υ), z∗g(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). If
μg ≤ μ∗g,℘g ≤℘∗g and zg ≤ z∗g, then

SFYOWA F1, F2, . . . , Fn( ≤ SFYOWA F
∗
1 , F
∗
2 , . . . , F

∗
n( . (33)

*e proof of these theorems is similarly followed by
*eorems 5–7.

Definition 17. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n). *en, Yager hybrid weighted averaging
AOs for SFN (U) are described as

SFYHWA F1, F2, . . . , Fn(  � σgFυ(1)
′ ⊕σgFυ(2)

′ ⊕ · · ·⊕σgFυ(n)
′

� 
n

g�1
σgFυ(g)
′ ,

(34)

where weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and


n
g�1 ℓg � 1 and gth biggest weighted value is Fυ(g)

′(Fυ(g)
′ �

nℓgFυ(g)|g � 1, 2, . . . , n) consequently by total order
(υ(1), υ(2), υ(3), . . . , υ(n)). Also, associated weights
(σ1,σ2, . . . , σg) of Fg have σg ≥ 0 and 

n
g�1 σg � 1.

Theorem 12. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) and the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have
ℓg ≥ 0 and 

n
g�1 ℓg � 1. $e SFYHWA AOs are a mapping

Gn⟶ G with associated weights (σ1, σ2, . . . , σg) of Fg

having σg ≥ 0 and 
n
g�1 σg � 1; we have
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SFYHWA F1, F2, . . . , Fn(  � 
n

g�1
σgFυ(g)
′

�

����������������������

min 1, 
n

g�1
ℓgμ
′2δ
υ(g)

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�������������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘′2υ(g) 

δ
⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�������������������������������

1 − min 1, 
n

g�1
ℓg 1 − z

′2
υ(g) 

δ
⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(35)

Proof. It follows from *eorem 4 similarly. □

Theorem 13. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) such that Fg � F. $en,

SFYHWA F1, F2, . . . , Fn(  � F. (36)

Theorem 14. Let Fg � (μg(υ),℘g(υ), zg(υ)),

F−
g � min(μg(υ)), min(℘g(υ)), max(zg(υ)) , and F+

g �

max(μg(υ)), min(℘g(υ)), min(zg(υ))  ∈ SFN (U) (g �

1, 2, 3, . . . , n). $en,

F
−
g ≤ SFYHWA F1, F2, . . . , Fn( ≤F

+
g. (37)

Theorem 15. Let Fg � (μg(υ),℘g(υ), zg(υ)), F∗g �

(μ∗g(υ),℘∗g(υ), z∗g(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). If
μg ≤ μ∗g,℘g ≤℘∗g and zg ≤ z∗g, then

SFYHWA F1, F2, . . . , Fn( ≤ SFYHWA F
∗
1 , F
∗
2 , . . . , F

∗
n( .

(38)

*e proof of these theorems is similarly followed by
*eorems 5–7.

5.2. Yager Weighted Geometric AOs

Definition 18. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n). *en, Yager weighted geometric AOs for
SFN (U) are described as

SFYWG F1, F2, . . . , Fn(  � F
ℓ1
1 ⊗F

ℓ2
2 ⊗ · · · ⊗F

ℓn

n

� 

n

g�1
Fg 

ℓg
,

(39)

where the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and


n
g�1 ℓg � 1.

Theorem 16. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) and the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have
ℓg ≥ 0 and 

n
g�1 ℓg � 1. $e SFYWG AOs are a mapping

Gn⟶ G such that

SFYWG F1, F2, . . . , Fn(  � 
n

g�1
Fg 

ℓg

�

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − μ2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

���������������������

min 1, 
n

g�1
ℓgz

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(40)

Proof. We prove *eorem 16 by applying mathematical
induction on n. For each g, Fg � (μg(υ),℘g(υ),

zg(υ)) ∈ SFN (U), which implies that μg,℘g, zg ∈ [0, 1] and
μ2g + ℘2g + z2g ≤ 1.

