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In this paper, we aim to introduce six new quadruple hypergeometric functions. Then, we investigate certain formulas and
representations for these functions such as symbolic formulas, differential formulas, and integral representations.

1. Introduction

Hypergeometric functions of several variables play an important
role in diverse areas of science and engineering. The develop-
ments in applied mathematics, mathematical physics, chemistry,
combinatorics, statistics, numerical analysis, and other areas
have led to increasing interest in the study of multiple hyper-
geometric functions. Many authors have studied a number of
formulas involving hypergeometric functions (see, e.g., [L-6]).
In [7], Exton presented twenty-one complete hyper-
geometric functions in four variables denoted by symbols
K,,K,,...,K,;. In [8], Sharma and Parihar defined eighty-
three complete quadru)ple hypergeometric functions,
namely, F* F%, . ,Fé;1 . Bin-Saad and Younis [9] gave
thirty new quadruple hypergeometric functions given by
X f4), X§4), ... ,Xég). In [10], the authors discovered the
existence of twenty additional complete hzgergeometric
functions in four variables X3(‘11),X§§), ..., X5y . Each qua-
druple hypergeometric function in [7-10] is of the form

4 i X"y 2Pl
X@() = Qmm pog) = L 21
s prg=0 ml n! p! gl

(1

where Q(m,n, p,q) is a certain sequence of complex
parameters, and there are twelve parameters in each
series of X®¥ (.) (eight a's and four ¢'s ). The 1st, 2nd, 3rd,
and 4th parameters in X ¥ (.) are connected with integers
m,n, p, and g, respectively. Each repeated parameter in
the series X™® (.) points out a term with double param-
eters in Q(m,n, p,q). For example, X¥(a,,a,,a, a,,
as, az, Ay, a;) means that (ay),,.,(a;) p.q(a3) 00 (a4), (as),
includes the term. Similarly, X 4 (ay,a;,a,,a5, a4,
a,,a,,a;) points out the term (a,) 1204 (32) p1q(a3)> and
X% (ay,ay,a, a5 a,,a,,a;,a,) shows the existence of the
term  (a1)50(32) 1 (43) pig (a4)g Thus, it is possible to
form various combinations of indices. There seems to be
no way of independently establishing the number of
distinct Gaussian hypergeometric series for any given
integer n>2 without explicitly stating all such series.
Thus, in every situation with n = 4, one ought to begin by
actually constructing the set just as in the case n = 3 (see
(11]).

By using the conventions and notations above, we now
introduce further quadruple hypergeometric functions as
follows:
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(2)

1
(Ix1 <3 <Lzl <L jul<1). 3)
Here, (a),, is the Pochhammer symbol defined (for
a,m € C), in terms of the familiar Gamma function T, by
(see, e.g., [11], p. 2 and p. 5)

(a),, = %, (a+meC\Z,))
1 (m = 0), @)
B a(a+1)...(a+m-1), (m=neN),

where C, Z;, and N denote the sets of complex numbers,
nonpositive integers, and positive integers, respectively.

o0

2

m,n, p=0

X5 (a1>“2’a3§C2’C1§x» )”Z) =

X6 (ay,aya3;¢1, 093 %, 9,2) = Z
m,n, p=0

Xi7(ay,a5a55¢1,65,¢55%, 9, 2) = Z
m,n, p=0

X5 (a1, a5, 05,0456, %, y,2) = Z

m,n, p=0

Xyo(ay,ay,a5,a45¢1,655%, 9, 2) = Z
m,n, p=0

2

a a a a m n _p _q

Xé‘sl) (al,01,02,03,a1,az,a3,a4;61,62,63,61;x,y, z, M) _ Z ( 1)2m+n( 2)n+p( 3)p+q( 4)q x_' y_| Z_' M_',

mn,p,g=0 (Cl)m+q(cz)n(c3)P m! n! p! q.

