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A set SCV of a graph G = (V, E) is called a co-independent liar’s dominating set of G if (i) for all v € V, [N [v] N S| > 2, (ii) for
every pair u, v € V of distinct vertices, |(Ng [u] UNg[v]) N S| > 3, and (iii) the induced subgraph of G on V - § has no edge. The
minimum cardinality of vertices in such a set is called the co-independent liar’s domination number of G, and it is denoted by
YR (G). In this paper, we introduce the concept of co-independent liar’s domination number of the middle graph of some

standard graphs such as path and cycle graphs, and we propose some bounds on this new parameter.

1. Introduction

For notations and nomenclature, we refer [1]. Specifically, let
G = (V, E) be a graph with vertex set V of order p = |[V| and
edge set E of size q = |E|. The diameter of G is the greatest
distance between any two vertices of G. The middle graph
M (G) is the derived graph obtained from G by inserting a new
vertex into every edge of G and then joining these new vertices
by edges which lie on the adjacent edges of G [2]. Haynes et al.
introduced the concept of domination in graphs [3].

A topological index is a real number related to a graph,
which must be a structural invariant. The topological indices are
a vital tool for quantitative structure activity relationship and
quantitative structure property relationship. For more work on
topological indices of a graph, refer recent papers [4, 5].

The concept of liar’s domination was introduced by
Panda and Paul in [6]. A graph G = (V,E) admits a liar’s
dominating set if each of its connected components has at
least three vertices. Several different domination parameters
were studied in [7-12]. For references on liar’s domination,
see, for instance, [2, 13]. A subset SCV of a graph G = (V, E)
is called a co-independent liar’s dominating set of G if (i) for
all veV, [Ng[vINS|=2, (ii) for every pair u,veV of
distinct vertices, |(Ng[u] UNg[v])NS|>3, and (iii) the
induced subgraph of G on V -S has no edge. The

minimum cardinality of vertices in such a set is called the
co-independent liar’s domination number of G, and it is
denoted by yX& (G). In this paper, we initiate the study of
co-independent liar’s domination in graphs.

2. Co-Independent Liar’s
Domination in Graphs

In this section, we first strengthen the co-independent liar’s
domination number of the middle graphs of some standard
graphs. Eventually, some bounds will be obtained.

Theorem 1. Let M (P,) be the middle graph of a path graph
P, of order p. Then,

Yeu(M(P,))<p+1. (1)

Proof. Letu,,u,,us,..., u, be the vertices opr and also the
verticesin V(M (P),) = P,) be w1, Upps U3, - - 5 Uy, . Let
ueV(M™M (PP))' We prove that all the vertices of M (PP) geta
co-independent liars dominating set arising in four cases:

(1) Case (i):letu = u,. Recall that deg (1) = deg (up) =1.

So, Nu]={u,u,,} in M(P,) and |N[u]|=2.
Therefore, N [u]NS|>2, for all ue V(M (P,)), and
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every set consisting of a vertex of N [u,] should be a
component of § and {ul,upﬂ} € 8. So, tuzp,l,up} €S
foru=u,. Ther'ef(.)re', Up Uy, Uy, U, €S. Hence,
u, € V-S§, and it is independent.

(2) Case (ii): let u be an element of {uz, Usy Uys v s ”p—1}-
Then, deg(u,) = deg(u;) = = deg(u,_;) =2 and
Nly] = {ui,up+,»,up+,~_1} for i=2,3,...,p—1. Let
N[uj] NN [u] = Sik for k=2,3,...,p—-2 and
j=k+1. Then,

p-1

j,gz Sk ={up+2,up+3,up+4,...,uzp,z} €s. (2)

Therefore, {ul,up+1,up+2,up+3,up+4,...,uzp_z, Uyp1s
up} €S, and also, we get IN[uj]ﬂSIZZ for all
ujj=123,...,p. Next, we demonstrate that
[(N[uJUN[v])NS|>3 for every pair of distinct
vertices. Note that IN[u;InSI=2, |N[u]nS|=3, and
IN[uj]ﬂN[uk]ISI. So, we have [(N[u;]U N[u])n
S|=3 for j,k=1,2,...,p. Therefore, (uz,u3,u4,...,
u, 1} €V =S, and no two elements are adjacent in
V-S.