Step 1: for n � 2, we get

SFYWG F1, F2(  � F
ℓ1
1 ⊗F

ℓ2
2 . (41)
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By Definition 12, we have

SFYWG F1, F2(  � F
ℓ1
1 ⊗F

ℓ2
2

�

������������������������

1 − min 1, ℓ1 1 − μ21 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ℓ1 1 − ℘21 
δ

 
1/δ

 



,

���������������

min 1, ℓ1z
2δ
1 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

⊕

������������������������

1 − min 1, ℓ2 1 − μ22 
δ

 
1/δ

 



,

�������������������������

1 − min 1, ℓ2 1 − ℘22 
δ

 
1/δ

 



,

���������������

min 1, ℓ2z
2δ
2 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

�����������������������������

1 − min 1, 
2

g�1
ℓg 1 − μ2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
2

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

���������������������

min 1, 
2

g�1
ℓgz

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(42)

Step 2: suppose that equation (42) holds for n � κ; we
have

SFYWG F1, F2, . . . , Fκ(  �

�����������������������������

1 − min 1, 

κ

g�1
ℓg 1 − μ2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 

κ

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

���������������������

min 1, 
κ

g�1
ℓgz

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(43)

Step 3: now, we have to prove that equation (42) holds
for n � κ + 1.

SFYWG F1, F2, . . . Fκ+1(  � 
κ

g�1
Fg 

ℓg ⊗ Fκ+1( 
ℓκ+1

�

�����������������������������

1 − min 1, 
κ

g�1
ℓg 1 − μ2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
κ

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

���������������������

min 1, 
κ

g�1
ℓgz

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⊕

���������������������������

1 − min 1, ℓκ+1 1 − μ2κ+1 
δ

 
1/δ

 



,

����������������������������

1 − min 1, ℓκ+1 1 − ℘2κ+1 
δ

 
1/δ

 



,

������������������

min 1, ℓκ+1z
2δ
κ+1 

1/δ
 


⎧⎨

⎩

⎫⎬

⎭

�

�����������������������������

1 − min 1, 

κ+1

g�1
ℓg 1 − μ2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 
κ+1

g�1
ℓg 1 − ℘2g 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

���������������������

min 1, 
κ+1

g�1
ℓgz

2δ
g

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(44)

*at is, when n � z + 1, equation (42) also holds.

Hence, equation (42) holds for any n. *e proof is
completed. □

Theorem 17. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) such that Fg � F. $en,
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SFYWG F1, F2, . . . , Fn(  � F. (45) Proof. Since Fg � F (g � 1, 2, 3, . . . , n), by *eorem 16, we
get

SFYWG F1, F2, . . . , Fn(  �

�����������������������������

1 − min 1, 

n

g�1
ℓg 1 − μ2 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

�����������������������������

1 − min 1, 

n

g�1
ℓg 1 − ℘2 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

���������������������

min 1, 
n

g�1
ℓgz

2δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

�����������������

1 − min 1, 1 − μ2  



,

�����������������

1 − min 1, 1 − ℘2  



,

�����������

min 1, z
2

  



 

� (μ(υ),℘(υ), z(υ))

� F.

(46)

*e proof is completed. □

Theorem 18. Let Fg � (μg(υ),℘g(υ), zg(υ)), F−
g �

min(μg(υ)), min(℘g(υ)), max(zg(υ)) , and F+
g �

max(μg(υ)), min(℘g(υ)), min(zg(υ))  ∈ SFN (U) (g �

1, 2, 3, . . . , n). $en,

F
−
g ≤ SFYWG F1, F2, . . . , Fn( ≤F

+
g. (47)

Theorem 19. Let Fg � (μg(υ),℘g(υ), zg(υ)), F∗g �

(μ∗g(υ),℘∗g(υ), z∗g(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). If
μg ≤ μ∗g,℘g ≤℘∗g and zg ≤ z∗g, then

SFYWG F1,F2, . . . ,Fn( ≤SFYWG F
∗
1 ,F
∗
2 , . . . ,F

∗
n( . (48)

Definition 19. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n). *en, Yager ordered weighted geometric
AOs for SFN (U) are described as

SFYOWG F1, F2, . . . , Fn(  � Fυ(1) 
ℓ1 ⊗ Fυ(2) 

ℓ2 ⊗ · · · ⊗ Fυ(n) 
ℓn

� 
n

g�1
Fυ(g) 

ℓg
, (49)

where υ(g) represented the ordered and
(υ(1), υ(2), υ(3), . . . , υ(n)) is a permutation of
(1, 2, 3, . . . , n), subject to ευ(g− 1) ≥ ευ(g) for all g. Also the
weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and 

n
g�1 ℓg � 1.

