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We prove that composition semigroups are strongly continuous on weighted Bergman spaces with doubling weights. Point
spectra and compact resolvent operators of infinitesimal generators of composition semigroups are characterized.

1. Introduction

Let 7 (D) denote the space of analytic functions in the unit
disc D={zeC: |z|]<1}. For a nonnegative function
w € L' ([0, 1)), the extension to D, defined by w(z) = w(|2])
for all z € D, is called a radial weight. For 0< p<co and a
radial weight w, the weighted Bergman space A% consists of
f € # (D) such that

IfI5, = J |f ()P w(2)dA(z) < co, (1)
o D

where dA(z) = dx dy/m is the normalized Lebesgue area
measure on D. As usual, AL stands for the classical weighted
Bergman space induced by the standard radial weight
w(z) = (1 -|z*)%, where -1 <a < oo.

For a radial weight w, write @(z) = I|lz w(s)ds for all
z € D. In this paper, we always assume @ (z) >0, for oth-
erwise AL = 7 (D) for each 0< p <co. A weight w belongs
to the class 9 if there exists a constant C = C(w) >1 such
that @ (r) <Cw (1 + r/2) for all 0 < r < 1. For more knowledge
about those Bergman spaces, see [1-4] and the reference
therein.

A family (¢,),, of analytic self-maps of the unit disk D
in the complex plane C is said to be a semigroup if the
following conditions hold:

(i) ¢, is the identity map of D
(1) ¢.°9; = @y, for t,s=0

(ii) For each z € D, ¢,(2) — z, as t — 0"

A semigroup (¢,), is said to be trivial if each ¢, is the
identity of D. The infinitesimal generator of (¢,), is de-
fined as the function

G(z) = hmt»—»O*W’ zeD. (2)

For any nontrivial semigroup (¢,), . there exist a point
b € D and an analytic function P: D—C with ReP >0 such
that

G(z) = (bz -1)(z - b)P(2). (3)

Refer [5] for the details. Representation (3) is unique,
and the point b is said to be the Denjoy-Wolff point of
(@) =0

Notice that each semigroup (¢,),, gives rise to a
semigroup (C,);s, consisting of composition operators on
H (D), the set of analytic functions on D, where

C(f)=Cyf=fo, feH(D). (4)

Given a semigroup (¢,);», and a Banach space X of
analytic functions on D, we say that (¢,),., generates a
strongly continuous composition operator on X if C, is
bounded on X and

tlj}r& ”Ctx - x“X =0 forallx € X. (5)
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(Cpiso is called uniformly continuous on X if
lim, .|IC, — I|| = 0, where I is the identity map on X. The
infinitesimal generator of a strongly continuous semigroup
(C));so on a Banach space X is the operator
C. (%) -
I'x:= lim M, (6)

t—0* t

which is densely defined for every x in the domain

D() = {x € X: lll?y %exists}. (7)
Refer [6] for more information about operator semigroup.

In 1978, Berkson and Porta [5] initially studied the
strong continuity of semigroups of composition operators
acting on the classical Hardy space H? (D). They proved
that for 1 < p<oo, (C,);s, is strongly continuous on H?.
Later, Siskakis demonstrated that (C,),., is strongly
continuous on the Bergman space A§ (1<p<oo;
—1 < a < 00) and the Dirichlet space 9 in [7, 8]. Moreover,
he showed that the infinitesimal generator I' of a semi-
group of composition operators on these spaces is of the
form T'f = Gf' with a certain domain. Refer [9-16] for
more results of composition semigroups on other various
spaces.

In this paper, we consider composition semigroups on
weighted Bergman spaces A with @ € 9. We will show that
every (C,); is strongly continuous on AL if 1< p<ooand
w € PD. The corresponding infinitesimal generator T of
(C));so and its point spectrum can also be identified. In
addition, if the Denjoy-Wolft point of (¢,), o belongs to D,
then we can also characterize the compactness of resolvent
operator R(A,T) of T, provided A belongs to the resolvent set
of I.

Throughout the paper, the symbol A = B means that
A<B<A. We say that A<B if there exists a constant C such
that A<CB.

2. Strongly Continuous
Composition Semigroup

We need more information about (¢,),, before presenting
our results.

