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)is paper presents a modified chaotic system under the fractional operator with singularity.)e aim of the present subject will be to
focus on the influence of the new model’s parameters and its fractional order using the bifurcation diagrams and the Lyapunov
exponents. )e new fractional model will generate chaotic behaviors. )e Lyapunov exponents’ theories in fractional context will be
used for the characterization of the chaotic behaviors. In a fractional context, the phase portraits will be obtained with a predictor-
corrector numerical scheme method.)e details of the numerical scheme will be presented in this paper. )e numerical scheme will
be used to analyze all the properties addressed in this present paper. )e Matignon criterion will also play a fundamental role in the
local stability of the presented model’s equilibrium points. We will find a threshold under which the stability will be removed and the
chaotic and hyperchaotic behaviors will be generated. An adaptative control will be proposed to correct the instability of the
equilibrium points of the model. Sensitive to the initial conditions, we will analyze the influence of the initial conditions on our
fractional chaotic system. )e coexisting attractors will also be provided for illustrations of the influence of the initial conditions.

1. Introduction

In the recent years, modeling chaotic and hyperchaotic
systems occupy an important place in the literature and have
many applications in physics, biology, electrical circuits, and
many other fields [1–4]. )e most used fields for the ap-
plications of chaos are modeling electrical circuits, and there
exist many papers related to the implementation of the
chaotic systems in this domain. Many phenomena in the
real-world problems are complicated to be predicted and
justify the use of chaotic models. Nowadays, there appear
many tools for analyzing the chaotic systems as the phase
portraits of the system using the numerical discretizations,
the bifurcation diagrams to understand the influence of the
models’ parameters on the dynamics of the chaotic models,
and the Lyapunov exponents used to determine the nature of
the chaos. )ere exists some chaos as chaotic behaviors and
hyperchaotic behaviors. As tools, we can also cite the
bicoherence and the Poincare map; there is also an algorithm
to focus on the initial conditions’ influence. It is known that

the chaos systems are sensitive to the variation of the initial
conditions. Influencing initial conditions can generate a loss
of chaotic behaviors or hyperchaotic behaviors. Fractional
calculus has attracted much attention these years, and many
fractional operators have been introduced in this new field.
As operators in this field, we can cite the Riemann–Liouville
derivative . We can cite the Caputo derivative [5, 6], which is
the most used operator in fractional calculus due to its
physical adequacy with physical problems. Other fractional
operators with Mittag–Leffler kernel [7, 8] and exponential
kernel exist [9] and continue to impress all the community in
fractional calculus [10]. For the use of the Atangana–Baleanu
derivative, see [11]. Many of them have advantages in
modeling real-world problems. Modeling chaotic systems
and hyperchaotic systems to capture the memories effects
have constituted a new direction of research in the recent
years; see [8, 12]. For the advancement of fractional calculus
and its application, the readers can refer to the following
papers: in [13], the authors address a new numerical scheme
for solving fractional differential equations described by
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Gomez–Atangana–Caputo derivative; in [14], the authors focus
on the characterization of two differential fractional operators
without singular kernels; and, in [15], the authors analyze an
epidemic spreading model described by a fractional operator
with Mittag–Leffler kernel. For recent works on numerical
methods applied to partial differential equations, see [16–19].

Modeling chaotic and hyperchaotic systems are focused
on the literature with integer-order derivative and the non-
integer-order derivatives. We make a review of the literature
in this paragraph. In [1], the authors focus on the chaotic
Chua electrical circuit in the fractional version. In [20], the
authors discuss and prove the algorithm to get the Lyapunov
exponents in a fractional version. In [21], the authors discuss
the fractional-order chaotic system and its suppression in
some specific order of the fractional derivative. In [22], the
authors discuss the so-called hyperchaotic chameleon sys-
tem with the aid of fractional-order derivative and propose
its electrical implementation. In [23], the authors propose
investigations in the fractional chaotic system used in fi-
nance; the findings were interpreted financially and eco-
nomically. In [24], finance and chaotic system were also
interpreted in this paper. In [25], the authors investigated on
fractional-order exponential jerk system and presented its
electrical implementation. In [2], the authors presented a
new chaotic system in integer version with multiple
attractors. In [3], the authors propose a new chaotic system
with a self-excited attractor. In [4], the authors proposed
investigations on hidden attractors in the context of dy-
namical systems. In [26], the authors proposed a new simple
chaotic system but with admitting a line equilibrium. In [27],
the authors propose synchronization investigations using
the 4D hyperchaotic jerk system. In [28], the authors pro-
pose a chaotic system with infinite equilibria located on a
piecewise linear curve. In [12], the authors model the
hyperchaotic system using fractional derivative with Mit-
tag–Leffler kernel and fractional derivative with exponential
derivative. In [8], the authors introduce chaos in a cancer
modeling using fractional derivatives with exponential decay
and Mittag–Leffler law. In [29], Baskonus et al. propose
active control to stabilize a fractional-order macroeconomic
model using Lyapunov direct method. See more investiga-
tions related to fractional modeling of chaotic systems using
Caputo derivative, bifurcation, and Lyapunov analysis in
[30], modeling class of fractional-order chaotic or hyper-
chaotic system with Caputo derivative in [31], analysis of a
four-dimensional hyperchaotic system described by Capu-
to–Liouville derivative in [32], modeling Chua’s electrical
circuit in the fractional context in [33], andmodeling chaotic
processes with Caputo fractional-order derivative in [34].

