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In this paper, we introduce a new Gauss sum, and then we use the elementary and analytic methods to study its various properties
and prove several interesting three-order linear recursion formulae for it.

1. Introduction

Let g > 1 be an integer. For any Dirichlet character y modulo
g, the classical Gauss sums G (m, y; q) is defined as follows:

q
G(m,x;q) = Zx(me(?), (1)

a=1

where m is any integer, e(y) = ¥, and i = —1.

For convenience, we write 7(y) = G(1,y;q). The Gauss
sum plays a very important role in the study of elementary
number theory and analytic number theory, and many
number theory problems are closely related to it. Because of
this, many scholars have studied its various properties and
obtained a series of important results. For example, if
(m,q) = 1, then we have the identity (see [1, 2])

G(m,x;q) = x(m)G(1,x:9) = x (m)T(y). (2)

If x is any primitive character modulo g, then one has
also G(m, x;q) = x(m)7(x) and the identity |7 (y)| = 1/4.

In addition, Zhang and Hu [3] (or Berndt and Evans [4])
studied the properties of some special Gauss sums and
obtained the following interesting results: let p be a prime
with p=1mod3. Then for any third-order character A
modulo p, one has the identity

() +7 ) = dp, (3)

where d is uniquely determined by 4p = d?* +27b? and
d = 1mod3.

Chen and Zhang [5] studied the case of the fourth-order
character modulo p and obtained the following conclusion:
let p be a prime with p = 1 mod4. Then for any four-order
character y, modulo p, we have the identity

p-1 _
7 (xs) + 7 (Xa) =2@-a,a=% Z(“;“), (4)
a=1

where (x/p) = x, denotes Legendre’s symbol modulo p.
The constant o = a(p) in (4) has a special meaning. In
fact, we have the identity (For this, see Theorems 4-11 in [6])

Ry 11)Z:I<a+a) 2+ 1‘0211<Q+rﬁ> ’
p - 2 a=1 p 2 a=1 p ’
(5)

where r is any quadratic nonresidue modulo p. That is,
X, (r) =-1.

Some other results related to various Gauss sums and
their recursion properties can also be found in references
[7-10], and we will not list them all here.

In this paper, we introduce a new Gauss sum
A(m) = A(m, p), which is defined as follows: let p be an odd
prime. For any integer m with (m, p) = 1, we define

p-1 ma3 p-1 X
A(m) = sz(a)e(7>,Gn (p)=) A™(m), (6)
a=1 m=1

where y, = (+/p) denotes the Legendre’s symbol modulo p.
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It is clear that if (p—1,3) =1, then note that y3 = x,;
from the properties of the reduced residue system modulo p,
we have

L ma’
A(m) = sz(a3)e<>
a=1

p
(7)

p-1
= Z X2 (a)e(?) = xo (m) - 7(x,)-
a=1

So this time, A(m)=G(m,x,;p) =x,(m)t(x,) be-
comes the classical Gauss sum.

If p = 1mod 3, then we only knew that A(m) is a real
number, if p=1mod12; and A(m) is a pure imaginary
number, if p = 7mod 12. In fact if p = 1 mod 12, then note
that y, (1) = 1, and this time we have

= ~ma’
A(m) = sz(a)e( )
a=1 p

(8)

p-1 N3
= Z X2 (—a)e(m(pa) ) = A(m).
a=1

If p=7mod12, then note that y,(-1) = -1, and this
time we have

3

p-1 _
Am) =Y 1, <a>e( o )
a=1 p

(9)

p-1 3
=" ZXZ(—a)e(m(pa) ) = -A(m).
a=1

But beyond these relatively simple properties, we do not
know anything else. In this paper, we shall focus on the cal-
culating problems of G,, (p). We shall use the analytic methods
to give an interesting three-order linear recursion formula for
G, (p). That is, we shall prove the following two results.

Theorem 1. Let p be an odd prime with p = 7 mod 12. Then
for any integer n>3, we have the recursion formula

G, (p) = -9pG,, (p) — 6p(4p - d*)G, , (p)
- p(4p - )G, 5 (p),

where d is uniquely determined by 4p = d* +27b* and
d=1mod3, and the three initial values G,(p) =p—1,
G,(p) =-3(p-1)p, and G,(p) = (p—-1)p(11p + 4d?).

