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In this paper, new notions of the weighted core-EP left inverse and the weighted MPD inverse which are dual to the weighted core-
EP (right) inverse and the weighted DMP inverse, respectively, are introduced and represented. The direct methods of computing
the weighted right and left core-EP, DMP, MPD, and CMP inverses by obtaining their determinantal representations are given. A
numerical example to illustrate the main result is given.

1. Introduction

In the whole article, R and C stand for fields of the real and
complex numbers, respectively. C"" and C™" are reserved
for the set of all m x n matrices over C and its subset of
matrices with a rank r. For A € C"™", the symbols AT, A*,
and rk (A) specify the transpose, the conjugate transpose,
and the rank of A, respectively. |A| or detA denotes its
determinant. A matrix A € C™" is Hermitian if A* = A. The
index of A € C™™", denoted IndA = k, is the smallest positive
number such that rk (A¥*!) = rk (AF).

Definition 1 (see [1]). For A € C™" and W € C™, the
W-weighted Drazin inverse of A with respect to W, denoted
by A%Y, is the unique solution to equations:
(AW)*'XW = (AW),
XWAWX =X, 1
AWX = XWA,

where k = Ind (AW).

The properties of the W-weighted Drazin inverse and
some of its applications can be found in [2-8]. Among them,
if A € C"™" with respect to W € C"™™, then

Agw = A((WA)" =((AW)*)'A. (2)

Let A € C™" and W = I, be the identity matrix of order
n. Then, X = A? is the Drazin inverse of A. In particular, if
Ind A = 1, then the matrix X is called the group inverse and
it is denoted by X = A*,

Definition 2 (see [9]). The Moore-Penrose inverse of
A € C™™" is called the exclusive matrix X, denoted by A",
satistying the following four equations:

AXA = A,
XAX = X,

(AX)* = AX, ®)

(XA)" = XA.

For an arbitrary matrix A € C"™"

(i) #(A) = {x € C™": Ax = 0}, the kernel (or the null
space) of A
(i) €(A) = {y e C"™": y = Ax,x € C"}, the column
space (or the range space) of A
(iii) Z(A) = {y e C"™" y=xA,x € H""}, the row
space of A

, it is denoted by
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P,: =AA" and Q,: = A'A are the orthogonal pro-
jectors onto the range of A and the range of A”, respectively.

For the recent important results regarding generalized
inverses see [10, 11].

The core inverse was introduced by Baksalary and
Trenkler in [12]. Later, it was investigated by Malik and
Thome in [13] and Xu et al. in [14], among others.

Definition 3 (see [12]). A matrix X € C™" is called the core
inverse of A € C™" if it satisfies the conditions:

AX=P,,

(4)
€ (X) = € (A).

When such matrix X exists, it is denoted by A%,

The core inverse was extended to the core-EP inverse
defined by Prasad and Mohana [15]. Based on the deter-
minantal representation of an reflexive inverse [16, 17],
determinantal formulas for the core-EP inverse have been
derived in [15].

Other generalizations of the core inverse were intro-
duced, namely, BT inverses [18], DMP inverses [13], and
CMP inverses [19]. The characterizations, computing
methods, some applications of the core inverse, and its
generalizations were investigated (see, e.g., [20-30]). Re-
cently, determinantal representations of the core inverse and
its generalizations have been obtained in both cases for
matrices over the field of complex numbers [31] by using
usual determinants and over the quaternion skew field [32]
by using noncommutative row-column determinants in-
troduced in [33, 34].

Only recent generalizations of the core inverse were
extended to rectangular matrices by using the W-weighted
Drazin inverse. Among them, the weighted core-EP inverse
was introduced in [35], its representations and properties
were studied in [36, 37], and generalizations of the weighted
core-EP inverse were expanded over a ring with involution
[38] and Hilbert space [39], respectively. The concepts of the
complex weighted DMP and CMP inverses were introduced
and explored in [40, 41], respectively.

The main goals of this paper are to introduce and
represent new notions of the weighted core-EP left inverse
and the weighted MPD inverse which are dual to the
weighted core-EP (right) inverse and the weighted DMP
inverse, respectively. Also, the direct methods of computing
the weighted right and left core-EP, DMP, MPD, and CMP
inverses by obtaining their determinantal representations
are given.