(3) Case (iii): let u = u,,;. Then, deg (1,
can write Nu,,]= {ul,uz,up+l,up+2}. We have
Nlup,INS= {ul,up+1,up+2}, and therefore, |N
[ty 1N =3. Let u =u,, ;. Then, deg(u,, ;) =3

) = 3, and we

and  Nluy, ] = {uzp_l,up_l,up, ”zp_z}- We get

Nluy,,InS = {uzp,z,uzp,l,up} and  similarly
|N[”2p—1] ns| = 3.

(4) Case (iv): let u be an element of {up+2,up+3, U
Uy, ot and deg(u,,,) =deg(u,,;) =---=deg(u,, ,) =

4. Then,
\openup-3
N[”p+2] :{up+2’up+l’u2’u3’up+3}’

N [up+3] = {up+3’ Upios Uss Uy, ”p+4}’

(3)

N [“217—2] = {”ZP—Z’ Uap-3>Up-2> Up-1>Uzpy }
and we obtain [N [u;]NS| >3 for j = p+2,p+3,...,2p - 2.
Therefore, {uz,u3,u4, e ,up_l} eV -S and for all
uveV-S, uv¢ E. Hence, S= {ul,up+1,up+z,up+3, ceos
Uyp 2 Upp1> Uy} is a co-independent liar’s dominating set of
M(P,) and yI5 (M (P,))<p+1. O

coi

Theorem 2. Let M (C,) be the middle graph of a cycle graph.
Then,

Yeu(M(C,)) < p. (4)
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Proof. Let the vertices of C, be wuj,u,,...,u, and
Upi1>Upias - - -» Uy e the vertices of V(M (C,)-C,). We
investigate all vertices of M (C,) to get a co-independent
liar’s dominating set in two cases:

(1) Case (i): let deg(u;) = 2 where i =1,2,3,..., p, and
let u be an element of {ul,uz, coou } Then, S
contains at least two vertices of N [y;] and it double
dominates u; for i = 1,2,3,..., p. Hence,

N[ul] = {u17up+1’ up+2}’

N [uZ] = {u2> Upizs up+3}’

(5)

N[”p—l] :{”p—l’“Zp—l’”2p}’
N[“p] :{“p’ “29’”P+1}'

If uv e E(CP), then we consider N [u] NN [v]. Let

N[uj] NN[u.] = Sj)k, where j,k=1,2,3,...,p. So,
we have
p
S, = jgl Sik = {up+1,up+2, e ,uzp,z,uzp,l,uzp} €S
(6)
Therefore, S; double dominates u; fori =1,2,..., p.

Clearly, we have I(N[u]-] UN[uy])NS =3 as
IN[uj] NS, =2 and IN[uj] NNyl =1 for the
vertices u; and 1y, where wuuy € E(C,) for
Jk=12,...,p. Likewise, we have
I(N[uj] UN[u])NS|=4=3 as IN[uj] ns,l=2
and IN[uj] NN [u]| = 0 for the vertices uj and uy,
where ujuy ¢ E(Cp) for j,k=1,2,3,..., p. There-
fore, S, triple dominates u; for i=1,2,3,...,p.

Hence, {ul,uz, .. ,up} €V -S, and no two ele-
ments in V — S can form an edge.
(2) Case (ii): let deg (u]-) =4, where

j=p+Lp+2,...,2p, and let u be an element of

Uppts > Uyl

N [”p+1] = {“p+1’ Up> Uy Uzp, “p+2}’

N [uf”z] = {uP+2’ Up Uy Upirs up+3},
(7)

N[“2p—1] :{”ZP—l’”p—Z’”P—l’”Zp—Z’”ZP}’
N[“Zp] :{”ZP’“p—l’”p’”ZP—l’”pH}'
We obtain [N [u;]NS;[=3 for j=p+1,p+2,...,2p.

