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In this paper, we introduce the concept of new type of F-contractive type for quasipartial b-metric spaces and some definitions and
lemmas. Also, we will prove a new fixed-point theorem in quasipartial b-metric spaces for F-contractive type mappings. In
addition, we give an application which illustrates a situation when Banach’s fixed-point theorem for complete quasipartial

b-metric spaces cannot be applied, while the conditions of our theorem are satisfying.

1. Introduction

In 1922, Banach [1] introduced the most significant outcome
in spaces identified with metric spaces. This principle has
been used in proving fixed-point theorems in different
spaces and has been used successfully in proving the exis-
tence of the solutions of some nonlinear differential equa-
tions, integral equations, nonlinear integral differential
equations, etc. A great deal of extensions of Banach’s
principle have been done, for the most part by generalizing
the contraction operator and also by expanding the necessity
of completeness or even both (see, for example, [2-4]). The
concept of partial metric was introduced by Matthews [5] in
1994.

Furthermore, Matthews introduced the concept of
metric spaces via putting self-distances which are not nec-
essarily equal to zero. In the year 1994, Czerwik [6] intro-
duced the notion of a b-metric space as another
generalization of metric space. Karapinar et al. [7] defined
the concept of quasipartial metric space. This notion is a
unification of both quasi metric spaces and partial metric
spaces under the same substructure. In the following, we
present some results that are related to our paper and show
the motivation of our concern.

Wardowski [8] in 2012 Introduced the definition of
contraction called F-contraction. After that, in 2017,
Gornicki [9] called F-contraction to be Wardowski con-
traction and also extended fixed-point theorems estab-
lished by Ran and Reurings [10] and Nieto and Rodriguez-
Lopez [11] to CJM contractions on preordered metric
spaces, where a preordered binary relation is weaker than
a partial order. Recently, in 2019, Goswami et al. [12]
defined F-contractive type mappings in b-metric space;
they proved fixed-point theorems with suitable examples.
After that, they had given F-expanding type mappings and
a fixed-point result was obtained. In this paper, we in-
troduce the concept of new type of F-contractive type for
quasipartial b-metric space and some definitions and
lemmas. Also, we state and prove some fixed-point results
in new concept and generalize a notion of F-contractive
type mappings in quasipartial b-metric spaces with
application.

2. Preliminaries and Definitions

We begin the section with some basic definitions and
concepts.
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Definition 1 (see [7]). Let & be a set. A function gf: & x
& — [0,00) is said to be a quasipartial metric on a non-
empty set & such that for all w,t,r €&, the following
conditions hold:

(4"1)1f ¢* (w, ) = ¢° (w, 1)
(qu)qp (w,w)<q’ (w, 1),
(@'3)q" (w,1) = ¢ (t,w),
(qp4)qp (w,t) + qp (r,7) qu(w, r)+ qp(r, t) forallw,t,r €&
(1)
A quasipartial metric space is a pair (&, g?) such that & is
a nonempty set and g? is a quasipartial metric on . Then,

dqp (w,t) =gP (w, t) + qf (t,w) — gP (w,w) —gP (t,t) is a
metric on &.

= qp (t,t), thenw =t,

Lemma 1. For a quasipartial metric gf on &,

P (w,t) = % [qp (w,t) +gP (¢, e), Vw,tek, (2)

and then p,, is a partial metric on &.

In 2015, Gupta and Gautam [13] introduced the concept
of quasipartial b-metric space, lemma, example, and some
other definitions.

Definition 2. Let & be a set. A function qﬁ: ExE— [0,00)
is said to be a quasipartial b-metric on a nonempty set £, such
that for all w,t,r € &, the following conditions hold:
(qbl) If % (w,w) = qg(w, t) = qf(t, H—w =t,
(%2)% (w,w) <q} (w, 1),
(ab3)al (w,t) = qf (t,w),
(q£4)q£ (w, t) + qf (r,r) < n[qf (w,r) + q{: (r, t)], forallw,t,r € &
(3)

A quasipartial b-metric space is a pair (£, ¢}) such that &
is a nonempty set and (¢, g) is a quasipartial b-metric space
on &. The number 7 is called the coefficient of (&, q
Further, g} is a quasipartial b-metric space on the set . Then,

dqbp(w,t):q (w,t) +¢q° (t,w) - ¥ (w,w) - g (£, 1)  (4)

is a metric on é.

