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This article introduces the concept of S-semiprime submodules which are a generalization of semiprime submodules and S-prime
submodules. Let M be a nonzero unital R-module, where R is a commutative ring with a nonzero identity. Suppose that S is a
multiplicatively closed subset of R. A submodule P of M is said to be an S-semiprime submodule if there exists a fixed s € S, and
whenever r"m € P for some r € R,m € M, and n € N, then srm € P. Also, M is said to be an S-reduced module if there exists
(fixed) s € S, and whenever r"m = 0 for some r € R,m € M, and n € N, then srm = 0. In addition, to give many examples and
characterizations of S-semiprime submodules and S-reduced modules, we characterize a certain class of semiprime submodules

and reduced modules in terms of these concepts.

1. Introduction

In this article, all rings are assumed to be commutative with a
nonzero identity, and all modules are assumed to be nonzero
unital. Let R always denote such a ring and M always denote
such an R-module. Recalling from [1], an R-module M is
said to be a reduced module if a*m = 0 for each a € R and
m € M implying that am = 0. Note that M is a reduced
module if and only if a"m = 0 for some a € R,m € M, and
n € N implying that am = 0. Let P be a submodule of M. P is
said to be a semiprime submodule; if a*m € P, where a € R
and m € M, then am € P [2]. It is easy to see that M is a
reduced module if and only if the zero submodule is
semiprime. Also, it is clear that a submodule P of M is
semiprime if and only if a"m € P for some a € R,m € M,
and n € N implying that am € P. As a generalization of the
prime submodule (torsion-free module), the notion of the
semiprime submodule (reduced module) has been widely
studied in many papers. See, for example, [1-5]. Our aim, in
this paper, is to introduce S-semiprime submodules and
S-reduced modules which are generalizations of semiprime
submodules and reduced modules, respectively. For the sake
of completeness, we begin by giving some notions and
notations which will be used throughout the paper. Spec(R)
and Max (R) denote the set of all prime ideals and maximal

ideals of R, respectively. A nonempty subset S of R is said to
be a multiplicatively closed set (briefly, m.c.s) if 1 € Sand Sis
a subsemigroup of R under multiplication. Let P be a
submodule of M, L be a nonempty subset of M, and ] be a
nonempty subset of R; the residuals of P by L and ] are
defined as follows:

(P:RLl) ={x € R: xL € P},

(P ]) ={m € M: Jm C P}. (1
In particular, if J = {a} is the singleton, where a € R, we
use (P:pa) instead of (P:p{a}), and also, we use ann (M) to
denote (0: zM). For each x € R, the set (0:,,x) is denoted by
ann,, (x), and ifann,, (x) # 0, x € Ris called a zero divisor on
M. Furthermore, the set of all zero divisors on M is denoted
by z(M) = {x € R: ann,, (x) #0}. It is clear that the set of all
units #(R) of R and R — z (M) are always a m.c.s of R.
The concepts of prime ideals/submodules have a dis-
tinguished place in commutative algebra. Since certain class
of rings and modules are characterized in terms of prime
ideals/submodules, they have been widely studied by many
authors. See, for example, [6-11]. Recently, Sevim et al., in
[12], introduced S-prime submodules and S-torsion-free
modules and used them to characterize certain prime
submodules and torsion-free modules. Let S be a m.c.s of R.
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A submodule P of M is said to be an S-prime submodule if
there exists a fixed s € S, and whenever am € P, then either
sa € (P:xyM)orsm € Pforeacha € Randm € M. Note that
if (P: yM)NS+ O, then P is (trivially) an S-prime sub-
module, and so, the authors in [12] defined S-prime sub-
modules with the condition that (P:yM)NS = & to avoid
the trivial case. Similarly, an R-module M with
ann(M) NS = is said to be an S-torsion-free module if
there exists a fixed s € S, and whenever am = 0 for some
a € Randm € M, then either sa = 0 or sm = 0. They showed
n [12], Theorem 2.26, that R-module M with ann (M) NS =
@& is a simple module if and only if its each proper sub-
module is an S-prime submodule.