The determinantal representation of the usual inverse is
the matrix with cofactors in entries that suggests a direct
method of finding the inverse of a matrix. The same is
desirable for the generalized inverses. But, there are various
expressions of determinantal representations of generalized
inverses which are in regard to the search of their more
applicable explicit expressions (see, e.g., [16, 17, 42-44]).

In this paper, determinantal representations of a gen-
eralized inverse obtained based on their limit representa-
tions are used, namely, for the Moore-Penrose inverse in
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[44, 45], for the Drazin inverse in [46, 47], and for the
W-weighted Drazin inverse in [48-50].

The paper is organized as follows. Section 2 starts with a
preliminary introduction of the determinantal representa-
tions of the Moore-Penrose inverse, of the Drazin and
weighted Drazin inverses, and of the core inverse and its
generalizations. Section 3 introduces the concepts of the left
weighted core-EP inverse and gives determinantal repre-
sentations of both left and right weighted core-EP inverse. In
Section 4, the weighted DMP and MPD inverses are
established and determinantal representations of the
weighted DMP and MPD inverses are obtained. Determi-
nantal representations of the CMP inverse are obtained in
Section 5. A numerical example to illustrate the main results
is considered in Section 6. Finally, in Section 7, the con-
clusions are drawn.

2. Preliminaries

The following notations for determinantal representations of
generalized inverses are used.

Let a: ={ap,...,q}c{l,...,m} and B={B,...,
Bt <{l,...,n} be subsets with 1<k<min{m,n}. By Ag,
denote a submatrix of A € C"™" with rows and columns
indexed by « and S, respectively. Then, AJ is a principal
submatrix of A with rows and columns indexed by « and
|A is the corresponding principal minor of the determinant
|A|. Suppose that

L, ={a:a=(a,...,0q),1<a; < - <a<n}, (5

stands for the collection of strictly increasing sequences of
1 <k <n integers chosen from {1, ..., n}. For fixed i € a and

Jj € P, put
I, ,4i} = {oc: a€l,,.ic (x},

Joolit =1{B: B L,,.j€pBl

a;anda’, a; and a denote the j-th columns and the
i-th rows of A and A", respectively. By A; (b) and A ; (c), the
matrices obtained from A by replacing its i-th row with row
b and its j-th column with column ¢ are denoted.

(6)

Lemma 1 (see [44]). If A € C™", then the Moore-Penrose
inverse Al = (afj) € C™™  possesses the determinantal
representations:

B
B

a Ype, 1| (A" A)i(a))
1] ZEGLJA*Alg

(7)
B Zae[,'m{j}i (AAT); (az*)|z
o Y, IAAT

Remark 1. For an arbitrary full-rank matrix A € C™", a
row-vector b € C™*™, and a column-vector ¢ € C™!, it is
given as, respectively,
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|(AA7), B) = Y [(AA), ) i=1....m,

ael,,, . {i}

- Y

a€ly, ,
|(a7A) ;0= Y |(A*A)_j(c)|’;, j=1,...,n,
BeTunli}

|A*A| = Z |A*A|§, whenr = n.
ﬁgln,n

|AA"

o
o Whenr=m;

Corollary 1 (see [45]). Let A € CI™". Then, the following
determinantal representations can be obtained:

(i) For the projector Q4 = (q;)uxw

. NY: . o
L Zﬁelm{i}| (A A).i(a.j)|/3 _ Zaelm{j}| (AA);, (ai')'a
o S, |A”ALL Yot AAL
9)

where d ; is the j-th column and d; is the i-th row of
A*A;
(ii) For the projector P, = (p;;)

mxm’

L S0 MM

S, (1] (AA; @),
Yper,, |AA"LG

Y ZaeI,’mIAA* |g

(10)

where d; is the i-th row and a ; is the j-th column of
AA™.

Lemma 2 (see [48]). Let A e C™", WeC™, and
k = max{Ind (AW), Ind (WA)}. Then, Ay, = (af?"") € C™
can be expressed as

2per, i Aw)ﬁ+2(7.j)|i

(Aw)k+2 |IZ

aw _
ij -

(11)

Z/Be],'m
_ szelm{j}| (WA)?Z ) Z (12)
Zaejm' (WA)k+2 Z >

where T; is the i-th row of U = A(WA)* and v ; is the j-th
column of V.= (AW)FA.

The two core inverses are introduced.