Lemma 2. Every (£,q)isa (£,q)). But the opposite does not
have to be true.

Example 1. Let &=[0,1]; then, qb (w,t) = lw—t| + w.
Hence, (£,q}) is qua51part1al b-metric space with 7> 0.

Definition 3. Let (&, qf) be a quasipartial b-metric space
which satisfies the following:
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(i) A sequence {w,} ¢ & converges to G w € & iff

q, (w,w) = lim gy (w,w,) = lim g7 (w,w).  (5)

(ii) A sequence {w,} c £ is said to be a Cauchy sequence

ift

lim ¢, (wn, w,,),

n,m—-ao0 (6)
lim gl (w,,w,).

nm—~oo

exist and are finite.

(i) (£, qp}) is called complete if every Cauchy sequence
{w,} € & converges with respect to 7, » to a point
w € & so that

w,,) =

hm a5 (w,, w,).
(7)

qf (w,w) = lim g} (w,,

(iv) A mapping A: £ — &is called continuous at w, € &
if, for every &>0, there is §>0, so that
A(B(w—-0,8)) ¢ B(A(w—0),¢).

Remark 1. Let (&, qf ) be a quasipartial b-metric space. Then,
the following holds:

(i) If g (w, 1)
(ii) Iqukt:>q£(w,t) >0 and qf(t,w)>0.

=0=>w-=t.

Definition 4 (see [8]). Let F: (0,00) — R be a map sat-
isfying the following conditions:
(F,) F is strictly increasing.
(F,) lim, , 0,=0&lim, , F(o,) =-00, for
each sequence {0,},. of positive numbers.
(F;) If there exists [ € (0, 1), then lim,_,.0lF(0) =0

Let (&, d) be a metric space. A mapping A: & — & is
called a Wardowski F-contraction if there exists 7> 0
such that

d(Aw, At) >0=71+ Fd(Aw, At) <Fd(w,t), (8)

for all w,t € .

After that, in 2015, Cosentino et al. [14] extended the
notion of quasipartial b-metric space with the following
condition added to these concepts.
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(F4) Let #>1 be a real number. For each sequence
{0,}.en Of positive numbers,

T+ F(’?“n) = F(Un—l)

:»T+F(;1"0n)2F(11”710n,1), ©)

for all n € N and some 7>0. Alsulami et al. in 2015, [15]
defined a generalized F-Suzuki type in a b-metric space
(§,d,n) as a mapping A: & — &; then, there exists 7>0
with w = t, such that

2nd(w, Aw) <d(w, t)
=7+ Fd(Aw, At) <oF d(w,t) + F d (w, Aw) + pF d (¢, At),
(10)
for all w,t € &, since 0,0 € [0,1] and p € [0,1) under con-

dition 0+ § + p = 1 with ¢ and F satisfying conditions F;
and F,.

Lemma 3 (see [16]). Let (¢,d,n) be a b-metric space and
{w,} be a convergent sequence in & with lim, | w, = wl
Therefore, t € &, and we have

n'dw,t)< lim infd(w,t)< lim supd(w,,t)<nd(w,t).
(11)

The present paper aims to establish a similar type of
result for F-contractive type mappings in a quasipartial b-
metric space. In our results, we consider that a quasipartial
b-metric is not a continuous functional.

