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In this paper, generalized versions of Hadamard and Fejér–Hadamard type fractional integral inequalities are obtained.
By using generalized fractional integrals containing Mittag-Leffler functions, some well-known results for convex and
harmonically convex functions are generalized. -e results of this paper are connected with various published fractional
integral inequalities.

1. Introduction

First we give definitions of fractional integral operators
which are useful in establishing the results of this paper. In
the following, we give fractional integral operators defined
by Andrić et al. in [1] via an extended generalized Mittag-
Leffler function in their kernels.

Definition 1 (see [1]). Let ω, τ, δ, ρ, c ∈ C, R(τ),R(δ)> 0,
R(c)>R(ρ)> 0 with p≥ 0, σ, r> 0 and 0< k≤ r + σ. Let
φ ∈ L1[ε1, ε2] and x ∈ [ε1, ε2]. -en, the generalized frac-
tional integral operators ϵρ,r,k,c

σ,τ,δ,ω,ε+
1
φ and ϵρ,r,k,c

σ,τ,δ,ω,ε−
2
φ are defined

by

ερ,r,k,c

σ,τ,δ,ω,ε+
1
φ (x; p) � 

x

ε1
(x − t)

τ− 1
E
ρ,r,k,c

σ,τ,δ ω(x − t)
σ
; p( φ(t)dt,

ερ,r,k,c

σ,τ,δ,ω,ε−
2
φ (x; p) � 

ε2

x
(t − x)

τ− 1
E
ρ,r,k,c

σ,τ,δ ω(t − x)
σ
; p( φ(t)dt,

(1)

where

E
ρ,r,k,c

σ,τ,δ (t; p) � 
∞

n�0

βp(ρ + nk, c − ρ)(c)nkt
n

β(ρ, c − ρ)Γ(σn + τ)(δ)nr

, (2)

is the extended generalized Mittag-Leffler function and βp is
the extension of beta function which is defined as follows:

βp(x, y) � 
1

0
t
x− 1

(1 − t)
y− 1

e
− (p/t(1− t))dt, (3)

where x, y, p are positive real numbers.
Recently, Farid defined elegantly a unified integral op-

erator in [2] (see, also [3]) as follows.

Definition 2. Let φ, θ: [ε1, ε2]⟶ R, 0< ε1 < ε2 be the
functions such that φ be positive and φ ∈ L1[ε1, ε2] and θ be a
differentiable and strictly increasing function. Also, let χ/x
be an increasing function on [ε1,∞) and ω, τ, δ, ρ, c ∈ C,
R(τ),R(δ)> 0, R(c)>R(ρ)> 0 with p≥ 0, σ, r> 0, and
0< k≤ r + σ.

-en, for x ∈ [ε1, ε2], the integral operators (θΥ
χ,ρ,r,k,c

σ,τ,δ,ε+
1
φ)

and (θΥ
χ,ρ,r,k,c

σ,τ,δ,ε−
1
φ) are defined by
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θΥ
χ,ρ,r,k,c

σ,τ,δ,ε+
1
φ (x; p) � 

x

ε1

χ(θ(x) − θ(t))

θ(x) − θ(t)
E
ρ,r,k,c

σ,τ,δ ω(θ(x) − θ(t))
σ
; p( φ(t)d(θ(t)),

θΥ
χ,ρ,r,k,c

σ,τ,δ,ε−
2
φ (x; p) � 

ε2

x

χ(θ(t) − θ(x))

θ(t) − θ(x)
E
ρ,r,k,c

σ,τ,δ ω(θ(t) − θ(x))
σ
; p( φ(t)d(θ(t)).

(4)

-e following definition of generalized fractional inte-
gral operators containing extended Mittag-Leffler function
in the kernel can be extracted from Definition 2. It is
generalization of Definition 1 by a monotonically increasing
function.