(10)
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Theorem 2. Let p be an odd prime with p = 1 mod 12. Then
for any integer n>3, we have the recursion formula

G, (p) = 9pG, 1 (p) - 6p(4p - )G, (p)
+p(4p- )G, 5 (p),

where d is the same as in Theorem 1, and the three initial
values Gy(p)=p—-1, G (p)=3(p-1)p, and G,(p) =
(p-1Dp(11p +4d?).

(11)

Of course, our theorems are also true for all integers
n<0. In particular, we have the following conclusions:

Theorem 3. For any prime p with p = 1 mod 3, we have the
identities

p-1
Y 1A' =(p-1)-p-(11p+4d*),
m=1 (12)

LS| 2 p-1

T3yt
where b is the same as defined in (3), i.e., 4p = d* + 27b%.

2. Several Lemmas

In this section, we first give several simple lemmas. Of
course, the proofs of these lemmas and theorems need some
knowledge of character sums and analytic number theory.
They can be found in many number theory books, such as
[1, 2, 6], here we do not need to list.

Lemma 1. Let p be a prime with p = 1 mod 6. Then for any
six-order character yw mod p, we have the identity

PI/Z . (dZ _ ZP);
—i-p"* (& -2p), ifp=7mod 12,
(13)

s . ifp=1mod 12,
T (y)+ 7 (y) =

where i* = —1, d is uniquely determined by 4p = d* + 270,
and d = 1 mod 3.

Proof. For this, refer the study of Chen [11]. O

Lemma 2. Let p be a prime with p = 7mod 12, x, denote
Legendre’s symbol modulo p, and A denote any three-order
Dirichlet character modulo p. Then for any integer m with
(m, p) = 1, we have the identities

A(m) = x, (m)T(x,) + xp (M) - (X(m)f()(z/\) + )L(m)T(XzX)),
A% (m) = —p + 25, (M)T (1) A (m) + A (m)7* (11) + A (m)7* (1), (14)

A (m) = 3, ()T (1) A* (m) + y, ()7 (Xz)(4p - dz)-
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Proof. Itis clear that for any integer r with (r, p) = 1, from It is clear that y, =¥, is a real character modulo p; from
the properties of the three-order character modulo p, we  (15) and the properties of the classical Gauss sums, we have
have

3, ifrisa3rdresidue modulo p,

L+A(r) +A(r) :{

0, otherwise.
(15)

3

p-1 p-1
A(m) = ZX2(03)e(m; ) = ZXz(“)(l +1A(a) +/\(a))e<%)
a=1 a=1

p-l p-l p-l1
= Z X2 (a)e(ﬂ) + Z X2 (a))t(a)e(@) + Z X2 (a)X(a)e(ﬂ> (19
a=1 p a=1 P a=1 p
= (M7 (X,) + x> (m)x(m)T(XzA) + X, (M)A (m)T(sz)
Note that p=3mod4, y,(-1)=-1, A(-1)=1,
T(x,) =i-+/p» A =1, and the identity 7(y,A)7(x,1) =
X (D7 (M) 7 (x,A) = —p; from (16), we also have
A (m) = (Xz (m)7(x2) + X2 (M)A ()T (1,1) + ), (M)A (m)T(Xz/T))Z
=-p+21 (Xz)(X(m)T(XZA) + )L(m)T(XZX)) +(X(m)r(x2)t) + )L(m)r()(ﬁ))z a7

==3p+21(x,) (ro (A (m) — 7(x,)) + A(m)r? (rA) + X(”‘)TZ()CZX)

= —p +2), ()T (xy) A(m) + L(m)7* (),A) + A (m) 7 (x,1)-

From (16) and (17) and Lemma 1, we have

A (m) = (), ()7 (x,) + xo (MA(m)T (Y1) + X, (M)A (M) (1))
x(=p + 25, (M)T (1) A (m) + X (m)7° (y,1) + A (m)7*(x,1))
= —pA(m) + 21, (m)7 (1) A* (m) + 1, (m)7 (1) (A ()7 (x,4) + 1 (m)7* (1))
+x M7 (A + 7°(1ah)) = p(Am) = x, (m)7 (1)) (18)
= 20, (m)7 (1) A” (m) + X, (m)7 () (A (m) + p = 2, ()7 (x,) A (m) )
—2pA(m) + x, (M) (X2)p — x> (M) (x,)(d” - 2p)
= 31, ()T (4,) A% (m) + x, (m)7 (1,) (4p - 4°).
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Now Lemma 2 follows from (16)-(18). O Lemma 3. Let p be an odd prime with p = 1 mod 12. Then
for any m with (m, p) = 1, we have the identities