Assume a semigroup (¢,),-, consisting of analytic self-
maps of D with infinitesimal generator G and Denjoy-Wolff
point b. In general, (¢,), can be classified into two classes:
b € D and b €0D, the boundary of D. In particular, there
exists a unique univalent function h: D — C, called
Koenigs function, such that

(1) If b € D, then h(b) =0, h' (b) = 1 and
('y,) (9, (2)) = €€ ¥ (h°y,) (z) forz € Dand >0,
(8)
where y, (z) = z - b/1 - bz. Moreover,
G(2)(Ky,)(2) =G (b)(K'y,)(2), zeD.  (9)

(2) If b €D, then h(0) = 0 and
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h(p,(2)) =h(z) +G(0)t forz € Dandt>0. (10)

Moreover,

W (2)G(z) = G(0), zeD. (11)

Lemma 1 shows that every composmon operator is
bounded on A% if 0< p<oo and w € D. The proof can be
easily obtained by a simple combination of Theorem 15 and
(4.7) in [17].

Lemma 1 (see [17]). Let 0< p < oo and w € D, and let ¢ be
an analytic self-map of D. Then, the composition C,

bounded on AL. Moreover, there exist constants nj = 1 (w) > 1
and C = C(n, w, p) such that

L+lp(0) )’
fed=c(1 750 (12

Now, we are ready to show our results. For f € # (D)
and 0<r<1, set

- ) 1/p
Mp<r,f>=(§ J If(re’”)l") . 0<p<oo,

M, (r, f) = sup|,_ | f (2)I.

(13)

Theorem 1. Let 1< p<oco and w € D. Suppose (9,),s, is a
semigroup of analytic self-maps of D with infinitesimal
generator G. Then, the induced composition semigroup
(C,)yso defined in (4) is strongly continuous on AL with
infinitesimal generator I':

If=Gf' (14)
on its domain
D(F):{feAf): Gf' EAf)}. (15)

Moreover, (C,),s, is uniformly continuous on A% if and
only if (¢,);s, is trivial.

Proof. Since w € 9, the polynomials are dense in A5,
Therefore, for any f € AL, there exists a sequence of
polynomials {P,} such that lim, |l — P,ll,» = 0. It fol-
lows triangle inequality that ‘

e

<(le] 1)

[CPy = Pl
(16)

According to Lemma 1, we know that sup;¢ o ) [|C, || < co.
Therefore, to prove lim, . [IC,f — fll,» =0, it suffices to
prove lim, .[|C,P—P|,» =0 for each polynomial P.
Equivalently, we only need to show that for each
n>0, lim,_ [l (¢,)" —e,l 4+ = 0, where e, (z) = 2", while
it can be easily obtained by Lebesgue-dominated conver-
gence theorem. Thus, (C,), is strongly continuous on AL,

By definition, the domain of T is
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D() = {f € Af,: tlin}y W existsinAf,}. (17)

Let, now, D = {f c Ab: Gf' e A‘Z} We are going to
show that if f € D(T), then Gf' ¢ AP Tndeed, if f e D(D),
then I'(f) € AP and

G vy

lim

t—0*

e (18)

Since for a fixed 0<r<1, the well-known inequality
M, (r, f)SM, (1 + /2, f) (1 - )7 yields

P
M2 () : 11

A (19)
1-r)o(r)

Convergence in the norm of AL implies the pointwise
convergence. Therefore, for every z € D,

T f((Pt (Z))_f(z)
rfe) = i, L8O

f(9.(2)) - f (90 (2) o(f (9 (2))),

= lim lt=0

t—0* t ot

G(2)f' (2).

(20)

That is, G(2) f' (z) =T f(z) € AP and D(I')eD. On the
other hand, for A € p ('), the resolvent set of I, we have

D={feAl:Gf e AP} ={f e AL: Gf' - Af € AP}
=R, D),
(21)

where R(A,T) = (AI -T)7! is the resolvent operator of T
Since R(A,T) (A§)cD(T), DED(T). Hence, D = D(T).