Let Sbe a m.c.s of R and P be a submodule of M. Then,
we call P an S-semiprime submodule if there exists a fixed
s € §, and whenever a"m € P for some a € R,m € M, and
n € N, then sam € P. Also, M is said to be an S-reduced
module if there exists (fixed) s € S, and whenever a"m = 0
for some a € R,m € M, and n € N, then sam = 0. To avoid
the trivial case, we assume that (P: yM)NS = & for each
S-semiprime submodule P of M and ann(M)NS = & for
each S-reduced module M. Among other results in this
paper, we show that the class of S-semiprime submodules
properly contains the class of semiprime submodules and
the class of S-prime submodules (see Proposition 1 and
Examples 1 and 2). Also, we show that, in Proposition 2, if
P is an S-semiprime submodule of M, then S™'P is a
semiprime submodule of the quotient module S™'M of M.
Also, we investigate the behaviour of S-semiprime sub-
modules under homomorphism, in factor modules, and in
Cartesian products of modules (see Proposition 5, Cor-
ollary 3, and Theorems 2 and 3). An R-module M is said to
be a multiplication module if each submodule P of M has
the form P = IM for some ideal I of R. In Theorem 1, we
determine all S-semiprime submodules of finitely gen-
erated multiplication modules. Also, we characterize
certain semiprime submodules of an arbitrary module in
terms of S-semiprime submodules (see Theorem 5). Using
Theorem 5, we determine all semiprime submodules of
modules over quasi-local rings in terms of S-semiprime
submodules (see Corollary 4). Finally, we characterize
reduced modules in terms of S-reduced modules (see
Theorem 6).

2. Characterization of
S-Semiprime Submodules

Definition 1. Let P be a submodule of M with
(P: xkM)NS = &, where SCR is a m.c.s of R. P is said to be
an S-semiprime submodule if there exists a fixed s € S, and
whenever r"m € P for some r € R,m € M, and n € N, then
srm € P.

Let S be a m.c.s of R. If we consider the ring R as a
module over itself, then we say that P is an S-semiprime ideal
if it is an S-semiprime submodule of R. Note that an ideal P
of R with PNS = & is an S-semiprime ideal if and only if
there exists (fixed) s € S, and whenever a" € P for some
a € Rand n e N, then sa € P.
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Proposition 1. Let SCR be a m.c.s of R and M be an
R-module. The following statements are satisfied:

(i) If P is a semiprime submodule of M provided that
(P: gM)NS =&, then P is an S-semiprime sub-
module of M

(ii) If P is an S-semiprime submodule of M and S Cu (R),
then P is a semiprime submodule of M

(iii) Every S-prime submodule is also an S-semiprime
submodule

Proof

(i) Let P be a semiprime submodule of M and
(P: kM)NS = &. Now, we will show that P is an
S-semiprime submodule of M. To see this, take
r € Rand m € M such that r"m € P for some n € N.
Since P is a semiprime submodule, we have rm € P,
and this implies that srm € P for each s € S. Then, P
is an S-semiprime submodule of M.

(ii) Let P be an S-semiprime submodule of M. Then, we
know that r"m € P, wherer € R,m € M,andn € N,
implies that srm e P for a fixed se€S. Since
SCu(R), there is a t € R such that st = 1, and so,
rm = t(srm) € P. Therefore, P is a semiprime
submodule of M.

(iii) Suppose that P is an S-semiprime submodule of M.
Let r"m € P for some r € R,m e M, and n € N.
Since P is an S-prime submodule, there exists a fixed
s €S such that sre (P: tM) or sr"'meP. If
sr € (P: xM), then srm € P, and so, the proof is
completed. Now, assume that sr ¢ (P: M), that is,
st lm=r(sr"*m) e P. 'This implies that
s> 2m e P. If we continue in this manner, we

conclude that s"m € P. As P is an S-prime sub-

module, we get either s™*! € (P: M) or sm € P. As

(P: fM)NS = & and s"*! € S, we have sm € P, and

so, srm € P.