3. Main Convergent Results

Lemma 4. Let (§,q,n) be a quasipartial b-metric space and
{w,} be a convergent sequence in & with lim,__, w, = wl, for
all t € & we have

1

(—)qé9 (w,t)< lim inf qg (w,,t)< lim sup q{: (w,, 1) < an (w, 1), (12)
}/I n—~oo n—~oo
1

(5>q£ (t,w) < nhl}noo inf gl (t,w,) < nli_r)n()() supqy (t, w,) <nqj, (t, w). (13)

Proof. We will apply twice the relaxed triangle inequality
(qf4); then, for every n € N, we obtain

(1)q£ (0,02l (wrw,) + af (wp 1) - g (10,0 w,),
n (14)

<qp (w,w,) +q; (w,,t),
and then we have

1
(E>qz‘,’ (w,1) - qf (w, w,) < g} (W, w) + qj (W, 1) = gj (w, w),

<q} (w,,w) + g (w, t).

(15)

1

Therefore, we take on the left-hand side inequality and
on the right-hand side inequality, and we obtain equation
(12); in the same way, we get equation (13). O

Definition 5. Let (£,qf,n) be a quasipartial b-metric space,
and a mapping A: £ — & issaid to be an F-contractive type
mapping  if  there exists 7>0 such that
q‘g (w, Aw),q{,7 (t, At) #0 and qf (Aw, w),qé7 (At,t) #0 imply

T+ F(an (Aw, At)) < <§>{F(q£ (w, t)) + F(qé7 (w, AW)) + F(qi7 (t, At))}, (16)

T+ F(qqf (At, Aw)) < (%){F(qﬁ (t, w)) + F(qé7 (t, At)) + F(qé7 (w, Aw))}. (17)



Also, if qg (w, Aw), q{: (t,At) =0 and
qf (Aw, w),qﬁ (At,t) = 0, we have the same equations ((16)
and (17)) for all w,t € &.

Lemma 5. Let (£, g}, 1) be a quasipartial b-metric space and
let (¢, dr,n) be the corresponding b-metric space. Then, the
following statements are equivalent:

Journal of Mathematics

(i) (£,q0.n) is complete.
(i) (&, dqbp, n) is complete.

Moreover,

lim dg (z,x,) =0 ql (z,2) = lim qh (z,x,) = lim b (%, %)

n—~oo

(18)

i dy(5,2) = 0= gl (2,2) = lim gl (x,2) = lim qf (x,%,),

since z,x,,x, € &, for all m,n € N and m>n.

Definition 6. Let (£,qf,7) be a quasipartial b-metric space
and A: £ — & be a mapping; then, there exists 7> 0 with
w =t, for all w,t € &, such that

277q£ (w, Aw) <d (w,t)
=7+ Fq} (Aw, At) < oFqf (w,t) + 6Fq} (w, Aw) + pFq], (t, At),
2;7q{)7 (Aw,w) < q,f (t,w)
=T+ Fqﬁ (At, Aw) < ang (t,w) + 6Fq£ (Aw,w) + quf (At, t),
qf (w, Aw)qf (t,Ay) = qf (Aw, w)qﬁ (At,t) = 0.
(19)
Hence, we have
T+ Fql (Aw, At) < oFq] (w, ) + 0Fqf (w, Aw) + pFql (t, At),
=T+ qu (At, Aw) < anbP (t,w) + 8Fq‘£ (Aw,w) + quf (At, t).
(20)

F(’//qé7 (wn’ wn+1)) = F(’//An)

F(nql (w,.,w,)) = F (1))

From (21), we can write

F(n),) <F(nA,_) —@)r- (23)

Since 0,8 € [0,1] and p € [0,1) under conditionsince
0+ 6+p=1 with o, F satisfies each conditions between
(F-F,),

Now, we establish a new type of result for F-contractive
type mappings in a quasipartial b-metric space by appealing
to Lemma 4.

Theorem 1. Let (£,q0,n) be a complete quasipartial b-
metric space and A: & — & be an F-contractive type map-
ping. Then, A satisfies a Picard operator.