In this paper, we model a chaotic system using the
Caputo derivative. )e main contributions of this paper are
mentioned in this paragraph. First, the phase portraits are
obtained using the famous predictor-corrector method valid
in the fractional differential equations’ discretizations.
Second, the numerical scheme as the predictor-corrector
method is the main contribution of this present work. )ird,
the small changes in our introduced fractional chaotic model
have been analyzed in terms of the bifurcation diagrams.
Different values of the Caputo derivative are considered; at

all these values, it will be important to give the chaos’s
nature. In other words, we will use the Lyapunov exponents
in the fractional context to decide whether we have chaotic
behaviors or not. )is analysis is fundamental because the
Lyapunov exponents’ classical theories are not valid all time
in a fractional context. For example, there exist hyperchaotic
systems described by the fractional operators with one
positive Lyapunov exponent instead of two positive Lya-
punov exponents. Fourth, we observed in our investigation
that the presence of zero as the Lyapunov exponent is quasi-
impossible in a fractional context. )e proof of this as-
sumption will be subject to further investigations in the
future. Another contribution addressed in this paper is
related to the local stability of the fractional chaotic system’s
equilibrium points. Due to the chaotic behaviors, all the
points are not stable. Alternatively, we propose feedback
control to stabilize the fractional error system after com-
bining the slave chaotic system and the master’s chaotic
systems. Another contribution of the present paper is that
we provide the coexisting attractors for specific values of the
model’s parameters at two different initial conditions.

)e remainder of this paper is organized as follows. In
Section 2, we recall the fractional tools used in the inves-
tigations. In Section 3, we introduce the fractional chaotic
model by using the Caputo derivative. Section 4 presents the
predictor corrector method proposed in the literature to
discretize our fractional chaotic model. In Section 5, the
phase portraits considering different fractional-order de-
rivative values are proposed for our fractional model. In
Section 6, the bifurcation diagrams for the small variation of
the model’s parameters are presented. In Section 7, the
natures of the chaos are characterized using the Lyapunov
exponents’ calculation in the context of fractional calculus.
In Section 8, we analyze the influence of the initial condition
in the chaotic behaviors. In Section 9, the stability analysis of
the fractional chaotic model’s equilibrium point has been
proposed, and the feedback control is presented. In Section
10, final remarks for our works are presented.

2. Fractional Operators

In this section, we make a brief recall of the fractional
operators which we will use through our investigation. In
this section, we will define the Caputo derivative and the
Riemann–Liouville derivative.

Definition 1 (see [5, 6]). We define the Riemann–Liouville
fractional integral for the function x: [0, +∞[⟶ R in the
form described by

I
α
x( (t) �

1
Γ(α)


t

0
(t − s)

α− 1
x(s)ds, (1)

with Γ(.) representing the Gamma Euler function and we set
the order as α> 0.

Definition 2 (see [5, 6]). We define the Riemann–Liouville
fractional derivative with the order α ∈ (0, 1) for the
function x: [0, +∞[⟶ R in the form described by
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D
α
x(t) �

1
Γ(1 − α)

d
dt


t

0
(t − s)

− α
x(s)ds, (2)

with Γ(.) representing the Gamma Euler function and we set
the order as α ∈ (0, 1).

Due to the inconveniences of the Riemann–Liouville
operator, we will focus on our paper with the Caputo de-
rivative. )e description of this derivative is given in the
following definition.

Definition 3 (see [5, 6]). )e Caputo fractional derivative
operator of order α ∈ (0, 1) is symbolized as the following
form when we consider a function x: [0, +∞[⟶ R in the
form described by

D
α
c x(t) �

1
Γ(1 − α)


t

0
(t − s)

− α
x′(s)ds, (3)

where the function Γ(.) represents the Gamma Euler
function.