A(m) = x, (m)T(x,) + x, (M) - (X(m)r(xz)t) + )L(m)T(XZX)),
A*(m) = P+ 2x, (m)T(x,)A(m) + A(m)7° (M) + X(M)TZ(XZX), (19)
A’ (m) = 3y, (m){[pA’ (m) - x, (m)\[p(4p — d°).
Proof. Note that p = 1 modulo 4, y,(-1) = 1, 7(x,) = /P>

A2 =1, and T(XZA)T(XZX) = p; from (16) and the methods of
proving Lemma 2, we also have

A(m) = x,(m)1(x,) + x> (M)A (m)t (x2A) + xp (M)A (m)T(XZX). (20)

A (m) = (Xz ()T (1,) + 1, (M)A (m)T (1) + 1, (M)A (m)T(sz))z
=p+ ZT(XZ)(X(m)T(XZA) + A(m)r(xzﬂ_t)) +(X(m)‘r(x2)t) + A(m)‘r(xzi_t))z
= 3p 421 (,) (o (A (m) = (1)) + L0m)7 (1,1) + A (m)7* (1,1)
= p+ 2y, ()T (x,)A(m) + A (m)7* (1)) + X(M)TZ(XZX).

(21)

A’ (m) = (Xz (M)T (1,) + 1o (M)A (m)T (),4) + 1, (M)A (m)T(Xzi))
x(p + 21, (M) (1) A (m) + A(m) 7 (,A) + X(M)TZ(XZX))
= pA(m) + 2x, (m)7(x,)A* (m) + x, (m)r()(z)()t (m)7* (Y A) + X(m)TZ(XZX))
+X2(m)( (M) + 7 (Xz )) + p(A(m) — x, (M) (x,)) (22)
= 2y, ()T (x,)A° (m) + x, (”")T(Xz)(A (m) - p—-2x,(m)T (Xz)A(m))
+2pA(m) + 3, ()T (X,)p + x> (m)T(Xz)(d2 - 2P)
= 31, (m)\[pA® (m) - x, (m)\/p(4p - d*).

It is clear that Lemma 3 follows from (20)-(22). O and then note that 7?(y,) = —p; from Lemma 2 and the
properties of the character sums modulo p, we have
3. Proofs of the Theorems

Now we shall complete the proofs of our all results. First we
prove Theorem 1. Let p be an odd prime with p = 7mod 12,

p-1 p-1
A*(m Z( D +2x, (m)T(x,)A(m) + A (m)7 (A) +A(m)T (Xz ))
m=1 m=1
o1
=-p(p-1D+2 Y 7(1)(r (1) + L m)T(xA) + A (m)7(),1)) (23)
m=1

p-1
=—(p-Dp+2) v (x) =-3(p-Dp.
m=1
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From (23) and Lemmas 1 and 2, we have
o 4 o 2 7 20 T\\?
Y A m) = ) (=p+ 2, (m)T (1) A(m) + A(m)7T* (1) + L (m)7* (x,1))
m=1 m=1
p-1 p-1
=(p-1p*—4p Y 1, (M1 (1) A(m) —4p Y A*(m) +2(p - 1)p’
. m=1 m=1 (24)
+4 Z 1 (m)T(Xz)(A (m)7? (1) + X(m)TZ(XZX))A(m)
m=1
=19(p- 1)P2 +4(p- 1)T(X2)(T3 () + TS(XJ))
=19(p-1)p* +4(p-1)p(d* -2p) = (p - 1)(11p + 4d")p.
G, (p)=(p-1)(11p+4d’)p. (28)

If n>3, then 2n>6, from Lemma 2, we have
A% (m) = ~9pA* (m) — 6p(4p — d*) A*(m) - p(4p — d*)’,
(25)
A% (m) = =9pA”"? (m) - 6p(4p —d*)A™ " (m)

26
- p(4p- dz)zAZ“*6 (m). (26

This proves Theorem 1.