Theorem 20. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) and the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have
ℓg ≥ 0 and 

n
g�1 ℓg � 1. $e SFYOWG AOs are a mapping

Gn⟶ G such that

SFYOWG F1,F2, . . . ,Fn(  � 
n

g�1
Fυ(g) 

ℓg
�

������������������������������

1 − min 1, 
n

g�1
ℓg 1 − μ2υ(g) 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

������������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘2υ(g) 

δ⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

����������������������

min 1, 
n

g�1
ℓgz

2δ
υ(g)

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(50)

Proof. It follows from *eorem 16 similarly. □

Theorem 21. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) such that Fg � F. $en,

SFYOWG F1, F2, . . . , Fn(  � F. (51)

Theorem 22. Let Fg � (μg(υ),℘g(υ),zg(υ)),F−
g �

min(μg(υ)), min(℘g(υ)), max(zg(υ)) , and F+
g �

max(μg(υ)), min(℘g(υ)), min(zg(υ))  ∈ SFN (U) (g �

1,2,3, . . . ,n). $en,

F
−
g ≤ SFYOWG F1, F2, . . . , Fn( ≤F

+
g. (52)
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Theorem 23. Let Fg � (μg(υ),℘g(υ), zg(υ)), F∗g � (μ∗g(υ),

℘∗g(υ), z∗g(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). If μg ≤ μ∗g,℘g ≤
℘∗g and zg ≤ z∗g, then

SFYOWG F1, F2, . . . , Fn( ≤ SFYOWG F
∗
1 , F
∗
2 , . . . , F

∗
n( .

(53)

*e proof of these theorems is similarly followed by
*eorems 17–19.

Definition 20. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n). *en, Yager hybrid weighted geometric
AOs for SFN (U) are described as

SFYHWG F1, F2, . . . , Fn(  � Fυ(1)
′ 

σg ⊗ Fυ(2)
′ 

σg ⊗ · · · ⊗ Fυ(n)
′ 

σg
� 

n

g�1
Fυ(g)
′ 

σg
, (54)

where weights (ℓ1, ℓ2, . . . , ℓg) of Fg have ℓg ≥ 0 and


n
g�1 ℓg � 1 and gth biggest weighted value is Fυ(g)

′(Fυ(g)
′ �

nℓgFυ(g)|g � 1, 2, . . . , n) consequently by total order
(υ(1), υ(2), υ(3), . . . , υ(n)). Also, associated weights
(σ1, σ2, . . . , σg) of Fg have σg ≥ 0 and 

n
g�1 σg � 1.

Theorem 24. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) and the weights (ℓ1, ℓ2, . . . , ℓg) of Fg have
ℓg ≥ 0 and 

n
g�1 ℓg � 1. $e SFYHWG AOs are a mapping

Gn⟶ G with associated weights (σ1, σ2, . . . , σg) of Fg

having σg ≥ 0 and 
n
g�1 σg � 1; we have

SFYHWG F1, F2, . . . , Fn(  � 
n

g�1
Fυ(g)
′ 

σg
�

�������������������������������

1 − min 1, 
n

g�1
ℓg 1 − μ′2υ(g) 

δ
⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

�������������������������������

1 − min 1, 
n

g�1
ℓg 1 − ℘′2υ(g) 

δ
⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




,

����������������������

min 1, 
n

g�1
ℓgz
′2δ
υ(g)

⎛⎝ ⎞⎠

1/δ

⎛⎜⎝ ⎞⎟⎠




⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠.

(55)

Proof. It follows from *eorem 16 similarly. □

Theorem 25. Let Fg � (μg(υ),℘g(υ), zg(υ)) ∈ SFN (U)

(g � 1, 2, 3, . . . , n) such that Fg � F. $en,

SFYHWG F1, F2, . . . , Fn(  � F. (56)

Theorem 26. Let Fg � (μg(υ),℘g(υ),zg(υ)),F−
g � min{

(μg(υ)), min(℘g(υ)), max(zg(υ))}, and F+
g � max(μg(υ)),

min(℘g(υ)),min(zg(υ))}∈SFN(U)(g �1,2,3, . . . ,n). $en,

F
−
g ≤ SFYHWG F1, F2, . . . , Fn( ≤F

+
g. (57)

Theorem 27. Let Fg � (μg(υ),℘g(υ), zg(υ)), F∗g � (μ∗g
(υ),℘∗g(υ), z∗g(υ)) ∈ SFN (U) (g � 1, 2, 3, . . . , n). If μg ≤ μ∗g,

℘g ≤℘∗g and zg ≤ z∗g, then

SFYHWG F1,F2, . . . ,Fn( ≤SFYHWG F
∗
1 ,F
∗
2 , . . . ,F

∗
n( . (58)

*e proof of these theorems is similarly followed by
*eorems 17–19.

