Hindawi

Journal of Mathematics

Volume 2021, Article ID 3402275, 11 pages
https://doi.org/10.1155/2021/3402275

Research Article

Hindawi

Edge Metric Dimension of Some Classes of Toeplitz Networks

Dalal Alrowaili®,! Zohaib Zahid (»,> Muhammad Ahsan (»,> Sohail Zafar,’

and Imran Siddique ©*

!Mathematics Department, College of Science, Al Jouf University, P.O. Box 2014, Sakaka, Saudi Arabia
’Department of Mathematics, University of Management and Technology, Lahore 54770, Pakistan

Correspondence should be addressed to Imran Siddique; imransmsrazi@gmail.com

Received 28 September 2021; Revised 18 November 2021; Accepted 24 November 2021; Published 17 December 2021
Academic Editor: Gohar Ali

Copyright © 2021 Dalal Alrowaili et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Toeplitz networks are used as interconnection networks due to their smaller diameter, symmetry, simpler routing, high con-
nectivity, and reliability. The edge metric dimension of a network is recently introduced, and its applications can be seen in several
areas including robot navigation, intelligent systems, network designing, and image processing. For a vertex s and an edge g = s;s,
of a connected graph G, the minimum number from distances of s with s, and s, is called the distance between s and g. If for every
two distinct edges s, s, € E(G), there always exists w,eW ;CV (G), such that d (s}, w;) # d (s,, w,); then, W, is named as an edge
metric generator. The minimum number of vertices in W is known as the edge metric dimension of G. In this study, we consider
four families of Toeplitz networks T', (1,2), T,,(1,3), T, (1,4), and T, (1, 2, 3) and studied their edge metric dimension. We prove
that for all n >4, edim (T, (1,2)) = 4, for n>5, edim (T, (1, 3)) = 3, and forn> 6, edim (T, (1,4)) = 3. We further prove that for all

n>5, edim(T,(1,2,3)) <6, and hence, it is bounded.

1. Introduction and Preliminaries

Computer networking provides a technique of communication
between a number of processors connected in a network. An
interconnection network is a structure of links that joins one or
more computers to each other for communication purposes. In
the framework of computer networking, an interconnection
network is used mainly to attach processors to processors or to
permit several processors to access one or more common
memory disks. Often, they are used to attach processors with
nearby attached memories to each other. The approach in
which these processors/memories are attached to each other
have a major effect on the cost, applicability, consistency,
scalability, and performance of a computer networking. It is
always desirable for an interconnection network to have a
smaller diameter, alternate links among the processors, a
higher level of symmetry, and simpler routing. Toeplitz net-
works are the finest example of such an interconnection
network [1].

Let G = (V(G), E(G)) be a connected and undirected
graph. Let d, represents the degree of a vertex v which is the

total number of vertices adjacent to v € V(G). Also, the
minimum degree of graph G is § = § (G), and the maximum
degree of G is represented by A = A(G). The number of
edges on a shortest path from vertex x; to vertex x, is called
the distance between them, which is denoted by d (x,, x,).
Lete, = y,y, bean arbitrary edge of graph G and x, belongs
to V (G); then, the distance between them is represented and
defined by d (x,e,) = min{d (x, y,),d (x, y,)}.

Metric dimension introduced by Slater introduced the
metric dimension in [2], and he used it to address the
challenge of locating an intruder in a network. Slater worked
on the application of robot navigation and coast guard loran
in [2, 3]. Melter and Harary introduced the term resolving
set by expanding Slater’s concept in [4]. Melter and Tomescu
studied the metric dimension’s role in pattern recognition
and image processing issues [5]. Sebo and Tannier studied
the metric dimension in combinatorial optimization in [6].
Caceres et al. worked on the mastermind and coin weighing
games through metric dimension in [7]. Chartrand et al.
computed the resolvability of graphs in [8]. Khuller et al.
studied the application of metric dimension in navigation
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systems [9]. Salman et al. calculated the metric dimension of
circulant graphs in [10]. A vertex x, distinguishes two
vertices v; and v, if d(x;,v;)#d(x;,v,). We assume
WV (G) is a metric generator of graph G, if each pair of
elements of V (G) can be distinguished by some vertex of W.
The metric dimension dim(G) of graph G is the smallest
cardinality of the metric generator of G.