The converses of Proposition 1 (i) and (iii) need not be
true. See the following examples. O

Example 1. Consider the Z-module Z x Z, and the zero
submodule P = 0 x 0. First, note that (P: Zx Z,) = 0 and
22(0,1) = (0,0) € P. Since 2(0,1) ¢ P, P is not a semiprime
submodule of Z x Z,. Now, take the m.c.s S = Z* = Z — {0}
of Z, and put s =4 € S. Now, we will show that P is an
S-semiprime submodule. To see this, let a* (x,7) € P for
some a, x,m € Z and k € N. Then, we have a*x = 0. Ifa = 0,
then sa(x,7) = (0,0) € P. Otherwise, we have x = 0, and
so, sa(x,m) = (0,0). Therefore, P is an S-semiprime
submodule.

Example 2. Let R=Z and M = Z,,,, where p, g, andr are
distinct prime numbers. Consider the multiplicatively closed
subset S = {p": n € N}U{1} of R. Take the submodule P =
(0). Then, note that q(pr) =0, and also, p"q ¢ (P: xM) =
pqrZ and p"(pr) ¢ P for any p” € S. Thus, P is not an
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S-prime submodule. Also, it is clear that P is an S-semiprime
submodule of M.

Let SC R be a m.c.s of R. Then, ST'R={A: A = a/s,
Ja € R, s € S} is called the quotient ring of R. For any m.c.s S
of R, the saturation S* of S is defined as {a € R: a/l
isaunitof S R} [13]. Note that $* is a m.c.s of R containing
S.

Proposition 2. Let SCR be a m.c.s of R and M be an
R-module. The following statements hold:

(i) If S, S, is a m.c.s of R and P is an S,-semiprime
submodule of M, then P is an S,-semiprime sub-
module of M in case (P: yM)NS, = &

(ii) P is an S-semiprime submodule of M if and only if P
is an S*-semiprime submodule of M

(iii) If P is an S-semiprime submodule of M, then S™'P is
a semiprime submodule of S'M

Proof

(i) It is straightforward.

(ii) Let (P: xkM)NS = &. It is clear that S € S*. Then,
we need to show that (P: ;yM)NS* = &. Assume
that  (P: gM)NS*# . So, there  exists
a€ (P: yM)NS*.Sincea € S*,a/lisaunitof S"!R,
and so, (a/1)(x/y) = 1 for some (x/y) € S"'R. This
yields that axu = yu for some u € S. Now, put
s' = yueS. Then, s' = uax = yu € (P: fM)NS, a
contradiction. Thus, (P: fkM)NS* = &. So, by (i), P
is an S*-semiprime submodule of M. For the
converse, let P be an S*-semiprime submodule of
M. Then, (P:yM)NS* =&, and thus,
(P: gM)NS=@. Let r"meP for some
r€ R,me M, and n € N. Since P is an S*-semi-
prime submodule, there is an s’ € $* such that
s'rm € P. As s' € S*, there exists x/y € S"'R such
that (s'/1) (x/y) = 1. Then, we conclude that us'x =
yu for some u € S. Now, take s = yu € S. Then, we
get srm = yurm = uxs'rm € P, and hence, P is an
S-semiprime submodule of M.

(iii) Suppose that P is an S-semiprime submodule of M.
Let  (r/s)*(mit) = (r*m/s*t) e S'P  for some
(r/s) € STIR, (m/t) € ST'M, and k € N. Then, there
exists u € Ssuch that urkm = r* (um) € P. AsPisan
S-semiprime submodule of M, we get us'rm € P for
some s’ € S. This implies that (r/s) (m/t) = (us'rm/
us'st) € ST'P. Hence, S"'P is a semiprime sub-
module of $™'M.

The following example shows that the converse of
Proposition 2 (iii) is not true in general. O

Example 3. Let R=Z and M = Q x Q, where Q is the field
of rational numbers. Take the submodule P = Z x (0) and
them.c.sS = Z* = Z — {0} of Z. It is easy to see that S~ M is
a vector space over S 'R, and thus, S"!P is a prime (sem-
iprime) submodule of S~! M. Now, we will show that P is not

S-semiprime. Let s be an arbitrary element of S. Choose a
prime number p with ged(p,s) =1. Then, note that
p*(1/p*0) = (1,0) € P and sp(1/p*0) = (sp/p*0) ¢ P.

