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In this paper, we use the mean value theorem of Dirichlet L-functions and the properties of Gauss sums and Dedekind sums to
study the hybrid mean value problem involving Dedekind sums and the general Kloosterman sums and give an interesting identity

for it.

1. Introduction

Let g be a natural number and & be an integer coprime to g.
The classical Dedekind sums

w3 o

r ... .
x —[x] — =, if xisnotan integer,
((x)) = (2)

0, if x is an integer,

where

describes the behaviour of the logarithm of the #-function
(see [1, 2]) under modular transformations. There are many

a~)

1p-1 -~
S IK (a1 p) - 1K (b, 1; p)I - S(ab, p) =
1 b=1

a

P (p-1(p-2),

papers written on their various properties (see the examples
in [3-10] and [11]).

In particular, Zhang and Liu [12] studied the hybrid
mean value problems related to Dedekind sums and
Kloosterman sums:

q, —
K (m,n;q) = Ze(%“”), (3)
a=1

where g >3 is an integer, Y1_| denotes the summation over
all 1<a<qwith (a,q) =1, e(y) = ¥, and a denotes the
multiplicative inverse of a mod q. They proved the following
results:

Theorem 1. Let p be an odd prime, then one has the identity

2 ((p-1(p-2)-12-K2), if p=3mod4,

(4)
if p=1mod4,
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where h,, denotes the class number of the quadratic field

Q(\/_)

where exp (y) = €”.

It is natural that people will ask, for the general
Kloosterman sums

what will happen? Whether there exists an identity similar to
Theorem1? Here, y denotes any Dirichlet character mod p.

ma + na

p-1
K(mnx;p) =) x(a)e( (6)
a=1

. - 1
Z Z IK (a,1; p)I* - IK (b, 15 p)I° - 1S (ab, 1" = - _p° +O<p4- eXp(
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Theorem 2. Let p be an odd prime, then one has the as-
ymptotic formula:

The main purpose of this paper is to answer these
questions. That is, we shall use the mean value theorem of
Dirichlet L-functions and the properties of Gauss sums and
Dedekind sums to prove the following.

3In Inp

i (5)

Theorem 3. Let p be an odd prime with p = 1 mod 4. Then,
for any Dirichlet character y mod p, we have the identity:

=P (p-D(p-2), ifx(-1) =1,
p-1p-1 - 12
S Y K (a1, x5 P - IK (b, L y: p)I - S(ab, p) = 7
a=1b=1 3
P - Dp- =Ll ifpn=-1
s
Theorem 4. Let p be an odd prime with p = 3mod 4. Then,
for any Dirichlet character y mod p, we have the identity:
15 2 2 ) _
o P e=-Dp-2-p ifx(-1) =1,
il _ *(p-1)(p-2 2p°
S Y IK(a, Ly pF 1K (b1 p) - S(abpy = ZLTIEZD g2 2P0 g (1) = ~Land gt
2
(p-D(p-2) .
PP P2 p (o=, ifX = 1o
(8)

where x, = (x/p) denotes the Legendre symbol and h,, denotes
the class number of the quadratic field Q(/=p).

It is clear that if y = x,, then K(a, 1,x; p) = K(a, 1; p).
Note that y,(-1) =1, from Theorems 3 and 4, we may
immediately deduce Theorem1 in [12], so our results are the
generalization of [12].

2. Several Lemmas

In this section, we shall give several simple lemmas, which
are necessary to the proofs of our theorems. Hereafter, we
shall use many properties of character sums and Gauss sums,
and all of these can be found in reference [13]. First, we have
the following.

Lemma 1. Let p>3 be a prime, y be any fixed Dirichlet
character mod p. Then, for any nonprincipal character
X, mod p with yx, # x, we have the identity:

NED-T )t (xn) i)

)-IK (m, 1, x; p)I* =
rp (Y1)

z X1 (m
9)

where x,, denotes the principal character mod p, 7 (x) denotes
the Gauss sums defined as 7(y) = g;llx(a)e(a/p), and
denotes the complex conjugate of .