a a a a m n _p _q

Xég) (al’al’az’a&al’azﬂyahCzs51:C3,Cl§x),'V)Z,u) = Z ( 1)2'”*”( 2)’”1’( 3)P+‘1( 4)qX_'y_'Z_'u_',

m,n, p,q=0 (Cl)n+q(C2)m(C3)p m: n: p, q

a a a a m . n _p .4
Xé;l) (al,al,az,a3,a1,a2,a3,a4;cl,cz,cl,cz;x,y,z,u) == Z ( 1)2m+”( 2)”+P( 3)P+q( 4)qx_'y_'z_'u_')

m,n, p,q=0 (Cl)m+p(cz)n+q m: ni p q

a a a a m n _p . q

Xég) (al,al,az,a3,a1,a2,a3,a4;cl,cz,CZ,cl;x,y,z,u) _ z ( 1)2m+n( 2)n+p( 3)p+q( 4)q L' }/7'27' u*',

m,n, p,q=0 (Cl)m+q(c2)n+p m: n p q

& a a a a m n _p . q

XS(;I) (al)a1>a2)a3) ay),0a,,03,045C1,C5,C1,C13 X, V52, M) = Z ( 1)2m+n( 2)n+p( 3)p+q( 4)q L' L' i' i"

m,n, p,q=0 (Cl)m+p+q(cz)n m! n! pl g!

& a a a a m . n P4

Xg(g) (al,al,az,a3,al,az,a3,a4;c, €0 C % 12 Ll) _ Z ( 1)2m+n( 2)n+p( 3)p+q( 4)q x_' }’_' Z_' M_')

m,n, p,g=0 (C)m+n+p+q m. n. p q

for We recall the Gauss hypergeometric function [12] which

is defined by

(a), (b), x"

@b = 3 (e X

n=0

(5)

5 (xl<).
n.

Appell’s double hypergeometric function F, is defined as
follows [13]:

(o] b m n
F,(a,b,c;d,e;x,y) = Z W%%

In [14], Exton established twenty distinct triple hyper-
geometric functions, which are denoted by X, X, ..., X;,.
We introduce the definitions of five of these functions in the
following:

(6)

m,n=0

(a1)2m+n(a2)n+p(a3)p£y_ni
(Cl)n+p(52)m

m! n! pl’

(a1)2m+n(a2)n+p(a3)[’£y7n£
(Cl)m+p(c2)n

m! nl p!’

(a1)2m+n(a2)n+p(a3)p x" yn 2P

()m(c)u(cs),  mlnl pl

(7)

m! nl p!’

(@1)2m1n (2)(33), (0), 5™ y" 2P

m! n! pI’

(C)m+n+p

(al)zmm(“z)n(“s)p(%)pﬁy_”i
(Cl)m+p(c2)n

m! n! pl
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The Lauricella functions of three variables
FM,FN,FP, Fg, and F; are defined in [11, 15]:

®  (a a b b mopn P
FM(al’aZ’aZ’bl’bZ’bl;CI’CZ’CZ;x’y’Z): Z ( l)m( 2)n+p( l)m+p( Z)H-X_y_z_

m,n, p=0 (Cl)m(c2)n+p m' T’l! P’
S (31)m(32)(@3), (B1) i p (b2), X™ " 2F
F (a1, a3 by, by, by €100 53 %, 9, 2) = m\82)n(33)p O mepO2)n X7 y" 27
N (a1,85,a3,b1,0,,b15¢1,65, 63 %, 3, 2) m,r%:o (Cl)m(CZ)n+p mi ol p
(al)m+ (a2)n(bl)m+n(b2) Xm y" ZP
Fp(ay,ay,a.,b1,b,,b,y;¢1,65,655%, ¥, 2) = P Pz 2 2 (8)
P( v ) m,r;pzo (Cl)m(CZ)n+p m! n! p

®  (a a b b,) (b mon P
FS(al,az,az)bl)bz)bs;c)c,c;x,y)z) = Z ( 1)m( 2)n+p( l)m( Z)n( 3)px_)}_z_

o (©prenp ml nl p

X (a a b b mog P
FT(al’a2>a2’b1’b2’bl;C’C’C;x’yﬁz): Z (1)m( 2)n+p( 1)m+p( 2)71&}’727