Thus, P is not an S-semiprime submodule of M.

Proposition 3. Let M be an R-module and S ={s,s,, .. .,s,}
be a finite m.c.s of R. Suppose that P is a submodule of M
provided that (P: yM)NS = &. Then, P is an S-semiprime
submodule of M if and only if S~ ' P is a semiprime submodule
of STIM.

Proof. Suppose that P is an S-semiprime submodule of M.
Then, by Proposition 2 (iii), S~ P is a semiprime submodule
of S"!M. For the converse, take a semiprime submodule
S7!P of STIM. Let r"'m € P for some r € R,m € M, and
n € N. Then, we have (r/1)" (m/1) = (r"m/1) € S"'P. Since
S™!P is a semiprime submodule of S~!M, we conclude that
(r/1)(m/1) = (rm/1) € P, and this yields that s;#m € P for
some s; € S. Now, put s = s;s,---5s, € S. Then, we conclude
that srm € P, and so, P is an S-semiprime submodule of M. [

Lemma 1. Suppose P is a submodule of M and S is a m.c.s of
R provided that (P: zM)NS = &. The following statements
are equivalent:

(i) P is an S-semiprime submodule of M

(ii) There is a fixed s € S and J*N C P for some k € N
implying that sJN CP for each ideal ] of R and
submodule N of M

Proof. (i)= (ii): let P be an S-semiprime submodule of M.
Suppose that ] kN c P for some ideal J of R, some submodule
N of M, and k € N. Now, we will show that sJN < P. Suppose
to the contrary. Then, there exist a € Jandm € N such that
sam ¢ P. Since afm € ]kN CP and P is an S-semiprime
submodule of M, we conclude that sam € P, a contradiction.
Therefore, sJN C P. (ii) = (i): conversely, let r"m € P for
some r € RRme M, and ke€N. Now, put J=Rr and
N = Rm. Then, we have J"N = Rr"m CP. Hence, by as-
sumption, s/N = Rsrm C P for a fixed s € S, and so, srm € P.
Then, P is an S-semiprime submodule of M.

As immediate consequences of the previous lemma, we
give the following corollary which will be used in the
sequel. O

Corollary 1. Suppose that S is a m.c.s of R and P is an ideal of
R with PN S = &.The following statements are equivalent:

(i) P is an S-semiprime ideal of R

(ii) There is a (fixed) s € Sand I¥] ¢ P for some ideals I, ]
of R and k € N implying that sI] C P

Proposition 4. Let M be an R-module and S be a m.c.s of R.
Suppose that P is a submodule of M with (P: yM)NS = &.
The following statements hold:

(i) If P is an S-semiprime submodule of M, then (P: M)
is an S-semiprime ideal of R



(ii) If M is a multiplication module and (P: zM) is an
S-semiprime ideal of R, then P is an S-semiprime
submodule of M

Proof

(i) Let xF € (P: rM) for some x € R and k € N. Then,
we have x*m € P for each m € M. Since P is an
S-semiprime submodule, we conclude that sxm € P,
and this yields that sx e (P: zM). Therefore,
(P: xM) is an S-semiprime ideal of R.

(ii) Assume that M is a multiplication module and
(P: xM) is an S-semiprime ideal of R. Let J*N C P
for some ideal J of R, submodule N of M, and k € N.
Then, we conclude that J* (N: M) < (JXN: M) <
(P: xkM). Also, note that, by Corollary 1, there exists
a fixed s € S such that s] (N: M) € (P: xM). Since
M is a multiplication module, we have sJN =
sJ(N: gM)M € (P: ykM)M = P. Then, by Lemma 1,
P is an S-semiprime submodule of M. O

Corollary 2. Suppose that P is a submodule of a multipli-
cation R-module M and S is a m.c.s of R such that (P: tkM)N
S = &. Then, the following statements are equivalent:

(i) P is an S-semiprime submodule of M

(ii) There exists a fixed s € S such that LN C P for some
submodules L, N of M and k € N implying sSLN C P

Proof

(i) = (ii): suppose that P is an S-semiprime sub-
module of M. Let L*N < P for some submodules L, N
of M and k € N. Since M is a multiplication module,
L =IM and K = JM for some ideal I, ] of R. Also, note
that LN = I*JM = I*N C P. Since P is an S-semiprime
submodule, by Lemma 1, there exists s € S such that
sIN € P, and this yields that sIJM = sLN C P.

(i) = (i): suppose that J*N < P for some ideal J of R,
submodule N of M, and k € N. Then, we have
JEN = J*(N: rRM)M. Now, put L = JM, and note that
LK = JkM. This implies that J*N = J*(N: ;M)M =
L*N ¢ P. Then, by assumption, there exists a fixed s € §
such that sLN =sJ(N: M)M =sJN CP. Then, by
Lemma 1, P is an S-semiprime submodule of M. O

Theorem 1. Let P be a submodule of a finitely generated
multiplication R-module M and S be a m.cs of R with
(P: kM)NS = &. The following statements are equivalent:
(i) P is an S-semiprime submodule of M
(ii) (P: gM) is an S-semiprime ideal of R
(iii) P = IM for some S-semiprime ideal I of R with
ann(M)cI
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Proof

(i) = (ii): follows from Proposition 4 (i).

(ii) = (iii): it is straightforward.

(iil) = (i): suppose that P =IM for some S-semi-
prime ideal I of R with ann(M)CcI. Assume that
JXN ¢ P for some ideal J of R, some submodule N of M,
and k € N. Then, we obtain J*(N: ;M)M CIM. As M
is a finitely generated multiplication module, by [14],
Theorem 9 Corollary, we have J*(N: ;M)cCI+
ann (M) = I. Since I is an S-semiprime ideal of R, by
Corollary 1, for a fixed s € S such that sJ (N: M) <],
this yields that sJN =sJ(N: fkM)M CIM = P. Then,
by Lemma 1, P is an S-semiprime submodule of M. [

Proposition 5. Let h: M — M’ be an R-homomorphism.
The following statements are satisfied:

(i) If P' is an S-semiprime submodule of M' such that
(h"Y(P"): xM)NS = &, then h™'(P") is an S-semi-
prime submodule of M

(ii) If h is an epimorphism and P is an S-semiprime
submodule of M such that Ker (h) C P, then h(P) is an
S-semiprime submodule of M'

Proof

(i) Let r"m e h™'(P') for some r € R,m € M, and
neN. Then, we conclude that h(r"m)=r"h
(m) € P'. Since P' is an S-semiprime submodule, we
have srh (m) = h(srm) € P’ for some s € S. Then, we
get srm € h™1(P'), and thus, k™' (P') is an S-semi-
prime submodule of M.

(ii) Let#"m’ € h(P) forsomer € R,m' € M',andn € N.
As his an epimorphism, we can write m' = h(m) for
some m € M, and so, r"'m’ = r*h(m) = h(r"m) € h
(P). Since Ker(h) € P, we conclude that r"m € P.
Since P is an S-semiprime submodule, there exists
s € S such that srm € P, and so, we obtain h(srm) =
srh(m) = srm’ € h(P). Consequently, h(P) is an
S-semiprime submodule of M'. O

Corollary 3. Suppose that S is a m.cs of R and L is a
submodule of M. Then, the following statements are satisfied:

(i) If P' is an S-semiprime submodule of M with
(P': xRL)NS =, then LNP' is an S-semiprime
submodule of L.

(ii) Suppose that P is a submodule of M with L C P. Then,
P is an S-semiprime submodule of M if and only if
P/L is an S-semiprime submodule of M/L.