Definition 4 (see [12]). A matrix X € C™" is said to be the
(right) core inverse of A € C™" if it satisfies the conditions:

AX =P,,

(13)
€ (X) =6 (A).

When such matrix X exists, it is denoted by A.

Definition 5 (see [31]). A matrix X € C™” is said to be the
left core inverse of A € C™" if it satisfies the conditions:

XA =Q,,

(14)
R (X) = R (A).

When such matrix X exists, it is denoted by A.

Similar as in [15], two core-EP inverses are introduced.

Definition 6 (see [15]). A matrix X € C™" is said to be the
right core-EP inverse of A € C™" if it satisfies the
conditions:

XAX = A,
1
€ (X) =€ (X") = 6(A) 1)

It is denoted by AT.

The following lemma gives characterization of the right
core-EP inverse.

Lemma 3 (see [15]). Let A,X € C™" be such that
Ind(A) = k. Then, X is the right core-EP inverse of A if and
only if X satisfies the conditions:

XAk+1 _ Ak
AX’ =X,
) (16)
(AX)* = AX,
@ (X)c6(A").

Lemma 4 (see [22], Theorem 2.3). Let A € C™" and let |
be a nonnegative integer such that 1>k = Ind(A). Then,
A =A%AN (AN

Definition 7. A matrix X € C™" is said to be the left core-EP
inverse of A € C™™" if it satisfies the conditions:

XAX = A,

% (X) = % (X") = R(AY). 1

It is denoted by A,.

Remark 2. Since @ ((A*)?) = % (A?), then the left core
inverse A of A € C™" is similar to the *core inverse in-
troduced in [15] and the dual core-EP inverse introduced in
[30].

Similarly, the following characterization of the left core-
EP inverse is obtained.

Lemma 5 (see [30]). Let X,A € C™" and let | be a non-
negative integer such that 1>k =Ind(A). The following
statements are equivalent:

(i) X is the left core-EP inverse of A



(i) A¥1X = AK X?A = X, (XA)"
% (A%)
(iii) X = A = (AHTA!A?

=XA, and #(X) c

Thanks to [22], there exists the simple relation between
the left and right core-EP inverses, (A)* = (A")g So, it is
enough to investigate the left core-EP inverse, so the right
core-EP inverse case can be investigated analogously. But in
[31], separate determinantal representations of both core-EP
inverses and the both core inverses are given.

Lemma 6 (see [31]). Suppose A € C™", IndA =k,
rk (AX) = s, and there exist A® = (a@) and Ag = (a®’l) Then,
they have the following determinantal representatzons,
respectively,

o _ Zaet, )| (A (A1), @)

I YCET U
* - \|P

T,’l _ zﬂé]m{i} ((Ak+l) Ak+1).i(a'j)|ﬁ (19)
ey

where @; is the i-th row of A = AF(A*1)* and a a is the j-th
column ofA = (AF1)* Ak,

If IndA =1, then A® = (ag’r) and Ag = (a@) have the
following determinantal representations, respectwely,

Taer, (1] (A%(A2)") ), G >|

®,r —
. Yaer, |A? (A7)
; (20)
&l _ per, | (A7) A%), ‘(5‘;‘)|;;
1] A2|ﬁ >

where @; is the i-th row of A = A(A?)* and a is the j-th
column ofA = (AY)*A.

3. Concepts of the W-Weighted Core-EP
Inverses and Their
Determinantal Representations

The concept of the W-weighted core-EP inverse was in-
troduced by Ferreyra et al. in [35].

Definition 8. Suppose A € C™", W eC"™, and
k = max{Ind (WA), Ind (AW)}, then the (right) W-weighted
core-EP inverse of A is the unique solution to the system:
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WAWX = (WA) [ (WA)"]', on
€ (X) c&((AW)").

It is denoted by A%,

From [35], the right weighted core-EP inverse can be
determined as follows.

Lemma 7 (see [35]). Let A, X e C™", W e C™ and
k = max{Ind (WA), Ind (AW)}. The following statements are
equivalent:

(i) X is the right weighted core-EP inverse of A.

(i) XW (AW = (AW)F, AWXWX = X, and (WA
WX)* = WAWX.

= A[(WA)?]" (22)

Introduction of a left weighted core-EP inverse is pro-
posed as well.