For readers’ interest, the Laplace transform is also
fundamental for solving the fractional differential equations
analytically. )e following relation expresses the Laplace
transform of the Caputo derivative:

L D
α
c x( (t)  � s

α
L x(t){ } − s

α− 1
x(0). (4)

We set the order α with the relation α ∈ (0, 1). )e
Caputo derivative’s properties as the composition with the
fractional integral, the derivative of a constant function, or
the derivative of the Mittag–Leffler function can be found
with more pieces of information in [5, 6]. In this paper, the
fractional integral in Riemann–Liouville sense will play an
important role in the discretization because the proposed
method comes from the numerical scheme of this derivative;
the discretization details will be found in the next sections.

3. Modeling the Fractional-Order System

In this section, we introduce our model, which we will study
in the next section. An integer version of this model is a
chaotic system and has been subject to investigation since
2018 in [2] and is described by the following equations [2]:

x′ � ax − dyz, (5)

y′ � −by + xz, (6)

z′ � −cz + xyz + k, (7)

with initial conditions x(0) � 1, y(0) � 1, and z(0) � 1. )e
strange attractor is obtained with the following values for the
parameters of the previous model a � 4, b � 9, c � 4, d � 1,
and k � 4. Our new advancement here is to study the same
chaotic system, but we consider its fractional version de-
scribed particularly with the Caputo derivative.)erefore, in
this paper, we consider the fractional differential system
described as follows:

D
α
c x � ax − dyz, (8)

D
α
c y � −by + xz, (9)

D
α
c z � −cz + xyz + k. (10)

We impose the initial conditions as the following forms:

x(0) � 1,

y(0) � 1,

z(0) � 1.

(11)

In the above modeling, the Caputo derivative is used
instead of the classical Riemann–Liouville derivative
because we want to use physical initial conditions. )e
Riemann–Liouville derivative does not have physical
initial conditions. Furthermore, the Riemann–Liouville
derivative of constant value does not give zero. )ese
inconveniences also explain in this section the use of the
Caputo derivative. As it will be noticed in the phase
portraits, there exist many types of chaos according to the
fractional operator’s order. To prove that the fractional
order plays an important role in the chaos systems, no-
tably, it allows having new attractors, contrary to the
model with the integer-order derivative, where a new type
of chaotic system is obtained with the variation of the
models’ parameters.

4. Predictor-Corrector Applied on Fractional-
Order System

)is section describes the numerical method that we will
use to obtain the phase portraits of the fractional-order
chaotic system (5)–(7). )e discretizations are classical in
the literature; we try to apply discretization to our model.
In fractional calculus, many numerical schemes and an-
alytical methods can be used as the homotopy methods, a
domain decomposition method, the Chebyshev method,
and many others. But many inconveniences of the cited
methods are still to be solved due to the inconveniences in
the stability and the convergences of the approximate
solutions. )e use of the predictor-corrector method in
our system has the advantages of having Matlab codes,
fundamental in chaotic and hyperchaotic systems. In the
rest of this section, we use the predictor-corrector method
reported by Garrappa in his review article [35]. )e fol-
lowing can describe the solution of the fractional differ-
ential system (5)–(7):

x(t) � x(0) + I
αϕ t, x1( ,

y(t) � y(0) + I
αφ t, x1( ,

z(t) � z(0) + I
αϑ t, x1( .

(12)

We set the following functions from our fractional-order
system (5)–(7):
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ϕ t, x1(  � ax − dyz,

φ t, x1(  � −by + xz,

ϑ t, x1(  � −cz + xyz + k,

(13)

as well as point tn; then, according to the numerical scheme
named the predictor-corrector method, equations (9)–(11)
can be rewritten in the following forms:

x tn(  � x(0) + h
α κ(α)

n ϕ(0) + 
n−1

j�1
κ(α)

n−jϕ tj, x1j  + κ(α)
0 ϕ tj, x

P
1n ⎡⎢⎢⎣ ⎤⎥⎥⎦,

y tn(  � y(0) + h
α κ(α)

n φ(0) + 

n−1

j�1
κ(α)

n−jφ tj, x1j  + κ(α)
0 φ tj, x

P
1n ⎡⎢⎢⎣ ⎤⎥⎥⎦,

z tn(  � z(0) + h
α κ(α)

n ϑ(0) + 
n−1

j�1
κ(α)

n−jϑ tj, x1j  + κ(α)
0 ϑ tj, x

P
1n ⎡⎢⎢⎣ ⎤⎥⎥⎦.

(14)

Furthermore, the predictor has the following form in our
fractional system:

x
P

tn(  � x(0) + h
α



n−1

j�1
κ(α)

n−j−1ϕ tj, x1j ,

y
P

tn(  � y(0) + h
α



n−1

j�1
κ(α)

n−j−1φ tj, x1j ,

z
P

tn(  � z(0) + h
α



n−1

j�1
κ(α)

n−j−1ϑ tj, x1j .

