
Research Article
On Harmonic Index and Diameter of Quasi-Tree Graphs

A. Abdolghafourian and Mohammad A. Iranmanesh

Department of Mathematics, Yazd University, 89195-741 Yazd, Iran

Correspondence should be addressed to Mohammad A. Iranmanesh; iranmanesh@yazd.ac.ir

Received 23 December 2020; Revised 23 January 2021; Accepted 31 January 2021; Published 16 February 2021

Academic Editor: Ismail Naci Cangul

Copyright © 2021 A. Abdolghafourian and Mohammad A. Iranmanesh. (is is an open access article distributed under the
Creative CommonsAttribution License, which permits unrestricted use, distribution, and reproduction in anymedium, provided
the original work is properly cited.

(e harmonic index of a graph G (H(G)) is defined as the sum of the weights 2/(du + dv) for all edges uv of G, where du is the
degree of a vertex u in G. In this paper, we show that H(G)≥D(G) + 5/3 − (n/2) and H(G)≥ ((1/2) + (2/3(n − 2)))D(G), where
G is a quasi-tree graph of order n and diameter D(G). Indeed, we show that both lower bounds are tight and identify all quasi-tree
graphs reaching these two lower bounds.

1. Introduction

Let G be a simple connected graph with vertex set V(G) and
edge set E(G) of order n (|V(G)| � n). (e harmonic index
of G, first appeared in [1], is defined as
H(G) � 􏽐uv∈E(G)2/(du + dv), where for v ∈ V(G), dv is the
degree of v in G. For u, v ∈ V(G), the distance between u and
v is shown by d(u, v). Also, D(G) � max d(u, v){ }u,v∈V(G) is
the diameter of G and δ(G) � min dv􏼈 􏼉v∈V(G).

(e applications of the harmonic index in various
chemical disciplines have been demonstrated in [2–4]. Also,
several studies have focused on graph theoretical properties
of the harmonic index, see, for example, [5–9]. For a broad
overview, we refer to [10].

A connected graph G is a quasi-tree graph if G is not a
tree and there exists a vertex v ∈ V(G) such that G − v is a
tree. A graph G is called unicyclic if it contains only one
cycle. Obviously, every unicyclic graph is a quasi-tree graph.
Many researchers have studied topological indices of quasi-
tree graphs. See, for example, [11–16].

Liu [17] found a relation between harmonic index and
diameter of a graph. He proved that if n≥ 4 and G is a
connected graph of order n, then H(G)≤D(G) + (n/2) − 1

and H(G)≤ (n/2)D(G). Also, a lower bound was found for
trees. If T is a tree of order n≥ 4, then
H(T) ≥D(T) + (5/6) − (n/2) and H(T) ≥ ((1/2)

+(1/3(n − 1)))D(T). (ereby, Liu [17] proposed the fol-
lowing conjecture.

Conjecture 1. Let G be a connected graph with order n≥ 4;
then,

H(G)≥D(G) +
5
6

−
n

2
,

H(G)≥
1
2

+
1

3(n − 1)
􏼠 􏼡D(G).

(1)

Jerline andMichaelraj [18, 19] found a sharper bound for
unicyclic graphs. (ey showed that if G is a unicyclic graph
of order n, then H(G)≥D(G) + 5/3 − (n/2) and
H(G)≥ ((1/2) + (2/3(n − 2)))D(G). (ey introduced a
family of graphs, U1,n− 5

n,4 , which is a set of graphs obtained
from C4 by attaching one pendant vertex and a path of
length n − 5 to two diametrically nonadjacent vertices of C4
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(see Figure 1). (en, they proposed the following conjecture
[18].

Conjecture 2. Let G be a simple connected graph, which is
not a tree, of order n≥ 7. )en,

H(G)≥D(G) +
5
3

−
n

2
,

H(G)≥
1
2

+
2

3(n − 2)
􏼠 􏼡D(G),

(2)

where equality holds if and only if G � U1,n− 5
n,4 .