=0 (Dmansp m! nl p’
. . : prigs = LD sem (9)
The structure of this paper is as follows. In Sections 2 to ) T(s—-m+1) >
5, we obtain several symbolic formulas, differentiation
formulas, operator formulas, and integral representations e I[(s+1)
for the hypergeometric functions of four variables D576 = mé J (10)
xW x@ x® s+m
85486 >+ > 490 +
for
2. Symbolic Formulas meNuU{0}, seC-{-1,-2,...}, (11)

First of all, we recall the following symbolic operators (see ~ where Dy and Dj' are the derivative and integral operator,
[16]): respectively.
Now, we find the following formulas.

Theorem 1. The following results hold true:

[1 _(DalDazﬁ_ ID;)’_ ID;lal‘xz)“]_an (a1, a5, 035 ¢1, €55 B, y, 0, 2)

(12)
as—1 _a,~1,nci—1, a-1\ _ a;-1 a;—1,c,-1 a-1+-(4) . .
><(oc1 at Ty =al gt YT X (ar, a1, ay,a5, 4,05, A3, 4C1, Gy C35 €y X, Y, 0412, U3),

—14-1 1791 -a . .
[1 _<D¢xlDtx2ﬁ Dgy D, “1“2)4 X0 (@159, @3, a45 €1, €35 X, 4y, oy 1) (13)
a,=1 a3;-1,c3—-1 a-1 a=1 _as;=1c;—1, a-1+-(4) . .
><("‘12 a’ By ) =a oy BTy Xgs (ar, a4, a5, 83,01, 85, 05,043 C1, €5, 3, €15 X, 61 Y, 2, ).

Proof. To prove the result in equality (12) asserted in  Then, employing the series representation of x,, and by
Theorem 1, let & denote the left-hand side of equality (12). using (9) and (10), we have

& = io: (a1)2m+n (“2)n+p (a3)p(a)q ﬁiqyiq

m_n_p. q q q -4 1y—q( ,At+p+q-1 as+q-1 pc+m+q—-1_a—1
x" y"ZPul x D1 D1 D "D %( o o B y
0 YW S A RerFT DD Dy (e )

B

00 m n P .q
_ (X?3_1(X;4_1ﬁ617 1}/“71 Z (a1)2m+n (aZ)n+p (a3)p+q (a4)q (ﬁx? ()/') (0612'5) uﬁ
m,n,p,q:() (Cl)WH-q (CZ)VI (63)p m: n: P' q
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=y s T BT T X (4, a1, 8y, 05,01, 3y, 83, 045015 €, €3, €15 X5 9,2 1), (14)
which completes the proof. Similarly, one can prove for-  Theorem 2. The following results hold true:
mulas (13) and (20). O

[1 —(Diﬁf lD?y*lD;locz)x]_uFP (a3, a3, a1, ay, a5, 445 €3, €1, €15 2, AY, 1)

a;—1pc,—1, a-1 a—1pc,-1_a—1+,(4)
><("‘1 By ):“ B YT Xgg (a1, a1, a5, 05,01,05, 03,043 63, €1, €3, €15 X, @Y, 2, 1),

- a, a +1
[1-(D,,D, B 'Ds'y ' D} aya,) y], “F1<?1,IT;CZ;4afx) (15)
x F, (‘13"12>a4§c3’513“22’ﬁ”)( ar'” 1“32 1BC1_1VH_1) = “(111_1“(212_%61_1)’“_1
Xéé)(al, A1, Gyy A3y Ay Gy, A3, G5 Coy €1y C3 €15 00X, Vs Ay Z,s ﬁu).