Definition 9. Suppose A e C™", WeC™, and
k = max{Ind (WA), Ind (AW)}. The left W-weighted core-
EP inverse of A is the unique solution to the system:

XWAW = [ (AW)"]" (AW),

(23)
% (X) ¢ R((WA)Y).
It is denoted by A®W+,
Theorem 1. Let A, XeC™", WeC™", and k=

max{Ind (WA), Ind(AW)}. The following statements are
equivalent:

(i) X = [(AW)g[*A.
(ii) X is the left weighted core-EP inverse of A.

(iii) X is the unique solution to the three equations:

(WAF'WX = (WA,
XWXWA =X, (24)
(XWAW)" = XWAW.

Proof. (i)~ (ii). It is shown that X = [ (AW)g]*A satisfies

condition (23). Indeed,
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XWAW = [ (AW)]"AWAW = (AW) AW
- [(AW)F] AW  (AW)’AW = [ (AW)"]' (AW),
[(AW)o)*A = [ (AW)g]’AWA = .. = [ (AW)e]** (AW) A (25)
= [(AW)g]*PA(WA), ie,
R([(AW)g)’A) < Z( (WA)").
(ii) — (ii). Now, it is needed to prove that ¥ waka ) Y(XY)Z (WA :kj(WY)kkiYVA)k o
— [(AW)g]?A satisfies the equatlons in (24). = Y(WY)F (WA WX = (YW) ! (AW)F1X = (YWAW)F !X

Since (WA)"'W = W(AW)*! and from Lemma 5,
(AW)y =((AW)") (AW)* (AW)?, (26)
then
(WA ' W[ (AW)g]*A = W[ (AW)"! (AW), | (WA) A

- W AW (AW)) (AW)* (AW)’A

= W(AW) (AW)?A
= (WA (WA)?
= (WA~
(27)
By Lemma 5, taking into account [(AW)®]2
AW = (AW)y, it is obtained that
[(AW)]? AW( [ (AW)o?AW)A = [ (AW)g]*AW (AW)oA
= [(AW)g]’A
(28)
Finally,
([(AW)g AWAW)" = ((AW)oAW)" = (AW)oAW.
(29)
Now, the uniqueness of X is proven. Let
(WA)'WX = (WA,
XWXWA =X,
(30)

(XWAW)" = XWAW,
X = [(AW)g]A

Suppose there also exists the left weighted core-EP in-
verse Y such that

(WA''WY = (WA,
YWYWA =Y, (31)
(YWAW)" = YWAW.

It is shown that Y = X = [(AW)®]2A. So,

_ ([(Aw)k]T (AW)k)k+1X _ [(AW)ZkH]T (AW)Zk“ [ (AW)®]ZA.

(32)
By Lemma 5, (AW)g = [(AW)*"]T (AW)**! (AW)4.
So,
_ [(AW)Zk”]T (AW)Zk” [ (A‘N)zkﬂ]T (AW)Zk“ (AW)d (AW)oA
= [(AWP*1]" (AW (AW)? (AW)4A = [ (AW)]?A.
(33)

Finally, from the uniqueness of X follows (iii)— (i). O

Now, determinantal representations of the W-weighted
core-EP inverses are given.

Theorem 2. Suppose A e C"™", W eC™™,  and
k = max{Ind (WA), Ind (AW)}, rk(WA)X = s. Denoting
WA :=U = (u;;) € C"™". Then, the right weighted core-EP
inverse ABW" = (a(ﬂwr) € C™ possesses the determinantal
representations:

Y. Uk+1 Uk 3 *
a?;’w’r: I {]}| ) ) ( )a, (34)

(erelm Ukt (Uk+1 ) Z)Z

where ¢, is the i-th row of ® = ®UX (UKY)*, The matrix ® =
(¢if) is determined as follows:

o« (35)

where ii; is the i-th row of U = AU (UF1)*,

Proof. Taking into account (22) for A%"”, it is obtained that

@Wr
Z Z aujy ug]. (36)
I=1 f=1

Using the determinantal representation (18) of U® gives



" Zn: ;Y y Uk (ukt! *) (ﬁ) *
¢if = Zailugr = — {f}|(k+1 (k+1 *)“ . : :
I=1 Z"‘elm U (U ) a

a0 (U, @),

o >

Zadm 'Uk+1 (Uk+1 ) * )

(37)

where @, is the I-th row of U = U*(U¥")" and , is the i-th
row of U = AUF (UF1)*. Denoting

b= Y |00, @)

terM{f}

o (38)

Substituting ¢; ¢ into (36) gives

[+

s Baer, )| (O (0)), (51
Uk+1(Uk+l)* Z)z

n
W, _ @r _ o
ai " =) diuy; =

=1 (Z:zxdm

(39)

B Putti]?g ) 12;*:1 .¢ifaf =¢, as the i-th row of
O = QU (U™)" yields (34). O

Similarly, theorem on the determinantal representation
of the left W-weighted core-EP inverse can be proved.