Proof

(i) Consider the injectioni: L — M defined by i(m) =
m for all m € L. Then, note that i"'(P')=LnP".
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Now, we will show that (i"!(P'): xRL)NS = &. As-
sume that se€ (i"!'(P'): xL)NS. Then, we have
sLci"!(P')=LNnP' cP',andthus,s € (P': xRL)NS,
a contradiction. By Proposition 5 (i), we can say that
LNP' is an S-semiprime submodule of L.

(ii) Assume that P is an S-semiprime submodule of M.
Consider the natural epimorphism n: M — M/L,
defined by 7 (m) = m + L, for all m € M. By Prop-
osition 5 (ii), P/L is an S-semiprime submodule of
M/L. For the converse, let P/L be an S-semiprime
submodule of M/L. Take r € R and m € M with
rkm € P for some k € N. Then, we get rk(m+L) =
r*m + L € P/L. Since P/L is an S-semiprime sub-
module of M/L, for a fixed s € S, we conclude that
sr(m+L)=srm+L e P/L. This implies that
srm € P, and hence, P is an S-semiprime submodule
of M.

Let M; be an R; module and S; be a m.c.s of R; for each
i=1,2,...,n, where n € N. Suppose that M = M, x M, x
coo XM ,R=R/ xRy x---xR, and S§=§; x§,x---x8§,.
Then, M is an R-module with componentwise addition and
scalar multiplication, and note that S is a m.c.s of R. Also,
each submodule P of M has the form P = P, x P, x---x P,,,
where P; is a submodule of M; for eachi=1,2,...,n. O

Theorem 2. Suppose that M, is an R;-module, P; is a
submodule of M, and S; is a m.c.s of R; for eachi = 1,2. Let
M=M,xM,,R=R, xR, and S=S8, xS,. The following

statements are equivalent for P = P; x P,:

(i) P is an S-semiprime submodule of M.

(ii) P, is an S,-semiprime submodule of M, and
(Py: g, M,)NS, # D or (Py: g My)NS, # O, and P,
is an S,-semiprime submodule of M, or P; is an
S;-semiprime submodule of M; for each i =1,2.

Proof.

(i) = (ii): let P be an S-semiprime submodule of M.
Then, we have (P: pM)NS =, and this yields that
(Py: g M)NS; = D or (Py: p M,)NS, = &. Without
loss of generality, we may assume that (P,: g M;)N
S, =@ and (Py: g M;)NS,; # J. We must show that
P, is an S,-semiprime submodule of M,. To prove this,
take € Ryandm € M, such that 7*m € P, for some
k € N. Then, (1,7)*(0,m) = (0,7%m) € P. Since P is an
S-semiprime submodule of M, there exists a fixed s =
(s1»s,) € Ssuch thats(1,7) (0,m) = (0, s,rm) € P. This
implies that s,rm € P,. Hence, P, is an S,-semiprime
submodule of M,. One can similarly show that if
(Py: g, M,) NS, # D, then P, is an §,-semiprime sub-
module of M. Also, if (Py: g M;)NS; = (P: g M) N
S, = &, then a similar argument shows that P; is an
S;-semiprime submodule of M; for each i =1, 2.

(i) = (i): let (PlleMl)ﬂSIq&@ and P, be an
S,-semiprime submodule of M,. Then, we have
sp € (Py: g M)NS,;. Let (ry,ry)" (my,my) = (rimy,

rim,) € P for some r; € R;andm; € M;, wherei = 1,2.
This implies that rjm, € P,, and so, s,r,m, € P, for a
fixed s, € S, since P, is an S,-semiprime submodule of
M,. Now, take s= (sq,s,) €S. Then, s(r,r,)(m,,
my,) = (s;rymy, s,r,m,) € P. Similarly, we can show
that P is an S-semiprime submodule of M in other
cases. O

Theorem 3. Let n>1, M; be an R; module and S; be a m.c.s
of R; for each i =1,2,...,n. Suppose that M = M, x M,x
XM, R=R; xR, x---xR,, and S=8§; x§,x---x8§,.
Let P = P, X P, x .-+ x P,, where P; is a submodule of M, for
each i =1,2,...,n. The following statements are equivalent:

(i) P is an S-semiprime submodule of M

(ii) P; is an S;-semiprime submodule of M; for each
i€{tyty,... i 1<k<n},and (P;: xk M;)NS;# D
foreach je{1,2,...n} —{t|,t5,...,t;

Proof. We use mathematical induction to prove the claim
(i) & (ii). For n = 1, the result is clear. If n = 2, the claim
(i) & (ii) follows from Theorem 2. Suppose that (i) and
(ii) are equivalent for each k < n. Now, we will show that the
claim (i) & (ii) is true for k =n. Let P' = P, x P, X - -+ X
P, M =M, xM,x---xM, andalsoS =8, xS, x -
xS, ;and R' = R, xR, x---x R,_,. Note that P = P' x P,
M=M'xM, and also S=8 xS,,R=R'xR,. Then, by
Theorem 2, P is an S-semiprime submodule of M if and only
if P’ is an S'-semiprime submodule of M' and (P,: x M,,)
NS,#@ or (P': yM')NS' #@ and P, is an S,-semiprime
submodule of M,, or P' is an S'-semiprime submodule of
M', and P, is an S, -semiprime submodule of M,,. The rest
follows from induction hypothesis. O

Theorem 4. Let P be a submodule of M and S be a m.c.s of R
such that (P: yM)NS =@. Then, P is an S-semiprime
submodule of M if and only if (P: s') is a semiprime
submodule of M for some s' € S.

Proof. Let P be an S-semiprime submodule of M, and put
s' = s € S. Now, we will show that (P: ,;s") is a semiprime
submodule of M. Let a"me (P:,s') for some
a € R,m € Mandn € N. Then, we get s'a"m = s*a"m € P.If
n =1, then we have am € (P: ys/). So, assume that n>2.
Then, clearly we have s"a"m = (sa)"m € P, and this gives
s(sa)m = s2am € P. Then, we conclude that am € (P: ;s%)
= (P: ,s'). Hence, (P: s') is a semiprime submodule of
M. Conversely, assume that (P: ,;s') is a semiprime sub-
module of M for some s €S. Let a"m e P for some
a€RmeM, and neN. Since (P: ') is a semiprime
submodule and a"m € PC (P: ,;s'), we conclude that
am € (P: ;s'), and hence, s'am € P. Therefore, P is an
S-semiprime submodule of M. O

Theorem 5. Let P be a submodule of M such that
(P: gM) < Jac(R), where Jac(R) is the Jacobson radical of R.
The following statements are equivalent:



(i) P is a semiprime submodule of M

(ii)) Pisan S,, = (R — m)-semiprime submodule of M for
each maximal ideal m of R

Proof

(i) = (ii): suppose that P is a semiprime submodule
of M. Then, by Proposition 1, P is an S,, = (R-
m)-semiprime submodule of M for each maximal ideal
m of R.

(ii) = (i): let r"m € P for some r € R,m € M, and
neN. AsPisan§, = (R—m)-semiprime submodule
of M, there exists an s,, ¢ m such that s,,rm € P. Now,
consider the set Q={s,: Im e Max(R),s,, ¢ m
such thats,,rm € P}. Now, we will show that {Q) = R.
Assume that (Q) #R. Then, there exists a maximal
ideal m* of R containing Q). By the definition of (), there
exists s,,. € Qsuchthats,. ¢ m*. Since Q € <{Q) cm”,
we have s,,. € m* which is a contradiction. Thus,
{Q) =R, and so, there exists s,,, , s, , . . ., S, € 2 such
that 1=x;s,, +x,8,, +--++x,s, for some x,x,,

..»x, € R.Since s, rm € P for eachi =1,2,...,n, we
conclude that rm =x, (s, rm)+x,(s,, rm)+---+
x, (s,, rm) € P. Therefore, P is an S-semiprime sub-
module of M.