6. Algorithm for Decision-Making
Problems (DMPs)

In this section, we propose a framework for solving mul-
tiattribute DMPs under SF information. Consider a
MAGDM with a set of m alternatives ℷ1, ℷ2, . . . , ℷg  and let
ℸ1,ℸ2, . . . ,ℸh  be a set of attributes with weight vector
ℓ � (ℓ1, ℓ2, . . . , ℓh), where ℓt ∈ [0, 1] and 

h
t�1 ℓt � 1. To

assess the performance of kth alternative ℷk under the t-th
attributeℸt, let �D1,

�D2, . . . , �D1  be a set of decision-makers
and let w � (w1, w2, . . . , wj

) be the weighted vector of de-

cision-makers with ws ∈ [0, 1] and 
j
s�1 ws � 1. *e SF

decision matrix can be written as
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μ11(υ),℘11(υ), z11(υ)(  μ12(υ),℘12(υ), z12(υ)(  · · · μ1h(υ),℘1h(υ), z1h(υ)( 

μ21(υ),℘21(υ), z21(υ)(  μ22(υ),℘22(υ), z22(υ)(  · · · μ2h(υ),℘2h(υ), z2h(υ)( 

μ31(υ),℘31(υ), z31(υ)(  μ32(υ),℘32(υ), z32(υ)(  · · · μ3h(υ),℘3h(υ), z3h(υ)( 

⋮ ⋮ ⋱ ⋮

μg1(υ),℘g1(υ), zg1(υ)  μg2(υ),℘g2(υ), zg2(υ)  · · · μgh(υ),℘gh(υ), zgh(υ) 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (59)

where μ(υ) ∈ [0, 1], ℘(υ) ∈ [0, 1], and z(υ) ∈ [0, 1] are
positive, neutral, and negative membership grades, respec-
tively. In addition, 0≤ μ2(υ) + ℘2(υ) + z2(υ)≤ 1, ∀υ ∈ U.
Key steps of the developed multiattribute group decision-
making (MAGDM) problem are described as follows:

Step 1: construct the SF decision matrix based on the
experts evaluations.

μj
11(υ),℘j11(υ), z

j
11(υ)  μj

12(υ),℘j12(υ), z
j
12(υ)  · · · μj

1h(υ),℘j1h(υ), z
j
1h(υ) 

μj
21(υ),℘j21(υ), z

j
21(υ)  μj

22(υ),℘j22(υ), z
j
22(υ)  · · · μj

2h(υ),℘j2h(υ), z
j
2h(υ) 

μj
31(υ),℘j31(υ), z

j
31(υ)  μj

32(υ),℘j32(υ), z
j
32(υ)  · · · μj

3h(υ),℘j3h(υ), z
j
3h(υ) 

⋮ ⋮ ⋱ ⋮

μj
g1(υ),℘jg1(υ), z

j
g1(υ)  μj

g2(υ),℘jg2(υ), z
j
g2(υ)  · · · μj

gh(υ),℘jgh(υ), z
j
gh(υ) 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (60)

where j represents the number of experts.
Step 2: aggregate the individual decision matrices based
on the aggregation operators to construct the

aggregated matrix. Hence, the aggregated decision
matrix is constructed as

μ11(υ),℘11(υ), z11(υ)(  μ12(υ),℘12(υ), z12(υ)(  · · · μ1h(υ),℘1h(υ), z1h(υ)( 

μ21(υ),℘21(υ), z21(υ)(  μ22(υ),℘22(υ), z22(υ)(  · · · μ2h(υ),℘2h(υ), z2h(υ)( 

μ31(υ),℘31(υ), z31(υ)(  μ32(υ),℘32(υ), z32(υ)(  · · · μ3h(υ),℘3h(υ), z3h(υ)( 

⋮ ⋮ ⋱ ⋮

μg1(υ),℘g1(υ), zg1(υ)  μg2(υ),℘g2(υ), zg2(υ)  · · · μgh(υ),℘gh(υ), zgh(υ) 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (61)

Step 3: if the weights of the attribute are known as a
prior, then use them. Otherwise, we will calculate them

using the concept of spherical entropy measure.
Spherical entropy measure is as follows:

ℓj �
1 +(1/h) 

h
i�1 μijlog μij  + ℘ijlog ℘ij  + zijlog zij  


g
j�1 1 +(1/h) 

h
i�1 μijlog μij  + ℘ijlog ℘ij  + zijlog zij   

. (62)

Step 3: exploit the established aggregation operators to
achieve the SFN Ft (t � 1, 2, . . . , g) for the alternatives
ℷk, that is, the established operators to obtain the
collective overall preference values of

Ft (t � 1, 2, . . . , g) for the alternatives ℷk, where ℓ �

(ℓ1, ℓ2, . . . , ℓh) is the weight vector of the attributes.
Step 4: after that, we compute the scores of all the
overall values Ft (t � 1, 2, . . . , g) for the alternatives ℷk.
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Step 5: according to Definition 13, rank the alternatives
ℷk (k � 1, 2, . . . , g) and select the best one having the
greater value.

