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In this paper, by employing the Zhang neural network (ZNN) method, an effective continuous-time LU decomposition (CTLUD)
model is firstly proposed, analyzed, and investigated for solving the time-varying LU decomposition problem. ,en, for the
convenience of digital hardware realization, this paper proposes three discrete-time models by using Euler, 4-instant Zhang et al.
discretization (ZeaD), and 8-instant ZeaD formulas to discretize the proposed CTLUD model, respectively. Furthermore, the
proposed models are used to perform the LU decomposition of three time-varying matrices with different dimensions. Results
indicate that the proposed models are effective for solving the time-varying LU decomposition problem, and the 8-instant ZeaD
LU decomposition model has the highest precision among the three discrete-time models.

1. Introduction

,e LU decomposition is generally described as decom-
posing a matrix A into a unit lower triangular matrix (simply
termed, L) and an upper triangular matrix (simply termed,
U). Meanwhile, the matrix A equals the product of L and U,
that is, A � LU. ,is is also the origin of the name of LU
decomposition. In numerical analysis, the LU decomposi-
tion is applied to solving linear systems, calculating the
matrix determinant, and so on. Moreover, LU decomposi-
tion, as an important branch of matrix decompositions, also
has many applications in science and engineering fields
[1–6], such as in multidimensional frequency estimation [7],
array structures [8], and power flow algorithm [9]. In ad-
dition, the LU decomposition-based techniques play an
important role in solving various engineering problems. For
instance, in order to obtain a secure and robust water-
marking algorithm, the LU decomposition was utilized in
[10]. Besides, the LU decomposition was employed to find
the complex nonorthogonal joint diagonalization in [11]. In
[12], for fast circuit analysis, the parallel sparse LU

decomposition method was used. ,erefore, solving the LU
decomposition problem is very meaningful.

For solving the LU decomposition problem, many
algorithms or methods were proposed. For example, an
LU-spatial decompositionmethod was proposed in [13].,e
method uses a partitioning scheme to compute the LU
decomposition rather than the explicit inverse, which re-
duces the computational cost efficiently. A recursive LU
decomposition algorithm was proposed in [14]. ,e method
can also save the computation time but needs to make
geometrical modifications to the precomputed scatterer.
What is more, as for the nonsingular matrix, a method to
find the quasi-LU decomposition was proposed in [15]. ,e
method can obtain the quasi-LU decomposition of a matrix
though the matrix does not has LU decomposition. How-
ever, those proposed algorithms or methods are not
designed to find the LU decomposition of the time-varying
matrix. ,us, for the time-varying matrix, those methods
have no significant advantages to find the LU decomposition
and may have lag errors. For LU decomposition of the time-
varying matrix, there is little research while the time-varying
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problems are becoming more and more important [16–18].
Besides, an important application of time-varying LU
decomposition is solving the angle-of-arrival (AoA)
localization problem [19], which is consistent with the time-
varying linear system and has been widely applied in various
fields [20, 21]. ,e AoA localization problem can be for-
mulated as A(t)x(t) � b(t). ,us, using a model or method
(which can obtain the LU decomposition of the time-varying
matrix A(t) in real time) can accelerate the solving progress
of the AoA localization problem.

Due to the powerful capabilities in time-varying in-
formation processing, Zhang neural network (ZNN)
method has been applied to solving various time-varying
problems [16–18, 22–28]. For example, for finding real-
time matrix square root, a finite-time convergent ZNN was
proposed in [16]. In order to solve the time-varying matrix
inversion problem, a novel discrete-time ZNN was pro-
posed in [17]. ,erefore, the ZNN method is employed to
solve the time-varying LU decomposition problem in this
paper.

In the process of applying the ZNN method to solving
the time-varying problems [29–31], an error function is
constructed firstly. ,en, by using the ZNN design formula,
the error function is forced to converge to zero. Further-
more, the continuous-time model for solving the original
problem is obtained. In this paper, the corresponding model
is termed the continuous-time LU decomposition (CTLUD)
model. In addition, by employing three one-step forward
finite difference formulas (i.e., Euler, 4-instant Zhang et al.
discretization (ZeaD), and 8-instant ZeaD formulas) to
discretize the proposed CTLUDmodel, three corresponding
discrete-time models are obtained.