Definition 3. Let φ, θ: [ε1, ε2]⟶ R, 0< ε1 < ε2 be the
functions such that φ be positive and φ ∈ L1[ε1, ε2] and θ be a
differentiable and strictly increasing function. Also, let
ω, τ, δ, ρ, c ∈ C,R(τ),R(δ)> 0,R(c)>R(ρ)> 0 with p≥ 0,
σ, r> 0 and 0< k≤ r + σ. -en, for x ∈ [ε1, ε2], fractional
integral operators are defined by

θΥ
ρ,r,k,c

σ,τ,δ,ωε+
1
φ (x; p) � 

x

ε1
(θ(x) − θ(t))

τ− 1
E
ρ,r,k,c

σ,τ,δ ω(θ(x) − θ(t))
σ
; p( φ(t)d(θ(t)), (5)

θΥ
ρ,r,k,c

σ,τ,δ,ωε−
2
φ (x; p) � 

ε2

x
(θ(t) − θ(x))

τ− 1
E
ρ,r,k,c

σ,τ,δ ω(θ(t) − θ(x))
σ
; p( φ(t)d(θ(t)). (6)

-e following remark provides connection of Definition
3 with existing fractional integral operators.

Remark 1

(i) If we set p � 0 and θ(x) � x in equations (5) and
(6), then these reduce to fractional integral opera-
tors defined by Salim and Faraj in [4].

(ii) If we set δ � r � 1 and θ(x) � x in equations (5) and
(6), then these reduce to the fractional integral
operators θΥ

ρ,1,k,c

σ,τ,1,ω,ε+
1

and θΥ
ρ,1,k,c
σ,τ,1,ω,ε−

1
containing

generalized Mittag-Leffler function E
ρ,1,k,c
σ,τ,1 (t; p)

defined by Rahman et al. in [5].
(iii) If we take p � 0, δ � r � 1 and θ(x) � x in equa-

tions (5) and (6), then these reduce to fractional
integral operators containing extended generalized
Mittag-Leffler function introduced by Srivastava
and Tomovski in [6].

(iv) If we set p � 0, δ � r � k � 1 and θ(x) � x in
equations (5) and (6), then these reduce to fractional
integral operators defined by Prabhaker in [7].

(v) For p � ω � 0 and θ(x) � x in equations (5) and
(6), these reduce to renowned Riemann–Liouville
fractional integral operators [8].

-e Riemann–Liouville fractional integrals for a func-
tion φ ∈ L1[ε1, ε2] of order τ ∈ R (τ > 0) are defined by

I
τ
ε+
1
φ(x) �

1
Γ(τ)


x

ε1
(x − t)

τ− 1φ(t)dt, x> ε1,

I
τ
ε−
2
φ(x) �

1
Γ(τ)


ε2

x
(t − x)

τ− 1φ(t)dt, x< ε2.

(7)

After introducing generalized fractional integral oper-
ators, now we define notions of functions for which

generalized fractional integral operators are utilized to get
main results of this paper.

Definition 4 (see [9]). A function φ: [ε1, ε2]⟶ R is said to
be convex if

φ tx1 +(1 − t)x2( ≤ tφ x1(  +(1 − t)φ x2( , (8)

holds for all x1, x2 ∈ [ε1, ε2] and t ∈ [0, 1].

Definition 5 (see [10]). Let I be an interval such that I⊆R+.
-en, a function φ: I⟶ R is said to be harmonically
convex, if

φ
ab

ta +(1 − t)b
 ≤ tφ(b) +(1 − t)φ(a), (9)

holds for all a, b ∈ I and t ∈ [0, 1].

Definition 6 (see [11]). Let J ⊂ (0,∞) be a real interval and
p ∈ R\ 0{ }. -en, a function φ: J⟶ R is said to be
p-convex, if

φ tεp
1 +(1 − t)εp

2 
1/p

 ≤ tφ ε1(  +(1 − t)φ ε2( , (10)

holds for ε1, ε2 ∈ J and t ∈ [0, 1].
It is easy to see that for p � 1 and p � − 1, the p-con-

vexity reduces to convexity and harmonical convexity,
respectively.

Definition 7 (see [11]). Let p ∈ R\ 0{ }. -en, a function
φ: [ε1, ε2] ⊂ (0,∞)⟶ R is said to be p-symmetric with
respect to [(εp

1 + εp
2 )/2]1/p if

φ t
1/p

  � φ εp
1 + εp

2 − t 
1/p

 , (11)
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holds, for t ∈ [ε1, ε2].
Convex functions are equivalently studied by the

Hadamard inequality.