7. Application of Proposed Decision-
Making Technique

In this section, a numerical application about wind power
plant location selection problem is firstly used to illustrate
the designedMAGDMmethod.*en a comparison between
the presented Yager aggregation operators and the existing
aggregation operators of spherical fuzzy numbers is carried
out to show the characteristics and advantage of the pre-
sented AOs.

7.1. Practical Case Study. In this segment, a case study is
provided to illustrate the effectiveness and reliability of the
established decision-making approach.

*e case study area was Jhimpir, a village in *atta
district of Sindh province in Pakistan, 120 kilometres
northeast of Karachi. Jhimpir’s geographical coordinates are
25° 1′ 0″ North, 68° 1′ 0″ East. Location of Jhimpir is shown
in Figure 1.

*e digital elevation model of Jhimpir is given in
Figure 2.*e required data were collected from numerous
resources including governmental agencies, open sources,
and related literature such as National Authority for Remote
Sensing & Space Sciences, Pakistan Meteorological Au-
thority, New and Renewable Energy Authority, Pakistan
General Survey Authority, NASA’s Prediction of Worldwide
Energy Resources (POWER), United States Geological
Survey, and Pakistan Environmental Affairs Agency.

Electricity plays an essential part in any nation’s so-
cioeconomic progress and social prosperity. Electricity en-
ergy should be regarded as the fundamental need for human
development. In Pakistan, limited power generation is a
major issue that directly restricts the country’s growth. In a
landmark achievement, the 50-megawatt Jhimpir wind
power project has begun commercial operations as Pakistan
gradually moves to ramp up renewable energy generation in
line with the global trend and to bridge the domestic
shortfall. *e total cost of project is $136 million. Completed
in 2002, it has a total capacity of 50MW.*is wind corridor
has a 50000-megawatt potential with average wind speeds
over 7meters per second. *e government has announced
upfront tariff and ROI of 17 percent, which is highest in the
world. *ere are 14 projects in the pipeline, out of which
50MWFFCEL project has achieved COD by mid-December
2012.

Pakistan’s National Renewable Energy Laboratories
(NREL) wind resource map has provided a major boost to
the development of wind power in the wind corridor re-
gions. *ese regions are the Karachi-Hyderabad region
especially on hilltops, ridges in the northern Indus valley,
wind corridor areas in western Pakistan, high mountainous
regions, and hills and ridges in southwestern Pakistan. *is
potential area has now become the focal point of wind power
’s near future development.*e coastal belt of Pakistan has a

wind corridor that is 60 km wide and 180 km long, as per the
collected data. *is corridor has an electricity generation
potential of up to 50 000MW of exploitable wind power.
Here, we enlist the wind power energy projects and discuss
their production in Table 1.

For our research, we used a dataset comprising topo-
graphic, geological, and climatic factors. Based on several
literatures and case studies concerning wind farm site se-
lection and local conditions, different criteria were reviewed
by three experts and five locations ℷ1, ℷ2, ℷ3, ℷ4, ℷ5  under
four criteria were selected to evaluate the suitable sites for
wind farms. *e detailed description of the criteria is as
follows:

(1) Natural Factors (ℸ1): in order to be effective, the
position of the wind turbines is measured by the
prevailing wind direction. In generating electricity
from wind turbines, wind speed is a vital factor.
Wind speed above certain rates is essential for
producing wind energy [50, 51].

(2) Political Aspect (ℸ2): select the location that offers
maximum output, minimizing project costs, giving
the political point score to the government for in-
stallations of wind energy projects.

(3) Socioeconomic Factors (ℸ3): in order to minimize
the cost of building wind farms and to reduce
the cost of transporting electricity, wind farms
should be located close to the existing transmission
grids [52].

(4) Environmental Factors (ℸ4): wind farms in areas
where they negligibly interfere with existing land use
outside protected areas, artificial surfaces, wetlands,
aquatic areas, and forestry areas should be installed
[52]. It is necessary to keep all the mechanical parts
of wind turbines away from the water. Wind turbine
fins are lowered and disconnected to prevent harm to
the components of the turbine.

*e three experts were asked in this assessment to use
spherical fuzzy information and their weights are
(0.314, 0.355, 0.331)T.