,e remainder of this paper is composed of six sections.
In Section 2, the problem formulation of the time-varying
LU decomposition is presented. In Section 3, the design
process of the CTLUD model is presented. In Section 4,
three discretization formulas are presented and corre-
sponding discrete-time models are obtained. In Section 5,
the proposed CTLUD model is employed to perform LU
decomposition of three time-varying matrices with different
dimensions, and the corresponding results are shown. In
Section 6, the experiment results of three discrete-time
models are presented. In Section 7, this paper is concluded.
Before ending the introduction part, the main contributions
of this paper are recapped as follows:

(1) Different from static LU decomposition problem
analysis, this paper considers and analyzes the time-
varying LU decomposition problem.

(2) An effective CTLUD model is proposed by
employing the ZNN method, Kronecker product,
and vectorization techniques.

(3) ,ree discrete-time LU decomposition models are
obtained by employing three discretization formulas
to discretize the proposed CTLUD model.

(4) Experiment results substantiate that the proposed
models are effective for solving the time-varying LU
decomposition problem.

2. Problem Formulation

Generally, the time-varying LU decomposition problem can
be formulated as follows:

A(t) � L(t)U(t), (1)

where A(t) ∈ Rn×n denotes a smoothly time-varying matrix
to be decomposed, L(t) ∈ Rn×n denotes a unit lower
triangular matrix, and U(t) ∈ Rn×n denotes an upper
triangular matrix. Note that L(t) and U(t) are unknown and
time-varying matrices to be obtained.

It is worth noting that not all time-varying matrices have
corresponding LU decompositions. In this paper, in order to
simplify the problem, we only consider the situation that
A(t) is a diagonally dominant matrix. It means that (1) is
solvable.

3. Continuous-Time Model

In this section, by employing the ZNN method, a CTLUD
model is proposed.

According to the previous work of the ZNN method, if
we want to find a theoretical solution matrix T(t) of a time-
varying matrix problem, an appropriate error function E(t)

is indispensable, where E(t) � T(t) − R(t) indicates the
difference between T(t) and actual result matrix R(t). In this
paper, E(t) is constructed as follows:

E(t) � A(t) − L(t)U(t). (2)

,en, E(t) is adjusted dynamically by the following ZNN
design formula:

_E(t) � −λE(t), (3)

which indicates that E(t) is forced to converge to zeromatrix
globally and exponentially, where _E(t) denotes the first-
order time derivative of E(t). ,e design parameter
λ> 0 ∈ R, which is used to adjust the convergence speed.,e
convergence speed becomes higher as the value of λ
increases.

By substituting (2) into (3), the following dynamic
matrix equation is obtained:

_A(t) − _L(t) U(t) − L(t) _U(t) � −λE(t), (4)

where _A(t), _L(t), and _U(t) denote the first-order time
derivatives of A(t), L(t), and U(t), respectively.

Note that some elements in L(t) and U(t) are known.
,ose known elements do not need to solve. ,us, we
construct the following two vectors:

ζ(t) � l21(t) l31(t) · · · ln1(t) l32(t) · · · ln(n− 1)(t) 
T
,

u(t) � u11(t) u12(t) u22(t) u13(t) · · · unn(t) 
T
,

⎧⎪⎨

⎪⎩

(5)

where ζ(t) ∈ R(1/2)n(n− 1)×1 and u(t) ∈ R(1/2)n(n+1)×1 are
composed by all unknown elements of L(t) and U(t), re-
spectively. Meanwhile, lij(t) and uij(t) denote the elements
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of L(t) and U(t) in row i and column j, respectively. ,e
superscript T denotes the matrix transpose operator.

Furthermore, we have the following two theorems about
L(t) and U(t) [32–34].