Theorem 3. The following results hold true:

[1 (D D, Dﬁ)’ D 0‘1“2)“] Xi6 (1> 35,035 €1, €35 %, By, 0, 2)
5—1 o -1 c—l a—1 a;=1 _a,~1pc,—1 a—1+-(4) . .
><(¢x ) Py )= a 7 (a1,a1,a5, 83,01, 05, a3,a45¢1, 5, €, €35 %, By, 02, 1),
1 (16)
-a a, a, + )
[1 ( ﬁ y D ocltxz)y] FN<a4,7,a2,a3,a3,—;cz,cl,cl;ﬁu,4tx1x,(xzz
a la 1 -1, a-1 a =1 _a,~1,c,—1_a-1+-(4) . L2
X( by Y )20‘11 o YT Xy (al,al,az,a3,a1,a2,a3,a4,cl,cz,cl,cz,oclx,y,oczz,ﬁu).
Theorem 4. The following results hold true:
[ (D DB Dﬁ ' D “1“2)“] X5 (ay, a5, a35 ¢1, ¢33 Bx, y, 0,2)
1 a 1c—1 a—1 as—1 _a,~1pci—1_ a—1+-(4) . .
x(a3 ) Py ):"‘13 o' BTV Xy (a1, a1, 5,83, a1, 05, G5, G435 €1, €5 €y €13 X,y 012, 10), (17)
17
2 -4 . .
[ (Daﬂ Dﬁ Y D oc) ] Fy(agay,ay,a5, 05,045 ¢y, ¢, 65 Pu, a0y, 2)
a,— 1 lal a—1pc,-1, a—1+,(4) . .
><(oc ! ) =a"T ST YT Xy (ay, a4, ay, a5, a4, a5, A3, A4; €15 €y, Gy €13 X, ALY, 2, ).
Theorem 5. The following results hold true:
[1 (D D ﬁ Dﬁ}’ D 0‘1“2)”] X6 (ay, ay, a3;¢1, ¢p; Bx, y, 1 fz)
3—1 u -1 c—l a—1 as—-1 a,~1c,—1_a—1+,(4) . .
><(¢x 2 By )= ap oy BT YT Xy (ay,a1,a,,a5,a,, 0y, 43,445 ¢4, 63, ¢4, ¢4 Bx, Y, 4 Pz, ),
(18)
a;+1
[1 ( ﬁy D oclocz)y] Fq 2,a3,a3,—,a2,a4;cl,cl,c1;4a1x,(xzz,u
a;—1 u 1 -1 _a-1 a -1 _a,-1,c,—1_a-1 4
X( by Y ) e o (a1,a1,85,a5,01,0,,05,0,5C1, €5, €1, €15 01X, Y, 7, ).
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Theorem 6. The following results hold true:
— 11, — 11 -a
[1 _(sz D, Dy D, “1“2)2] X5 (a1, a3, a3, a45 ¢; Px, ay By, ayfu) (19)
Lgalpe-1 a1 1ylge-1 a1y
X( S )_ @ oy T BTy Xoy (a4, a4,8y, a3, a4, a5, a5, 4456, ¢, 6, ¢ Bx, o By, 2, ayfu),
2p-1y-1 ~19-1 2\ 14
[1-(D3p Dgy Dy« )x| “Fr(asay a5 a3,a1,a5;¢.0,¢; pu, afy, pz) (20)
x(oc By 1) =g 1X9g) (ay,ay,a,,a3,a,,a,,a3, 446, ¢, ¢, ¢; x, afy, Bz, fus).
3. Differentiation Formulas Theorem 7. The following derivative formulas hold true:
The results of this section can be derived from formula (9) by
a direct evaluation.
DD [ wh Wi 1X(‘l)(c, ¢, c'ya5,0,¢ a3, 451, Ch 3y €13 WX, W W, Y, W2, u)]
T(a)l(ay) o1 oo 2
=—— 2w X (ay,ay, 0y, a3, 04,0y, s, A4 Cp5 €y, €35 Cp 3 WX, W W, Y, WyZ, U ),
F(C)F(CI)IZ85(11231234’1231’1 12}’2)
Daz—cDa3—c’[ a,-1 u371X(4) / / . .
o Dy Wy wy Xgs (a,ap,6.¢,ap,6,c ,a4,cl,cz,c3,cl,x,wly,wlwzz,wzu)]
(21)
_ I(a))T(as)

c -1 . .
T(Or() Wy Wy Xgs (a1, a1, a5, 03,05, G5, G5, 843 €1, €3, €35 €13 X, Wy Y, W W2, WHh),
!
a3—C ya4—C a;-1 a,—1+-(4)
DD [wi wy X

i
H 85 (611, ay;,a;,C,ay,0,5,C,C ;Cp,Cy,C3,Cp5 X, Y, W1 2, wlwzu)]

I'(a;)'(a _ _
:W il ;l ' 85 (al,al,az,a3,a1,a2,a3,a4;cl,cz,c3,c1;x,y,wlz,wlwzu).