Kelenc et al. in [11] introduced the idea of edge metric
dimension as follows. A vertex x,; distinguishes any two
edges f, and f,, if d(f,,x)#d(f,, x;). We assume
WSV (G) is an edge metric generator of graph G, if each
pair of elements of E (G) can be distinguished by some vertex
of W . The edge metric dimension edim (G) of graph G is the
smallest cardinality of the edge metric generator of graph G.
The smallest edge metric generator is called the edge basis
(edge metric basis). Furthermore, Kelenc et al. in [11]
compared the metric dimension with the edge metric di-
mension and also discussed some useful results for paths P,,,
cycles C,,, complete graphs K,,, and wheel graphs. Zubrilina
computed the edge metric dimension of a graph with re-
lation to the total number of vertices of graph G in [12].
Filipovi et al. computed edim (GP (n,k)) for k=1,2 and
found the lower bound for all other values of k in [13]. Mulfti
et al. calculated edim(BS(Cay(Z,8Z,))) in [14]. Ahsan
et al. computed edimC,, (1, k) for k = 2,3 in [15]. Fang et al.
discussed the application of networks in electrical engi-
neering in [16]. Chen et al. studied the application in
chemical graphs in [17]. Yang et al. calculated the edge
dimension of some families of wheel-related graphs in [18].
Wei et al. studied the edge dimension of some complex
convex polytopes in [19]. Deng et al. computed the edge
dimension of triangular, square, and hexagonal Mobius
ladder networks in [20]. Ahmad et al. calculated the edge
dimension of the benzenoid tripod structure in [21].
Moreover, Ahsan et al. calculated the edge dimension of
convex polytopes in [22]. Xing et al. computed the vertex
edge resolvability of the wheel graphs in [23]. Some useful
lemmas are given.

7’(%&1"2&1 |WE) = {

T(V2£V25+2 | WE) = ‘l

(0,1,p=2,p-1),

(p_ I,P_Zylao))
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Lemma 1 (See [11]). For any n>2, edim(P,) = dim (P,)
=1, edim(C,) = dim(C,) =2, and edim(K,) =
dim (K,,) = n — 1. Moreover, edim(G) is 1 © G is path.

Lemma 2 (See [11]). For a simple, connected graph G,

(i) edim(G)> log, (A(G)).
(i) edim (G) > 1 + [log, 8(G)].

The rest of the study is organized as follows. The exact edge
metric dimension of the families of Toeplitz networks T, (1, 2),
T,(1,3), and T, (1,4) are computed in Sections 2, 3, and 4,
respectively. In Section 5, we will calculate the upper bound of
the family of Toeplitz networks T, (1,2,3). Last, the con-
clusion of the article is given.

2. Edge Metric Dimension of Toeplitz
Networks T, (1,2)

In this section, we will find edim(T,(1,2)). It has
V(T,(1,2) = {v,v5, V3. . > v, } and E(T,(1,2)) =
{VEVSJAZ ISESV!—I U {VEVE+2: ISEST’I—Z}

The Toeplitz network for n = 10 is shown in Figure 1. The
metric dimension of T, (1,2) is given.

Theorem 1 (See [24, 25]). If T, (1,2) be a graph of the
Toeplitz network with n>4, then dim (T, (1,2)) = 2.
In the next theorem, we will find edim (T, (1,2)).

Theorem 2. Let T,(1,2) be the Toeplitz network. Then,
edim(T, (1,2)) = 4, where n>4.

Proof. We have the following cases in order to determine
edim (T, (1,2)).

Case (i): let n=2p, p>2,and W = {v;,v5,v, 1, v,} C

V (T, (1,2)); we will prove that W, is an edge basis of
T, (1,2). Now, representations of each edge of T', (1, 2)
are given by

ifé=1,
(E-1LE-1,p-¢-1,p-8), if2<&<p-1,
(EE-1Lp-&-1p-&-1), ifl<i<p-2,
. (1)
ifé=p-1,

r(vagavae [Wg) = (E=1LE-1,p-Ep-8), forl<é<p,

r(stvng |WE) =(E-1,p-E-1,p-&), forl<é<p-1.

Since representations of every two edges are different, it
shows that edim (T, (1,2)) <4.