(15)

In the above formula, h denotes the step size, and the
parameters of the discretization are defined in the following
forms:

κ(α)
n �

(n − 1)
α

− n
α
(n − α − 1)

Γ(2 + α)
, (16)

and when the indices n describe the condition n � 1, 2, . . .,
we set the parameters as the following expressions:

κ(α)
0 �

1
Γ(2 + α)

,

κ(α)
n �

(n − 1)
α+1

− 2n
α+1

+(n + 1)
α+1

Γ(2 + α)
.

(17)

)e approximation of the functions in our model step by
step is given by the expressions described in the forms

ϕ t, x1j  � axj − dyjzj,

φ t, x1j  � −byj + xjzj,

ϑ t, x1j  � −czj + xjyjzj + k.

(18)

Before ending this section, we give a brief review con-
cerning the method’s stability and convergence; more pieces
of information can be found in Garrappa’s paper.We set that
x(tn), y(tn), and z(tn) are the approximate solutions of the
fractional system under Caputo derivative (5)–(7) and the
exact solution of our model denoted by xn, yn, and zn; then

the residual functions as described are given in the following
forms:

x tn(  − xn


 � O h

min α+1,2{ }
 ,

y tn(  − yn


 � O h

min α+1,2{ }
 ,

z tn(  − zn


 � O h

min α+1,2{ }
 .

(19)

It is not hard to see that when the step size converges to
zero, we get the convergence of the approximate solution to
the exact solutions. )e predictor-corrector methods’ sta-
bility can be obtained from the Lipschitz conditions of the
drift functions ϕ, φ, and ϑ of our model.

)e method of discretization described in this section
has many advantages. Firstly, the method is stable and
convergent; the Matlab implementation is useful and simple.
Note that the convergence and the stability are essential in
the numerical methods; comparing our method with the
homotopy analysis methods, we can affirm that our method
is more useful because, with the homotopy methods, we
cannot determine precisely after how many iterations we
have the convergence and the stability of the method. )e
numerical discretization described in this section is also
more useful than the Laplace transform method. )ere are
many nonlinear differential equations where the Laplace
transform cannot be applied due to the complexity of the
equations’ forms, contrary to our described method in this
section which is applicable. In the resolution of the diffusion
equation, too, the use of the green function is not trivial, and
here also the numerical method can be used.

5. Phase Portraits versus Fractional-
Order Derivative

)is section is devoted to observing via different phase
portraits the Caputo derivative’s influence in the dynamics
of our fractional system (5)–(7). )is section will illustrate
the predictor-corrector procedure as well. To arrive at our
end, we take different values of the fractional-order deriv-
ative. We consider the following values of the fractional
derivative α � 0.91, α � 0.93, α � 0.95, α � 0.98, and
α � 0.995. )e evolution of the chaos will be observed with
these different orders. We begin the representation of the
phase portraits of the fractional-order system with the order
α � 0.95. )e graphical representations in different planes
are assigned in Figure 1: (x − y − z) and (y − z) planes. In
these first graphical representations, the considered order is
α � 0.95.

)e graphical representations in different planes are
assigned in Figure 2: (x − z) and (x − y) planes.

We continue this section with the order α � 0.98. We
will see the difference existing when the order of the frac-
tional derivative varies. )e graphical representations in
different planes are assigned in Figure 3: (x − y − z) and
(y − z) planes.

)e graphical representations in different planes are
assigned in Figure 4: (x − z) and (x − y) planes.

)e first difference in the phase portrait can be observed,
and we confirm the existence of new attractors. )erefore,
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Figure 1: Phase portraits of the fractional system with α � 0.95.
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Figure 2: Phase portraits of the fractional system with α � 0.95.
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Figure 3: Phase portraits of the fractional system with α � 0.98.
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the fractional order can play an interesting role in the be-
haviors of the solutions. )e graphical representations in
different planes are assigned in Figure 5: (x − y − z) and
(y − z) planes at the order α � 0.995.

)e graphical representations in different planes are
assigned in Figure 6: (x − z) and (x − y) planes.

We finish the phase portrait section by observing the
behaviors that happened behind α � 0.95; in the next figures,
we work with the order α � 0.93. We notice in Figures 7 and
8 significant difference from the previous phase portraits,
and our remark is that the chaotic behavior is not removed
in the dynamics. )e graphical representations in different
planes are assigned in Figure 7: (x − y − z) and (y − z)

planes.
)e graphical representations in different planes are

assigned in Figure 8: (x − z) and (x − y) planes.
)e figures in this section illustrate the impact of the

order of the Caputo derivative as well; this impact can be
seen in the geometries of the attractors which are different
in the cases considered in this section. )e phase portraits
represented in this section will be classified using the
bifurcation maps and the Lyapunov exponents. We will
notice new characterizations of chaos using the Lyapunov
exponents. As will be remarked, the nature of the chaos
depends on the Caputo derivative’s order. In other words,
the new order of the Caputo derivative generates new
types of chaos.