Theorem 8. The following differentiation formulas hold:

a—c[ . a, (4) . 42
D} [ X (c,c,az,a3,c,a2,a3,a4,cz,cl,c3,cl,x ,xy,z,u)]
F(al) -1 . L2
I'(c ) X al,al,az,a3,a1,a2,a3,a4,cz,cl,c3,cl,x s XY 2, U ),

!
a;—C 1y —C a—1_a,—1 ! l 2
DDy [x VT X (c,c,c ,A3,C,C A3, 0y;Cy,C15C3,C13 X, XY, VZ, u)]

_T@)l(ay) e o1y

(22)
2
7 X6 (al,al,az,%,al,az,a3,a4;cz,cl,c3,c1;x > XYs }’Zﬂ/‘)’
L ()r(c)

a,—c[ a,—1+-(4) . .
D [u T Xge (al,al,az,a3,a1,a2,a3,c,cz,cl,c3,c1,x,y,z,u)]

1—‘(‘14) -1
T(c ) X86 (11,05, 03,8y, Ay, 83,043 €, €15 €3, €13 X, Y5 2, 1),
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Theorem 9. The following derivative formulas hold true:

U
a4y —C 4a3—C a,-1_a;—1+,(4) i ! . 3
D2 DY [w 2% Xy, (ay,ap,6,¢ay, ¢, ,a4,cl,c2,cl,cz,x,wy,wz,uz)]

I'(a,)T (as) :
2 3) c—1_c-1 (4)
=2y 7 (ay,ay,a,, a5, a1, 05,053,045 Cy, Cy, €15 €3 X, WY, WZ, UZ),
INGINCG!
a,—C Nay—¢ ~as—c" [ a—1_a,—1 _as;—1+-(4) o o 2
D{ ‘D¢ DY [w Ty BT 2B X (c,c,c ,€ 56 C,C 5 0y;C1,C9,C15Co5 W x,wy,yz,uz)]
(23)

_l"(al)l"(az)l"(a3) el 1 15 (4) ) )

- 7 7 z g7 \81,01,0,,03,07,0,,03,04;C,C),C1, C, W X, WY, YZ,UZ ),
T ()T (c)r(c")

!
a,—C a4 —C a;—1 a4 1 I, L2
D, Dw2 [w1 X c,c, Ay, 043, C, Ay, A3C ;€15 Cy5 €5 Cos WX, W1 Y5 Z, Wyl

F(a)T(ay) 1 o104
= ( ) (, ) ¢ ; X( )(611,611)az)a3aa1)a2)a3)a4’CI’C2>C1’C27w X, WY, 2, wZu)
T()r(c)

Theorem 10. The following derivative formulas hold true:

a,—c[ a (4)
DY [yz Xgg (a1,ay,¢,a5,a4,¢,a3,a45 ¢y, Cy5 €55 €15 X, y,yz,u)]

_T(@) e

(4) . .
T(0) Y X (a1, 01,85, 83,41, Gy, A3, 445 €1, €, €3 €1 X, Yy Y2, U,

a,—c [ _a,— 1y (4) . .
DY [z 2" Xgg (al,al,c,a3,a1,c,a3,a4,cl,cz,cz,cl,x,yz,z,u)]

— r(612)zc—1

(4) . .
0 Xgg (a1,ay,a5,0a3,a,,0,,05,04;C1,Cp,Co €13 X, Y2, 2, 1),

wy Wy

! U " n
A, —C Ay —C d3—C " d4—C a -1 a-1_  a;— a4 1 1o 1o . L2
D, "D, "D D [wl w,® “wy X C,C,C,C ,CC,C ,C ;€5 Ch,Co5Cr5 WX, W W, Y, Wyl3Z, WaW4U

r(“l)r (az)l“(a_,,)l“(a4) w;'flwg”—lw:”—l
INGINCS )r(c”)r( )