Now, we will prove that the edge metric generator of
cardinality three does not exist. Suppose

contrarily  that edim(T,(1,2))=3 and let
Wp = {vl,va, vﬁ}. Now, Table 1 provides conditions

on a, f5, and all edges which
r(e; |Wg) =r(e, | Wg).

(e;,e,) for
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F1Gure 1: Toeplitz network T, (1, 2).

TABLE 1: (e, e,) for which r(e,[Wy) = r(e,[Wp).

(61) 32)
(Vn—Z V-1 anz"n)
(Vu-3Vi-2> Va2 Vp-s)
(v3v45 V2 V4)

Conditions on a and 8

2<a<n-3,3<f<n-2
a=n-2,f=n-1
a=n—-1,B=n

As a result, there is no generator with three vertices,
showing that edim (T, (1,2)) = 4 for n =2p, p=>2.

Case (ii): let n=2p+1, p>2, and Wy ={v,v,,
Va1V € V(T (1,2)); we will prove that W is an
edge basis of T, (1,2). Now, representations of each
edge of T, (1,2) are given by

(0,L,p—1,p-1), if&=1,
”(V2£-1V25+1 |WE) =1 E-LE-1,p-&p-0), if2<i<p-1,
(p-1,p-1,1,0), if&=p,

r(vzf,IVZEIWE) =(¢-1,E-1Lp-&p-E+1), forl<é<p,

(2)

r(vaevagn IWg) = (EE-1,p=Ep—8), forl<i<p,
7(V25V25+2|WE)=(f,f—l,p—f—l,p—f), fori<é<p-1.

Since representations of every two edges are different, it
shows that edim (T, (1,2)) <4.

Now, we will prove that the edge metric generator of
cardinality three does not exist. Suppose contrarily that
edim (T, (1,2)) =3 and let Wy = {lvl, Vo vﬁ}. Now, Table 2
provides conditions on «, 5, and all edges (e;, e,) for which
r(eg |Wg) =r(e, | Wg).

Hence, there is no generator having three vertices which
prove that edim (T, (1,2)) =4 forn=2p+1, p>2. O

3. Edge Metric Dimension of Toeplitz
Networks T, (1, 3)

Now, we will find edim(T,(1,3)). It has
V(T,(1,3) = {v;,v,,...,v,} and E(T,(1,3)) = {vevg,,:
1<&é<n-1}u {vafﬁz 155314—3}. Figure 2 shows the
Toeplitz network for T 4(1,3). The metric dimension of
T,(1,3) is given.
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TaBLE 2: (e, e,) for which r(e;|[Wy) = r(e,|W). Theorem 4. Let T,(1,3) be the Toeplitz network. Then,

edim (T, (1,3)) = 3, where n>5.

Conditions on a and 8 (er5ey)

2<a<n—-3,3<f<n-2
a=n-2,f=n-1
a=n—-1,B=n

( Vn-2Vn-1>Vn-2Vn )
(Vn—3 Vi-4> V-3 Vn—s)
(v3v4, vavy)

Proof. We have the following cases in order to compute
edim (T, (1, 3)).

Case (i): let n=3p, p>2, and Wy = {v,v,,v,4} C

V (T, (1,3)); we will prove that W, is an edge basis of
T, (1,3). Now, representations of each edge of T, (1, 3)
are given by

=(Ep-E-1), for0<é<p-1,
=(+1&p-¢-1), for0<é<p-1,
=(¢+1,8+1,p-¢-1), for0<é<p-2,
= E+1,p-¢&-1), for0<é<p-2,
=(E+1L,Ep-£-2), for0<&<p-2
=(¢+2,8+1,p-E-1), for0<é<p-2.
(3)

"\ Va1 Va2 [Wg
T\ Vaer2V3ess W
"\ V3£43V3844 W

"\ Vag2V3ess [Wpg

~— — — ~— ~— ~—

(
(
(
r(v35+1v35+4 | W
(
(

"\ V3g43V3ite [Wpg
Via

Since representations of every two edges are different, it
Vi3 shows that edim (T, (1,3)) <3.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
edim (T, (1,3)) =2andlet W = {vl, vﬁ}. Now, Table 3
provides conditions on «, f, and all edges (e;,e,) for
Vio Vo which r(e; |Wy) =7(e, | Wp).