Therefore, S, triple dominatesu; for j=p+1,p+2,...,2p.
So, {ul,uz,...,up} €V —S. For every u,ve€V -S, uv ¢ E.
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Hence, S=§; = {up+1, Upips- -y } is a co-independent
liar’s dominating set of M (C,) and yLR (M(C,))<p. O

Note 1. Let M (W) be the middle graph of a wheel graph,
then a co-independent liar’s dominating set does not exist.

We have the following lower bound on co-independent
liar’s domination number in terms of the diameter of a
graph.

Theorem 3. Let G be a gmph of order p>4. Then,

ycm (G)=>- (dlam (G) +2). (8)

Proof. Let SbeaytR (G) set. We employ an induction on the
number r of components of G[S] to indicate that
YR (G) > diam (G) - r + 2, and hence the result will follow:
suppose that G[S] has precisely one component, that is, G[S]
is connected and |S| > 3. We show that the distance between
any pair of vertices in G is atmost |S| — 1. Let ¥, and y, be
two distinct vertices of G. If y.,y,€S, then
dg (¥, y,) <diam (GI[S]) <|S| — 1. Next, assume that y, ¢ S
and y, ¢ S. It may be verified that |[N[y,]NS|>2. Since
¥1 ¢ S, there are at least two vertices y; and y; in N (y;) N S
Slmllarly, it may be concluded that there are two vertices y'

and yj in N(y,)nS. If {yl,yj} {yl,y]}:#qS then

de(p,q) < Z diam (G;) +dg (G, vy) + dg (v1-Gy) + dg (Gy ) +

i=1

= idiam(Gi) +2(r-1).

By induction, we find that diam (G;) <[§;| - ,V1<i<r.
Hence,

r

de(p,q) < Z(|s,.|—1)+z(r—1). (11)

i=1
Hence, do(p,q) <|S|+7—2. Therefore,
YER(G) > diam (G) — r + 2.

We now study some bounds on co-independent liar’s
domination number in terms of the components of a cut

vertex deleted graph. O

Theorem 4. Let x be a cut vertex of a graph G and
T,,T,T;,...,T,, bethe components of G — x. If T ;| 22 and
G; =T;U{x} for 1< j<m, then

Var(Gj) —@m =D <y (@< ) val(G). (1)
j=1 j=1

d(y,, y,) < |S| -1 since |S| > 3. Suppose that

Yo YN { Vi y]} = ¢. Assume, without loss of generality,
that deis) (Vi yi) = mm{dc[s] (w):ve {yl,y]} w e
{yl, y]}} It is easy to verify that dg g (;, ¥}) <|S| - 3. Now,

de (y1>y2) <dc (y1> 3i) + dais) (v ¥i) + de (Vi ¥2)

<1+(ISI-3)+1=|S|-1. ©)

Next, we take y, ¢ Sand y, € S. As before, there are two
vertices y; and y; in N (y,)nS. If {yi,yj} N{y,} #¢, then
dg(y1,,) =1<IS| =1 as [SI=3. Let {y,y;}n{y,} =¢.
Without loss of generality, we might assume that
dgis) (Vi y2) = min{dG[S] (ny)):ve ()’zv;Vj)}- Then, dg(y
1Y) <d (Y y) +dgs) (v y2) <1+ (IS| - 2) = S| - 1.
Suppose that the result is true for the number of components
of G[S] which are less than r. Let S = U, S;, where G[S;] is
the component of G[S] fori = 1,2,3,...,r. Let V; be the set
of all vertices of V (G) — S with at least two neighbors in L;
and G;=G[V,;US]. If for every m,neV -S, then
mn ¢ E(G). In order to maximize the diameter, without loss
of generality, we may assume that, for i =1,2,...,r -1,
IN(G)NN(G, )l =1 and for every j>i+]1,
IN(G)NN(G))|=0. Let N(G)NN(Gy,) = {vi} for
i=1,2,...,r—1. Let p, q be two distinct vertices of V (G)
with dg (p,q) = diam (G). Then,