(ey also show that the inequalities of the above con-
jecture are not true for a graph of order 6, namely, U1,1

6,4.
Suppose K−

4 is a graph of order 4 which is obtained from
K4 by deleting an edge. Also, for r, s≥ 0, let Vr,s be a family of
graphs obtained from K−

4 by attaching two paths of lengths r

and s to two nonadjacent vertices of K−
4 (see Figure 1). We

will show that the inequality holds for all quasi-tree graphs
exceptU1,1

6,4 and the graph U1,1
5,3 which is obtained by attaching

two pendant vertices to two vertices of K3. Also, the equality
holds for V1,1.

Two main theorems of this paper are as follows.

Theorem 1. Let G≠U1,1
6,4, U1,1

5,3 be a quasi-tree graph of order
n≥ 3.)en, H(G)≥D(G) + 5/3 − (n/2).)e equality holds if
and only if G � V1,1 or U1,n− 5

n,4 .

Theorem 2. Let G be a quasi-tree graph of order n≥ 3 and
G≠U1,1

6,4, U1,1
5,3. )en, H(G)≥ ((1/2) + (2/3(n − 2)))D(G).

)e equality holds if and only if G � V1,1 or U1,n− 5
n,4 .

In Section 2, we prove the lemmas that will be used in
Section 3, where we prove the main theorems.

All graphs considered in this paper are finite, undirected,
connected, and simple. Let G be a graph and v ∈ V(G) and P

a path of G; then, by G − v and G − P, we mean the graph
obtained from G by deleting the vertex v and the vertices of
P, respectively. For all other notation and definitions not
given here, the readers are referred to [20].

2. Preliminaries

Lemma 1. For x, y≥ 2, the two variables’ function

f(x, y) �
x + 4

x(x + 1)(2 + x)
+

y + 4
y(y + 1)(2 + y)

−
2

(x + y)(x + y − 2)
, (3)

is positive. Proof

f(x, y) �
x + 4

x(x + 1)(2 + x)
+

y + 4
y(y + 1)(2 + y)

−
2

(x + y)(x + y − 2)

�
2

x(x + 1)
+

− 1
(x + 2)(x + 1)

+
2

y(y + 1)
+

− 1
(y + 2)(y + 1)

−
2

(x + y)(x + y − 2)

�
1

x(x + 1)
−

1
(x + 2)(x + 1)

􏼠 􏼡 +
1

y(y + 1)
−

1
(y + 2)(y + 1)

􏼠 􏼡

+
1

x(x + 1)
−

1
(x + y)(x + y − 2)

􏼠 􏼡 +
1

y(y + 1)
−

1
(x + y)(x + y − 2)

􏼠 􏼡.

(4)

0 1 r01s

Vr,s
Un,4

1,n–5

Figure 1: (e graphs U1,n− 5
n,4 and Vr,s.
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Given x, y≥ 2, the terms inside parentheses are
positive. □

Lemma 2. x/(x + 2)≥ 1/(5 + x) + (x − 1)/(2 + x)≥ 11/28
for every x≥ 2.

Proof. (e first inequality is valid since x/(x + 2)

� 1/(x + 2) + (x − 1)/(x + 2)≥ 1/(5 + x) + (x − 1)/(2 + x).
Let f(x) � 1/(5 + x) + (x − 1)/(2 + x). (en,

f′(x) � (− 1/(5 + x)2) + (3/(2 + x)2)> 0. So, f is an in-
creasing function and f(x)≥f(2) � (11/28) for every
x≥ 2. □

3. Proof of the Main Theorems

In this section, we will show that Conjecture 2 is true for all
quasi-tree graphs. Also, in our proof, it will be shown that
the equality in both inequalities hold whenever G is the
graph V1,1.

Lemma 3. Let G be a quasi-tree graph of order n, where
3≤ n≤ 6, such that G≠U1,1

6,4, U1,1
5,3. )en,

H(G)≥D(G) +
5
3

−
n

2
,

H(G)≥
1
2

+
2

3(n − 2)
􏼠 􏼡D(G).

(5)

Proof. If n � 3, then G should be the complete graph, K3. In
this case, D(G) � 1 and, by an easy calculation, H(G) �

(3/2) and both inequalities hold.
If n � 4, then, since K4 is not a quasi-tree graph,

D(G)> 1. Also, since G is not a tree, G≠P4 and D(G) � 2.
Hence, D(G) + 5/3 − (n/2) � ((1/2) + (2/3(n − 2)))D(G)

� 5/3. So, both inequalities hold for n � 4 (see Figure 2).
Suppose n � 5 and w is the vertex that G − w is a tree.