Step 1: three experts listed their evaluation information
using the spherical fuzzy numbers in Tables 2–4

Step 2: aggregated SF information is evaluated using
spherical fuzzy weighted averaging operators. *e re-
sults are shown in Table 5.

Step 4: now, we find out the attribute weight vector
using spherical fuzzy entropy measure as follows.

ℓ � ℓ1 � 0.256, ℓ2 � 0.248, ℓ3 � 0.245, ℓ4 � 0.251 .

(63)

Step 5: evaluate the overall perfumes of the alternatives;
we utilized the proposed Yager aggregation operators
as follows in Tables 6 and 7.

Step 6: compute the score value of each collective SF
information of each alternative as follows in Table 8.
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Figure 2: Digital elevation model.

Table 1: Wind power projects and their production.

Station Location Capacity (MW) In service date
FFC Energy Wind Project Jhimpir, Sindh 49.5 2013
Zorlu Enerji Pakistan Jhimpir, Sindh 56.4 2013
*ree Gorges Pvt. Ltd. Jhimpir, Sindh 150 2014
Sapphire Wind Power Pvt. Ltd. Jhimpir, Sindh 52.8 2015
Yunus Energy Ltd. Jhimpir, Sindh 50 2016
Metro Wind Power Co. Ltd. Jhimpir, Sindh 50 2016
Gul Ahmed Wind Power Ltd. Jhimpir, Sindh 50 2016
Master Wind Energy Ltd. Jhimpir, Sindh 52.8 2016
ACT Wind Pvt. Ltd. Jhimpir, Sindh 30 2016
Sachal Energy Wind Farm Jhimpir, Sindh 50 2017
United Energy Pakistan Wind Ltd. Jhimpir, Sindh 100 2017
Hawa Energy Ltd. Jhimpir, Sindh 50 2018
Burj Capital Jhimpir Wind Power Limited Jhimpir, Sindh 50 2018
Artistic Energy Pvt. Ltd. Jhimpir, Sindh 49.3 2018
Tricon Boston Corporation Jhimpir, Sindh 150 2018

Figure 1: Location of Jhimpir.

Table 2: D1.

ℸ1 ℸ2 ℸ3 ℸ4
ℷ1 (0.84, 0.34, 0.40) (0.78, 0.39, 0.43) (0.67, 0.50, 0.30) (0.71, 0.21, 0.31)

ℷ2 (0.60, 0.11, 0.53) (0.59, 0.35, 0.23) (0.72, 0.31, 0.41) (0.82, 0.25, 0.11)

ℷ3 (0.79, 0.19, 0.39) (0.91, 0.21, 0.11) (0.71, 0.41, 0.13) (0.51, 0.25, 0.34)

ℷ4 (0.63, 0.51, 0.13) (0.42, 0.33, 0.49) (0.61, 0.43, 0.45) (0.59, 0.37, 0.49)

ℷ5 (0.57, 0.36, 0.29) (0.60, 0.15, 0.50) (0.70, 0.32, 0.40) (0.65, 0.44, 0.33)
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Table 3: D2.

ℸ1 ℸ2 ℸ3 ℸ4
ℷ1 (0.61, 0.15, 0.53) (0.62, 0.35, 0.16) (0.61, 0.35, 0.47) (0.74, 0.17, 0.55)

ℷ2 (0.66, 0.11, 0.51) (0.77, 0.23, 0.43) (0.93, 0.08, 0.09) (0.99, 0.06, 0.02)

ℷ3 (0.88, 0.09, 0.07) (0.89, 0.06, 0.05) (0.56, 0.17, 0.44) (0.61, 0.13, 0.43)

ℷ4 (0.59, 0.32, 0.34) (0.51, 0.48, 0.24) (0.68, 0.53, 0.39) (0.61, 0.21, 0.34)

ℷ5 (0.71, 0.31, 0.24) (0.69, 0.41, 0.35) (0.73, 0.44, 0.21) (0.74, 0.49, 0.22)

Table 8: Score values.

�s�c(ℷ1)c �s�c(ℷ2) �s�c(ℷ3) �s�c(ℷ4) �s�c(ℷ5)

SFYWA 0.631061 0.669998 0.656079 0.559098 0.596208
SFYOWA 0.631075 0.670331 0.656609 0.559115 0.596561
SFYHWA 0.634867 0.677689 0.665076 0.557001 0.598448
SFYWG 0.627303 0.651881 0.639113 0.553654 0.593435
SFYOWG 0.627262 0.651912 0.639385 0.553665 0.593733
SFYHWG 0.632199 0.666162 0.653417 0.552859 0.596481

Table 4: D3.