Theorem 3. Suppose A eC™", WeC™, and
k = max{Ind (WA)Ind (AW)}, k(AWK = s, Denoting
AW: =V = (v;;) € C"™". Then, the left W-weighted core-
EP inverse Am]”l = (af]’-w’l) € C™™ possesses the determi-
nantal representations

: N
i _ Zper,ial (V1) V) (7))

Y <Zﬁ€]m | (Vk+1 ) *Vk+1 ‘2)2

where y ; is the j-th column of ¥ = (VK*LY* VAW, The matrix
is determined, ¥ = (y;;) € C™", as follows:

+1\ *yrk+ ~\|?
vy= Y (V) V6l (41)

BeTsmill

(40)

where v ; is the j-th column of V = (V)" VXA,

4. The W-Weighted DMP and MPD Inverses and
Their Determinantal Representations

The concept of the DMP inverse was introduced by Malik
and Thome as follows.

Definition 10 (see [13]). Suppose that A € C™" and
Ind A = k. A matrix X € C"™" is said to be the DMP inverse
of A if it satisfies the conditions:
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XAX = X,
XA = A“A, (42)
AFX = AFAT

It is denoted by AT,

It is proved in [13] that if a matrix satisfies the system of
equations (42), then it is unique and has the representation
A®T = A7AAT.

In [31], the MPD inverse is introduced.

Definition 11. Suppose A € C™" and Ind A = k. A matrix
X € C™" is said to be the MPD inverse of A if it satisfies the
conditions:

XAX =X,
AX = AAY, (43)
XA = ATAF,

It is denoted by A™.

It is not difficult to show that A™ is unique and it can be
represented as A = ATAA,

In [31], the determinantal representations of the DMP
and MPD inverses are given.

Recently in [40], the definition of the DMP inverse of a
square matrix was extended to rectangular matrices.

Definition 12 (see [40]). Let A € C"™" and W € C™" be a
nonzero matrix. The W-weighted DMP (WDMP) inverse of
A with respect to W is defined as

AP — WA WAAT (44)

Lemma 8 (see [40]). Let A € C"™", W € C™" be a nonzero
matrix, and k = max{Ind (WA)Ind (AW)}. The matrix X =

AW is the unique matrix that satisfies the following system
of equations:
XAX =X,
XA = WA WA, (45)

(WA)kHX _ (WA)kHAT.

Introduction of the weighted MPD inverse is proposed
as well.

Theorem 4. Let A € C"™", W € C"™" be a nonzero matrix,
and k = max{Ind(WA), Ind (AW)}. Then, the matrix X =
ATAWAPYWW s the unique solution to the equations:

XAX = X,
AX = AWAYYW, (46)
X (AWK = AT (AW)F
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Proof. From Definitions 1 and 2 and taking into account (2),
it follows

A*AWAd’Ww(AA*A)WAd’WW = ATAW(Ad’WWAWAd’W)W

AATAWAYYW = AWATY W,

ATAWAY W (AW = ATAW( (AW)?) AW (AW)*"!

It means that X = ATAWA®"WW is the solution to
equation (46).

To prove uniqueness, suppose both X, and X, are two
solutions to (46). Using repeated applications of the equa-
tions in (46) and in Definition 1, it is obtained that

X, = X,AX, = X, AWA*"W = X, (AW) (A*" W)’

k+1 k+1

= X] (Aw)k+1 (Ad,WW) — AT (Aw)k+l(Ad,WW)
= X,AWA?W = X,AX, = X,.

(48)

= X, (AW)* (A% W)

It completes the proof. O

Definition 13. Let A € C"™" and W € C™" be a nonzero
matrix. The W-weighted MPD (WMPD) inverse of A with
respect to W is defined as

AT — ATAWATYW, (49)

Now, determinantal representations of the WDMP in-
verse are given.