6. Bifurcation Diagrams

In this section, we analyze the sudden qualitative changes in
the nature of the solutions due to the variation of the pa-
rameters of the fractional-order system equation (5)–(7). In
this section, we also illustrate the qualitative changes of the
solutions of our model with the phase portraits.

In the first section, we suppose that the first parameter a
of our fractional model varies in the small interval precisely
in (3, 4). In Figure 9 the bifurcation diagram according to
the variation of parameter a is represented.

Figure 9 informs that we notice high chaotic behaviors
into the interval (3, 4). )at is, the chaotic behaviors are not
removed when the order is maintained to α � 0.95 and the
parameter has small variation. For more details, we depict
phase portraits 10 of the model with parameter a � 3.5. )e
graphical representations in different planes are assigned in
Figure 10: (x − y − z) and (y − z) planes.

)e graphical representations in different planes are
assigned in Figure 11: (x − z) and (x − y) planes.

We continue with the variation of parameter b into the
interval (9.10). In Figure 12, we represent the bifurcation
diagram according to the variation of parameter b.

Figure 12 informs that there exist chaotic behaviors into
this interval (9.10) when parameter b has small variation. To
illustrate the chaotic behaviors due to the small changes of b,
we represent graphically phase portraits 13, with b � 9.5.)e
graphical representations in different planes are assigned in
Figure 13: (x − y − z) and (y − z) planes.

)e graphical representations in different planes are
assigned in Figure 14: (x − z) and (x − y) planes.

)e variation of parameter c is now considered. We
suppose that the parameter varies into the interval (3, 4). In
Figure 15, the bifurcation diagram due to the variation of
parameter c is represented.

Same conclusion, the chaotic behavior is present in the
considered interval and is illustrated in the following phase
portraits 16, with the set c � 3.5. )e graphical represen-
tations in different planes are assigned in Figure 16: (x −

y − z) and (y − z) planes.
)e graphical representations in different planes are

assigned in Figure 17: (x − z) and (x − y) planes.
Bifurcation diagram 18 due to the variation of parameter

k � e into the interval (4, 5) is represented in Figure 18 and
we confirm the changes with phase portraits.

Phase portraits 19 are represented to illustrate the
changes in the behaviors of the dynamics of our model when
the parameter is into (4.5). )e graphical representations in
different planes are assigned in Figure 19: (x − y − z) and
(y − z) planes.

–10 –5 0 5 10 15–15
x

0

5

10

15

20

25

30

35

40
z

(a)

–10 –5 0 5 10 15–15
x

–8

–6

–4

–2

0

2

4

6

8

y

(b)

Figure 4: Phase portraits of the fractional system with α � 0.98.
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Figure 5: Phase portraits of the fractional system with α � 0.995.
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Figure 6: Phase portraits of the fractional system with α � 0.995.
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Figure 7: Phase portraits of the fractional system with α � 0.93.
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Figure 8: Phase portraits of the fractional system with α � 0.93.
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Figure 9: Bifurcation diagram according to the variation of parameter a.
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Figure 10: Phase portraits of the fractional system with a � 3.5 and α � 0.95.
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Figure 11: Phase portraits of the fractional system with a � 3.5 and α � 0.95.
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Figure 12: Bifurcation diagram according to the variation of parameter b.
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Figure 13: Phase portraits of the fractional system with b � 9.5 and α � 0.95.
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Figure 14: Phase portraits of the fractional system with b � 9.5 and α � 0.95.
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Figure 15: Bifurcation diagram according to the variation of parameter c.
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Figure 16: Phase portraits of the fractional system with c � 3.5 and α � 0.95.
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)e graphical representations in different planes are
assigned in Figure 20: (x − z) and (x − y) planes.

)e final observation using bifurcation diagrams 9, 12,
15, and 18 is that our system has chaotic behaviors. But the
changes generated by parameters a, b, c, and k are ap-
proximately the same. )is conclusion can be observed in
the phase portraits presented in this section, which in
general do not have many differences between them.

7. Chaos Detection via Lyapunov Exponents

For chaos detection, we try in this section to characterize the
nature of chaos when the order of the fractional derivative
varies. We calculate in particular the Lyapunov exponents at
the orders α � 0.91, α � 0.93, α � 0.95, α � 0.98, and
α � 0.995. In the second part, we will localize the interval
where chaotic or hyperchaotic attractors are obtained. We
also calculate the dimension of the Lyapunov exponents.
According to the values of the Lyapunov exponents at the
order previously considered, we will calculate the sum of the
Lyapunov exponents to verify whether our fractional model

is dissipative or not. Before the calculations of the Lyapunov
exponents, we recall the Jacobian matrix necessary for the
algorithm to obtain the Lyapunov exponents; we have the
following matrix:

J �

a −dz −dy

z −b x

yz xz −c + xy

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠. (20)

In Table 1, the Lyapunov exponents of the fractional-
order system (5)–(7) are assigned according to the variations
of the parameters of the fractional-order derivative.