Theorem 1. Let φ: [ε1, ε2]⟶ R be a convex function such
that ε1 < ε2. >en, the following inequality holds:

φ
ε1 + ε2

2
 ≤

1
ε2 − ε1


ε2

ε1
φ(x)dx≤

φ ε1(  + φ ε2( 

2
. (12)

-e Fejér–Hadamard inequality is a weighted version of
the Hadamard inequality given by Fejér in [12].

Theorem 2. Let φ: [ε1, ε2]⟶ R be a convex function and
g: [ε1, ε2]⟶ R be non-negative, integrable, and symmetric
about (ε1 + ε2)/2. >en, the following inequality holds:

φ
ε1 + ε2

2
  

ε2

ε1
g(x)dx≤ 

ε2

ε1
φ(x)g(x)dx

≤
φ ε1(  + φ ε2( 

2

ε2

ε1
g(x)dx.

(13)

In recent decades, the Hadamard and the
Fejér–Hadamard fractional integral inequalities have been
studied extensively for different kinds of convex functions
(see [1, 3, 13–21]). In this paper, we find Hadamard and
Fejér–Hadamard inequalities for a generalized fractional
integral operator involving an extended generalized Mittag-
Leffler function.

In the upcoming section, we give two versions of the
Hadamard inequality as well as two versions of the
Fejér–Hadamard inequality. -eir special cases are also dis-
cussed along with noticing connections with published results.

2. Main Results

First we give the following version of the Hadamard
inequality.

Theorem 3. Let φ, θ: [ε1, ε2] ⊂ (0,∞)⟶ R, Range
(θ) ⊂ [ε1, ε2] be the functions such that φ be positive and
φ ∈ L1[ε1, ε2], and θ be a differentiable and strictly increasing
function. If φ is p-convex, p ∈ R\ 0{ }, then the following
inequalities for fractional integral operators (5) and (6) hold:

(i) If p> 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

1  θ− 1 θp ε2( ( ; p 

≤
1
2 θΥ

ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

1  θ− 1 θp ε2( ( ; p ,

(14)

where ω′ � ω/(θp(ε2) − θp(ε1))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
1 , εp

2 ].
(ii) If p< 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠ ερ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

1  θ− 1 θp ε2( ( ; p 

≤
1
2 θΥ

ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε2( )( )+

φ ∘ψ  θ− 1 θp ε1( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

φ ∘ψ  θ− 1 θp ε2( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

1  θ− 1 θp ε2( ( ; p ,

(15)

where ω′ � ω/(θp(ε1) − θp(ε2))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
2 , εp

1 ].
Proof. (i) Since φ is p-convex over [ε1, ε2], for all x, y ∈ I,
we have
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φ
θp(x) + θp(y)

2
 

1/p
⎛⎝ ⎞⎠≤

φ(θ(x)) + φ(θ(y))

2
. (16)

Setting θ(x) � (tθp(ε1) + (1 − t)θp(ε2))
1/p and θ(y) �

(tθp(ε2) + (1 − t)θp(ε1))
1/p in above inequality, we have

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

≤
φ tθp ε1(  +(1 − t)θp ε2( ( 

1/p
  + φ tθp ε2(  +(1 − t)θp ε1( ( 

1/p
 

2
.

(17)

Multiplying both sides of (17) by 2tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and
then integrating over [0, 1], we have

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠ 

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( dt

≤ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε2(  +(1 − t)θp ε1( ( 

1/p
 dt.

(18)

By choosing θ(x) � tθp(ε1) + (1 − t)θp(ε2) and θ(y) �

tθp(ε2) + (1 − t)θp(ε1) in (18), we have

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠ 

θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω′ θp ε2(  − θ(x)( 
σ
; p 1d(θ(x))

≤ 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω′ θp ε2(  − θ(x)( 
σ
; p φ θ(x)

1/p
 d(θ(x))

+ 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θ(y) − θp ε1( ( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω′ θ(y) − θp ε1( ( 
σ
; p φ θ(y)

1/p
 d(θ(y)),

(19)

where ω′ � ω/(θp(ε2) − θp(ε1))
σ . -is implies

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠ ερ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε1( )( )+

1  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p .