Theorem 5. Let A € CI"" and W € C™" be a nonzero
matrix.  Suppose  k = max{Ind(WA), Ind(AW)}, and
rk(WA)* = rk Uk = r,. Then, the determinantal represen-
tations of its WDMP inverse AW = (adTW) can be
expressed as

N RN
ad,T,W _ ZaEIr,m{j}| (AA )1 (wi‘) o (50)
ij - z |AA* « k+2|*
a€l, , o

where @; is the i-th row of Q = QOWAA®*. The matrix Q =
(w;s) is such that

o= Y WA @),

aEIrl uish

(51)
where U; is the i-th row of U = (WA)F*.,

Proof. Taking into account (42), the following is obtained:

7
= A'TAwA" W,
(47)
= ATAW (AW) AW (AW)? (AW)*!
— AT (Aw)k-%-l‘
W m n m A
=2 2 ). wual ey (52)
t=1s=1 f=1
where A*W = (a®") € C"™" and P, = (p ) € C™. Ap-
plying the determinantal representations (12) of A*W and
(10) of P, in (52) gives
4w Zs 1Za€1 {s} WA)k+2 (u ) ael, m{] |(AA (w(2))|a
v Zad )k+2 Zae] |AA | '
(53)

where @i, is the i-th row of U: = (WA)*! ¢
the s-th row of W, = WAA™.
Denote

H™" and w? is

is - | (WA)];+2 (@)l

ael,fs}

(54)
and construct the matrix Q = (w;,). Since
[£4

iwis Z ‘(AA*)j.(ws(‘Z))a

=1 el {j}

= Y @A) @)
ael, . {j}
(55)

where @; is the i-th row of O = QW, = Q(WA) "' A*, then,
finally, from (53), it follows (50). O

It is obtained similarly for the weighted MPD inverse.

Theorem 6. Let A € C™" and W € C™™ be a nonzero
matrix.  Suppose  k = max{Ind(WA), Ind(AW)}, and
rk(AW)* = rkV* = r|. Then, the determinantal representa-
tions of its WMPD inverse A"V = (aTdW) can be expressed
as follows:

(A*A)(

)
-
Zﬁef,,n|A*A|/s<Zﬁehl,m| (AW)k+2|§)

where ¥ ; is the j-th column of Y = A*"AWY. The matrix Y =
(vy;) is determined by

AW Zﬁdr Wi}

ij

(56)



Usj = Z

AW?(7 )1 (57)
BeT, omlsh

where ¥ ; is the j-th column of V.= (AW)*"".

Proof. Taking into account (45), the following is obtained:

m n m

wa Zzzq,fwft“m W, (58)

t=1s=1 f=1

where A%V = (a MWy e C™" and Q, = (ql ) € C™". Ap-
plying the determinantal representations (11) of A*W and
(9) of Q4 in (58) gives

(2)
'J
t=1 ZﬁejmlA Alﬁ Zﬁe]

‘ (Aw)k+2 ’ﬁ

W)k+2 |ﬁ
(59)

rym

where w'? is the t-th column of W%( A*AW € C™ and
v;is the j-th column of V = (AW)*!. Now, construct the
matrix Y = (vt]) where

B
Yj = pef {t}|(AW)i+2(v'j)'ﬁ. (60)

Then, from (59) it follows (56). O

Theorems 5 and 6 give the determinantal representations
of the weighted DMP and MPD inverses. For better un-
derstanding, the algorithm of finding one of them, for ex-
ample, the WDMP inverse from Theorem 5, is presented.

Algorithm 1.

(1) Compute the matrix U = UF! = (WA)**!,

(2) By (51), find w;, for all i,s=1,...
the matrix Q = (w;,).

(3) Compute the matrix O == QOWAA*.

(4) Flnally, ﬁnd adTW by (50) for all i = 1,...
j=1,.

,n and construct

,m and

5. Determinantal Representations of the
Weighted CMP Inverse

In [19],
inverse.

Mehdipour and Salemi investigated the CMP

Definition 14 (see [19]). Suppose A € C™" has the core-

nilpotent decomposition A=A +A, where
Ind A; = Ind A, A, is nilpotent, and A;A, = A,A; = 0. The
CMP inverse of A is called the matrix A°": = ATA AT,

Lemma9 (see [19]). Let A € C™". The matrix X = A" is the
unique matrix that satisfies the following system of equations:

Journal of Mathematics

XAX = X,
AXA=A,,
(61)
AX=A A",
XA =A"A,.