Since G − w is a tree of order 4, D(G − w) � 3 or 2. Also,
since G is a quasi-tree graph, it is not a complete graph, and
hence, D(G) � 3 or 2.

If D(G) � 3, then D(G) + 5/3 − (n/2) � ((1/
2) + (2/3(n − 2)))D(G) � 13/6. If D(G) � 2, then D(G) +

5/3 − (n/2) � (7/6) and ((1/2) + (2/3(n − 2)))D(G) �

(13/9). All quasi-tree graphs of order 5 and their harmonic
indices are shown in Figure 3. As it is seen, all graphs hold
both inequalities except when G � U1,1

5,3.
Suppose n � 6 and w is the vertex that G − w is a tree. So,

G − w is one of P5, K1,4, or K+
1,3, where K+

1,3 is obtained by
attaching a new pendant vertex to a pendant vertex of K1,3.

If G − w � K1,4, then D(G − w) � 2. Since
D(G)≤D(G − w) and G is not K6, so D(G) � 2,
D(G) + 5/3 − (n/2) � (2/3), and ((1/2) + (2/3(n − 2)))

D(G) � (4/3). On the contrary, for every edge uv of G − w,
(2/du + dv) is at least (2/7), where du and dv are the degree
of u and v in G, respectively. So,

H(G)≥ 4
2
7

􏼒 􏼓 + 􏽘
x∈N(w)

2
dx + dw

≥
8
7

+
2

5 + dw

+
2 dw − 1( 􏼁

2 + dw

≥
8
7

+
11
14
>
4
3
. (6)

(e second and third inequalities hold by Lemma 2.
If G − w � P5, then the graph G is one of the graphs

shown in Figure 4 in which their harmonic indices are
calculated. Also, D(G)≤ 4, so D(G) + 5/3 − (n/2)

≤ 2 + (2/3) and ((1/2) + (2/3(n − 2)))D(G) ≤ 2 + (2/3). So,
for every graph both inequalities hold, except when G � U1,1

6,4.
Also, the equality holds when G � V1,1.

If G − w � K+
1,3, then the graph G is one of the graphs

shown in Figure 5 in which their harmonic indices are
calculated. Also, D(G)≤ 3, so D(G) + 5/3 − (n/2)≤
1 + (2/3) and ((1/2) + (2/3(n − 2)))D(G) ≤ 2. Obviously,
for every graph, both inequalities hold. □

Theorem 3. Let G≠U1,1
6,4, U1,1

5,3 be a quasi-tree graph with
n≥ 3 vertices. )en, H(G)≥D(G) + 5/3 − (n/2). )e
equality holds if and only if G � V1,1 or G � U1,n− 5

n,4 .

Proof. By induction on n, if n≤ 6, then (eorem 3 implies
that the inequality is true, unless when G � U1,1

6,4, U1,1
5,3. Also,

by (eorem 3, the equality holds when G � V1,1.
Let G be a quasi-tree graph with n≥ 7 vertices. Suppose w

is a vertex of G such that G − w is a tree. Let P � u0 − u1 −

· · · − ud be the diametrical path of G. (ere are three cases as
follows.
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9/5 2 29/15

Figure 2: Quasi-tree graphs of order 4 and their harmonic indices.

71/30 23/10 5/2

23/10

23/10

73/30 83/35 59/30

226/105 12/5 9/4

32/15,(U1,1)n,3

Figure 3: Quasi-tree graphs of order 5 and their harmonic indices.

2 + 13/15 2 + 7/10 2 + 13/15 2 + 3/5, (U1,1)n,4

2+4/5 3 2 + 13/15 2 + 2/3, (V1,1)

2 + 23/30 2 + 4/5 2 + 14/15 2 + 14/15

2 + 53/70 2 + 61/70 2 + 88/105 2 + 331/420

Figure 4: Quasi-tree graphs of order 6 obtained from P5, and their harmonic indices.