(20)

To prove the second inequality of (14), again from
p-convexity of φ over [ε1, ε2] and for t ∈ [0, 1], we have

φ tθp ε1(  +(1 − t)θp ε2( ( 
1/p

 

+ φ tθp ε2(  +(1 − t)θp ε1( ( 
1/p

 ≤φ θ ε1( (  + φ θ ε2( ( .

(21)

Multiplying both sides of (21) by tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and
then integrating over [0, 1], we have


1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε2(  +(1 − t)θp ε1( ( 

1/p
 dt

≤ φ θ ε1( (  + φ θ ε2( ( (  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( dt.

(22)

Setting θ(x) � tθp(ε1) + (1 − t)θp(ε2) and
θ(y) � tθp(ε2) + (1 − t)θp(ε1) in (22), we have
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θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p 

≤ φ θ ε1( (  + φ θ ε2( ( ( 

· θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε1( )( )+

1  θ− 1 θp ε2( ( ; p .

(23)

By combining (20) and (23), we get (14).
(ii) Proof is similar to the proof of (i). □

Remark 2

(i) By setting p � ω � 0 and θ � I, -eorem 9 of [11] is
obtained.

(ii) By setting p � 0, p � − 1, and θ � I, -eorem 2.1 of
[22] is obtained.

(iii) By setting θ � I and p � − 1, -eorem 2.1 of [23] is
obtained.

(iv) By setting ω � p � 0, p � − 1, and θ � I, -eorem 4
of [18] is obtained.

(v) By setting p � − 1, -eorem 2.1 of [24] is obtained.
(vi) By setting p � − 1 and ψ(x) � x, Corollary 2.3 of

[24] is obtained.

Corollary 1. In (15), if we take ω � p � 0, p � − 1, and θ � I,
then we get the following Hadamard inequality for the RL
fractional integrals:

φ
2ε1ε2
ε1 + ε2

 ≤
Γ(τ + 1)

2
ε1ε2

ε2 − ε1
 

τ

· I
τ
1\ε1 − φ ∘ψ 

1
ε2

  + I
τ
1\ε1+φ ∘ψ 

1
ε1

  

≤
φ ε1(  + φ ε2( 

2
.

(24)

Now we obtain Fejér–Hadamard type fractional integral
inequalities for p-convex function via generalized fractional

integral operators; for this, first we prove the following
lemma.

Lemma 1. Let φ, θ: [ε1, ε2] ⊂ (0,∞)⟶ R, Range
(θ) ⊂ [ε1, ε2] be the functions such that φ be positive and
φ ∈ L1[ε1, ε2], ε1 < ε2, and θ be a differentiable and strictly
increasing function. If φ is p-convex, p ∈ R\ 0{ }, and
φ(θ1/p(x)) � φ((θp(ε1) + θp(ε2) − θ(x))1/p), then for gen-
eralized fractional integral operators (5) and (6), we have

(i) If p> 0, then

θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

� θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p 

�
1
2 θΥ

ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p ,

(25)

with ψ(t) � θ1/p(t), t ∈ [εp
1 , εp

2 ].
(ii) If p< 0, then

θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε2( )( )+

φ ∘ψ  θ− 1 θp ε1( ( ; p 

� θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )−

φ ∘ψ  θ− 1 θp ε2( ( ; p 

�
1
2 θΥ

ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε2( )( )+

φ ∘ψ  θ− 1 θp ε1( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

φ ∘ψ  θ− 1 θp ε2( ( ; p ,

(26)

with ψ(t) � θ1/p(t), t ∈ [εp
2 , εp

1 ].

Proof. (i) By definition of generalized fractional integral
operators (5) and (6), we have

θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

� 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω θp ε2(  − θ(x)( 
σ
; p φ ∘ψ(x)d(θ(x))

� 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω θp ε2(  − θ(x)( 
σ
; p φ θ(x)

1/p
 d(θ(x))

� 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω θp ε2(  − θ(x)( 
σ
; p φ θp ε1(  + θp ε2(  − θ(x)( 

1/p
 d(θ(x)).