Hence, there is no generator having two vertices which
prove that edim (T, (1,3)) = 3 for n = 3p, p>2.

Case (ii):letn=3p+ 1,p>2,and W = {v},v,,v,,} C
V (T, (1,3)); we will prove that W, is an edge basis of
T, (1,3). Now, representations of each edge of T, (1, 3)
are given by

FIGURE 2: Toeplitz network T4 (1, 3).

Theorem 3 (See [24]). If T, (1,3) be a graph of the Toeplitz
network with n>5, then dim (T, (1, 3)) = 3.
In the next theorem, we will find edim (T, (1, 3)).

V(V3E+1V35+z | WE) =(&Ep-E-1), for0<é<p-1,
”<V35+2V3£+3 | WE) =(¢+1,&Ep-8-1), for0<é<p-1,
(E+L,E+1,p-¢-1), if0<é<p-2,
(p,p> 1), ifE=p-1,
&E+Lp-E-1), if0<E<p-2,
ifé=p-1,
r(VagraVages |Wg) = €+ 1,Ep—-E-2), for0<&<p-2,

”(V3£+3 Vg | WE) = {
(4)

r(v35+1V3£+4 | WE) = { (p-1,p,1),

r(v3&3v3§+6|WE) =(&+2,E+1,p-&-1), for0<é<p-2.

Since representations of every two edges are different, it
shows that edim (T, (1, 3)) < 3.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
edim (T, (1,3)) =2andlet W = {vl, vﬁ}. Now, Table 4

provides conditions on «, 3, and all edges (e;,e,) for
which r(e; |Wy) =7(e, | Wp).

Hence, there is no generator having two vertices
which prove that edim(T,(1,3)) =3 for n=3p +1,
p=2.
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TABLE 3: (ey,e,) for which r(e;|Wy) = r(e,|[Wg).

TABLE 5: (ey,e,) for which r(e;|Wy) = r(e,|[Wg).

Conditions on f8 (er,e,)

Conditions on f8 (er,€;)

B=3a1l<a<p
f=3a+1,1<a<p-1
B=3a+2,1<a<p-1
B=2

(V2v3,v3vy)
(V3Vy V4Vs)
(V2v3,v3vy)
(v3vs, V4 Vs)

B=3al<a<p
B=3a+1,1<a<p
=3a+2,1<a<sp-1
p
B=2

(V2v3,v3vy)
(V3V4 V4 V5)
(V,v3,v3v,)
(v3Vy V4 Vs)

TABLE 4: (e;,e,) for which 7 (e;|[W) = r(e,|Wp).

(epez)

(v3v3, v3vy)
(V3V4 V4V5)
(v3v3, v3vy)
(v3Vy V4Vs)

Conditions on 8

B=3a 1<a<p
B=3a+1,1<a<p
f=3a+2,1<a<p-1

=2

Case (iii): let n=3p+2, p=1 and
Wi = {v,v5,v,} c V(T,(1,3)); we will prove that W
is an edge basis of T, (1,3). Now, representations of
each edge of T, (1, 3) are given by

r(Vigavsen | W) = (EEp-8), for0<é<p,
r(v3€+2v35+3 IWE) =(E+1,&6p-8, for0<é<p-1,
T(V3€+3V35+4 | WE) =(E+1LE+1,p-¢), for0<i<p-1,
r(v35+1v35+4 | WE) =&E+1,p-8, for0<é<p-1,
T(V3€+2V35+5 | WE) =(+L&p-E-1), for0<i<p-1,
r(v35+3v35+6 | WE) =(+2,E+1,p-8), for0<é<p-2.
(5)

Since representations of every two edges are different, it
shows that edim (7', (1,3))<3.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
edim(T,(1,3)) =2 and let W, = {vl,vﬁ}. Now, Table 5