Proof. We start our proof by supposing that w, € £ is ar-
bitrary (but fixed) and considering the sequence {w,}; since
w, = Aw,, n € N. Suppose that 1,>0 for all n e N and
denote g} (W, Wyy1), qp (Wyy1>w,,) by A, then, we have

(21)
1
Sg {F(qg (wn—l’ wn)) + F(qg (wn—l’ wn)) + F(qg (wn> wn+1))} -7
(22)
1
Sg{F(qf (w,» wn_l)) + F(qf (w,» wn+1)) + F(qg (wn_l,wn))} -
F( nA)<F( n—l/\ )_<§)T<<F(A)_<§>n
A= n n-1 2 = = 0 2 g
(25)
By taking a limit as n — o0, we have
nli_r)nooF(n"/\n) = —co= nlinoo 7', = 0. (26)

By condition (F,), we have

F(n"A,) < F(;y”_ 1)L,,_1) - (%)T (24)

Then, by induction, we get

Therefore, from condition (F;), there exists I € (0,1)
such that

lim (1'2,)'F (1°,) = 0. (27)
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Multiplication of (25) with (5"A,)' yields

05 (oA E () +(5)n0r) e (7, E Q). (28)

By taking a limit as n — oo, we have

lim n(n"/ln)l =0. (29)

n—-00

Now, we can show that {w,} is a Cauchy sequence. Since
€3 qf ,1) is a complete quasipartial b-metric space, there
exists r € & such that

On generalization, we have

p

qg (wn’ wm) < ’7M7n7 ' {qb (ww wn+1) * qg (wn+1’ wn+2)} 1

m—n—l{

m_i{qg (w;, wi+1)} +7

IN
=
3
i
-
)
Sy
—~~
£
£
t
N—
>

IN

’lm_i : li{‘]{: (w0>w1)}’

m—1

> (%)iﬂ’“{qé’ (woo wy)}-

i=n

IN

By taking limit as # — o0 in (33), since m holding
fixed, we have

n@m 9’ (w,,w,,) <0. (34)
But, we know

nlinooq{; (w,, w,,) >0. (35)
Thus,

lim gy (w,,w,,) = 0. (36)

5
JHm w, =r. (30)
By applying Lemma 4, we have
lim g{(r,w,) = lim supq (r,w,) <nq} (r,r) 20.
(31)

On the other hand, let m and n be natural numbers with
m > n; then, using (gP4), we get

(W 1) + qé’ (W15 wn+2)} - qu (Wr1> Wiy,
‘h{) (W Wyy) + ‘15 (Wnar> wn+2)}’

(W Wyy) + ‘Z{; (Wp2> wn+3)} - qf,j (Wpi2> W) (32)
(W W) + 45 (Wnat> wn+2))) + ’7‘15 (Wna2> Wpas)s

(wn’ wn+1) + ’72%1;) (wn+1’ wn+2) + ”qu (wn+2’ wn+3)'

m*”’Z{q.Z (wn+2’ wn+3) toeet ’/qu (wm’l’ w"‘)})

qi (wn’ wn+1)}’

(33)

Similarly, we can show that

lim q{; (W, w,) = 0. (37)

n—~oo
Due to (18) in Lemma 5 and (36), we get

im0 =0=ef 1) =l s 1.,

= lim supq} (w,,w,,) = 0.
(38)

Also, using (16), we have for all n — N,
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7+ F(nqf (Ar, Awn)) < (%) {F(qf (r, wn)) +F(qf (r,Ar)) + F(q{; (w,, Awn))}, (39)

since. Then, by taking a limit as # — oo in last equation, we
get
7+ lim F(nqlf (Ar, Awn)) < —c0. (40)

This implies
lim gy (Ar,w,,,) = lim gy (Ar, Aw,) =0 (41)
Since the sequence {w, } converges to both r and Ar, we
have Ar =r. Finally to show the uniqueness of the fixed

point, let x be another fixed point of A with r # x; then, from
(16),

v+ F(naf (Ar, A%)) < (5 ){E(g] () + (g (r, A)

+ F(qi (x, Ax))},

(42)

or
F(an (Ar, Ax)) < F(q‘lb7 (Ar, Ax)). (43)
This is a contradiction. Hence, we proved the
theorem. O

e =l ()-(2)-)
G-

qf (w, t)q{; (w, Aw)qf (t, At) = min{|lw — t| + w, Z}min{lw _<1> +<l>

= min{

Again, if w € [0,1) and t>2 or conversely, we get

o= (1)) -l

= min{

()

(e

4. Application in Fixed-Point Theorem

The example illustrates a situation when Banach’s fixed-
point theorem for complete quasipartial b-metric spaces
cannot be applied, while the conditions of Theorem 1 are
satisfied.