(27)
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Setting θ(t) � θp(ε1) + θp(ε2) − θ(x) in the above
equation and using φ(θ1/p(x)) � φ((θp(ε1)+
θp(ε2) − θ(x))1/p), we have

θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

� 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θ(t) − θp ε1( ( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω θ(t) − θp ε1( ( 
σ
; p φ θ(t)

1/p
 d(θ(t))

� 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θ(t) − θp ε1( ( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω θ(t) − θp ε1( ( 
σ
; p φ ∘ψ(t)d(θ(t)).

(28)

-is implies

θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

� θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p .
(29)

By adding (θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1(θp(ε1))+

φ ∘ψ)(θ− 1(θp(ε2)); p) on
both sides of (29), we have

2 θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

� θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε1( )( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω,θ− 1 θp ε2( )( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p .

(30)

From equations (29) and (30), the required result can be
obtained.

(ii) Proof is on the same lines as the proof of (i). □

Theorem 4. Let φ, θ, h: [ε1, ε2] ⊂ (0,∞)⟶ R, Range (θ),
Range (h) ⊂ [ε1, ε2] be the functions such that φ be positive
and φ ∈ L1(ε1, ε2), ε1 < ε2, and θ be a differentiable and
strictly increasing function where h is a non-negative and
integrable function. If φ is p-convex, p ∈ R\ 0{ }, and
φ(θ1/p(x)) � φ((θp(ε1) + θp(ε2) − θ(x))1/p), then the fol-
lowing inequalities for generalized fractional integral oper-
ators (5) and (6) hold:

(i) If p> 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

· θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

h ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε2( )( )−

h ∘ψ  θ− 1 θp ε1( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

φh ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε2( )( )−

φh ∘ψ  θ− 1 θp ε1( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2

· θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

h ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

h ∘ψ  θ− 1 θp ε1( ( ; p ,

(31)

where ω′ � ω/(θp(ε2) − θp(ε1))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
1 , εp

2 ].
(ii) If p< 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )+

h ∘ψ  θ− 1 θp ε1( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

h ∘ψ  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )+

φh ∘ψ  θ− 1 θp ε1( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

φh ∘ψ  θ− 1 θp ε2( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )+

h ∘ψ  θ− 1 θp ε1( ( ; p  + θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )−

h ∘ψ  θ− 1 θp ε2( ( ; p  ,

(32)
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where ω′ � ω/(θp(ε1) − θp(ε2))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
2 , εp

1 ].
Proof. (i) Multiplying both sides of (17) by
2tτ− 1E

ρ,r,k,c

σ,τ,δ (ωtσ ; p)h((tθp(ε1) + (1 − t)θp(ε2))
1/p) and then

integrating over [0, 1], we have

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠ 

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt

≤ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 h tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε2(  +(1 − t)θp ε1( ( 

1/p
 h tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt.

(33)

By choosing θ(x) � tθp(ε1) + (1 − t)θp(ε2), that is,
θp(ε1) + θp(ε2) − θ(x) � tθp(ε2) + (1 − t)θp(ε1), in (33)

and using φ(θ1/p(x)) � φ((θp(ε1) + θp(ε2) − θ(x))1/p), we
have

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

· 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω′ θp ε2(  − θ(x)( 
σ
; p h ∘ψ(x)d(θ(x))

≤ 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θp ε2(  − θ(x)( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω′ θp ε2(  − θ(x)( 
σ
; p φh ∘ψ(x)d(θ(x))

+ 
θ− 1 θp ε2( )( )

θ− 1 θp ε1( )( )
θ(x) − θp ε1( ( 

τ− 1
E
ρ,r,k,c

σ,τ,δ ω′ θ(x) − θp ε1( ( 
σ
; p φh ∘ψ(x)d(θ(x)).

(34)

-is implies

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

h ∘ψ  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

φh ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

φh ∘ψ  θ− 1 θp ε1( ( ; p .