7’("4E+4V45+8 | WE) = {

r(VagriVagn [Wg) = (686 p - 8- 1),
T\ Vag2Vags3 [Wg)=(E+1LEp-E-1),

T\ Vag+3Vatsa [Wg)=(E+2,E+1,p-9),

r(VagVagss |IWg) = (§,§+ Lp—§ - 1),

r(VagraVaers IWE) = E+1,6p-8-2),

( )
( )
( )
r(VigaaViers | W)
( )
( )
( )

r(VagsaVagsr [Wg) = (E+ 2,8+ 1,p - &~ 1),

(p>p>2),

(£+1)£+2’P_E_1)’

provides conditions on «, B, and all edges
(eq,e,) for which r(e; |Wy) =r(e, | Wp).
Hence, there is no generator having two
vertices which prove that edim (T, (1, 3)) = 3 for
n=3p+2,p>1. O

4. Edge Metric Dimension of Toeplitz
Networks T, (1,4)

Now, we will determine edim(7T,(1,4)). It has
V(T,(1,4) = {v;, vy, v3,.. ., v,} and E(T,(1,4)) =
{VEVEH: 1<é<n-1tU {VEVEJA: 1<é<n- 4}. The Toeplitz
network for n = 20 is shown in Figure 3. T, (1,4) has the
following metric dimension.

Theorem 5 (See [24]). If T, (1,4) be a graph of the Toeplitz
network with n>6, then dim (T, (1,4)) = 2.
In next theorem, we will find edim (T, (1, 4)).

Theorem 6. Let T, (1,4) be the Toeplitz network. Then
edim (T, (1,4)) = 3, where n>6.

Proof. We have the following cases in order to determine
edim (T, (1,4)).

Case (i): let n=4p, p>2, and Wy = {v;,v,,v,,} C
V (T, (1,4)), we will prove that W is an edge basis of
T, (1,4). Now, representations of each edge of T, (1, 4)
are given by

(E+2,6+2,p-E—1), if0<E<p-3,
ifé=p-2,
for0<&<p-1,
for0<é<p-1,
for0<é<p-1, (6)
for0<é<p-2,
for0<&<p-2,
for0<&<p-2,
for0<é<p-2.
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FiGure 3: Toeplitz network a + c.

Since representations of every two edges are different, it
shows that edim (T, (1,4)) <3.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
edim (T, (1,4)) = 2andlet Wy = {v,, vﬁ}. Now, Table 6
provides conditions on «, 8 and all edges (e;,e,) for
which r (e, |[Wg) = r(e, | Wg).

”(V4E+1V4£+2 | WE) = ‘l

0,2,p),
(E) frP - EP);

Hence, there is no generator having two vertices which
prove that edim (7', (1,4)) = 3 for n = 4p, p>2.

Case (ii): letn=4p+ 1, p>2, and Wy = {v;, vy, v,} C
V (T, (1,4)); we will prove that W is an edge basis of
T, (1,4). Now, representations of each edge of T, (1,4)
are given by

ifé=0,

if1<é<p-1,

Since representations of every two edges are different, it
shows that edim (T, (1,4)) < 3.

r(v45+2v45+3|WE) =(¢+1,E+1L,p-8+1), for0<é<p-1,
r(v45+3v45+4|WE) =(+2,&Ep-¢), for0<é<p-1,

r(v4f+4v45+5|WE) =(E+1L&Ep-E-1), for0<&<p-1,

0,1,p-1),  ifé=0, (7)
+ w5 Wg) =
r(V4§ 1V45 5 E) (g,f,p—E—l), iflgfgp—l,
(1,2,p), if&=0,

r(VagiaVacss |1 Wg) =
(Vgsavagss | W) {(f+Lf+Lp—fL if1<§<p-2,

r(v45+3v45+7 | WE) =(+2,¢+1,p-8), for0<&<p-2,

r(v45+4v45+8 | WE) =(&+2,Ep-¢E-1), for0O<é<é-2.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
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TABLE 6: (ey,e,) for which r(e;|Wy) = r(e,|[Wg). TABLE 7: (ey,e,) for which r(e;|Wy) = r(e,|[Wg).

Conditions on f3 (e}, ey) Conditions on f3 (e} ey)

B=4a,1<a<p (v, V3, V5Vg) B=4a,1<a<p (v, V3, V5Vg)

=da+l,1<a<p-1
P

B=4a+2,1<a<p-1 (Vo V3, V4V5)
B=4a+3,1<a<p-1 (v, 3, V5V6)
B=3 (VsVe> Vsv9)

(V455 V5V6)

B=4a+1,1<a<p
B=4a+2,1<a<p-1
B=4a+3,1<a<p-1
B=23

(V45> V5Vg)
(a3, v4¥5)
(v,v3, V5Vg)
(v3vy v3V7)

edim(T,(1,4)) =2andlet W = {vl, vlg}. Now, Table 7
provides conditions on «, f, and all edges (e, e,) for
which r(e; |Wy) =7(e, | Wp).