ℸ1 ℸ2 ℸ3 ℸ4
ℷ1 (0.85, 0.25.0.15) (0.88, 0.23, 0.14) (0.78, 0.38, 0.18) (0.83, 0.39, 0.29)

ℷ2 (0.94, 0.04, 0.07) (0.61, 0.19, 0.39) (0.63, 0.18, 0.35) (0.56, 0.49, 0.48)

ℷ3 (0.73, 0.13, 0.46) (0.88, 0.39, 0.19) (0.87, 0.35, 0.18) (0.81, 0.13, 0.41)

ℷ4 (0.82, 0.12, 0.43) (0.63, 0.21, 0.55) (0.53, 0.33, 0.47) (0.51, 0.23, 0.46)

ℷ5 (0.61, 0.33, 0.29) (0.63, 0.41, 0.28) (0.74, 0.34, 0.14) (0.65, 0.32, 0.37)

Table 5: Aggregated SF set information.

ℸ1 ℸ2 ℸ3 ℸ4
ℷ1 (0.788, 0.229, 0.319) (0.785, 0.315, 0.208) (0.696, 0.402, 0.297) (0.767, 0.239, 0.371)

ℷ2 (0.807, 0.078, 0.279) (0.674, 0.246, 0.342) (0.818, 0.160, 0.227) (0.919, 0.188, 0.097)

ℷ3 (0.814, 0.128, 0.223) (0.893, 0.165, 0.099) (0.748, 0.284, 0.223) (0.677, 0.159, 0.393)

ℷ4 (0.702, 0.267, 0.271) (0.533, 0.324, 0.395) (0.615, 0.424, 0.433) (0.573, 0.258, 0.421)

ℷ5 (0.639, 0.331, 0.271) (0.644, 0.298, 0.363) (0.724, 0.365, 0.224) (0.685, 0.411, 0.296)

Table 6: Yager weighted averaging.

SFYWA SFYOWA SFYHWA
ℷ1 (0.7620, 0.3015, 0.3038) (0.7616, 0.3031, 0.3025) (0.7732, 0.2710, 0.3144)

ℷ2 (0.8183, 0.1775, 0.2512) (0.8187, 0.1785, 0.2505) (0.8278, 0.1582, 0.2388)

ℷ3 (0.7950, 0.1916, 0.2541) (0.7958, 0.1918, 0.2534) (0.8039, 0.1957, 0.2268)

ℷ4 (0.6163, 0.3223, 0.3830) (0.6163, 0.3230, 0.3830) (0.6183, 0.3392, 0.3966)

ℷ5 (0.6752, 0.3529, 0.2920) (0.6761, 0.3530, 0.2918) (0.6771, 0.3680, 0.2828)

Table 7: Yager weighted geometric.

SFYWG SFYOWG SFYHWG
ℷ1 (0.7580, 0.3015, 0.3144) (0.7575, 0.3031, 0.3133) (0.7710, 0.2710, 0.3236)

ℷ2 (0.7928, 0.1775, 0.2737) (0.7928, 0.1785, 0.2735) (0.8130, 0.1582, 0.2555)

ℷ3 (0.7741, 0.1916, 0.2918) (0.7746, 0.1918, 0.2916) (0.7900, 0.1957, 0.2535)

ℷ4 (0.6056, 0.3223, 0.3932) (0.6056, 0.3230, 0.3932) (0.6110, 0.3392, 0.4053)

ℷ5 (0.6720, 0.3529, 0.3012) (0.6728, 0.3530, 0.3011) (0.6743, 0.3680, 0.2885)

Table 9: Ranking of alternatives.

Score ranking Best alternative
SFYWA �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYOWA �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYHWA �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYWG �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYOWG �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYHWG �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
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Step 7: select the optimal alternative according to the
maximum score value as follows in Table 9.

We can conclude from this above computational process
that location ℷ2 is the best for the installation of the wind
power plant among others, and therefore it is highly
recommended.

8. Comparison Analysis

We provide some appropriate examples below to test the
potential and efficacy of the established decision-making
approach and to compare it with the recent findings.

*e use of existing methods and different aggregation
operators for computed aggregate information is shown in
Tables 10 and 11.

Now, according to their aggregated data, we evaluate the
ranking of the alternatives in Tables 12 and 13.

9. Discussion

From the outcomes of the proposed operators and the other
existing methods, we conclude that ranking lists obtained
from both the proposed method and the compared methods
are the same. *e Yager operators with the spherical fuzzy
set environment represent a generalized and novel approach
to tackle uncertainty in DM problems. *e Yager operators
with the spherical fuzzy environment are more flexible and
effective to evaluate best alternative in real-word problems.