(35)

Using Lemma 1 (i) in above inequality, we have
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φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε1( )( )+

h ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

h ∘ψ  θ− 1 θp ε1( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

φh ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε2( )( )−

φh ∘ψ  θ− 1 θp ε1( ( ; p .

(36)

To prove the second inequality of (31), multiplying both
sides of (21) by tτ− 1E

ρ,r,k,c

σ,τ,δ (ωtσ ; p)h((tθp(ε1) + (1 − t)θp

(ε2))
1/p) and then integrating over [0, 1], we have


1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 h tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ tθp ε2(  +(1 − t)θp ε1( ( 

1/p
 h tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt

≤ φ θ ε1( (  + φ θ ε2( ( (  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h tθp ε1(  +(1 − t)θp ε2( ( 

1/p
 dt.

(37)

Setting θ(x) � tθp(ε1) + (1 − t)θp(ε2) and using
φ(θ1/p(x)) � φ((θp(ε1) + θp(ε2) − θ(x))1/p) in (37) and
after simplification, we have

θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

φh ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

φh ∘ψ  θ− 1 θp ε1( ( ; p 

≤ φ θ ε1( (  + φ θ ε2( ( (  θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε1( )( )+

h ∘ψ  θ− 1 θp ε2( ( ; p .

(38)

Using Lemma 1 (i), inequality (38) becomes

θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε1( )( )+

φh ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

φh ∘ψ  θ− 1 θp ε1( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( ( 

2

· θΥ
ρ,r,k,c

σ,τ,δ,ω′,θ− 1 θp ε1( )( )+

h ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,ω′ ,θ− 1 θp ε2( )( )−

h ∘ψ  θ− 1 θp ε1( ( ; p .

(39)

By combining (36) and (39), we get (31).
(ii) Proof is similar to the proof of (i) by using (ii) of

Lemma 1. □

Remark 3

(i) By setting p � 0 and θ � I, -eorem 2.2 of [25] is
obtained.

(ii) By setting p � ω � 0 and θ � I, -eorem 9 of [11] is
obtained.

(iii) By setting p � 0, h(x) � 1, p � − 1, and θ � I,
-eorem 2.1 of [22] is obtained.

(iv) By setting θ � I, h(x) � 1, and p � − 1, -eorem 2.1
of [23] is obtained.

(v) By setting ω � p � 0, h(x) � 1, p � − 1, and θ � I,
-eorem 4 of [18] is obtained.

(vi) By setting p � − 1, -eorem 2.5 of [24] is obtained.

Corollary 2. If we put p � − 1, p � 0, and θ � I in>eorem 4
(ii), we get the following Fejér–Hadamard inequalities for
harmonically convex function via generalized fractional in-
tegral operators:
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φ
2ε1ε2
ε1 + ε2

  θΥ
ρ,r,k,c

σ,τ,δ,ω′ , 1/ε2( )
+ h ∘ψ 

1
ε1

  + θΥ
ρ,r,k,c

σ,τ,δ,ω′ , 1/ε1( )
− h ∘ψ 

1
ε2

  

≤ θΥ
ρ,r,k,c

σ,τ,δ,ω′ , 1/ε2( )
+φh ∘ψ 

1
ε1

  + θΥ
ρ,r,k,c

σ,τ,δ,ω′ , 1/ε1( )
− φh ∘ψ 

1
ε2

 

≤
φ ε1(  + φ ε2( 

2 θΥ
ρ,r,k,c

σ,τ,δ,ω′, 1/ε2( )
+ h ∘ψ 

1
ε1

  + θΥ
ρ,r,k,c

σ,τ,δ,ω′ , 1/ε1( )
− h ∘ψ 

1
ε2

  .

(40)

Now we give another version of the Hadamard
inequality.