Hence, there is no generator having two vertices which
prove that edim (T, (1,4)) =3 forn=4p+1, p>2.

"\ Vag+1 Va2 [Wg

T\ Vags2Vatss W

"\ Vaer3Vaiig |Wg

T\ Vag+aVatss |[Wg) = E+1L,E+ 2,p— &),

"\ Vagr2Vaive [Wg

"\ Vag3Vairy [Wg

( )
( )
( )
( )
r(VagVaers | W)
( )
( )
( )

Since representations of every two edges are different, it
shows that edim (T, (1,4)) < 3.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
edim (T, (1,4)) = 2andlet Wy = {v,, vﬁ}. Now, Table 8
provides conditions on «, f, and all edges (e, e,) for
which r(e; |Wy) =7(e, | Wp).

(
(
r(VagssVagsa | W
r(Vagsavaess | Wi
(
(
(
(

T\ Vazr1Vaéss |Wg

)
)
)
)
)
)
)
)

g!fﬁp_f))
§+1,Ep-0),
E+2,8+1,p-8+1),

£+1’E’P_E_1)3
g+2a€+l’P_€)a

(

(

(

(

(&&+1Lp-9),

(

(

r(VagraVagss | Wg) = (§+2,§+2,p - 8),

r(VagVagn I Wg) = (8,6, =),
r(VaeaVazs I Wg) = G+ L,E,p = 0),
(€+2,8+1Lp-8+1),
=(+1LE+2,p-0),
=&+ 1L,p-9),
r(VagraVagrs [WE) = €+ 1L,E,p = § - 1),
r(VagssVaerr IWg) = (E+ 2,8+ 1,p-0),

r(VagraVazes IWg) = (§+ 2,8+ 2,p-§),

Case (iii): letn=4p +2, p>1,and Wy = {v,,v,,v,} C
V (T, (1,4)); we will prove that W, is an edge basis of
T, (1,4). Now, representations of each edge of T, (1,4)
are given by

for0<&<p,
for0<&<p-1,
for0<&<p-1,

for0<é<p-1,

for0<é<p-1, (®)
for0<&<p-1,
for0<é<p-2,
for0<é<p-2.

Hence, there is no generator having two vertices which
prove that edim (T, (1,4)) =3 forn=4p+2,p>1.
Case (iv): let n=4p+3, p>1, and
Wi ={v,vyv,,} < V(T,(1,4)); we will prove that
W is an edge basis of T, (1, 4). Now, representations of
each edge of T, (1,4) are given by

for0<&<p,
for0<é<p,
for0<é<p-1,
for0<é<p-1,
9)

for0<&<p-1,

for0<&<p-1,

for0<é<p-1,

for0<&<p-2.
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TABLE 8: (ey,e,) for which r(e;|Wy) = r(e,|[Wg). TABLE 9: (ey,e,) for which r(e;|Wy) = r(e,|[Wp).
Conditions on f3 (e}, ey) Conditions on f3 (e} ey)
B=4a,1<a<p (v, V3, V5Vg) B=4a,1<a<p (v, V3, V5Vg)
f=4a+1,1<a<p (v4vs> V5V6) B=4a+1,1<a<p (V45> V5Vg)

4da+2,1<a<p

B= (V2v3, v4¥5)
B = 4tx+3 I<a<p-1
B=

(V235 v5¥6)
(v3vy v3v7)

(Vav3,v4¥5)
(V235 v5¥6)
(v3vy v3V7)

B=4a+2,1<f<p
B= 4oc+31<oc<p
B=

Since representations of every two edges are different, it
shows that edim (T, (1,4)) <3.

Now, we will prove that the edge metric generator of
cardinality two does not exist. Suppose contrarily that
edim(T,(1,4)) =2 and let Wy = {vl,vﬂ}. Now, Table 9
provides conditions on «, f, and all edges (e;,e,) for
which r(e; |[Wg) =7(e, | Wp).