)e first remark is that the Lyapunov exponents confirm
the results in the bifurcation section; that is, our fractional
model has chaotic behaviors. It is because there exists one
positive Lyapunov exponent. )e theory of Lyapunov ex-
ponents is very complex in the context of the use of the
fractional operators because zero as the value of the Lya-
punov exponent seems very difficult to be obtained using the
algorithms to get Lyapunov exponents. )is result is correct
due to the complexity of the numerical scheme of the
fractional operators. )e second remark is that, for all
considered fractional-order derivatives into (0.9, 1), the sum
of the Lyapunov exponents is negative, which means that the
fractional-order chaotic system (5)–(7) considered in this
paper is dissipative. We continue our analysis by considering
the Lyapunov exponents at the order α � 0.93. )e Lya-
punov exponents are given as follows:

LE1 � 1.6200,

LE2 � −0.5351,

LE3 � −9.4414.

(21)

)eir associated Kaplan–Yorke dimension is given as
follows:

dim(LE) � 2 +
LE1 + LE2

|LE3|
� 2.1149. (22)

)e second case is the Lyapunov exponents at the order
α � 0.95 given by the following numbers:
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Figure 17: Phase portraits of the fractional system with c � 3.5 and α � 0.95.
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LE1 � 2.9693,

LE2 � −0.1235,

LE3 � −10.2837.

(23)

)eir associated Kaplan–Yorke dimension is given as
follows:

dim(LE) � 2 +
LE1 + LE2

|LE3|
� 2.2767. (24)

)e third case is the Lyapunov exponents at the order
α � 0.98 given by the following numbers:

LE1 � 1.7822,

LE2 � −0.0245,

LE3 � −8.2439.

(25)

)eir associated Kaplan–Yorke dimension is given as
follows:

dim(LE) � 2 +
LE1 + LE2

|LE3|
� 2.2132. (26)

)e last case is the Lyapunov exponents at the order α �

0.995 given by the following numbers:
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Figure 19: Phase portraits of the fractional system with k � 5 and α � 0.95.
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Figure 20: Phase portraits of the fractional system with k � 5 and α � 0.95.

Table 1: Lyapunov exponents according to order α.

α LE1 LE2 LE3
0.9 3.0972 −0.7120 −12.2030
0.91 2.2534 −0.7227 −10.4137
0.92 3.0524 −0.6030 −11.0109
0.93 1.6200 −0.5351 −9.4414
0.94 1.8800 −0.0595 −9.5865
0.95 2.9693 −0.1235 −10.2837
0.96 2.3080 −0.4528 −8.8529
0.97 2.2218 −1.1499 −7.9692
0.98 1.7822 −0.0245 −8.2439
0.99 1.8597 −0.6370 −7.0201
0.995 2.0933 −0.5649 −7.3253
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LE1 � 2.0933,

LE2 � −0.5649,

LE3 � −7.3253.

(27)

)eir associated Kaplan–Yorke dimension is given as
follows:

dim(LE) � 2 +
LE1 + LE2

|LE3|
� 2.2086. (28)

We can notice that the chaotic attractor is more sig-
nificant at the order α � 0.95 because the positive Lyapunov
exponents and the Lyapunov dimension are large. In
comparison between the chaotic behaviors at α � 0.98 and
α � 0.995, we notice by observations of the phase portraits
that the chaotic behaviors are more significant when the
order converges to α � 0.995. )is behavior is explained by
the fact that the positive Lyapunov exponent is larger at the
order α � 0.995. )e same comparison can be made for the
order α � 0.95, where the chaotic behaviors are more im-
portant than those at the order α � 0.93. )ese differences
can be observed with the Lyapunov exponents’ values and
the Lyapunov dimensions, which are larger at α � 0.95.

8. Initial Conditions Influence and
Coexistence Attractors

In this section, we analyze the impact of the initial condition.
In other words, what the initial conditions give in the nature
of the dynamics of our fractional system will be analyzed.
)e study of the changes of the initial conditions is im-
portant because chaotic and hyperchaotic systems are very
sensitive to the changes in the initial conditions. We con-
sider many cases in the initial conditions; first, we influence
x(0) from x(0) � 1 to x(0) � 1.0001. )e illustration of this
case is represented in Figure 21.