Theorem 1. If L(t) ∈ Rn×n is a unit lower triangular matrix,
then the following equation holds true:

vec(L(t)) � Hζ(t) + vec In( , (6)

where vec(·) denotes a column vector obtained by stacking all
column vectors of the operational matrix together and

Ii ∈ Ri×i denotes an identity matrix. Matrix H is defined as
follows:

H � hn−1 hn−2 · · · h2 h1  ∈ Rn2×(1/2)n(n− 1)
, (7)

where hi is defined as follows:

hi � 0n2−i(n+1),i; Ii; 0in,i  ∈ Rn2×i
, (8)

and 0p,q ∈ Rp×q denotes a zero matrix. Note that h1 is a
vector.

Proof. Let H multiply ζ(t) and we have

Hζ(t) � 0 l21(t) l31(t) · · · ln1(t) 0 0 l32(t) · · · ln n− 1(t) · · · 0 
T

� vec(D(t)) ∈ Rn2×1
,

(9)

where

D(t) �

0 0 · · · · · · 0

l21(t) 0 · · · · · · 0

⋮ l32(t) ⋱ ⋮

⋮ ⋮ ⋱ ⋮

ln1(t) ln2(t) · · · · · · 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rn×n
. (10)

,en, we obtain that L(t) � D(t) + In, that is, vec(L(t)) �

Hζ(t) + vec(In). ,e proof is completed. □

Theorem 2. If U(t) ∈ Rn×n is an upper triangular matrix,
then the following equation holds true:

vec(U(t)) � Ku(t), (11)

where matrix K is defined as follows:

K � k1 k2 · · · kn−1 kn  ∈ Rn2×(1/2)n(n+1)
, (12)

and ki is defined as

ki � 0n(i−1),i; Ii; 0n2−n(i−1)−i,i  ∈ Rn2×i
. (13)

Proof. ,e proof is similar to that of ,eorem 1 and thus
omitted.

According to previous statements, we have

vec(L(t)) � Hζ(t) + vec In( ,

vec(U(t)) � Ku(t),

vec( _L(t)) � H _ζ(t),

vec( _U(t)) � K _u(t),

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(14)

where _ζ(t) and _u(t) denote the first-order time derivatives of
ζ(t) and u(t), respectively.

Furthermore, the Kronecker product and vectorization
techniques are employed, which are formulated by the
following lemma [35, 36]. □

Lemma 1. If W ∈ Rm×n, X ∈ Rn×p, Y ∈ Rp×q, and
Z ∈ Rm×q, then WXY � Z is equivalent to

Y
T ⊗W vec(X) � vec(Z), (15)

where symbol ⊗ denotes the Kronecker product. Note that
YT ⊗W ∈ Rmq×np, vec(X) ∈ Rnp×1, and vec(Z) ∈ Rmq×1.

By applying Lemma 1, (4) is equivalent to

vec( _A(t) + λE(t)) � U
T
(t)⊗ In vec( _L(t))

+ In ⊗ L(t)( vec( _U(t)),
(16)

which is rewritten as

vec( _A(t) + λE(t))

� U
T
(t)⊗ In In ⊗ L(t) 

vec( _L(t))

vec( _U(t))
⎡⎣ ⎤⎦

� U
T
(t)⊗ In H In ⊗L(t)( K 

_ζ(t)

_u(t)

⎡⎣ ⎤⎦.

(17)

For simplification, we denote

v(t) � vec( _A(t) + λE(t)) ∈ Rn2×1
,

M(t) � U
T
(t)⊗ In H In ⊗L(t)( K  ∈ Rn2×n2

,

_s(t) �
_ζ(t)

_u(t)

⎡⎣ ⎤⎦ ∈ Rn2×1
.

(18)

=erefore, we get

M(t) _s(t) � v(t). (19)

Furthermore, we have the following CTLUD model:

_s(t) � M
†
(t)v(t), (20)

where M†(t) denotes the pseudo-inverse matrix of M(t)

[34]. Meanwhile, by giving the initial value of s(t), ζ(t) and
u(t) can be obtained via (20). According to ,eorems 1 and
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2, L(t) and U(t) are also obtained. Note that (20) is also a
neurodynamics model (which transforms a matrix de-
composition problem into a matrix differential equation
problem), can obtain the solution in real time, and has the
advantages of parallelizability [22, 36]. ,ose are also the
advantages of the proposed CTLUDmodel. Besides, Figure 1
shows the block diagram about the solving progress of the
proposed CTLUD model for the time-varying LU decom-
position problem.