(4) . c12
x Xg5 (a1, @135, B3, 15 By, A3, 845 €15 €y €y €13 WX, W W, Y, WHWHZ, Wywyh).
(24)

Theorem 11. The following derivative formulas hold true:

Dul—c a X(4) ) . 2
b C,C, Ay, 05, C, Ay, A3, 045 €1, Cyy €15 CL XY, Y, 2, U

(@) 1y _ )
= I‘(C) XSS al,al,az,a3,al,a2,a3,a4,CI,CZ,CI,CUX)/ ,y,Z,u N

!
a,—C Na,—C a -1 a,-1+-(4) ! ! . . 2
D)""Dy [y w X (c,c,c ,83,C,C 5A3,0,;C1,Cy,C1,Cp3 XY ,wy,wz,u)]
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_ r(al)r(az) cfle'fl

(4) . )2
= : Xgo (a1 15 B, 83,01, @5, 03,045 €1, €y, €1, €13 XY, WY, WE, 1),
T (o)r(c)

a1 —Cy3—C \A3—C T34—C a -1, a,-1_as;—1_ a,~1+,-(4) ron P, 2
D, le D, Dw2 [x w® z w," Xg'(c,c,c,c,6,6,¢7,¢5€1,C5,€C1,C15 X, W XY, W Z, WyUZ (25)

I'(a;)I'(a,)(a;) (a _ 11 e
= (@) (a,)I'(a5) (,”4)x” lwi/ 1< "w 1><X;g)(al,al,az,a3,a1,a2,a3,a4;cl,cz,cl,cl;xz,wlxy,wlz,wzuz).
F(c)F(c')F(c")F(c )

Theorem 12. The following derivative formulas hold true:

! 1
a,—C yA3—C a,— 1. a;—1+-(4) 1o 1o 3 .
D> D [z U Xy (ay,ay, ¢, ag e ,a4,c,c,c,c,x,yz,uz,u)]
I'(a,)'(as) ¢ "
2 -1 "1
— ( ) ( 3)ZC uC

g X (a1, a1, a5, 3,415 Gy, A3, Gy 6, €, G, C; X, Y2, UZ, 1),
I(er(c)

a,—c' ~as—c" ~ag—c | a,—1 as—1 a,—1+(4) 1o A
Dy "Dy~ D) |y w? ut Xgy'|a5,1,6,6,a1,6,C,C 56,666 X, Y, WYz, wu

I'(a,)I'(a;)I (a 1 o1 -
) ((’2)) (( /’3)) (r;l)yc e lXég)(al,al,az,a3,al,az,a3,a4;c,c,c,c;x,y,wyz,wu), (26)
I'(c)I'(c F(c >
Dal—c'Du3—c"Da4—c”' a,-1_a;—1 u4—1X(4) o "o no " )
v, D w, Wit 20wy Xy (€hchay, e a500,C 56,6,6,CW X, Wy Y, 2 WHUz
I'(a,)T(a;)T(a 1 "1 -
:ng 25wl 1X;g)(al,a1,a2,a3,a1,a2,a3,a4;c,c,c,c;w%x,wly,z,wzuz).
I'(c)I'(c F(c )
4. Integral Representations Theorem 13. Each of the following integral representations
holds true:
In this section, we give integral representations of Laplace
type for our new hypergeometric functions of four variables.
X(4) . .
s5 (A1, A1> 35,03, 1, Gy, 03, 843 €1, €, C35 €15 X, Y5 25 U)
:W Jo jo e (St gmm1 4o ®3(a4;c1;tu,s x)‘{’2 (ag; ¢35 ¢33 5y, tz)dsdt (Re(a,) > 0, Re(a;) > 0),
1 3
Xég) (ay, a1, 85, 83,01, 05, 03, 845 €5, €1, €3, €13 X, Y, 2, 1) = S
T'(a))I'(a,)T (as)
Rt el —(s+t+v) ‘lrltﬂrl a3—1cD L. " F L2 F ccait dsdtd (28)
o P R s v 5 (ag; s vu,sty), 1(—,c2,s x)o 1 (=5 ¢35 tvz)dsdtdy
- (Re(a;) >0,Re(a,) >0,Re(a;) >0),
Xs(;) (a1,a1,0,,a5,0,,05, 43,041, €3, €1, €33 X, Y, 2, 1) = :
I'(a))T (a,)T (a3)
Rl R —(s+t+v) a;—1,a,—-1 as-1 2 (29)
.Jo .[o Jo xe SHTRT Y 0Fl(—;cl;s x+tvz)CD3(a4;cz;vu,sty)dsdtdv