Moreover, AST = ATAAYAAT.

Determinantal representations of the CMP inverse are
derived in [31].

Recently, Mosi¢ [41] introduced the weighted CMP
inverse of a rectangular matrix.

Lemma 10 (see [41]). Let A € C™" and W € C*™™ be a
nonzero matrix. The system of equations

XAX =X,
AX = AWAYYWAAT, (62)
XA = ATAWAYY WA,

is consistent, and its solution is

X = ATAWA®YWWAAT.

unique

Definition 15. Let A € C™" and W € C™ be a nonzero
matrix. The weighted CMP (WCMP) inverse of A with
respect to W is defined as

AT = ATAWADYWAAT (63)

Theorem 7. Let A € C™" and W € C™™ be a nonzero
matrix. Suppose k = max{Ind(WA), Ind(AW)}. Then, the
determinantal representations of its WCMP inverse A°™ =
(a”w) can be expressed as follows:

(i) If rk(WA)* = r|, then
W Zael,,m{j}| (AA*)J'. (a)z)|z

ij = Nt ald (64)
(21, A AL S, | WA,

where @; is the i-th row of O = QOWAA*. The matrix
Q = (w,,) is such that

_ ke2( (1))
wi= Y [WA ()] (65)
aEI,l)n{s}
Here, ¢! is the i-th row of ®, = ®A(WA)* and the

matrix © = (¢;,) is such that

gei= . [(A"A),(w ' It (66)
Bel, i}

where w'") is the t-th column of W, = A*AW.

(ii) If k(AW)* = r,, then
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CTW Zﬁe] i} (A A)

ij

'ﬂ 5 (67
(Saer,, I AA"1S) ey, MAwo“ﬂ

where ; is the j-th column of Y = A*AWY. The matrix
Y = (vy;) is determined by

B

v = I(AW)"”( vy )p (68)

i
Be vyt

is the j-th column of ¥V = (AW)*AV.
= (y,;) is such that

| (A7), (W),

ael, . {j} « (69)

where 1//.(]-1)
Here, ¥

1//5]‘ =

where w'? is the s-th row of W, = WAA™.

Proof

(i) Taking into account (63) and applying one of the
cases of (9) and (10) for the determinantal repre-
sentations of Q4 and P 4, respectively, and (12) for the
determinantal representation of A" give

Tpe,in| (A" AL(w") 'ﬁ

Zﬁel,JA A|/3

m n
otW _
ait =22

t=1s=1

Zaél atst (WA)k+ (ut)
zm way|?

¥ o
ozel,)m{j}‘ (AA"); (Ws(.z))|a
thel,ym|AA* |Z

>

(70)

m o Yo {,}|(A A)

rn

(1) |ﬁ 2/36], m{t}| (Aw)k+2( .s)

where w'' is the t-th column of W, = A"AW, 1, is the
t-th row of U = A(WA)¥, and w? is the s-th row of
W, = WAA".

Denote

$i= Y |(ATA)(w ‘,; (71)

B i}
and construct the matrix ® = (¢;,). Then, determine
n k o
+2 (—
W, =) by |WA)L? @),
t=1 Oédy],n{s}

= X oA (e

(er,] atst

(72)

where </>1 is the i-th row of @, (DA(WA)k and
construct the matrix Q = (w,). Takmg into account
that Zae] |AA | = Z/)’E] |A Alﬂ’ and

Yo, Y |@aa),(w®)
S el 1)
|(AA"); (@)%,

ael, . {j}

(73)

where @, is the i-th row of Q = QOW, = OWAA*,
finally from (70), it follows (64).