Hence, there is no generator having two vertices which
prove that edim (T, (1,4)) =3 forn=4p+3, p>1. O

5. Upper Bounds for the Edge Metric
Dimension of Toeplitz Networks T, (1,2, 3)

We shall compute the upper bound of edim (T, (1,2, 3)) in
this section. It has V(T,(1,2,3)) = {v,v5...,v,} and
E(T,(1,2,3)) = {va&l: 1<é<n- 1} u {v£v5+2: 1< &<
n-2uU {v5v5+3: 1<é<n- 3}. Figure 4 shows the Toeplitz

network T4 (1,2, 3). The metric dimension of T, (1,2, 3) is
stated.

Theorem 7 (See [24]). IfT, (1,2,3) be a graph of the Toeplitz
network with n=5, then dim(T,(1,2,3)) = 3.

In the next result, we will find the upper bound of
edim (T, (1,2,3)).

Theorem 8. Let T, (1,2,3) be the Toeplitz networks. Then,
edim (T, (1,2,3)) <6, where n>5.

Proof. We have the following cases to calculate the upper
bound of edim (T, (1,2, 3)):

Case (i): let n=3p, p>2, and Wy = {v},v,, V3,7,
Vo1 V) € V(T, (1,2,3)); we will prove that W is an
edge basis of T, (1,2, 3). Now, representations of each
edge of T, (1, 2, 3) are given by

(0,0,1,p—1,p—1,p), ifé=0,
7’("3£+1V3E+2 |W .
&&&p-E-Lp-E-1Lp-0), ifl<f<p-1,
E+LEEp-E-Lp-E-1p-§-1), if0<i<p-2,
”(V3£+2V3E+3 |W .
(p:p-1,p-1,1,0,0), ifé=p-1,
r(VagraVaena | We) = E+ LE+ LEp—E-2,p-E-1,p-E-1), for0<é<p-2,
(0,1,1,p=2,p-1,p—-1), if£=0,
”(V3£+1V3£+4 |W .
(&&E6p-8-2p-8-Lp-E-1), if1<f<p-2,
(1,0,1,p=2,p=2,p— 1), ifé=0,
”(V3f+2V3£+5|WE E+188p-8-2,p-8-2,p-§-1), if1<{<p-3,
(p-1Lp—2,p-2,1,0,1), ifé=p-2, (10)
E+1L,E+L,Ep-E-2,p-¢-2,p-E-2), if0<E<p-3,
T(V3£+3V3£+6 | WE .
(p-1,p-1,p-2,1,1,0), ifé=p-2,
(0,1,0,p—-1,p—-1,p- 1), if&=0,
(&88p- f—lp §-1p-&-1), ifl<f<p-2,
(p-1Lp-1,p-1,0,1,0), ifé=p-1,
(1,0,1,p— 2p Lp-1), ifé=0,
7’("3£+2V3£+4 |w .
E+LEEp-E-2,p-8-1Lp-E-1), ifl<f<p-2
(E+1L,E+L,i,p—-E-2,p-E-2,p-¢-1), if0<é<p-3,
”(V3£+3V3£+5 |WE .
(p-Lp-1,p-2,1,0,1), ifé=p-2.
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FiGure 4: Toeplitz network T4 (1,2, 3).

Since representations of every two edges are different, it an edge metric generator of T, (1,2,3). Now, repre-
shows that edim (T, (1,2,3)) <6. sentations of each edge of T, (1,2, 3) are given by
Case (ii): let n=3p+1, p>2, and Wy = {v},v,, v5,v,

=2,v,1,v,} € V(T,(1,2,3)); we will prove that Wy, is

(0,0,1,p—1,p,p), ifé=0,
(E&EEp-E-1,p-Ep-0), if1<E<p-1,

r(vVagraVaens IWg) = €+ LEEp-E-1Lp-E-1,p-§), for0<é<p-1,
E+1L,E+1L,Ep-E-1,p-¢-1,p-E-1), if0<E<p-2,