Furthermore, we have the following theorem, which
discusses the convergence performance of the proposed
CTLUD model.

Theorem 3. With A(t) being a smoothly time-varying
matrix and M(t) being always nonsingular, the elements of
E(t) converge to zero globally and exponentially.

Proof. With eij(t) denoting the element of E(t) in row i and
column j, where i � 1, 2, . . . , n and j � 1, 2, . . . , n.
According to (3), we have _eij(t) � −λeij(t). Its solution is
mathematically expressed as eij(t) � eij(0)exp(−λt). As
time t⟶∞, eij(t) exponentially converges to zero. ,en,
E(t) globally and exponentially converges to zero matrix;
that is, the solution of the CTLUD model globally and
exponentially converges to the theoretical solution. ,e
proof is thus completed.

,e following remark discusses the computational
complexity of the proposed CTLUD model. □

Remark 1. With using big O notation, the time complexity
of each step in obtaining the proposed CTLUD model is
listed as follows. Note that only the highest order in each step
is concerned.

,e time complexity of obtaining M(t): O(n4).
,e time complexity of obtaining v(t): O(n2).
,e time complexity of matrix multiplication opera-
tion: O(n4).
,e time complexity of matrix pseudo-inverse opera-
tion: O(n6).

,us, in the case that we use the traditional serial nu-
merical algorithm, the total time complexity of the proposed
CTLUD model is O(n6). It is worth pointing out that the
proposed CTLUDmodel is a neurodynamics model and can
be implemented by parallel distributed processing. In the
case that we use parallel distributed processing, the time
complexities of obtaining M(t) and v(t) can be reduced to
O(n2) and O(n) [36], respectively. Besides, the capability
that the ZNN method can find the matrix pseudo-inverse in
parallel, has been revealed in many works [37, 38]. ,e time
complexities of matrix multiplication operation and matrix
pseudo-inverse operation can be reduced to O(n2) by
sacrificing the space complexity [36].

4. Discrete-Time Models

In this section, for the convenience of digital hardware
realization [34, 39–41], three discrete-time LU decomposi-
tion models are proposed, discussed, and investigated. Note
that the three discrete-time models are obtained by applying
three corresponding discretization formulas.

4.1. Discretization Formulas. ,e Euler formula [42], which
is also a one-step-ahead discretization formula, is presented
as follows:

_s tk(  �
s tk+1(  − s tk( 

η
+ O(η), (21)

which contains values of two time instants, where s(tk+i) �

s((k + i)η) and η denotes the sampling gap. Besides, O(η)

denotes the first-order truncation error.
A 4-instant ZeaD formula [43], which contains values of

four time instants, is presented as follows:

_s tk(  �
2s tk+1(  − 3s tk(  + 2s tk−1(  − s tk−2( 

2η
+ O η2 ,

(22)

where O(η2) denotes the second-order truncation error.
,e last discretization formula employed in this paper is

an 8-instant ZeaD formula [44] and presented as follows:

_s tk(  �
200
483

s tk+1(  +
1097
9660

s tk(  −
160
483

s tk−1( 

−
20
69

s tk−2(  +
20
483

s tk−3(  +
55
1932

s tk−4( 

+
44
805

s tk−5(  −
5
161

s tk−6( 
1
η

+ O η4 ,

(23)

where O(η4) denotes the fourth-order truncation error.

4.2. Corresponding Models. According to the three dis-
cretization formulas presented in the last subsection, the
following three equations are obtained:

s tk+1(  � η _s tk(  + s tk(  + O η2 , (24)

s tk+1(  � η _s tk(  +
3
2
s tk(  + s tk−1(  +

1
2
s tk−2(  + O η3 ,

s tk+1(  �
483
200

η _s tk(  −
393
1433

s tk( 

+
4
5
s tk−1(  +

7
10

s tk−2(  −
1
10

s tk−3( 

−
11
160

s tk−4(  −
33
250

s tk−5(  +
3
40

s tk−6(  + O η5 ,

(25)
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whereO(ηi) denotes a vector with entries of order O(ηi) and
_s(tk) � M†(tk)v(tk). Based on the above equations, three
corresponding discrete-time models are obtained as follows:

s tk+1( ≐ η _s tk(  + s tk( , (26)

s tk+1( ≐ η _s tk(  +
3
2
s tk(  + s tk−1(  +

1
2
s tk−2( , (27)

s tk+1(  _�
483
200

η _s tk(  −
393
1433

s tk(  +
4
5
s tk−1(  +

7
10

s tk−2(  −
1
10

s tk−3(  −
11
160

s tk−4(  −
33
250

s tk−5(  +
3
40

s tk−6( , (28)

where “ _�” denotes the computation assignment operator from
its right-hand side to its left-hand side. In this paper, (26)–(28)
are termed Euler discrete-time LU decomposition (EDTLUD)
model, 4-instant ZeaD LU decomposition (4IZLUD) model,
and 8-instant ZeaD LU decomposition (8IZLUD) model, re-
spectively. Besides, we have the following theorem.

Theorem 4. With η ∈ (0, 1) denoting the sampling gap, the
EDTLUD, 4IZLUD, and 8IZLUD models are 0-stable, con-
sistent, and convergent, and their truncation error orders are
O(η2), O(η3), and O(η5), respectively.

Proof. ,e EDTLUD model is chosen as an example. ,e
characteristic polynomial of the EDTLUD model is
expressed as follows:

P(c) � c − 1. (29)

Evidently, (29) has only one root on unit circle, that is,
c � 1. According to Lemma 2 in the appendix, the EDTLUD
model is 0-stable. Moreover, based on (24), the EDTLUD
model has a truncation error of O(η2). ,erefore, we come
to the conclusion that the EDTLUD model is consistent and
convergent according to Lemmas 3–5 in the appendix. As for
the 4IZLUD model and the 8IZLUD model, the proofs are
similar to that of above, and they are thus omitted here. ,e
proof is completed.

Algorithm 1 shows the pseudocode describing the var-
ious steps of the proposed 4IZLUD model. As for the
EDLUD model and the 8IDLUD model, their operation
processes are very similar to that of the 4IDLUD model and
are thus omitted. ,e following remark shows the analyses
about the computational complexities of the proposed
discrete-time models. □

Remark 2. With using big O notation, the time complexity
of each step in obtaining the solution of the time-varying LU
decomposition is listed as follows. Note that only the highest
order in each step is concerned.

,e time complexity of obtaining E(tk), _A(tk), v(tk):
O(n2).

,e time complexity of obtaining M(tk): O(n4).

,e time complexity of obtaining M†(tk): O(n6).
,e time complexity of obtaining _s(tk): O(n4).
,e time complexity of obtaining s(tk+1): O(n2).

,us, in the case that we use the traditional serial nu-
merical algorithm, the total time complexity of the proposed
discrete-time models is O(n6). Similar to the statements in
Remark 1, the total time complexity of the proposed dis-
crete-time models can also be reduced to O(n2) by sacri-
ficing the space complexity [36].

Kronecker
product

Vectorization
technique

Differential
equation

solver
Reshape

Matrices
H and K

Matrix
multiplication

operation

Input A(t)

Output L(t) and U(t)

dA(t)/dt +

+

+

–
λ

Figure 1: Block diagram of the proposed CTLUD model.
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A(t) �

50 + sin(2t) cos(t) log(t + 1)
1

t + 1
cos(t) sin(3t) cos(2t)

cos(t) 50 + 2t 2 sin(t + 2) 5 10 + sin(t) 3

sin2(t) 3 200 − cos(t) 3 sin(t) 200 − cos(t) cos2(t) t

t 2 +
1

t + 1
0 100 + sin(t) 3 cos(2t) 3t cos(t)

cos(t) 0 3 cos(2t) sin2(t) 300 200 − cos(t) 3 sin(t)

50 + sin(2t) cos(t) log(t + 1) 1/(t + 1) cos(t) 500 + sin(3t) cos(2t)

cos(t) 50 + 2t 2 sin(t + 2) 5 10 + sin(t) 300

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (30)

5. Computer Simulations and Results of
CTLUD Model

In this section, for verifying the effectiveness of the proposed
CTLUD model, three time-varying matrices are presented.
Note that the three matrices have different dimensions, and
the initial state s(0) of the CTLUD model can be randomly
set. In this paper, we randomly use some integers to be the
initial state of the CTLUDmodel in all examples. Besides, the
corresponding experiment results are shown.