Proof. From the definition of Kloosterman sums and the
properties of Gauss sums, we have
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) =7(0) Z ZX(“)Xl (b)x, (a - l)e(p>

a=1 b=1

5 5 b-@-1\_ .. %
=t(n) Y x@na-1 Y x (b)e(p> =7 (1) Y x (@ (a- Dy, @-1)
a=1 b=1

a=1

p-1 p-l
=% (D7 (1) Y x@x @ (=1 =5, (D7 (1) Y x(a+ Dy, (a+ D ().
a=1 a=1
(10)
On the other hand, from the properties of Gauss sums,
we have
p-1 p-1 p-1 b ]
Y x(a+ Dy, (a+ DE (@) = 2@ Y th (b)e( (“P+ ))
a=1 a=1 b=1
(11)
L S (b)e(é) $e (a)e<b_“) _2) S 1w ® <b) _ (1) (o)
= p) &M\ ) & e ()

Combining (10) and (11), we may immediately deduce
the identity:

p-1 ¥
LD () - (n) -7 0n)
(m) - IK (m, 1, y; p)I* = .
L atmi iR L P ()
(12)
This proves Lemma 1.
p-l1 p-1

Lemma 2. Let p be a prime with p = 1 mod 4 and y be any
odd character mod p. Then, we have the identity:
p-1
Y 50m) - K 0m 1, x; p)I° = 7 (7). (13)
m=1

Proof. Since p = 1mod4 and y is an odd character mod p,
we know y is not the Legendre symbol and y* # y,. Note that

x(=1) = -1, from (10), we have

Y x(m)-IK (m, Ly; p)I* =7° () Y x(@)x(a—Dy(@-1)

m=1 a=1

p-1

(14)

p-1
=x(-D7 () Y ¥ (a-1) = —rz(;—o(ZxZ(a) - 1> =7 ()

a=1

This proves Lemma 2.



Lemma 3. Let p be a prime with p = 3mod4 and y, be the
Legendre symbol. Then, we have the identity:

p-1

Y mKm Ly p)l =~(p-2)-7 (). (15)

m=1
= p-lp-1 23 E
Y MK (m L p) =Y ) xa(ab) Z 1o (m (%
m=1 i

p-1
:T(XZ)Z;Xz ZXz (a-1)) <

This proves Lemma 3.

Lemma 4. Let g > 2 be an integer, then for any integer a with
(a,q) = 1, we have the identity~

Z

S(a,q) = Y x@IL(L P,

b@-1)
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Proof. Note that y, =X, X3 = Xo» and x,(-1) = -1, and
from the definition of K(m, 1, x,; p) and the properties of
Gauss sums, we have

=)

p-1
> =7 (r2) Z @y (a-Dy,@-1=-(p-2) (Xz)
a=1

(16)

3. Proof of the Theorems

In this section, we will complete the proof of our theorems.
First we prove Theorem 3. From Lemma 4 and the definition
of S(a, p), we have

1 P 2
qLe(d) = (17) S(a,p)=—-—— Y x@LLYl,
. X(fl)i;i p- xmod d (18)
x(=1)=-1
where L(1, y) denotes the Dirichlet L-function corresponding .
to the character y mod d. and (with a = 1)
Proof. See Lemma 2 of [7].
7 (p-1) (p ) 7 -0 (p-2)
5 (p— - -
Z IL(1, Y)I =T'S(1’P) Z( ) = T (19)
xmod d

x(=D=-1

Since p=1mod4, we know the Legendre symbol

even character mod p, then from Lemma 1, (18), and (19), we

(*/p) = x, is an even character mod p. Note that, for any  have
nonprincipal character ymod p, |7(y)| = +/p. So, if x is an
p-lp-l B P . 71_72 p-1 2 ,
K (a,1,p I Kb, Ly p)F - S(abp) === 3 |}y @IK (@ Ly p)F| - [L(1 )]
a=1 b=1 P=1 moda |aml
xn(=D=-1
o 72 @) -G Yot
b I () -7 (xr) (xxl)I TR AL ST
p xymod d T(XXI) p-1 Yy mod d
x (=1)=-1 n(=D=-1
=L -2
=P p—2)
(20)
If y is an odd character mod p, then note that the

