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Considering the impacts of white noise, Holling-type II functional response, and regime switching, we formulate a stochastic
predator-prey model in this paper. By constructing some suitable functionals, we establish the sufficient criteria of the stationary
distribution and stochastic permanence. By numerical simulations, we illustrate the results and analyze the influence of regime

switching on the dynamics.

1. Introduction

Functional responses are very important in the predator-
prey system, which is the amount of prey catch per predator
per unit of time and has significant effect on the dynamical
properties. Usually there are two kinds of functional re-
sponse: prey dependent (such as Holling IT and Holling IV,
see [1-3]) and predator dependent (such as Hassell-Varley,
Beddington-DeAngelis, and Crowley-Martin, see [4, 5]).
Recently, a number of researchers have devoted their efforts
to the predator-prey system with functional response and
obtained some nice results [1-7].

For the ecological system, the growth rate of population
is inevitably affected by environmental white noise, which
almost exists everywhere in real world [8-10]. May reveals
that due to stochastic fluctuations in environmental con-
ditions, all the natural parameters exhibit a certain amount
of random perturbations, and hence, random disturbance is
introduced in many mathematical models to reveal the effect
of white noise [10-15]. Besides the white noise, the growth of
species also suffers from fluctuating environments such as
hurricanes and earthquakes, which is described by colorful
noise in mathematical modelling [16-18]. The colorful noise
may take several values and switch among different regimes
of environments. The switching is memoryless, and the

waiting time for the next switching follows an exponential
distribution. That is, in mathematical sense, it is a Markovian
process. Actually, when the environments fluctuate fre-
quently, colorful noise may bring great influence to pop-
ulation dynamics and even change the permanence and
extinction of species, so the impacts of colorful noise on
population dynamics have attracted many researchers, see,
e.g., [19-22].

Motivated by above discussion, in this article, we for-
mulate a stochastic model with Holling-type II functional
response and colorful noise. By stochastic analysis, we aim to
study the stability in distribution and stochastic permanence
of the system.

The rest of this paper is structured as follows. Section 2
begins with our model and some notations. Section 3 is
devoted to the stability in distribution of the above system.
Section 4 focuses on the stochastic permanence. Some ex-
amples are given to illustrate our main results in Section 5.
Finally, a brief conclusion and discussion are given to end
the paper in Section 6.

2. The Model and Notations

Hsu and Huang [6] proposed the following predator-prey
model with Holling-type II functional response:
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2
dx(t) = x(t)(r1 —byx(t) - 1Ci,yx(2)>dt + oyx (£)dBy (1),
t
dy(t) = y(t)<—r2 —byy (1) + 1Cix;(i)>dt + 0,y (t)dB, (£),
(1)

where r; >0 and —r, < 0 represent the birth rate of prey and
death rate of predator, respectively; b, and b, are intra-
specific competition rate between species; ¢, >0 is the

Cc

dx(t) = x(t)<rl (a(t)) = by (a(t)x (1) -

dy(t) = y(t)(—rz (a(£)) = by (a(t))y () +

The regime switching «(t) is a Markovian chain in a
finite state space S = {1,2, ..., N}. The generator of «a(¢) is
defined as y = (x;;)n,n With

where € >0, y;; is the transition rate from the ith stage to the
jth stage and x;; >0 if i # j while y; = =}, x;;. It is often

i#_j>
i=j,

xij€ +o(e),

1+ x;€+o(e),

Pla(t+e=jla(t) =i} (3)

2
du(t) = (rl (a(t) - & (Z(t» —b, (a(t)e"
2
dv(t) = (—r2 (a(t) =22 (i(t)) b, (a(t)e

For the later discuss, we introduce some notations about
the Itd’s integral for stochastic differential equations with
Markovian switching [19, 22]. Let

dx(t) = f(x(t),t,a(t))dt + g(x(£),t,a(t))dB(t), (5)

where f: R* xR, xS — R*, g: R”* xR, xS — R*? are
measurable functions. Let V € C*! (R? x R, x S, R?). Define
the operator LV as follows:

1 (a(D)y (1)
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capture rate, and ¢, > 0 is the conversion rate of food; o7 (i =
1,2) denotes the density of white noise; (y(£)/1 + x(t)) is
the Holling-type II functional response. B, (¢) and B, (t) are
independent standard Brownian motions defined on the
probability space (Q,%,{Z%,},.,,P) with a filtration
{F.},5, satisfying the usual conditions (i.e., it is right
continuous and &, contains all p-null set). In view of the
impact of regime switching (colorful noise) analyzed before,
system (1) turns to the following:

rx (0 )dt + 0, (a(t))x (£)dB, (£),
(2)
¢, (e ())x (1)

T+ x0) )dt + 0, (a(t)) y (t)dB, (t).

assumed that every sample of « (¢) is a right continuous step
function and irreducible with a finite simple jumps in any
finite subinterval of R, = [0,00). It obeys a unique sta-
tionary distribution 7 = (my,7,,...,my) satisfying my =0
and Y, m =1, m,>0,Vk€S. The detailed switching
mechanism of the hybrid system is referred to [19, 23].