5.1. Example 1. Firstly, in order to test the performance of
the proposed CTLUD model on solving simple LU
decomposition problem, the following 2-dimensional
time-varying matrix is considered:

A(t) �
10 + sin(t) cos(2t)

3 2 sin(t) + 10
 . (31)

In this example, λ is set as 3 and computation time is
limited to [0, tf ] s, where tf � 10 denotes the final compu-
tation time. In addition, the initial state of s(t) is set as

s(0) � 2 1 2 3 
T ∈ R4×1

. (32)

In order to perform the LU decomposition of A(t), the
proposed CTLUD model is employed. ,e corresponding
experiment results are shown in Figure 2. As seen from
Figure 2(a), the trajectory of ‖E(t)‖F is shown, where ‖E(t)‖F
denotes the Frobenius-norm of E(t). Evidently, ‖E(t)‖F
converges to 0 in a short time. At about 2 s, ‖E(t)‖F is already
near 0. ,erefore, a conclusion is obtained that the 2-di-
mensional time-varying LU decomposition problem (i.e.,
Example 1) is solved effectively by the proposed CTLUD
model.

What is more, Figure 2(b) shows the trajectories of
e11(t), e21(t), e12(t), and e22(t), where eij(t) denotes the
element of E(t) in row i and column j. It can be evidently

Data: Matrix A(t), initial values s(0), sampling gap η, design parameter λ, and final computation time tf.
Result: Matrices L(tk+1) and U(tk+1).

(1) s(t−1) and s(t−2)←0;
(2) L(0) and U(0)←reshape s(0);
(3) k←0;
(4) while k< � tf/η do
(5) E(tk)←A(tk) − L(tk)U(tk);
(6) _A(tk)←diff(A(tk));
(7) v(tk)←vec( _A(tk) + λE(tk));
(8) M(tk)← (U

T
(tk)⊗ In)H (In ⊗ L(tk))K ;

(9) _s(tk)←M†(tk)v(tk);
(10) s(tk+1)←η _s(tk) + 1.5s(tk) + s(tk−1) + 0.5s(tk−2);
(11) L(tk+1) and U(tk+1)← reshape s(tk+1);
(12) k←k + 1;
(13) end

ALGORITHM 1: 4IZLUD algorithm.
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seen that all elements of E(t) converge to 0 in a short time no
matter eij(0)> 0 or eij(0)< 0.

In Figures 2(c) and 2(d), we show the element trajec-
tories of L(t) and U(t), where l∗ij(t) and u∗ij(t) denote the
corresponding theoretical values of L(t) and U(t), respec-
tively. As seen from Figures 2(c) and 2(d), all elements of
L(t) and U(t) track their theoretical values. In other ex-
amples, the element trajectories of L(t) and U(t) are not
shown because the results are similar to that of Example 1
except for convergence speed.

In this example, because the design parameter λ is set as
3, the convergence speed is not high enough seemingly, but
the convergence process is shown clearly. ,e experiment
results with bigger λ are shown in Examples 2 and 3.

5.2. Example 2. Furthermore, in order to verify the validity
of the proposed CTLUD model for the common LU
decomposition problem, we consider the following
3-dimensional time-varying matrix:
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Figure 2: Experiment results synthesized by CTLUDmodel with λ � 3 and s(0) � 2 1 2 3 
T for solving 2-dimensional time-varying LU

decomposition problem in Example 1. (a) Frobenius-norm trajectory of error matrix E(t). (b) Trajectories of e11(t), e21(t), e12(t), and
e22(t). (c) Trajectories of l∗11(t), l∗21(t), l∗12(t), l∗22(t), l11(t), l21(t), l12(t), and l22(t). (d) Trajectories of u∗11(t), u∗21(t), u∗12(t), u∗22(t), u11(t),
u21(t), u12(t), and u22(t).
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A(t) �

200 + cos(t) 0 3 cos(2t)