If (C,);s, is uniformly continuous on A%, then the
infinitesimal generator T is bounded on A. To show (¢,),
is trivial, it is equivalent to show G = 0. To the end, we may
consider polynomials e, (z) = z". Then, I'(e,)) = nGe,,_,, and
taking n = 1, we see that G ¢ AP Since T is bounded on A,
for n> 1, we have |Te,|s|e,l, that is,

1 1
npj Mg(r,G)r(”_l)P”w(r)drsj P o (r)dr. (22)
0 0

It follows that nPMg (1/2,G)<1. Since G € AP, we have
M, (1/2,G) = 0. Thus, G = 0. The proof is complete. [

Theorem 2. Let 1< p<co and w € D. Suppose (¢,),5, is a
semigroup of analytic self-maps of D with Denjoy-Wolff
point b, infinitesimal generator G, and associated Koenigs
function h.

(i) Ifb € D, then Po (N<{kG' ((b): k =0,1,2,...}. And,
kG' (b) € Po(I) if and only if (h°yb)k € AP,
(ii) If b €OD, then Po(I') = {AG(0): e € AL}.

Proof. (i) By (7),

6(2) = () L 1) (23)
hyy)

Now, suppose f e Z (D) and A+0 such that
If=Gf" =Af. Then,
f_’ = (hoyb), :
forG W)

—~

(24)

Pick r such that [b|<r<1 and f has no zeros on
|z] = r. We have

1J f’(z)d p) IJ

L _ L (Fyp)' (2)
2711 ) j21=r £ (2) TG ) 2 d

jel=r (K'yp) (2)

(25)

From this and the argument principle, it follows that
MG’ (b) = k, a nonnegative integer, which shows the
first part of (i). Also, notice that the differential
equation

(ho)’b)' (2)

(hc)’b) (2)

has solution f(z)= c(h°yb)k, where c¢#0. This
shows the second part of (i).

(ii) By (10), we have G(z)=G(0)/h (2). If
f(z) = @) e AP then [(f)=AG(0)f, so
AG (0) € Po(T). Conversely, if Tf =G’ f = AG(0) f,
then f'(z) =Ah'(2)f(z), which follows that
f(z)=ce™?,  where c+#0. The proof is
complete. O

flx)=k f(2) (26)

3. Resolvent Operator

In [18], Siskakis characterized the compactness of R(A,T') on
the Hardy space H” and the weighted Bergman space A} if
the Denjoy-Wolft point of (¢,),s is in the interior of D. In
this section, we will consider the compactness of R(A,T) on
AL with w € 9. ~

For a>1 and w € 9, €* (w*) consists of all f € # (D)
such that

IS(I)lf(z)lzw* (z)dA(z)

2 _ 2
1 1%e @y =19 (0" + sup;eap (@S <0o0.
(27)
E; (w*) consists of all f € # (D) such that
Jswlf' @f " (2)dA) -0 (28)

(w(S(D)* ’

where S(I) = {re" e D: e € I, 1[I <r< 1} is Carleson
square associated with I and w* (z) = -[IZI logs/|z|s dw (s) for
all z € D/{0}. Refer [1, 2] for more information about these
spaces.

To prove the main result in this section, we need the
following lemma, which characterizes the boundedness and

|[I]—0



compactness of integral operator V, on AL, Here, for a
gex (D), V,is defined as

[ rog@n zepsexm
(29)

V,(f)(2)

Lemma 2 (see [1,2]). Let 0< p <00, w € 9, and g € # (D).
Then,

(i) V, is bounded on A% if and only if g € €' (w*)
(ii) V4 is compact on AL if and only if g € €} (w*)

Lemma 3 is critical to our result.

Lemma 3. Let 1< p<oco and w € D, and let ()., be a
nontrivial semigroup of self-maps on D with Denjoy-Wolff
point 0, infinitesimal generator G, and Koenigs function h.
Suppose (C,), s is the corresponding composition semigroup
on AL, with the generator T. Then, for all A € p(I'), the re-
solvent operator of I' has the following representation:

1 1

R(AD)f(2) = G (0) (h(z)" GO

(30)
- jo FOBOY O (0.