(ii) By applying (11) for the determinantal representa-
tion of A" and the same determinantal repre-
sentations of Q4 and P, as in the point (i), it is
obtained that

B a
B Zael,‘m{j}| (AA*);'. (Ws(.z))|a

Zﬂe] |A A|ﬁ

where w'" is the ¢-th column of W,: = A*AW, 7 _is the s-th
column of V= (AW)A, and w(2 is the s- th row of
W, := WAA*. Denote

Vs = '(AA* )]: (Ws(.Z)) ’

ael, , {j} * (75)

and construct the matrix ¥ = (y, j). Then, introduce

M:

' (Aw)k+2( )
BTy mit} BeETy mit

v =

J ‘(AW)kJrZ (1) |‘B

I
—_

(76)

where w‘(jl) is the j-th column of ¥, = (AW)*AY, and
construct the matrix Y = (v,;). Taking into account that

Yber, 0] (AW)k”i

T . (74)
Zael,}mlAA |0¢

> ¥ |

t=1 pej, it

(1) B
ﬁE]rn{l}

where ¥ ; is the j-th column of Y = A*AWY, finally from
(74), it follows (67). O

Theorem 7 gives determinantal representations of the
WCMP inverse. For better understanding, the algorithm of
its finding, for example, in Theorem 7 with the Case (i), is
presented The algorithm by Theorem 7 with Case (ii) can be
constructed similarly.

Algorithm 2.

(1) Compute the matrix W, = A*AW.



10

(2) Find ¢,, by (66) for all i, =1,...,n and construct
the matrix @ = (¢,,).

(3) Compute the matrix @, = (DA(WA)k.

(4) By (65), find w;, foralli=1,...,mands=1,...,n,
and construct the matrix Q = (w;,).

(5) Compute the matrix Q= OWAA*.

(6) Finally, find afj’.T’W by (64) for all i=1,...,m and
j=1...,n

6. An Example

In this section, an example is given to illustrate the results.
Given the matrices

0 i i
i 0 i
A=
1 -10
L1 1 2 (78)
i 010
W=| -1 i01
li-1i 11
Since
—-1-2i -2 i 2i
Vo AW = -2-i -12i i ’
1+i -i 1 -1
[-3+3i 3i 3 3 (79)
1 -2 -1
U=WA=(0 1-i 1-i|,
|1 -1-i —i

Journal of Mathematics

tkV =rkV? =2, and rkU?=rkU=2, then k= max
{Ind (AW), Ind(WA)} = 1.

The weighted DMP inverse is obtained from
Algorithm 1.

(1) Computing the matrix U = U? and AA*,
0 -3+3i -3+3i
Ur=|1-i-2-2i -1-3i]|,
|1-i -5+i —4

(80)
[-3+3i 6+6i 3+9i
U=| —4i -8+6i -8+2i
| 3-i -2+12i -5+ 11i
(2) By (51), w;, for all i,s = 1,...,n is found. So,
0 -3+3i
3 a
Wi = z |(WA)1. (“L)la :I . .
aelpa (1} —4i -8 +6i
’ (81)
0 -3+3i
+ = —-24 — 6.
-3—-i -5+11i

Continuing similarly, it is obtained that

-24-6i 12-24i -12 - 30i
Q=]12+12i -6-6i 6+6i | (82)
-12+6i 6-30i -6-24i

(3) Compute the matrix

0 —54 +54i —54-54i -54-54i
Q= OWAA™ = | -54 + 54i 0 54+54i -54-54i |,
—54 +54i —54 + 54i 0 —108 — 108i
2 1 —i3i (83)
. 1 2 i 3
AA" = >
i -i2 0

-3i 3 0 6
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and the values

Y IAAT[f=27, Y [(WAY[, = -54-54i gy

el ael,

(4) Finally, afﬂ-’T’W by (50) for all i=1,...,4 and j=
1,2,3 is found. So,

LW D, f1yrdet; ((AA"), (@)
B Zﬁd“lAA* |ZZaeIZJ| (WA)3|:

1 0 —-54+54i 0 —54 +54i
27 (=54 - 54i) \ |4 5 ; 5
0 —54-54i i
+ =
36 ?
(85)
Continuing similarly, it is obtained that
i -2 31
1
ATV ool 2 3 (86)
-i -i 0 2

It is easy to verify that X = A*™" from (86) with the
given matrices (86) is the solution to equation (45).
Similarly, the WMPD inverse can be found:

-3+i -3+3i 4 3+3i
1
AW = o 2 o -2 o0 | (87)

-3-i -3+3i 2 3+3i

7. Conclusions

In this paper, new notions of the weighted core-EP left
inverse and the weighted MPD inverse that are dual to the
weighted core-EP (right) inverse and the weighted DMP
inverse, respectively, are introduced and explored. Using
their determinantal representations, the direct methods of
computing the weighted right and left core-EP, DMP, MPD,
and CMP inverses are given.
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