−sin(t) + 2 100 + cos(t) + sin(2t) cos(2t)

2 cos(t) sin(3t) 20

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

(33)

Similar to Example 1, the computation time is limited to
[0, 10] s. Different from Example 1, the design parameter λ is
set as 30, which is greater than that of Example 1. In ad-
dition, the initial state of s(t) is set as

s(0) � 0 1 0 1 2 3 4 5 6 
T ∈ R9×1

. (34)

By employing the proposed CTLUD model to solve the 3-
dimensional time-varying LUdecomposition problem,matrices
L(t) and U(t) are obtained. ,e corresponding experiment
results are obtained and shown in Figure 3. In Figure 3(a), the
trajectory of ‖E(t)‖F is shown. ‖E(t)‖F converges to 0 with a
high convergence speed. What is more, the convergence speed
ismuch higher than that of Example 1. At about 0.5 s, ‖E(t)‖F is
already near 0. ,us, the following conclusion is obtained. ,e
3-dimensional time-varying LU decomposition problem is
solved effectively through the proposed CTLUD model.

In addition, Figure 3(b) shows the trajectories of all ele-
ments of E(t). From Figure 3(b), all elements of E(t) converge
to 0 rapidly. In particular, as for e11(0) � 200, which is much
bigger than initial values of other elements, e11(t) and other
elements converge to 0 near-simultaneously. ,erefore, the
effectiveness of the proposed CTLUD model is verified by the
experiment results.

,erefore, for a 3-dimensional time-varying matrix, the
CTLUD model can also find its LU decomposition
effectively.

5.3. Example 3. ,irdly, in order to observe the performance
of model (20) for solving the high-dimensional LU
decomposition problem, a 7-dimensional time-varying
diagonally dominant matrix is considered, that is, (30).

In this example, the computation time is still limited to
[0, 10] s. Different from the previous two examples, the
design parameter 3< λ � 10< 30. What is more, the initial
state of s(t) is set as

s(0) � 1 2 · · · 21 1 2 · · · 28 
T ∈ R49×1

. (35)

,e corresponding experiment results synthesized by the
CTLUD model are shown in Figure 4. As seen from
Figure 4(a), although A(t) is a 7-dimensional matrix, the
‖E(t)‖F has converged to 0 in about 1 s, and the convergence
speed is higher than that of Example 1 and lower than that of
Example 2 because the 3< λ � 10< 30, which verifies the
statements in Section 3.

What is more, the trajectories of all elements of E(t) are
shown in Figure 4(b). Evidently, all elements converge to 0
near-simultaneously, although the initial values of some
elements are bigger than others. As for the high-dimensional
and time-varying LU decomposition problem, the proposed
CTLUD model is also effective.

In summary, the LU decomposition problems of three
time-varyingmatrices with different dimensions and different
initial states, are solved effectively by the CTLUD model.
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Figure 3: Experiment results synthesized by CTLUD model with λ � 30 and s(0) � 0 1 0 1 2 3 4 5 6 
T for solving 3-dimensional

time-varying LU decomposition problem in Example 2. (a) Frobenius-norm trajectory of error matrix E(t). (b) Trajectories of e11(t), e21(t),
e31(t), e12(t), e22(t), e32(t), e31(t), e23(t), and e33(t).
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6. Numerical Experiments and Results of
Discrete-Time Models

In this section, in order to verify the effectiveness of
three proposed discrete-time models, we use EDTLUD,
4IZLUD, and 8IZLUD models to solve three time-varying
LU decomposition problems in the last section, respectively.
Besides, the numerical results verify the statements of
,eorem 3.