- (Re(a,) >0,Re(a,) >0,Re(a;) >0),



@ . :
g8 (@G, Gy, a3, 1, Gy, A3, G5 €1, C, oy €15 X, V5 25 U)

0

(4) . .
Xgo' (a15), a9, A3, 81505, Q3,045 C1, €15 €15 €13 X5 Y5 2, U) = T

0 0 0

X(4) . . —
o0 (@1, 01,05, 03,0150y, 03,045 C,C, 6, C; X, ¥, Z,U) =

0

where F,, F,¥,, ®;, and CI>§3) are the confluent hyper-
geometric functions defined by (see [11])

F (—;¢c;x) = Z —_—
01\ &

m=0 C)m m!

(o) m

(a),, x

F (a;c;x) = Z m__
171 )

= (c),,, m!

NG

¥, (a;bycix,y) = Y T2 o)
’ mZ:O (), (c), m! n!
Oy(aciny) = Y (D XY

T mn=0 (©) s m! nl

n

(@) (b), x™ " 2F

o0

(3)
D7 (a,b;¢;x, 9, 2) = .
T m;:O (Vminsp m! nl pl

Proof. Tt is noted that each of the integral representations
(27) to (32) can be proved mainly by expressing the series
definition of the involved special functions in each inte-
grand, changing the order of the integral sign and the
summation, and finally using the following well-known
integral formula [12, 17]:

(4) . . _
Xgs (a1, 4, 89,5, 01,05, 03,0451, Cy, €3, €15 %, ¥, 2,u) = H
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1
) r(al)r(a3) (30)

(e} [e¢]
. J J xe (T gm1 - 1CI)3(a4; ¢ tu, s2x)1F1 (ay; ¢y; sy + tz)dsdt (Re(a,) > 0,Re(as) >0),
0

1

(a1)T (a,)T (ay)

[e¢] [e¢] (ee]
: J J- J xe () 1m0 1®3(a3; ¢tz + v, szx)oF1 (3¢5 sty)dsdtdv(Re(a,) > 0, Re(a,) > 0,Re(ay) > 0),

(31)
o
)T (e) -
. J J xe (D gh1 4 1(133(3)(112,114; ¢; sy +tz, tu, s’x)dsdt (Re (a,) > 0, Re (a;) > 0),
0
I'(z) = J e 't7ldt,  (R(2)>0). (34)
’ O

5. Operator Formulas

Here, we establish some operator identities for functions
Xég),Xég),...,Xég). We begin by recalling the following
reciprocally inverse operators (see [3, 18]):
TOTr(a+6,+---+96)

a =

""" i F(@I(b+06,+---+6;)

Ok KL

_ i (b- a)k1+--~+k,- (_81)k1 s (_(Si)k-

Kyprok=0

F(@l(a+6,+--+6)

H bl =
oot (a b) F(b)F(a+51+"’+5i)
_ & (b~ a)k1+w+k,- (_81)k1 Co (_(Si)ki
B Ta, 8kl KT
(35)

where 8]- = tj(a/atj), j=1,...,5ieN={1,2,3,...}.