Now we prove Theorem 2. If p be an odd prime with
p = 1mod 12, then note that y,(-1) =1 and 7(x,) = /p;
from Lemma 3, we have
2

A®(m) = 9pA* (m) — 6p(4p —d*)A* (m) + p(4p - d*)

(29)
From (23)-(26) and the definition of G, (p), we may n 2 I\ dn—d
immediately deduce the three-order linear recursion (m) = 9pA™* (m) — 6p(4p — d*) A" (m) (30)
formula + p(4p - dz)zAZ"_6 (m).
_ B )
Gu(P) = =9pG,1 (p) 6p(4p d )G”‘Z (P) (27) It is clear that from Lemmas 1 and 3, we have
- p(4p - @) 'G5 (p)
with the three initial values G,(p)=p-1, G,(p) =
-3(p-1)p, and
p-1 5 p-1 p-1
Gi(p)=)Y AX(m)=p- D 1+2 ) x,(m)r(x,)A(m) =3(p-1)p. (31)
m=1 m=1 m=1
- 4 o 2 7 2. 7\\?
Z A% (m) = Z (p +2x, (M) (x,)A(m) + A(m)T”" (x,A) + A (m)T (le))
m=1 m=1
p-1
=(p-Dp°+4(p-1)p +4p Y A*(m)+2(p-1)p’
- e (32)
+4P Y 1o (A m)T (1) + 107 (x21))
m=1
=19(p- 1)p* +4(p - Dp(7’ (1) + °(x21))
=19(p-1)p* +4(p-Dp(d* - 2p) = (p - p(4d” + 11p).
G,(p) = 9pG ~6p(4p-d*)G
From (30)-(32) and the definition of G, ( p), we have the n(P) = 9pGyr () p( P ) w2 (P) (33)

three-order linear recursion formula

+p(4p-d?)'G,5(p), n>3,



where the three initial values Gy(p)=p—-1, G,(p)=3
(p-Dp, and G, (p) = (p - )p(11p + 4d%).

This proves Theorem 2.

Now we prove Theorem 3. First for any integer m with

(m, p) = 1, we have A (m) # 0. In factif A (m) = 0; then from
(25), we have
A% (m) = ~9pA* (m) — 6p(4p — d*) A (m) - p(4p - &)’
=—p- (27192)2 =
(34)

This is impossible. So we have A (m) +0.
On the contrary, if p =7mod12, then from (25), we
have

p-1 p-1
Y At(m)=-9p Y A*(m)-6p(4p-d)(p-1)
m=1 m=1
(35)

—1

a~)

1
e A” (m)

Combining (23), (24), and (35), we have
(p-D(11p+4d*)p=27p* (p-1)-6p(4p-d)’ (p—1)

~p(ap - )

~plap-)
(36)
or
T 2(p-1)
= . 37
mzzlAz(m) 4p - d* (37
From (23), (24), and (37), we also have
S 4 m) = -9p(p-1) 2y
=-9 —-1)—6pl4p —
2 A ==9p(p=1=6p(sp=d’) 2D
(38)

- p(4p- )’

AT

m=

or

N 6(p-1)

Z . > (39)

ATm) (4p- )

Similarly, if p = 1 mod 12, then from (31), (35), Lemma
3, and the methods of proving (39), we can also deduce that
5 6(p-1)

1
Z = 3 (40)

| A (m) (4p— d’)

If p = 1 mod 12, then A (m) is a real number, so this time
we have

A" (m) =|A(m)|". (41)
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If p = 7mod 12, then A () is a pure imaginary number;
this time we also have

IAGm)[* = A2 (m) - A(m)” = A”(m) - (~A(m))* = A* (m).
(42)

It is clear that from (24), (32), (41), and (42), we can
deduce the identity

p-1
YIAmI' =(p-1)-p-(11p+4d*), p=1mod3.
m=1

(43)

From (39)-(42) and noting that 4p = d* + 27b%, we can
also deduce

§_oL 2.
Am)* 243 b

m=1

p =1mod3. (44)
This completes the proofs of our all results.

4., Conclusion

The main result of this paper is to prove a three-order linear
recursion formula for one kind new Gauss sums. As an
application of this result, we obtained following conclusion:
for any prime p with p = 1 mod 3, we have the identities

p-1
Y 1A =(p-1)-p-(11p +4d°),
m=1
(45)
p-1 1 _i p_l
SlAm)t 243 bt

These results not only gave the exact values for the fourth
power mean and its inverse fourth power mean of a new
Gauss sums, they are also some new contribution to research
in related fields.
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