For Example 1, E(tk) � A(tk) − L(tk)U(tk) is the error
matrix and the residual error is defined as ‖E(tk)‖F. In this
paper, g � ηλ is termed step length. In all experiments in-
volved in this section, g is set as 0.03. ,e results synthesized
by the three proposed discrete-time models with s(0) �

2 1 2 3 
T, s(tk) � 0 (k< 0), and tf � 10 are shown in

Figure 5. Specifically, Figures 5(a) and 5(b) show the results
with η � 0.01 and η � 0.001, respectively. Evidently, with
different values of η, the residual errors of the three models
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Figure 4: Experiment results synthesized by CTLUDmodel with λ � 10 and s(0) � 1 2 · · · 21 1 2 · · · 28 
T for solving 7-dimensional

time-varying LU decomposition problem in Example 3. (a) Frobenius-norm trajectory of error matrix E(t). (b) Trajectories of e11(t), e21(t),
. . ., e67(t), and e77(t).
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Figure 5: Residual errors of three discrete-time models with g � 0.03 and s(0) � 2 1 2 3 
T for solving 2-dimensional time-varying LU

decomposition problem in Example 1. (a) When η � 0.01 s. (b) When η � 0.001 s.
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converge to near 0 but with different precision as time goes by.
Compared with EDTLUD and 4IZLUD models, the 8IZLUD
model has the highest precision for solving the time-varying
LU decomposition problem.

It is worth mentioning that, as the value of η decreases by
10 times, the maximal steady-state residual errors of three
models reduce by 102, 103, and 105 times, respectively, which
coincides with ,eorem 4.

For Example 2 and Example 3, the numerical ex-
periment results synthesized by three models with
s(0) � 0 1 0 1 2 3 4 5 6 

T, s(0) � 1 2 · · · 21 1 2 · · · 28 
T, and

tf � 10 are shown in Figures 6 and 7, respectively.
From Figures 6 and 7, we can obtain a conclusion
similar to the one above; that is, the 8IZLUD model has
the highest precision among the three discrete-time
models.
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Figure 6: Residual errors of three discrete-time models with g � 0.03 and s(0) � 0 1 0 1 2 3 4 5 6 
T for solving 3-dimensional time-

varying LU decomposition problem in Example 2. (a) When η � 0.01 s. (b) When η � 0.001 s.
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Figure 7: Residual errors of three discrete-time models with g � 0.03 and s(0) � 1 2 · · · 21 1 2 · · · 28 
T for solving 7-dimensional

time-varying LU decomposition problem in Example 3. (a) When η � 0.01 s. (b) When η � 0.001 s.
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In summary, numerical results illustrate that the three
discrete-time models are effective for solving the time-
varying LU decomposition problem.

7. Conclusion

In this paper, the time-varying LU decomposition problem
has been discussed and investigated. By applying the ZNN
method, an effective CTLUD model has been proposed.
,en, based on the Euler formula, 4-instant ZeaD formula,
and 8-instant ZeaD formula, three discrete-time LU
decomposition models have been proposed and discussed by
discretizing the proposed CTLUD model. Furthermore, in
order to verify the effectiveness of the proposed models,
three time-varying matrices with different dimensions have
been presented. By using the proposed models to perform
the LU decomposition of the presented matrices, the
corresponding results have been obtained, shown, and
discussed. A conclusion has been obtained that the proposed
models are effective for solving the time-varying LU
decomposition problem, and the 8IZLUD model has the
highest precision among the three discrete-time models.
More investigations and experiments about other time-
varying matrix decompositions and corresponding
applications would be future work directions.

Appendix

In this appendix, four lemmas for a linearN-stepmethod are
presented below [44–46].

Lemma 2. As for a linear N-step method described by


N
p�0 βpxj+p � η

N
p�0 αpσj+p, whose 0-stability can be

checked by determining the roots of its characteristic
polynomial PN(c) � 

N
p�0 βpcp, if every root of PN(c) � 0

satisfies |c|≤ 1 with |c| � 1 being unique, the linear N-step
method has strong 0-stability (i.e., is strongly 0-stable).

Lemma 3. With q> 0, if the truncation error for the exact
solution is of order O(ηq+1), the N-step method is generally
consistent with order q.

Lemma 4. For any time instant t ∈ [0, tf ] s, as η⟶ 0, if
and only if a linear N-step method is 0-stable and consistent,
the method is convergent, which is written as x[t/η]⟶ x∗(t)

mathematically. =at is, 0-stability plus consistency means
convergence, which is also known as the Dahlquist equiva-
lence theorem.

Lemma 5. A linear N-step method is convergent with the
order of its truncation error, if the method is 0-stable and
consistent.
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