F dG (Vr—l’Gr)
(10)

Proof. First, we show that Y7, yi(G)) - (2m-1)<
YER(G). Let S be a y:R(G) set and S; —SﬂV(G) for

j=123,...,m If x €S, we have 3" 1|S| YER(G) +m
and if x ¢ S, then Z;”zl IS;1 = yR(G). Clearly, for every
vertex, u € V(G)/{x}, (j=1,2,3,...,m), Ng, [ulnS§; =
Ng [u]nS, and [Ng [u] NS;|>2. Moreover, for any pair
w,v e V(G)/Ax} (j=1,2,3,...,m), (N[u]UN[v))nS§,| =
[((N[u]UN[v])NS| >3, and also the set V(G]-) -
dependent. We have to consider following two cases:

Sj is in-

Case (i): let x € S. For any 1 < j <m, there is at least one
vertex r; € N(x)ﬂS], so |[N[x]NS;|>2. Since each
vertex z € V(G )/(NG (x) nN(r )) should be double
dominated by Si, there is at least a vertex
w e N(z) ns;, w#r; Therefore, for each vertex
zZ € V(Gj) - (NGj (x) nN("]‘)),

(N6, (xluNzlns;)

ZHx,rj,wH =3 (13)



Hence, let y € NG (x)ﬁN(r ) and S =S; u{z}. So,
for every vertex y € NG (x) ﬂN(r ),

er z}| 3. (14)

l<NG M UNDInS;) > [fxr,

and for every r,s € V(Gj) —Sprsé E(G]-). Hence, S}
is a co-independent liar’s dominating set for each G,

and therefore,
yes(Gy) <8 =[s;] + 1. (15)

For each vertex t € N (x) ﬂV(G]-), t ¢ S;. Repeating
these, each vertex z € V(G;)/{x} should be double
dominated by S;. In such a component, there is at least
one vertex z/€ N(z)nSj. Let S} =S;u{t} for each
vertex t € N (x) nV(Gj), t ¢S;. Hence, for every
vertex z € V(G;)/{x},

(N, (1Nl )ns)| > xtzrfi=3. (o)

Also,
NG, [x1nS}| 2 1{x, 8} = 2. (17)

and no two vertices can be adjacent in V(G;) - §;.
There is at least one vertex r; € N(x)NS,. As before,
for z € V(G]-)/(NGj(x) NN (r;)), we have

(Ne I UNLz) s> [[nrw)| =3 8)

Let S]'- =S;u {z}. For each vertex y € NG]. (x) ﬂN(rj),
we have

(N, Ex1uN )

2'{ r],zH 3, (19)

Thus, for each palr of vertices in V(G)) -S; for
ji=1,23,...,m, S is a co-independent llar s d0m1—
nating set and

Y @) <|si| =[s)| + 1. (20)

Thus, in any case, as x € S, S’ is a co-independent liar’s
dominating set for G; (1< j<m). Thus,

Veor(G Z N

j=1
Fl(‘S |+ 1) 1)

|J|+m

IN

[
M§

.
Il
—_

(G)+m-1+m.

&5

= Yeoi

So, Z;nl ch (G ) - (21’]’1 -1< Yéﬁ (G)

Case (ii): let x ¢ S. Because |N[x] NS|>2, there is at
least one component. Without loss of generality, we
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might assume thatr; € N(x)N§;. LetS =S;u {x, -},
where T is an arbitrary vertex in
N (x) ﬂV(Gj), (j=1,2,3,...,m). As for every vertex
zZ € V(Gj)/{x}, IN[z] ﬂSj| >2, there are at least two
vertices w, y € N|[z] ﬂSj. So, for each z € V(G]-)/{x},

we have
‘(N[z] UNG Is1)ns)| = sl =3 @22)
and N [x] nS | > |{x T }I = and for every
7,8 € V(G ) — rs ¢ E(G ). Therefore,
ycm Z 8]
j=1
< Z<|SJ| + 2) 1
= (23)
= Z|Sj| +2m-1
=

=y (G) +2m - 1.