In Figure 21, the initial condition (1, 1, 1) is in blue color
and the initial condition (1.0001, 1, 1) is in red color. We
notice that significant changes can be generated by the
variation of the initial condition related to x(0). We con-
tinue by influencing y(0) from y(0) � 1 to y(0) � 1.0001.
)e illustration of this case is represented in Figure 22.

In Figure 22, the initial condition (1, 1, 1) is in blue color
and the initial condition (1, 1.0001, 1) is in red color. We
notice that significant changes can be generated by the
variation of the initial condition related to y(0). We finish by
the influence generated at the last variable z(0) from z(0) �

1 to z(0) � 1.0001.)e illustration of this case is represented
in Figure 23.

In Figure 23, the initial condition (1, 1, 1) is in blue color
and the initial condition (1, 1, 1.0001) is in red color. We
notice that significant changes can be generated by the
variation of the initial condition related to z(0).

)e general conclusion is that the initial conditions
generate many changes in attractors. )us, due to the fact
that the Lyapunov exponents are sensitive to the initial
conditions too, the values of the Lyapunov exponents will
vary according to the changes in the initial conditions.
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Figure 21: Sensitivity due to the variation of x(0) from x(0) � 1 to
x(0) � 1.0001.
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Figure 22: Sensitivity due to the variation of y(0) from y(0) � 1 to
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Figure 23: Sensitivity due to the variation of z(0) from z(0) � 1 to
z(0) � 1.0001.
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Considering the influence of the initial conditions, we
end this part by analyzing the coexisting attractors. We have,
for example, the presence of two pairs of attractors when
parameters a � 3, b � 9, c � 2.9, d � 1, and k � 4 at the order
α � 0.995 and two initial conditions which are given by
(1, 1, 1) (blue color) and (−1, −1, −1) (red color). )e figures
of the coexisting attractors are represented in Figures 24 and
25. )e graphical representations in different planes are
assigned in Figure 24: (x − y − z) and (y − z) planes.

)e graphical representations in different planes are
assigned in Figure 25: (x − z) and (x − y) planes.

)e order of the fractional operator plays an important
role in the existence of pairs of attractors. To observe this
influence, we maintain parameters a � 3, b � 9, c � 2.9,
d � 1, and k � 4 and change the order to α � 0.93; see
Figures 26 and 27. )e graphical representations in different
planes are assigned in Figure 26: (x − y − z) and (y − z)

planes.
)e graphical representations in different planes are

assigned in Figure 27: (x − z) and (x − y) planes.

9. Stability Analysis and Feedback Control

In this last section of our investigation, we focus on the local
stability of the equilibrium points of the fractional chaotic
model (5)–(7). )e equilibrium points of our fractional
model are given by E0 � (0, 0, 1), E1 � (2.236, 1.490, 6), and
E2 � (−2.236, −1.490, 6). At the first point E0, the Jacobian
matrix in the previous section is given as follows:

J �

4 −1 0

1 −9 0

0 0 −4

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠. (29)

)e eigenvalues are given as follows: λ1 � 3.9226,
λ1 � −8.9226, and λ3 � −4. )e second and the last eigen-
values have negative real part and thus satisfy the Matignon
criterion [36], but |arg(λ1)| � 0< απ/2. )us, the equilib-
rium point E0 is not stable. At the second equilibrium point
E1, the Jacobian matrix in the previous section is given as
follows:

J �

4 −6 −1.49

6 −9 2.236

8.94 13.416 −0.66836

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠. (30)

)e eigenvalues are given as follows:
λ1 � 2.6239 + 6.0881i, λ2 � 2.6239 − 6.0881i, and
λ3 � −10.9161. )e last eigenvalue has negative real part and
thus satisfies the Matignon criterion, but the first and the
second eigenvalues do not satisfy the Matignon criterion as
α> 0.9. )us, the equilibrium point E1 is not stable when
α> 0.9. At the last equilibrium point E2, the Jacobian matrix
in the previous section is given as follows:

J �

4 −6 1.49

6 −9 −2.236

−8.94 −13.416 −0.66836

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠. (31)

We obtain the same eigenvalues as in the previous point.
)e eigenvalues are given as follows: λ1 � 2.6239 + 6.0881i,
λ2 � 2.6239 − 6.0881i, and λ3 � −10.9161. )e last eigen-
value has negative real part and satisfies the Matignon
criterion, but the first and the second eigenvalues do not
satisfy the Matignon criterion as α> 0.9. )us, the equi-
librium point E2 is not stable when α> 0.9.