Theorem 5. Let φ, θ: [ε1, ε2] ⊂ (0,∞)⟶ R, Range
(θ) ⊂ [ε1, ε2] be the functions such that φ be positive and

φ ∈ L1[ε1, ε2], ε1 < ε2, and θ be a differentiable and strictly
increasing function. If φ is p-convex, p ∈ R\ 0{ }, then for
generalized fractional integral operators (5) and (6), we have

(i) If p> 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,2σω′,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

1  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

φ ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,2σω′,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

φ ∘ψ  θ− 1 θp ε1( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,2σω′,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

1  θ− 1 θp ε2( ( ; p ,

(41)

where ω′ � ω/(θp(ε2) − θp(ε1))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
1 , εp

2 ].
(ii) If p< 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,2σω′,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

1  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

φ ∘ψ  θ− 1 θp ε1( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,2σω′,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

φ ∘ψ  θ− 1 θp ε2( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,2σω′,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

1  θ− 1 θp ε2( ( ; p ,

(42)

where ω′ � ω/(θp(ε1) − θp(ε2))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
2 , εp

1 ].
Proof. (i) Setting θ(x) �((t/2)θp(ε1) + ((2 − t)/2)θp (ε2))

1/p

and θ(y) �((t/2)θp(ε2) + ((2 − t)/2))θp(ε1))
1/p in (12), we

have
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φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

≤
φ ((t/2)θp ε1(  +((2 − t)/2)θp ε2( 

1/p
  + φ ((t/2)θp ε2(  +((2 − t)/2)θp ε1( 

1/p
 

2
.

(43)

Multiplying both sides of (43) by 2tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and
then integrating over [0, 1], we have

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠ 

1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( dt

≤ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε1(  +((2 − t)/2)θp ε2(  

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε2(  +((2 − t)/2)θp ε1(  

1/p
 dt.

(44)

By choosing θ(x) � (t/2)θp(ε1) + ((2 − t)/2)θp(ε2) and
θ(y) � (t/2)θp(ε2) + ((2 − t)/2)θp(ε1) in (44) and by (5)
and (6), we get first inequality of (41).

To prove the second inequality of (41), again from
p-convexity of φ over [ε1, ε2] and for t ∈ [0, 1], we have

φ
t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 

+ φ
t

2
θp ε2(  +

2 − t

2
 θp ε1(  

1/p
 

≤φ θ ε1( (  + φ θ ε2( ( .

(45)

Multiplying both sides of (45) by tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p) and
then integrating over [0, 1], we have


1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε2(  +

2 − t

2
 θp ε1(  

1/p
 dt

≤ φ θ ε1( (  + φ θ ε2( ( (  
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( dt.

(46)

Setting θ(x) � (t/2)θp(ε1) + ((2 − t)/2)θp(ε2) and
θ(y) � (t/2)θp(ε2) + ((2 − t)/2)θp(ε1) in (46) and using (5)
and (6), we get second inequality of (41).

(ii) Proof is similar to the proof of (i). □

Remark 4

(i) By setting p � 0, p � − 1, and θ � I, -eorem 2.3 of
[22] is obtained.

(ii) By setting θ � I and p � − 1, -eorem 2.3 of [23] is
obtained.

(iii) By setting p � − 1, -eorem 2.7 of [24] is obtained.

Now we obtain another Fejér–Hadamard type fractional
integral inequality for p-convex function via generalized
fractional integral operators (5) and (6).

Theorem 6. Let φ, θ, h: [ε1, ε2] ⊂ (0,∞)⟶ R, Range (θ),
Range (h) ⊂ [ε1, ε2] be the functions such that φ be positive
and φ ∈ L1(ε1, ε2), ε1 < ε2, and θ be a differentiable and
strictly increasing function where h is a non-negative and
integrable function. If φ is p-convex, p ∈ R\ 0{ }, and
φ(θ1/p(x)) � φ((θp(ε1) + θp(ε2) − θ(x))1/p), then the fol-
lowing inequalities for generalized fractional integral oper-
ators (5) and (6) hold:

(i) If p> 0, then
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φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

h ∘ψ  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

φh ∘ψ  θ− 1 θp ε2( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

φh ∘ψ  θ− 1 θp ε1( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

h ∘ψ  θ− 1 θp ε2( ( ; p ,

(47)

where ω′ � ω/(θp(ε2) − θp(ε1))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
1 , εp