7’("3£+1V3E+2 |WE) =

T(V3£+3V3£+4 | WE) =1

(p)pap_1)1>030)> ifgzp—l,

( (O:LLP_LP_LP_I): ifEZO,
r(v3£+1v3§+4|WE):< (&&EEp-E-1,p-¢-1,p-E-1), if1<é<p-2,

l (p-Lp-Lp-1,1,1,0), if&=p-1,

(1,0,L,p—2,p—1,p-1), if£=0,
T VagsoVagss | Wg) =1 )
(seiavsers W) E+1L,EEp-E-2,p-E—1p-E-1), ifl<é<p-2, (11)

(£+laf+laf)P_E_z)P_E_Zap_f_l)) 1f0££SP_37
r(V3£+3V3£+6|WE)= ( ey

p-1Lp-1,p-2,1,0,1), ifé=p-2,

( (0)1a0>P_1)P_1)P)) lffzoa
r(v3£+1v35+3|WE):< &&EEp-E-1,p-¢-1,p-8), if1<i<p-2,

l (p-Lp-1,p-1,1,0,1), if&é=p-1,

(((1,0,1,p-1,p-1,p-1), if£=0,
r(v3f+2v3f+4|WE)=< (£+1)€a‘f>P_£_I,P—f—l,P—f—l), lfleSp—z,

L (p,p—1,p—-1,0,1,0), ifé=p-1,

r(v35+3v3f+5|WE) =(¢+1,E8+1LEp-E-2,p-8-1,p-¢—-1), for0<é<p-2.
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Since representations of every two edges are different, it
shows that edim (T, (1,2, 3)) <6.

Journal of Mathematics

an edge metric generator of T,(1,2,3). Now,
representations of each edge of T, (1,2, 3) are given by

Case (iii): let n=3p+2, p>1, and Wy = {v},v,,vs,
Vyeas Va1Vt € V(T,, (1,2, 3)); we will prove that W is

(O) Oa 1>PaP,P)) lff = 0,
”(V3£+1V3§+2 |WE) =1 (&&EEp-Ep-Ep-0), if1<é<p-1,
(P)Pip) 1) Oa 0)) lff = p,

r("3f+2"3{+3 |WE) =(E+1L,5Ep-E-1,p-&p-
r(V3f+3V3E+4|WE) =@E+LE+LEp-E-1,p-E-1,p-0),

(O; 1) l)p - l)p - 1)P)>
T(V3£+1V3£+4 | WE) =1
L (p_l)p_lap_ 1: 1)031))
(1)0> 1:p - 1:p - 1>P_ 1))
”(V35+2V3§+5 |WE) =
L (p:P - ]->p_ ]-) 1) 1)0))

r(vagisVaens |Wg) = €+ LE+ LEp-E-2,p-E-1,p-E-1),

(Oa 1) O)P - 1)P) P))
r(V3£+1V3E+3 |WE) =1

( (1)0$1>p_lap_1)P))
”(V3£+2V3.f+4 | WE) =1
L (p,P_l,P—l,l,O,l),

”(V3£+3V3E+5 |WE) =1

(P)P)[) - 1) 0) 1) 0);

(f;f)f)P—f—l:P—f—laP—f),

(§+1a£>E>P_£_l>p_£_1>P_€_1))

(&&&Ep-E-1,p-&p-9),

E+1LEEp-E-1Lp-E-1,p-0),

(E+1L,¢E+1,Ep-8-1,p—

&), for0<é<p-1,

for0<é<p-1,

if€=0,

if1<é<p-2,

if&é=p-1,

if =0,

if1<é<p-2,

if&=p-1,
for0<é<p-2,

(12)

if¢£ =0,

ifl<é<p-1,

if¢£ =0,

ifl<é<p-2,

if&é=p-1,

E-1p-¢&-1), ifo<é<p-2,
ifé=p-1.

Since representations of every two edges are different, it
shows that edim (T, (1,2, 3)) <6. O

6. Conclusion

In this article, we have calculated the exact value of edge
metric dimension of Toeplitz networks T, (1,2), T,(1,3),
and T, (1,4) and the upper bound of the Toeplitz network
T,(1,2,3). We conclude that the edge metric dimension of
these Toeplitz networks is constant and does not depend on
the number of vertices of the graph. Here, we end with the
following open problem.

Open problem 1. Calculate edim (T, (1,2,t)) for n>t + 3.
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