Theorem 14. The following identities hold true:

a a)X(4)(a Ay,0,05,07,0,03,0,4;C1,CryCz,C13 X zu)
2> 85 1»a1,4,03,01,0,03,04;,C1,C5,C3,C13 X, Y, 2, U),
(36)

x@ : : _y x@ : :
85 (a1, a1, Gy, a3, 41, G5, 3,443 €1, €, €3, €15 X, Y, 2,u) = H, (c,¢5) 85 (a1, a1, Gy, 3,41, Gy, B3, Ay; €15 €, €, €15 X, Vs 2, 1),

(37)
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Theorem 15. The following identities hold true:

(4) . . _ T (4) . .
Xgo (a1, a1,a5,a3,01,0,, 03,045 65,15 C3, €15 X, ¥, 2,u) = H_, (a,a3)Xgg' (ay,a,,05,0,a,, 05,8, 045 €5, €15 C35 €13 X, Y5 2, U),
(38)

(4) . . _ (4) . .
Xgg (a1,01,ay,a3,a1, 5, 03,045 C, €1, C3, €13 X, 1, 2,U) = H, (€5, ¢) Xgg (a1, a1, a5, 03,1, 05, a3, 843 C, €1, C3, €15 X5 Y5 25 ).
(39)

Theorem 16. The following identities hold true:

(4) . . (4) . .
Xg7 (a1,a1,0,,05,01,0,,05,a45¢1, €5, €1, 03 X, ¥, 2,u) = H, (ay,a) Xg; (1,04, 85, 3,0y,85,03,0;C1,63,€1, €23 X, Y, 2, U), (40)

! X(4) . ! !,
(c', ;) Xg, (a1, a1,ay,a5,a;,ay,a3,a45¢,¢,¢,¢5 %, Y, 2, 1).

(41)

(4) . .
Xg7 (a1,1,05,05,a1, 85, 83,445 €1, €5, €1, 633 X, ¥, 2,u) = H, (¢, ¢ )H

Theorem 17. The following identities hold true:

IT7 li (4) i
a,a,)H, (a',a,)Xge (ar,a1,a,a5,a1,a,a5,a'; ¢, 65,655 €13 %, ¥, 2, 1),

(42)

(4) . . g
Xgg (1,01, 9, 3,41, 05, 03,045 C15 €, €y €13 X, Y52, 1) = Hy,z(

(4) . . (4) . .
Xgg' (a1, 0103, A3, Q15 By, A3, 045 €1 €3, €, €15 %, 1, 2, ) = Hy (6,01) X g (101505, 035 31,09, 33,0436, 65, €5, € X, ¥, 2, 1) (43)

Theorem 18. The following identities hold true:

(4) . . _ (4) . .
Xgo (a1,a1,a5,03,01,0,,03,0,5 1,551, 15 X%, ¥, 2,u) = Hy ., (6,¢) Xgg (a0, a5, 03,01, 8y, 83,843 C, €5, 6, C; X, ¥, 2, 1),
(44)

(4) . . _ (4) . .
Xgo (ay,a1,ay,a3,a1, 05,053,045 1,65, C15 €13 X%, Y, 2,1) = H, (€1, 6) Xgo (a1, 04,5, a3, a1, 05, 3,443 C, €55 6, C; X, Y, 2, U).

(45)
Theorem 19. The following identities hold true:
(4) . . §ad (4) . .
Xy (a1, 04,05, 03,01, 05, 05,0456, 6,6, X, ¥, 2,u) = H, (a,a4) Xy (a1, 0y, a5, a3, a,0,,03,0;C,C,6,C; X, ¥, 2, U), (46)
(4) . . (4) . .
Xy (ay,ay,a5,a3,01, 05, 05,0456, 6,6, 6 X, ¥, 2,u) = H,, (a3,a)Xqy (a1, a,,a,,a,a,,0,,a,a4;C, 6,6, ¢ X, Y, 2, ). (47)

Proof. Relations (37) to (47) can be proved by means of  Data Availability

Mellin and Mellin-Barnes integral representation methods

for hypergeometric functions (see [19]). The details of proofs ~ The data used to support the findings of this study are
are omitted. O  available from the corresponding author upon request.
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