2 + 19/30 2 + 67/210 2 + 17/30 2 + 13/15 2 + 7/15

2 + 19/30 2 + 4/5 2 + 53/105 2 + 113/210 2 + 79/105

2 + 23/30 2 + 137/210 2 + 23/30 2 + 9/10

2 + 55/84 2 + 3/4 2 + 86/105 2 + 859/1260

2 + 87/140

Figure 5: Quasi-tree graphs of order 6 obtained from K∗1,3, and their harmonic indices.
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Case 1. (ere exists t ∈ G − P such that dt � 1. Since t is
not in diametrical path of G and dt � 1, D(G − t) �

D(G) and G − t is a quasi-tree graph too. Suppose

N(t) � r{ } and G − t≠U1,1
6,4. (en, by induction

hypothesis,

H(G) � H(G − t) +
2

dr + 1
− 􏽘

x∈N(r)

x≠ t

2
dr + dx − 1

+ 􏽘

x∈N(r)

x≠ t

2
dr + dx

� H(G − t) +
2

dr + 1
− 􏽘

x∈N(r)

x≠ t

2
dr + dx − 1( 􏼁 dr + dx( 􏼁

≥H(G − t)

+
2

dr + 1
−

2 dr − 1( 􏼁

dr dr + 1( 􏼁
≥ D(G) +

5
3

−
n − 1
2

􏼒 􏼓 +
2

dr dr + 1( 􏼁
>D(G) +

5
3

−
n

2
.

(7)

If G − t � U 6, 41,1, then G is one of the graphs shown
with their harmonic indices in Figure 6. In this case,
D(G) � 4 and D(G) + 5/3 − (n/2) � (65/30). Hence,
the inequality holds.

Case 2. Every vertex of G − P is of degree at least 2, and
there exists t ∈ G − P − w such that dt � 2. Similar to
the previous case, D(G) � D(G − t). Suppose N(t) �

r,{ s}. Note that dr, ds ≥ 0, otherwise r, s{ }∩P � ∅, and
hence, t ∈ P, a contradiction. Since dt � 2, it is possible

that G − t be a tree. (ere exist three subcases as
follows:

Subcase 2.1. G − t is not a tree and r and s are not
adjacent in G. By the hypothesis, there exist at most
two vertices of degree 1 in G which are u0 and ud. If
u0, ud ∈ N(r), then D(G) � 2, and since r and s are
not adjacent, d(s, u0)≥ 3, a contradiction. So, r has at
most one neighbor of degree 1. Same argument is
valid for s, so

H(G) � H(G − t) +
2

2 + dr

+
2

2 + ds

− 2 􏽘

x∈N(r)

x≠ t

1
dr − 1 + dx( 􏼁 dr + dx( 􏼁

− 2 􏽘

y∈N(s)

y≠ t

1
ds − 1 + dy􏼐 􏼑 dy + ds􏼐 􏼑

≥D(G) +
5
3

+
n − 1
2

+
2

2 + dr

+
2

2 + ds

−
2 dr − 2( 􏼁

dr + 1( 􏼁 dr + 2( 􏼁
−

2
dr dr + 1( 􏼁

−
2 ds − 2( 􏼁

ds + 1( 􏼁 ds + 2( 􏼁
−

2
ds ds + 1( 􏼁

� D(G) +
5
3

−
n

2
+
1
2

+
4 dr − 1( 􏼁

dr dr + 1( 􏼁 2 + dr( 􏼁
+

4 ds − 1( 􏼁

ds ds + 1( 􏼁 2 + ds( 􏼁
>D(G) +

5
3

−
n

2
.

(8)
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If G − t � U1,1
6,4, then G is one of the graphs which are

shown with their harmonic indices in Figure 7. In this
case, D(G) � 4 and D(G) + 5/3 − (n/2) � (65/30).

Subcase 2.2. G − t is not a tree and r and s are adjacent
in G. If G − t≠U1,1

6,4, then

H(G) � H(G − t) +
2

dr + 2
+

2
ds + 2

+
2

dr + ds

−
2

dr + ds − 2

− 􏽘

x∈N(r)

x≠ t,y

2
dx + dr − 1( 􏼁 dx + dr( 􏼁

− 􏽘

y∈N(s)

y≠ t,r

2
dy + ds − 1􏼐 􏼑 dy + ds􏼐 􏼑

≥H(G − t) +
2

dr + 2
+

2
ds + 2

−
4

dr + ds( 􏼁 dr + ds − 2( 􏼁
−
2 dr − 2( 􏼁

dr dr + 1( 􏼁
−
2 ds − 2( 􏼁

ds ds + 1( 􏼁

≥H(G − t) −
4

dr + ds( 􏼁 dr + ds − 2( 􏼁
+

2 dr + 4( 􏼁

dr dr + 1( 􏼁 dr + 2( 􏼁
+

2 ds + 4( 􏼁

ds ds + 1( 􏼁 ds + 2( 􏼁

>D(G) +
5
3

−
n

2
.