In the last part, we propose a feedback control to stabilize
our chaotic system because, as we observe, all the equilib-
rium points are not stable when the fractional-order de-
rivative exceeds α> 0.9. Let the slave fractional chaotic
system be defined by the following equation:

D
α
c x1 � ax1 − x2x3,

D
α
c x2 � −bx2 + x1x3,

D
α
c x3 � −cx3 + x1x2x3 + k,

(32)

and the master system is given by the following equation:

D
α
c y1 � ay1 − y2y3 + u1,

D
α
c y2 � −by2 + y1y3 + u2,

D
α
c y3 � −cy3 + y1y2y3 + k + u3,

(33)

where ui represents the exogenous input, which attracts our
attention. Let us define the error terms given by the fol-
lowing equations:

e1 � y1 − x1,

e2 � y2 − x2,

e3 � y3 − x3.

(34)

)en, considering the slave system and the master
system, we get the following fractional differential error
system. )en, considering the slave system and the master
system, we get the following fractional differential error
system:

D
α
c e1 � ae1 − e2e3 − e2x3 − e3x2 + u1, (35)

D
α
c e2 � −be2 + e1e3 + e1x3 + e3x1 + u2, (36)

D
α
c e3 � −ce3 + f e1, e2, e3, x1, x2, x3(  + u3. (37)

)en, here, to stabilize the fractional error equation, we
choose feedback control defined by

u1 � −ae1 + e2x3 + e3x2, (38)

u2 � −e1x3 − e3x1, (39)

u3 � −f e1, e2, e3, x1, x2, x3( . (40)

)us, the fractional differential equation defined by
equations (35)–(37) becomes as follows:

D
α
c e1 � −e2e3,

D
α
c e2 � −be2 + e1e3,

D
α
c e3 � −ce3.

(41)
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Figure 24: Coexisting attractors in (x, y, z) and (x, y) planes at α � 0.995.
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Figure 25: Coexisting attractors in (x, z)(y, z) planes at α � 0.995.
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Figure 26: Coexisting attractors in (x, y, z) and (x, y) planes at α � 0.93.
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Let the Lyapunov function be defined by
V(e1, e2, e3) � 1/2(e21 + e22 + e23). From the derivative of
function V along the trajectories of the fractional errors
equations (38)–(40) we get the following relationship:

D
α
c V � −be

2
2 − ce

2
3,

D
α
c V � − be

2
2 + ce

2
3 .

(42)

Using Lyapunov characterization of the global asymp-
totic stability, we get the global asymptotic stability of the
trivial equilibrium point of the fractional system (38)–(40),
which in turn implies that

lim
t⟶+∞

‖e‖ � lim
t⟶+∞

‖y − x‖ � 0. (43)

10. Final Remarks

)is paper studies the fundamental properties of a class of
fractional-order systems in terms of chaotic behaviors,
Lyapunov exponents for characterizing the chaotic or
hyperchaotic behaviors, the Lyapunov dimensions, and the
stability of the equilibrium points of themodel in the context
of the Matignon criterion. We find that our system admits
chaotic behaviors with all fractional-order derivatives into
the interval (0.9, 1) as can be observed in the figures in
Section 5. )e fractional chaotic system’s equilibrium points
are not stable due to the chaotic behaviors, but we find
feedback control to stabilize the model’s error term. )e
different figures of the dynamics of the model represented in
this paper were possible with the proposed numerical dis-
cretization aid, including the Riemann–Liouville derivative
discretization. )e numerical method is specially called the
predictor-corrector method applied in our system because it
is already reported in the literature. )e impact of the pa-
rameters of the introduced model is analyzed via the bi-
furcation concept. )e main conclusions of this paper are
summarized as follows: we find a region where the frac-
tional-order system exhibits chaotic behaviors; the bifur-
cation diagrams in Section 6 and the Lyapunov exponents

inform us that the fractional-order derivative has a signif-
icant impact on the dynamics because new attractors are
generated when the order of the fractional derivative varies;
the effectiveness of all the analysis in the paper is possible
with the aid of the numerical scheme.)e paper also informs
us that the present chaotic system admits coexisting
attractors when the initial conditions vary and with specific
parameters; see the figures in Section 8. )e paper also
contributes to proposing adaptative control for global as-
ymptotic stability. For future research directions, the Lya-
punov exponents, the bifurcation diagrams, the stability
analysis, the synchronization, and the electrical imple-
mentation of the model used in this paper can be focused on
as regards Caputo derivative terms with different values of
the fractional orders. )e fractional chaotic systems with the
nonsingular derivatives can also be focused on in the future.
)is paper addresses numerical schemes; it will be inter-
esting in the future research to draw the circuit associated
with the present chaotic model and analyze the simulations
obtained in the oscilloscopes. )e circuits’ schematic can be
done with both the integer-order version and the fractional-
order version of our present system.)e Poincare map of the
present chaotic system in fractional version is also the
perspective of new research papers.
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