Let u(t) =Inx(t),v(t) =lny(¢), then system (2) is
equivalent to the following model:

v(t)
o _ %)a + 0, (a(t))dB, (1)
+e
(4)
u(t)
v(e) _ %)dt + 0, (a(t))dB, (1)
+e
LV (x5,6,k) = V, (3,1, k) + V. (x, 6, k) f (x, £, k)
N X V(x, t) j))
+%trace[gT (x, t, )V, (x,t,k)g(x,t, k)] +j; kj
(6)
where V,(x,t,k) = (0V (x,t,k)/dt), V., (x,t,k)= ((oV
(x,t,k)/0x,), (OV (x,t,k)/0x,)), and Ve (x,t,k) =

(O*V (%, £, k)/0%;0% ) 50015 j = 1, 2.
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The generalized It6’s formula is defined as

dV (x,t,k) = LV (x, t, k)dt + V (x,t,k)g (x, t, k)dB(t).

(7)
Lemma 1 (see [21]). If the following conditions hold.
(i) For i# j, x;;>0.
(ii) For each keS and any

ce R, olcl*<¢"g(x,t,k)g" (x,t,k)g<o ![¢|* holds
with o € (0,1] for all x € R%.

(iii) There exists a bounded open subset D C R* with a
regular boundary (i.e., smooth) such that, for any
keS, there exists a nonnegative function
V (- k): D¢ — R satisfying V (-, k) is twice con-
tinuously differentiable and for some € >0,

LV (x,k)< —¢, forany (x,k) € D¢ xS. (8)

Then, (5) is ergodic and positive recurrent; that is, there
exists a unique stationary density u(:,-), for any Borel
measurable function f(,):R*xS—R with
Ykes | gl f (3Kl (x, k)dix < 0o, we have

0 keS

P<t1£nm % J' f(x(s),a(s)ds = Z Jsz(x,k),u(x,k)dx> =1.

About the existence and uniqueness of positive so-
lutions and the moment boundedness of (2), we have the
following two lemmas. The proofs of them are very
standard and are omitted here. Readers may refer to
[3, 21].

Lemma 2. There is a unique positive solution
(x (1), y (1), a(t)) for system (2) on t =0 with initial value
(x(0), y(0),a(0)) € R? x S, and the solution will remain in
R? x S with probability 1.

Lemma 3. For any initial value (x(0), y(0),a(0)) € R2 xS
and any p>0, there exists a constant K (p) such that the
solution  (x(t), y(t),a(t)) for system (2) satisfying
E(x(t) + y ()’ <K(p) for all t >0.

For simplicity, we give some notations as follows:

o7 (k)

(k) =ri(k) - ==, =12,

Hi = Z ﬂ:kni (k)y i= 1) 2>
keS

o= rkneagx{o1 (k), 05 (k)},

I (k) = min{I, (k), L, (k)}, (10)
=) mI(k),
keS

f = max f(k),

f= max f (k).

3. Stationary Distribution

In this section, we discuss the stationary distribution of (2).

Theorem 1. For any initial value (x(0), y(0),a(0)) € R2 x
S and any k € S, the solution (x(t), y(t),a(t)) of (2) is
ergodic and has a unique stationary distribution in R* x S if
the following condition holds:

~ ~2 ~2
- o o
(=22 (rl——l)—?z——2>0. (11)

7, +b;

Proof. According to the equivalent property of (2) and (4),
we only need to prove it for (4). Define
V,(t,u,v) = ((e* + pe’)*/2), where p = (¢,/¢,), and then
we have
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a1 (a())
2

_ bl ((x(t))e” _ Cy ((x(t))eV)

LV, =("+ pev)eu<r1 (a(t)) - oo

2
G0

c (tx(t))e”)

+ple”+ pev)ev<—r2 (a(t)) - T3

2 2
+ 01 (;X(t) (8214 + eu (eu + Pev)) + 02 (;X(t) (pZeZV + pev (eu + Pev))