2 ].
(ii) If p< 0, then

φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

h ∘ψ  θ− 1 θp ε2( ( ; p 

≤ θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )+

φh ∘ψ  θ− 1 θp ε1( ( ; p 

+ θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

φh ∘ψ  θ− 1 θp ε2( ( ; p 

≤
φ θ ε1( (  + φ θ ε2( ( 

2 θΥ
ρ,r,k,c

σ,τ,δ,2σω′ ,θ− 1 θp ε1( )+θp ε2( )( )/2( )−

h ∘ψ  θ− 1 θp ε2( ( ; p ,

(48)

where ω′ � ω/(θp(ε1) − θp(ε2))
σ and ψ(t) � θ1/p(t)

for all t ∈ [εp
2 , εp

1 ].

Proof. (i)

Multiplying (43) by 2tτ− 1E
ρ,r,k,c

σ,τ,δ (ωtσ ; p)h(((t/2) θp(ε1) +

((2 − t)/2)θp(ε2))
1/p) and then integrating over [0, 1], we

have

2φ
θp ε1(  + θp ε2( 

2
 

1/p
⎛⎝ ⎞⎠

· 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt

≤ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 h

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε2(  +

2 − t

2
 θp ε1(  

1/p
 h

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt.

(49)

By choosing θ(x) � (t/2)θp(ε1) + ((2 − t)/2)θp(ε2), that
is, θp(ε1) + θp(ε2) − θ(x) � (t/2)θp(ε2) + ((2 − t)/2)θp(ε1),
in (49) and using the condition φ(θ1/p(x)) � φ ((θp

(ε1) + θp(ε2) − θ(x))1/p), one can get first inequality of (47).

To prove the second inequality of (47), multiplying both
sides of (45) by tτ− 1E

ρ,r,k,c

σ,τ,δ (ωtσ ; p)h(((t/2) θp(ε1)+
((2 − t)/2)θp(ε2))

1/p) and then integrating over [0, 1], we
have
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t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 h

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt

+ 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( φ

t

2
θp ε2(  +

2 − t

2
 θp ε1(  

1/p
 h

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt

≤ φ θ ε1( (  + φ θ ε2( ( ( 

· 
1

0
t
τ− 1

E
ρ,r,k,c

σ,τ,δ ωt
σ
; p( h

t

2
θp ε1(  +

2 − t

2
 θp ε2(  

1/p
 dt.

(50)

Setting θ(x) � (t/2)θp(ε1) + ((2 − t)/2)θp(ε2) in (38)
and using the condition
φ(θ1/p(x)) � φ((θp(ε1) + θp(ε2) − θ(x))1/p), one can get
second inequality of (47).

(ii) Proof is similar to the proof of (i). □

Remark 5

(i) By setting p � − 1, p � 0, and θ � I, -eorem 2.6 of
[22] is obtained.

(ii) By setting θ � I and p � − 1, -eorem 2.6 of [23] is
obtained.

(iii) By setting p � − 1, -eorem 2.10 of [24] is obtained.

Corollary 3. When we set p � − 1, ω � p � 0, and θ � I in
>eorem 6, then we get the following inequalities via RL
fractional integrals.

φ
2ε1ε2
ε1 + ε2

  I
τ

ε1+ε2( )/2ε1ε2( )
+ h ∘ψ 

1
ε1

  + I
τ

ε1+ε2( )/2ε1ε2( )
− h ∘ψ 

1
ε2

  

≤ I
τ

ε1+ε2( )/2ε1ε2( )
+φh ∘ψ 

1
ε1

  + I
τ

ε1+ε2( )/2ε1ε2( )
− φh ∘ψ 

1
ε2

 

≤
φ ε1(  + φ ε2( 

2
I
τ

ε1+ε2( )/2ε1ε2( )
+ h ∘ψ 

1
ε1

  + I
τ

ε1+ε2( )/2ε1ε2( )
− h ∘ψ 

1
ε2

  .

(51)

3. Conclusion

We have established Hadamard and Fejér–Hadamard
fractional integral inequalities for generalized fractional
integrals of p-convex functions. -e results of this paper
hold simultaneously for convex and harmonically convex
functions for different fractional integral operators con-
taining Mittag-Leffler functions.
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