identity:
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Z fln) = Z i)+, from (18), (19), Lemmas 1 and 2, and the method of proving
(20), we have
Xy mod p ximod p 1)
X (=D=-1 X (=D=-1
XiX#Xo
polpl _ pom? = ’ 2
K (a, 1, x; p)I* - IK (b, 1, x: p)I* - S(ab, p) = o1 Y Dox@IK a1y p)lP| - |L(1x)]
a=1 b=1 a=1
X, mod p
X1 (-D=-1
p- 2 p-1 2 : p- _ p-1 2 ,
= Y D xn@IK(a Ly p)P| - L(Lx)| + D X @IK (a, Lx; p)PP| - |L(Lx,)]
p- xymodp [a=1 - ximodp [a=1
X (=1)=-1 0 (=D)=-1
XiX#Xo X1X=Xo
(22)
17'77_2 |72(X1)'T()_(%)‘T()_(X1)|2 2 P'T[—2 2 2 2
= 2 = | Ll + S = @l 1Ll
p-1 i, 7(¥x1) p-1
i (=D=-1
XX
4 -2 4 -2 3 -2 3
p-n 2 po-7 2 po7 21 P 2
= L(1, - L(1, L(1, =—- -1 -2)-=-|L(1, ,
ot 2 Of =S 0R e E L 0P = 5 P = D=2 = - L)
X (=D=-1
where ) y, mod p denotes the summation over all odd Combining (20) and (22), we may immediately deduce
Xi (-1)=-1 the identity:
XiX# Xo

characters y, with y, #¥.

-1 p-1

K (a, 1, x; p)I* - IK (b, 1, x; p)I - S(ab, p)

1

s}
s

b

a=1

This proves Theorem 3.

Now, we prove Theorem 4. Since p = 3 mod 4, we know
the Legendre symbol y, is an odd character mod p and

5 P p-1(p-2), if (=1 =1,
- (23)
1 P3 2. 3
EP (p_l)(P_z)__2|L(1)X)| > le(_l)——l.
T

|T()_(§)| = 1. If y is an even character mod p, then note that
L(1,x,) = (m- hp/\/_p) (see reference [14]), from (18), (19),
Lemma 1 and the properties of Gauss sums, we have
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p-1p-1 -2 2 2 _ 2
KL o (e < BT 2 0) @) T |
Z”;IK(a,l,x,p)l K (b1 I - S(ab,p) =227 Zd o IL(Ly,)]
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. 2 (7 - (v )P 3.2
o -1 Z ) T((X_l)) (o) '|L(1’X1)|2+p 1 '|L(1’X2)|2
p X, mod p XX1 p
X1 (=D=-1
Xi#X2
4 -2 32 4 2
_p - T 2 p T ) 2_p - TT ) 2
e X%dp |L(1x,)|" + o IL(Lx)| o IL(Ly)|
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_i'Z _ _ _2'2
=5 P (e-Dp-2)-p -y,

(24)
where h,, denotes the class number of the quadratic field If x is an odd nonreal character mod p, then from (18),
Q(/=p). (19), Lemmas 1 and 2, and the method of proving (22) and

(24), we have

2
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Y Y IK@Lg P KLy P -Sabp) =2 Y Y p @K@t p)P| L))
a=1 b=1 p xymodp [a=1
K (=D=-1
-2 3 — — 2 -2|p-1 2
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o1 X%d“ ) | @+ = le X:p X
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XiIX#Xo
4 -2 3 -2 3 -2 3 -2
p -z 2 p7 2, P -7 2 P 2
= L(1, + SL(L,)|" + SL(L )"+ - |L(1,
o1 X%dp L)+ oF+ 5 X )]
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2p4~n72 , P4‘7T72 : 1,
T L3, *ﬁ'ﬂ(l,){zﬂ =5 Pp-Dp-2)
2 52 2133 2
-p -hp—7-IL(1,X)I .
(25)

If x = x, is the Legendre symbol, then from (18), (19),
Lemmas 1 and 3, and the method of proving (25), we have
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p-1p-1 _ . -2 p-1
K (a, Ly )P - Kb Ly p)F - Sabp) = 27— Y Yy @IK (@ Ly pF| - |L(L )]
a=1b=1 xymodp |a=1
xi(=D=-1
-2 2 2 (o2 ~2p-1 2
_pm [ ) - T () - T ()| 2 PN RN I NP
=5 ngp el T R @K @ L ) LR
X1 (=D=-1
4 -2 4 2 )
p - p - 2 p-m 2 2
= L(1, - -|L(1, + (p-2)*-|L(1,
p-1 X,r%dp [L(Lx,) -1 L(Lx.)| 1 p L(L )|

x(=D=-1

_Pp-D(p-2)
- 12

Combining (24), (25), and (26), we can deduce the
identity:

p-1p-1 _
Y Y IK(a,1,x; p)I* - IK (b, 1,x; p)I* - S(ab, p) = {
a=1 b=1

This completes the proof of Theorem 4.
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