In particular, -G’ (0) belongs to p(I'), and hence,

RGOS () = o [ FON O (1)
Proof. Let
Ri= o | OGO O
G (0) (h(z)*-¢© Jo
(32)
It is elementary to compute that

(AI =T)R = R(AI —T) = I, which shows that R is the re-
solvent operator of I'. Since the Denjoy-Wolff point of
(¢);>0 is 0, it is easy to see that Re(-G'(0))>0. If
Re (-G’ (0)) >0, by Lemma 1, we have

wy = lim %ﬂ

t—00 t

(33)
So, -G’ (0) € p(TI) by Theorem 1.10 in ([6], p42). If
-G'(0) is a pure imaginary number, write G(z) = —iaz,

where a € R\, {0} and ' f = —iazf' (z). In this case, (ia -
') (f) = g has the unique analytic solution

1 z
f@=on jo g0t (34)

It is not difficult to see that the operator

9— [ a0 (35)
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is bounded on A?. Hence, -G’ (0) belongs to p (I'). The proof
is complete. O

Now, we are ready to prove the main result in this
section.

Theorem 3. Let 1< p<oo and w € D. Suppose (9,);s, is a
semigroup of analytic self-maps of D with Denjoy-Wolff point
0, infinitesimal generator G, and associated Koenigs function
h. Denote by I the infinitesimal generator if the corresponding
composition semigroup (C,),, on AL and denote by R(A, T)
the resolvent operator for A € p(I'). Then, the following
statements are equivalent:

(i) R(\,T) is compact on AP
(ii) logh(z)/z € ??(l)(w*)

Proof. The well-known resolvent equation
RALT) - R(wT) = (u=MRADR(u,T) A upep(D),
(36)

shows that R(A,T) is compact on A% for all A € p(T) if and
only if it is compact for a certain A, € p(T'). So, by Lemma 3,
to prove the compactness of R (A, I), it is suffices to identify
the compactness of R(-G'(0),T), or equivalently, the
compactness of Ry:

Ry(f)(2) = j FOR (0L (37)

h(z)

To this end, we will use the technology mentioned in
[18], which points out that R;, can be decomposed as follows:

M,P, = R,M,,Q), = P, + Q,P), (38)
where
M, f(2) = zf (2),
Pf@ = [ fom oK
_1 WO
af@ = [ rof5
Moreover, it is elementary to see that
Quf (2) =J(N)(2) + LM (f)(2), (40)

where J (f)(2) = 1/z [; f({)d{ and
: h
L@ =1 [ s

Since R;, is bounded on AL, P, is bounded on AL by (38).
Furthermore, since h is univalent and h(0) = 0, it is well
known that log(h(z)/z) € BMOA. Hence,
log(h(z)/z) € €' (w*). So by Lemma 2, L, is bounded on
AP Therefore, the compactness of J and L;, and (40) yield the
boundedness of Q, on AP, Consequently, (38) and (40)
imply that R, is compact if and only if L, is compact if and
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only if logh(z)/z € ‘g(l) (w*) by Lemma 2. The proof is
finished. O

Remark 1. By [1], we immediately know that
BMOAS®! (w*)¢% and VMOAQ‘%(I) (0*)e%RB,. Therefore,
in the above theorem, logh(z)/z € %(l)(w*) if and only if
logh(z)/z € VMOA if and only if logh(z)/z € %, which
indicates that R(A,T) is compact on AP if and only if it is
compact on the Hardy space H? if and only if it is compact
on the classical Bergman space A? by Theorem 6.1 in [17].
This makes sense since AY induced by w e D lies between
H? and A?’.

It is well known that if R (A, I') is compact on AP then the
spectrum o (I') of T' is only the point spectrum Po(T). By a
simple combination of Theorems 2 and 3, we are in a po-
sition to depict the spectra of infinitesimal generators of
some special composition semigroups. We end up the paper
by showing some examples.

Example 1. For a Rec > 0,consider the semigroup

¢ (2)=e 2z, t=20,z€D, (42)

with infinitesimal generator G(z) = —cz and Koenigs
function h(z) = z. Apparently, its Denjoy-Wolff point is 0
and he %(1) (w*). Therefore, by Theorems 2 and 3, the
spectrum o (I') of infinitesimal generator I' of the corre-
sponding composition semigroup (C,), is

o(T)={-ck:k=k=0,1,2,---}. (43)

Example 2. Consider the semigroup

¢ (2)=1-(1-2), t20z€D, (44)
with Denjoy-Wolff point 0, infinitesimal generator
G(z) = —(1-2)logl/1 -z, and  Koenigs  function

h(z) =logl/1 — z. Similarly, the spectrum ¢ (I') of infini-
tesimal generator I' of the corresponding composition
semigroup (C,),, is

o) ={-k: k=k=0,1,2,--}. (45)
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