As immediate consequence of the previous theorem, we
give the following result. O

Corollary 4. Let M be a module over a quasi-local ring
(R, m). Suppose that P is a submodule of M. The following
statements are equivalent:

(i) P is a semiprime submodule of M
(ii) P is an S,, = (R — m)-semiprime submodule of M

Definition 2. Let M be an R-module and S be a m.c.s of R. M
is said to be an S-reduced module if there exists s € S, and
whenever r"m = 0, where r € R,m € M, and n € N, then
srm = 0.

Proposition 6. Suppose that M is an R-module and S is a
m.c.s of R. The following statements are satisfied:

(i) If M is a reduced module, then M is an S-reduced
module. In particular, the converse holds if SCR —
z(M), where z(M) = {x € R: anny; (x) # 0y}

(ii) If M is an S-torsion-free module, then M is an
S-reduced module.

(iii) M is an S-reduced module if and only if the zero
submodule is an S-semiprime submodule.

(iv) Let P be a submodule of M with (P: ;M)NS = &.
Then, P is an S-semiprime submodule if and only if
R-module M/P is an S-reduced module.

(v) If M is an S-reduced module, then S~ ' M is a reduced
module.
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Proof

(i) The claim “reduced module implies the S-reduced
module” is obvious. Let M be an S-reduced module
suchthat SCR — z(M). Leta"m = 0 for somea € R,
m € M,andn € N. Since M is an S-reduced module,
there exists s € R—z (M) such that sam = 0. As
ann,, (s) = 0,,, we have am € ann,, (s) = 0, and so,
am = 0. Hence, M is a reduced module.

(ii) Let M Dbe an S-torsion-free module and
a'm=a(a" 'm) =0 for some a € R,m € M, and
n € N. Since M is an S-torsion-free module, there
exists s € S such that sa = 0 or sa” 'm = 0. If sa = 0,
then sam = 0 which completes the proof. So, as-
sume that sa # 0. Since sa”~ 'm = a (sa" *m) = 0, we
conclude that s(sa™ 2m) = s?a™ ?m = 0 since M is
an S-torsion-free module. If we continue in the
previous way, we conclude that s"m = 0. Since M is
an S-torsion-free module, we get either s =0 or
sm=0. If "' =0, then s"*! =0¢S, which is a
contradiction so that sm =0, and this yields
sam = 0.

(iii) It follows from Definitions 1 and 2.

(iv) It follows from (iii).

(v) Let M be an S-reduced module. Then by (iii), 0 is an
S-semiprime submodule of M. Again by Proposi-

tion 2 (iii), S~10 is a semiprime submodule of S~! M.
Thus, S™'M is a reduced module.

Now, we will characterize reduced modules in terms of
S-reduced modules. O

Theorem 6. The following statements are equivalent for any
R-module M:

(i) M is a reduced module

(ii)) M is an S, = (R - z)-reduced module for each
P € Spec(R)

(iii)) M is an S,, = (R —m)-reduced module for each
m € Max(R)

Proof

(i) = (ii): it follows from Proposition 6.

(ii) = (iii): it follows from the fact that Max(R) C
Spec(R).

(ili) = (i):let M bean §,, = (R — m)-reduced module
for each m € Max(R). Choose a € R and m € M such
that a?m = 0. Since M is an S,, = (R —m)-reduced
module for each m € Max (R), there exists s, ¢ m such
that s, (am)=0. Now, consider the set Q=
{s,: 3m € Max(R),s,, ¢ m and s, (am) = 0}. Note
that Q is not empty since M is an S,, = (R — m)-re-
duced module. Similar argument in Theorem 5 shows
that (Q) = R, and so, there exists s, s,, . .., s, € Q such
that rys; +7,5,+---+r,s,=1 and s;(am) = 0. This
yields that am = (r;s;+ 1,5, +---+r1,s,)(am) =
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ry(s;am) +r, (s, am) +--- +r,(s,am) = 0. Hence, M
is a reduced module. O

3. Conclusion

This paper is mainly concerned with S-semiprime sub-
modules of modules over commutative rings. We first in-
vestigate some properties of S-semiprime submodules
similar to semiprime submodules. Then, we introduce S-
reduced modules and give some new characterizations of
semiprime submodules and reduced modules in terms of
these concepts.
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