(9)

Since dr, ds ≥ 2, the last inequality is obtained from
Lemma 1.
If G − t � U1,1

6,4, then G is the graph which is shown
with its harmonic index in Figure 8. In Subcase 2.1,
D(G) + 5/3 − (n/2) � (65/30) and the inequality
holds.
Subcase 2.3.G − t is a tree. SinceG − w is also a tree, by
counting the number of edges and vertices, it is ob-
tained that dw � dt � 2. (is means that G is a uni-
cyclic graph and as proved by (eorem 3 in[19],
H(G)≥D(G) + 5/3 − (n/2), in which equality holds if
G � U1,n− 5

n,4 .

Case 3. Every vertex of G − u0, u1, . . . , ud􏼈 􏼉 is of degree
at least 2 and if t ∈ V(G) and dt � 2, then
t ∈ u0, u1, . . . , ud, w􏼈 􏼉. Since G − w is a tree, every
pendant vertex of G − w is in u0, u1, . . . , ud􏼈 􏼉. So, G − w

is a path and V(G) � u0, u1, . . . , ud􏼈 􏼉∪ w{ }. Also, since
G is not a tree dw ≥ 2. If dw � 2, then G is a unicyclic
graph and as proposed by (eorem 3 in [19],
H(G)≥D(G) + 5/3 − (n/2), with equality holds if
G � U1,n− 5

n,4 . So, there exist two subcases as follows.

Subcase 3.1 dw � 3. In this case, G is one of the graphs
in Table 1. In all cases, H(G)≥D(G) + 5/3 − (n/2). As
it is shown, the equality holds when G � V1,1.

Subcase 3.2 (dw > 3). Suppose uh, ui, uj, uk􏽮 􏽯⊆N(w)

such that h< i< j< k. If k − h> 2, then the diametrical
path u1 − · · · − uh − · · · − uk − · · · − ud is longer than
the path u1 − · · · − uh − w − uk − · · · , ud, a contradic-
tion. So, k − h≤ 2, which is another contradiction.
Hence, this case does not happen.(e inequality holds
in all cases and equality holds if and only if G � V1,1 or
U1,n− 5

n,4 . □

Theorem 4. Let G≠U1,1
6,4, U1,1

5,3 be a quasi-tree graph with
n≥ 3 vertices, then

H(G)≥
1
2

+
2

3(n − 2)
􏼠 􏼡D(G). (10)

(e equality holds if and only if G � V1,1 or U1,n− 5
n,4 .

Proof. (e proof is similar to the proof of (eorem 3. By
induction on n, if n≤ 6, then (eorem 3 implies that the
inequality holds unless when G � U1,1

6,4, U1,1
5,3.

Let G be a quasi-tree graph with n≥ 7 vertices. Suppose w

is a vertex of G such that G − w is a tree. Let P � u0 − u1 −

· · · − ud(G) be the diametrical path of G. Since G − w is a tree,
δ(G)≤ 2. (ere exist three cases as follows.

89/30 83/30

tt

Figure 6: (e graphs related to Case 1 of (eorems 3 and 4.
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Case 1. (ere exists t ∈ G − P such that dt � 1. Since t is
not in diametrical path of G, D(G) � D(G − t). Sup-
pose N(t) � r. So, such as Case 1 in the proof of

(eorem 3, if G − t≠U1,1
6,4, then, by induction

hypothesis,

H(G)≥H(G − t) +
2

dr dr + 1( 􏼁
>

1
2

+
2

3(n − 3)
􏼠 􏼡D(G)>

1
2

+
2

3(n − 2)
􏼠 􏼡D(G). (11)

49/15 47/15

t

t

31/10

t

Figure 7: (e graphs related to Subcase 2.1 of (eorems 3 and 4.

209/70

t

Figure 8: (e graphs related to Subcase 2.2 of (eorems 3 and 4.