Similarly, the second inequality can be proven.

We now characterize the graphs according to the sen-
sitivity of a co-independent liar’s dominating set versus a cut
edge. O

Theorem 5. Let e = xy be a cut edge (bridge) in a graph G
and G, and G, be the components of G — e. If [V (G,)| > 4 and
[V (G,)| =4, then

1)+ Ygfi (Gy).
(24)

Ven (Gy) + v (Gy) = 22 y5 (G) < yim (G

Proof. Let S be a co-independent liar’s dominating set and
S$,=8NG,,S, =SNG,. When x, y ¢ S, deleting the edge x y
does not change the sizes of co-independent liar’s domi-
nating sets of G, and G,. Assume that x € Sand y ¢ S. Then,
clearly, for every component of S having a minimum of four
vertices, we can assume that there are two vertices
x' € N(x)nS;and x" € (N(x)NS;)U (N (x1)NS;)/{x, x'}
and V(G;) — S, has no edge. Similarly, there are two vertices
Y eEN()INS,, ¥ € (NO)NS)UN(yNNS)Hy, y']),
and also, the subgraph induced by V (G,) - S, is indepen-

dent. Let S| = S, and S; = S, U{y}. Then, S and S, form co-
independent liar’s dominating sets for G; and G,
and|S;| +1S,] — 1 <.

ISt] +[S5] - 1 <18l (25)

Next, suppose that both x and y € S. Then, there is a
vertex x' € N(x)NS,; or yre N(y)nS,. Without loss of

generality, we might assume that it is x/. Let S| = S; U {x"},

where  x" € (N(x)NG, U (N (x/) ﬂGl/{x, xl]» and
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where yre N(y)NG, and

S!=S,u {yl,y"},
Y e (N)NGYU((N(yNNG)y, y'D.
S1,S, form co-independent liar’s dominating sets of G, and
G, and

Therefore,

ISi] +]S5| = 2 <18 (26)

The right side inequality follows from the fact that the
union of the & (G,) set and the y:& (G,) set forms a co-

independent liar’s dominating set for G. O

Theorem 6. Let G and G be connected and |V (G)| = p,
p 25, then 16 < Yeoi_ir (G)YCDi_lT (G) < p2.

Proof. The upper bound is obvious. We established the
lower bound. Let G be a connected graph of order p such
that G is connected. Clearly, y; ;, (G) >3 and y; 5, (G) = 3.
The result is obvious if min{y.o; ;, (G), Yeoi_iy (G)} > 4. Hence,
let min{y; ;» (G), Yeoiir (G)} = 4. Without loss of general-
ity, assume that y.; ;, (G) = 4. We show that y.,; ;, (G) > 4.
Let S = {uy,u,,usu,} be a y; ;,(G) set and S be a
Yeoiir (G) set. We partition the set V (G)/S into two sets M =
{yeV(GQ)/S: IN(y)nS|=3} and N={yeV(G)S:

IN (y)nS| = 4}. Note that |[M| = 4. Since G is connected and
none of the vertices in N are adjacent to any vertex in S in G,
we can deduce that |M|>4. Hence, |[M|=4. Let
M = {v},v,,v3,v,}, where v; is not adjacent u; in G for
j=1,2,3,4. Since G[S] is connected, we may think that
{u;, u3}SN (u,). Now, the only vertex adjacent to u, in G
is v,, so {vy,u,} €S'. In addition, according to the co-
independent liar’s domination which has been discussed,
[{uy, vy, us, v3} NSt > 3. Therefore, y.; ;, (G) = IS1|>4. O

Theorem 7. Let M (T) be the middle graph of a tree with
p=3. Then, yi 1, (M (T))<p+2.

Proof. Let the vertices of T be uy,uyu;,...,u, and
Upi1sUpias Upyzs - - - Uy, 1 De the vertices of V(M (T)). We
prove that all vertices of M (T') arise in four cases to get a co-
independent liars dominating set:

(i) Case (i): if deg(1;) = 1, that is, u; is a pendant vertex
in V(M (T)), then N[u;] = {u;,u,,;} in M (T) and
IN ;]| = 2. Therefore, IN[w;]NS|>2,
Yu; € V(M(T)), and all the vertices of N [1;] should
of § {ui, up+i} €S.  So,

{uzp_l,up} €S for u=u, Therefore, {ui,u

be components

p+i>
Uyp iUy} €.