2
— (" + pe”)[e”(n (a() -2 (j“))) by (a(D)e -

1+é"

61 (oc(t))e””]

2 u+v
(e + peV)[-peV<r2 (a(t) + 22 (Z(t))) — pby (a())e® + P2 (1“+(te))e ]

2 2 2 2
+ (eu + p@v)(al (‘;(t))eu + 02 (Z(t)) pev> + 01 (Z(t))eZM + 02 (;(t))pZeZV (12)

2 _ 2
< (e + Pev)[e“<r1 (a(t) - 222 (z(t))> - b - Pe”(rz (@(t) + 2 (Z(t)))

_ u v 2 2
_szelv] + (e pe) +2pe ) (Uf (a(t)e" + pos ((x(t))ev) + 4 (z(t))em + 22 (Z(t))pzezv <

2 ~ ~
< <T1 (k) - OIT(k)) (e + pe')e" = bye™ — p’bre™ + o7 (a(t)e™ + p’o) (a(t))e”

. p(o} (k) + (k))nw 3

€ >

2
_ ée?’u _ LEZ@?W +0,
2 2
2 ¢ , " u
where L9 = (@) + 28 g (e - 20O
= su —Eesu - Ll;ze” +( ry (k) - M (e" + pe”)e* <r, (a(t)) + M +bye’ - G
0 ,MEZ 2 2 ! 2 =2 2 o 1+ét
2 -
200 + o2 (k oy (k) =~ v 6 (k)
+U% (k)ezu . pzag (k)ezy " P(01 ( )2 (72( ))euw } <r, (k) + —2 + bze r )+ bl ®
(13) N c, r, (k) = b, (k)e"
ry (k) + b, (k) L+e* 7
On the other hand, (14)

Set g = ((& + bAz)/fz), and similarly we have
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u
e

Ln(1+e)-u+ge')=— [fl(“(t)) -

2
01 (‘;(t)) _ bl (“(t))eu _

1+e" 1+¢" 2

¢ <a<t>)e”] N o7 (a(1))

u

e )2 + |:—r1 (a(t)) +

Xi
(1+¢€"

o7 (a(t))

5 +by (a(t))e” +

61 (oc(t))ev]

1+e"

2
W— b, (a(t)e’ +

1+e€" 2

u 2
. quv (o, (@(®) - ¢y (a(t))e ) L0 (a(t))ev]

_ |:e”r1 (@) = by (@()e") ¢ (@()e” o) (oc(t))ez”)]

1+ (1+e*)  2(1+e") (15)
2 v
+ [—n (o) + ED 4y, aoper + 2320 ]
+ Z1[_7’2 (a(t))e” = b, (« (t)e” +CZ(‘fiﬂe):)]
u 2
< [(r1 (k) - by (k))e" - M] e 0+ 2 b e+, (e
l+e 2
+q[-ry (a(t))e” + ¢, (k)e"].
Define V, = —v+ (c,/r (a(t)) + b, (a(t))) (In(1 +e*)—
u +ge"), and then
2 - - u
oy (a(t)) = cory (a(t)) P ri(a(?)) = by (a(t))e
LVa<n (@) + ==t b = ) % b, @(®) * 7, (D) + b, @(D) I+e"
o w1 (a(®) = by (a(t))e"
+ (@) + b (@) ‘H(f’l (a(t)) = by (a(t)))e" — 5o ] —ry(a(t))
2
D) e+ ) (@@)e’ +G[—r, (@)’ + ¢ (a(®)e] }
(16)
2 < < 2
02 . (k) Czr1 (k) C2 01 (k) —~ UtV
<R v 0,0 T (04 5, (B [ 2 et ]
C2 01 (k) 02 (k) CZ —~— U+V
< - 7“ W + b, (0 (rl (k) - 5 ) + 1, (k) = +?1 +Elqc2e
< _(+qeu+v’
where g = (¢,6,/7, +b,)3. Let V. =V, + MV,, where M =  and
(2/¢) max{2, sup ,, ycr2 (= (b,/4)e™ — (p*b,y/4)e™ + o)} It is M¢
easy to observe that -2 L. (18)
LV = LV, + MLV, < - M + Mge"*" - %6314 _ %52631/ +o, Define a bounded closed set as follows:

(17) U ={(u, W ul<ne L vi<Ine !, (u,v) € Rz}, (19)



where ¢ is a sufficiently small number, and then the set U¢ =
(R2/U) contains the following four domains:

U! :{(u,v) €ER: —co<us< lne},

U? ={(u,v) €eR* —oco<vs< lns},

(20)
Ug :{(u, V) € R*: u> ln{l},
Uf ={(u, V) € R*: v> lneil}.
Take ¢ sufficiently small enough such that
b b
LV < — M{ + Mgee’ — L& - 22" 1 o

2 2

T 2
< — M{ + Mqe + Mgee™ —ﬁe&‘ _Pb

2 2

_M¢

4 4

4 4

R -
+ I:%C + sup <—p—bze3v - ﬁem +0

-M b b ~M{ p’by s, b
+(—( + qu) + (—P by + qu>e3v - he” + <—( P b2e3v - ﬁew + Q>
4 4 4 4 2 4 4

,- -
Sﬁ+<ﬂ+ qu) + <—pr2 + Mge |e”’ —ﬁew

Journal of Mathematics

“M{-—Lip <1,
4e (22)

2
pb
~(-E R ms

where 7, 1, are defined later. Next, we verify LV (1, v) < — 1
for all (u,v) e US =UlUU? VU UUL

Case 1. If (u,v) €U, namely, —co<u<lne, then
e“tV<ee¥ <e(1+e¥). By (17), (18), and (21), we have

(23)
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Case 2. If (u,v) €U?, namely, —co<v<Ing then

e""V <ege <e(1+e*), and similarly we have

45
LV < — M( + Mgee" —%6314 _P_bzesv

2

_ ,-
< M¢ +<£v + qu) + <—% + qu>e3” - Psze”

4 4
-M b %
+ ¢ + sup [ —te - P 2w, 0
2 (u,v)eR? 4 4

Y

(24)

Case 3. If (u,v) € U2, then we derive from (17) and (22) that

b b
LV < — M{ + Mgee" —7163” —%e” +0

b (25)
_M(_Z;"”ﬁ

IN

IN

-1,

where _ _
My = SUp (er: (= (b,/4)e* — (p*b,/2)e* + Mge™ + o).

Case 4. If (u,v) € UZ, similarly, from (17) and (22) we have

b b
LV < — M{ + Mgee" —7163” —%ESV +0
2p (26)
p°b,
< -M( -
s ¢ e
< -1,

where _ _
My = SUP (4 1)eR? (= (by12)e’ — (p*b,/4)e® + Mge™™ + o).

dx(t) = x(t)<r1 (a(t)) = by (a(t)x (1) -

dy(t) = y(t)<r2(oc(t)) —by(a(t)y(t) +

where 7, (-) >0 is the birth rate of species y(t) and other
parameters are the same as before. Now, we consider the
stochastic permanence of (29).

Consequently, we deduce that LV (u,v)< —1 on all
(u,v) € U, Obviously, the other condition of Lemma 1
holds too, so we conclude from Lemma 1 that system (4) is
ergodic and has a unique stationary distribution in R? x S;
that is, system (2) is ergodic and has a unique stationary
distribution in R? x S. This completes the proof.

For (2), if the state Markovian chain « (t) takes value in
space S = {1}, namely, there is no switching, then (2) turns
to the following subsystem:

dx(t) = x(l‘)(r1 -b,x(t) - 16_1,_yx(2)>dt +0,x(t)dB, (1),
t
dy(t) = y(t)<—r2 —byy (1) + 1Cix;(i)>dt + 0,y (t)dB, ().

(27)

For (27), from Theorem 1, we can easily obtain the
following conclusion.

Corollary 1. For any initial value (x(0),y(0)) € R?, the
solution (x(t), y(t)) of (27) is ergodic and has a unique
stationary distribution in R? if the following condition holds:

2 2
i-_2 (rl—ﬁ>—r2—ﬁ>o. (28)

ry+b;

Remark 1. It is clear that, for any positive integer
K, (¢, (R)/r, (k) + b, () (r, (K) - (02 (k)/2)) — 1 (K) — (02 (K)
12)> (¢y/ 7, +by) (7, - (63/2)) =7, — (55/2). That is, Theo-
rem 1 shows that switching system (2) has stationary dis-
tribution only under the condition that every subsystem of
(2) has stationary distribution. If there exists no switching,
Corollary 1 gives the sufficient condition of stationary
distribution of (27), which is accordant with Theorem 1

of [3].