10. Conclusion

Spherical FS, which is a general extension of intuitionistic
FS, picture FS, is more capable of dealing with incomplete
and inconsistent information. *erefore, it is widely used in
various fields. Spherical FS tackles the vagueness and un-
certain information in real-world complex problems with

Table 13: Overall ranking of the alternatives.

Proposed operators Ranking Best alternative
SFYWA �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYOWA �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYHWA �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYWG �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYOWG �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFYHWG �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2

Table 10: Existing aggregation operators.

SFSWA [37] SFSOWA [37] SFSHWA [37] L − SFWA [29]
ℷ1 (0.76, 0.30, 0.30) (0.75, 0.30, 0.30) (0.77, 0.27, 0.31) (0.91, 0.06, 0.06)

ℷ2 (0.80, 0.17, 0.25) (0.81, 0.17, 0.25) (0.82, 0.15, 0.24) (0.95, 0.01, 0.03)

ℷ3 (0.78, 0.19, 0.25) (0.78, 0.19, 0.25) (0.79, 0.19, 0.22) (0.94, 0.02, 0.03)

ℷ4 (0.60, 0.32, 0.38) (0.61, 0.32, 0.38) (0.79, 0.19, 0.22) (0.70, 0.07, 0.10)

ℷ5 (0.67, 0.35, 0.29) (0.67, 0.35, 0.29) (0.66, 0.33, 0.29) (0.82, 0.09, 0.06)

Table 11: Existing aggregation operators.

L − SFOWA [29] L − SFHWA [29] L − SFWG [29] L − SFOWG [29]
ℷ1 (0.91, 0.06, 0.06) (0.99, 0.002, 0.004) (0.91, 0.07, 0.07) (0.91, 0.07, 0.07)

ℷ2 (0.96, 0.01, 0.03) (0.99, 0.0001, 0.0003) (0.92, 0.02, 0.05) (0.92, 0.02, 0.05)

ℷ3 (0.94, 0.02, 0.03) (0.99, 0.0003, 0.001) (0.91, 0.03, 0.06) (0.91, 0.03, 0.06)

ℷ4 (0.70, 0.07, 0.10) (0.81, 0.003, 0.01) (0.62, 0.08, 0.12) (0.62, 0.08, 0.12)

ℷ5 (0.82, 0.09, 0.06) (0.96, 0.007, 0.002) (0.81, 0.10, 0.06) (0.81, 0.10, 0.06)

Table 12: Overall ranking of the alternatives.

Existing operators Ranking Best alternative
SFSWA [37] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFSOWA [37] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
SFSHWA [37] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
L − SFWA [29] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
L − SFOWA [29] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
L − SFHWA [29] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
L − SFWG [29] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
L − SFOWG [29] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
L − SFHWG [29] �s�c(ℷ2)>�s�c(ℷ3)>�s�c(ℷ1)>�s�c(ℷ5)>�s�c(ℷ4) ℷ2
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more flexible and effective way. In addition, the Yager norms
have a more generalized framework that works effectively to
incorporate complex information. We are motivated by the
deficiencies of the existing methods and the beneficial fea-
tures of the Yager AOs to work towards improving a suc-
cessful merger with SFNs.

In this study, under the spherical fuzzy model, we
modified the multiskilled Yager AOs to integrate the benefits
and flexibility of both theories. Later, we explore operational
laws of SFN to construct spherical fuzzy AOs that comply
with the principles of Yager operations. We have established
the SFYWA, SFYOWA, SFYHWA, SFYWG, SFYOWG, and
SFYHWG operators to aggregate the SFNs. Some of the
main characteristics of the proposed operators have been
studied, including idempotency, boundedness, and
monotonicity.

*emain objective of this study is to present a strategy to
address MAGDM that includes spherical fuzzy evaluations
based on the proposed operators. *e theoretical basis of
AOs needs to be carefully considered in preparation for their
use in MAGDM. A practical example is provided to dem-
onstrate the implementation of the established strategy for
the selection of a suitable location for wind power stations.
*e comparison analysis of our proposed theory was con-
ducted with the existing operators. *e superiority of our
proposed operators over the existing DM method has been
highlighted. We examined the effect of different parameter
values on the results of MAGDM issues. In short, this article
creates a tool that has the rich properties of Yager AOs and
the SF model’s flexibility. We will expand our models to
spherical hesitant fuzzy set environments in future research.
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