Example 2. Let (¢, qf ,1) be a quasipartial b-metric space,
where

qg (w,t) = min{|x — y| + x, 2} (44)

is complete with # = 1. Suppose the mapping A: § — & is
defined by

1
— :0<sw<1,
2
Aw=40 Tw=1, (45)

1 1
()-() w2
L \2 w
It is clear that A is not continuous at w = 1. Now, for
w, t >2 with w+#t, we have

) ()-(h

l),2}3 <1, (46)

w

swspmnlf-(2)()

+t,2} =8.

2 w

) (Gt
RO/

qlf (w, t)qé7 (w, Aw)qf (t, At) = min{|lw — t| + w, Z}minJl

(47)

o) wmf}- )+ ()12}

+w)22.
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Also, for w € [0, 1),
1 3 1 1 o1
p 3_ P2 — mi i - -
9o (Aw, AD)" = qb((z)’o) mm{l(z) Ol +<2>’2} (64)’
(48)
qg(w, l)qf(w, Aw)qi(l,Al) = min{|lw - 1] + w, 2}min{ w —<%>’ + w,Z}min{Il -0]+1,2}>2.
After that, for w>2, we get
1 1 3 1 1 1 1 51
P 3_ p((2Y_(2 —mindllZY () = i Y el Y
af ) = () () o) = min{[5)-(5) -9+ (G)-(5) 2} - (&)
(49)
q{;(w, l)q{: (w, Aw)qf(l,Al) = min{lw - 1| + w, 2}min{ w —(%)‘ + w,Z}min{Il -0]+ 1,2} >2.
Thus, from the example in [12], iqu (w, Aw)qf (t, At) #0
is satisfied for e~3% = 1/16. In addition,
(11.0G)) =(0.5)) = minflp-()] 02} =(5)
qb > 2 _qb > 2 - P > - 8 >
qf’<1 (l>)q1’<1 A(l))q"(m <1>> = min{ 1—<1>‘ +1 Z}min{ll -0+ 1 Z}min{ 0—<l>l +0 2} (50)
b bl 2 b bl 2 b b 2 2 bl bl 2 bl bl
3 1 6 12
-(5)@() () -(5)
Finally, for w>2,
» IR 2 N2 2! n o/ )’
af(rwa(3)) =minf[3)-()-G)l+(G)-G)2) <
2 2 X 2 2 X
qP(l <1)>q"<1 A<1)>qP(A1 (1)> =min”l —(1)’ +1 2}min{|1 -0l +1 2}min”0—<1)‘ +0 2} (51)
b\ \2/ 72 /T 2 2 ’ ’ 2 )

e

Hence, A is an F-contractive type mapping and, by
inspection, we see that A has a unique fixed point w (1/2).

5. Concluding Remarks and Future Works

We introduced the notion of type of F-contractive type
mapping for quasipartial b-metric space and some definitions
and lemmas. Also, we proved the fixed-point theorem for F-
contractive type mappings in a quasipartial b-metric space with
application. In fact, applications of F-contractive type mapping
are not limited just to the topic mentioned above.

6

4

12
8

5)-6)

As future work, we are, joining with others, planning
to

(1) Extend the results given in the above sections to
g
quasipartial b-symmetric space.

(2) Study the applications of our results to the mathe-
matical modelling of quality.

Remark 2. Tt will be interesting to find more applications to
our current paper in other fields (see [17-31]).
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