(ii) Case (ii): if deg(u;) = 2 in V(M (T)), then N [u;] =
{u,-,up+,-,up+,-_1} for i=23,...,p—1. Let
N[u;]NN[u] = S;, where k =2,3,...,p-2and
. -1
j=k+1. Then, Uik:zsj,k = {up+2,up+3,up+4, RN
Uy, o} € S. Therefore, {ul,up+1,up+2,up+3,up+4, ce
Uypas uzp_l,up} €S and IN[uj] ns| >2,Vu, j =

5
Y1 Vg
V2
v,
v 5
vy i
Vs
v
2 Ve
Ve
vy V3

(a) (®)

FiGURe 1: Trees for Remark 1.

1,2,3, ..., p. Next, we demonstrate that [(N [u] U
N{[v]) N S| =3 for every pair of distinct vertices. We
see that IN[uj] NSl =2, |N[w]nSl>3, and
INTu;]N N[ ]l<1. So, we have |(N[u;JUN
[ug) N SI> 3, where j,k=1,2,..., p. Therefore,
{uz, Uz, Uy - - s up,l} € V = §, and no two elements
are adjacent in V' - §.
(iii) Case (iii): if deg(u;) =3 in V(M(T)), then
p+i] n
p+il NS| = 3. Let u be
Uy, 1. Then, deg(uy, ;) = 3 and Nu,, ] = {uzp,l,

Nlup,l = {”1)”2:Up+i)“p+i+1}‘ We have N [u
S= {ul,up+i, up+,~+1} and [N [u

Up s Upthyy ). We get Nfuy, ,]NS= {Uzp_z’
Uyp 15, and [N[u,, ]NS| = 3.
(iv) Case (iv): if deg(u;) = 4 in V(M (T)), then

N [up+2] = {up+2’up+1’ Uy, Uz, up+3}’

N [up+3] = {up+3> Upip> Uz, Uy, up+4}’

(27)

N [”‘ZP—Z] = {”Zp—2’“2p—3’”p—2’“p—l’”Zp—l}'

We obtain IN[u]-]nSI23, where j=p+2,p+3,...,
2p — 2. Therefore, {uz,u3,u4, e ,up_l} €V -3, and for all
uveV-S, uv¢ E. Hence, S =4u1,up+1,up+2,up+3, R
Uy 2 Upp1> Uy} is the co-independent liar’s dominating set
of M(T) and y..; , (M(T))<p+2. O

Remark 1. (i) A tree is a co-independent liar’s dominating
set. Indeed in Figure 1(a), let V (G) = {vy, v5, V3, V4 V5, V6> V-
If we take S = {v|, v,, V3, Vs, V¢, v}, then V = § = {v,} which
is a co-independent liar’s dominating set. (ii) Co-
independent liar’s dominating set need not exist for all trees.
For example, in Figure 1(b), let V(G) = {vl, Vs V3, Vg5 Vs, vé}.



Suppose we take the co-independent liar’s dominating set
S = {1, V5, V3, V4, V5, V6}. But V = S = ¢ which satisfies con-
ditions (i) and (ii) but not (iii).

(i) Forall ve V, [INg[vINS[>2

(ii) For every pair u,veV of distinct vertices,
(Ng[u]UNgIv])NS| =3

(iii) The induced subgraph of G on V - § has no edge

3. Conclusion

In this paper, the co-independent liar’s domination number
of the middle graphs of some graph classes such as path and
cycle graphs is calculated. Also, some general results and
bounds on the co-independent liar’s domination number of
graphs are obtained. It has been shown that no general result
can be obtained for trees, unicyclic, bicyclic, and tricyclic
graphs in terms of co-independent liar’s domination
number.
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