Table 1: All possibilities for Case 3 of (eorems 3 and 4.

Graph H(G) D(G) + 5/3 − (n/2) ((1/2) + (2/3(n − 2)))D(G)

V0,0 (29/15) (25/15) (25/15)

V0,1 (23/10) (13/6) (13/6)

V1,1 (8/3) (8/3) (8/3)

V0,rr≥ 2

0 r1

(D(G)/2) + (13/15) (D(G)/2) + (2/3) (D(G)/2) + (2/3)

V1,r r≥ 2

0 r1

(D(G)/2) + (11/15) (D(G)/2) + (2/3) (D(G)/2) + (2/3)

Vs,r s, r≥ 2

r10 10s

(D(G)/2) + (4/5) (D(G)/2) + (2/3) (D(G)/2) + (2/3)

Journal of Mathematics 7



If G − t � U1,1
6,4, then G is one of the graphs which is

shown with their harmonic indices in Figure 6. In this
case, D(G) � 4 and ((1/2) + (2/3(n − 2)))D(G) �

(38/15). Hence, the inequality holds.
Case 2. Every vertex of G − P is of degree at least 2, and
there exists a vertex t ∈ G − P − w such that dt � 2.
From the previous case, D(G) � D(G − t). Suppose

N(t) � r, s{ }. Since dt � 2, it is possible that G − t be a
tree. (ere exist three subcases as follows.

Subcase 2.1. G − t is not a tree and r and s are not
adjacent in G. By the same argument as in Subcase 2.1
of (eorem 3,

H(G)>H(G − t) +
4 dr − 1( 􏼁

dr dr + 1( 􏼁 2 + dr( 􏼁
+

4 ds − 1( 􏼁

ds ds + 1( 􏼁 2 + ds( 􏼁
>

1
2

+
2

3 (n − 2)
􏼠 􏼡D(G). (12)

If G − t � U1,1
6,4, then ((1/2) + (2/3(n − 2)))D(G) �

(38/15), and G is one of the graphs which are shown
with their harmonic indices in Figure 7.

Subcase 2.2. G − t is not a tree and r and s are adjacent
in G. By Subcase 2.2 of (eorem 3,

H(G)≥H(G − t) +
2 dr + 4( 􏼁

dr dr + 1( 􏼁 dr + 2( 􏼁
+

2 ds + 4( 􏼁

ds ds + 1( 􏼁 ds + 2( 􏼁
−

4
dr + ds( 􏼁 ds + dr − 2( 􏼁

>H(G − t). (13)

So, by the induction hypothesis,

H(G)>
1
2

+
2

3(n − 3)
􏼠 􏼡D(G)>

1
2

+
2

3(n − 2)
􏼠 􏼡D(G).

(14)

If G − t � U1,1
6,4, then ((1/2) + (2/3(n − 2)))D(G) �

(38/15) and G is the graph which is shown with its
harmonic index in Figure 8 and the inequality holds.
Subcase 2.3. G − t is a tree. By the same argument as in
the proof of Subcase 2.3 of (eorem 3, G is a unicyclic
graph and by (eorem 3 in [18], H(G)≥
((1/2) + (2/3(n − 2)))D(G), with equality when
G � U1,n− 5

n,4 .

Case 3. Every vertex of G − P is of degree at least 2, and
if t ∈ V(G) and dt � 2, then t ∈ u0, u1, . . . , ud, w􏼈 􏼉. By
the same argument as in Case 3 of(eorem 3,G − w is a
path and V(G) � t ∈ u0, u1, . . . , ud􏼈 􏼉∪ w{ }. Also, since
G is not a tree, dw ≥ 2 . If dw � 2, then G is a unicyclic
graph and by (eorem 3 in[18], H(G)≥ ((1/2)+

(2/3(n − 2)))D(G), with equality if G � V1,1 or
G � U1,n− 5

n,4 . Also, by Subcase 3.2 of (eorem 3, dw≯3.
So, dw � 3 and G is one of the graphs in Table 1.
Obviously, H(G)≥ ((1/2) + (2/3(n − 2)))D(G), for all
of them. As in (eorem 3, the inequality holds in all
cases and the equality will be satisfy if and only if G �

V1,1 or U1,n− 5
n,4 . □
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