4. Stochastic Permanence

For (2), if we consider the birth rate instead of the death rate
of predator, then (2) turns to the following model:

¢y (a (1)) y(t)
W)dt + 0, ((x(t))x(t)dBl (t),
(29)

¢, (a(t))x(t)

T+ x0) )dt + 0, (a(t))y(t)dB, (1),

Definition 1. (see [16])System (29) is stochastically per-
manent if for every ¢ € (0,1) and any k € S, there is a pair of
constants . >0 and />0 such that for any initial data



8
(x(0), ¥(0),a(0)) € R xS, the solution
X (t) = (x(t), y(t)) of (29) has the property that
litmian{|X(t)| > M >1—¢,
(30)

limsup P{|X(t)|< AN} >1-¢,

t—00

where P represents the probability of events.
Assumption 1. For some k € S, x;; >0,k # j.

Lemma 4. Under Assumption 1, if I1>0, then there exists
6,>0 such that for any
0<68<6,,G(8) =diag(v,(6),0v,(8),...,vN () —x is a
nonsingular M-matrix, where vy (8) = 8I1(k) — (1/2)8%02.

Remark 2. The proof is rather standard. Readers may refer
to the details in [24] or [21, 23].

Journal of Mathematics

Theorem 2. For any initial value
(x(0), y(0),x(0)) € Ri xS, system (29) is stochastically
permanent under conditions of Lemma 3.

Proof. The proof is motivated by [22]. Let G be a matrix or
vector, and denote by G0 all the elements of G are
positive. Under the hypotheses, Lemma 2 shows G(§) is a
nonsingular M-matrix, and then by M-matrix theory (see
Theorem 2.1 [22]), there exists p = (p,pa-..>pn)" >0
such that G (8)p > 0, that is, p,v; (6) — Zﬁil Xkjpj >0,k €S.
So, there exists a constant 7> 0 such that

N
Pevk(®) = Y xp; — P >0, k€S (31)

=
Define functional V=p,(1+V), where

V = (1/(x + y)), then for above 7 >0, we compute 7V + LV
as follows:

N
W+ LV =1, (14 V) + Y xip; 1+ V) 4+ p 8 (1+ V) (=77)
j=1

% <r1 (a(t)x + 7, (a(t)y — by (a(£)x> = b, (a(t))y® +

¢ (a(t) = ¢; (a(t)) Xy)

1+x

+pk5(1+\7)“\7( oy

o, (a(t)x + 0, (oc(t))y>2

+ %pka(a D+ [—\72 (0, (@(0))x - o, ((oc(t))y)z]

N
=1p (1 + V) + Y xp; 1+ V) = p8(1+ V)V

Jj=1

ri(a(t)x +r,(a(t)y
xX+y

(32)

5101 (@(0)x” + by (a(£)y” = ((c5 (a(£)) = ¢, (@())/ (1 + x))xy

+p8(1+V)

(x + y)2

+pka(1+\7)“\7( oy

o, (a(t)x + az(oc(t))y>2

o (a(t)x + 0, (a(t))y

+%pk5(5 -1+ \7)5‘2\72<

=7 (#(7")) + 9@

2
xX+y )
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where lim,__,_(g(7)/7°) = 0, and
N 2
~8\ f’l(a(t))x+r2(06(t))y oy (a(t))x + 0, (al(t))y
f<V>_TPk+;Xk]PJ Pid y Ty
2
1
v 18- 1)(01 (a(t)x + 0, (oc(t))y)
2 xX+y
N 2 2
Lkx  ILEy pdo
STP+ ) XkjPj — PO - pd +
= / X+y X+ y 2 (33)
N 202
STPF ) XkiP) —Pkﬂ(k)5+PkT
=1
N
= TP+ ) NP5~ Ptk (6)
=1
<0.
G s Y, .
By Ito’s formula, we have [E[Pke (1 V)a] —pi(1+ V(O))ﬁgT(e - 1)‘ (35)
L(e”V(t)) =" (1V +LV) Hence,
ul ) ) Y (6) 1 0
<e” - 8 + .-V+<V> E(l+V)°<—7 e ™14— ). (36
e <<TP1< P (9) ;XW%) 0 1+7)< = kming_cpy +e 0 +7(0) (36)
<Y (8)e", Let H(J) = (Y (8)/kmingspy), then
(34) lim sup E (x (£) + y (£))"° < H (8). (37)
t—00
where Y((?) = (maxgessupy_ . (7P — Pt (8)+ ZJ 1 XkjPj)
A +o(V ), 1). Integratlng d(eTtV(t)) from 0 to t and Since |X|= (x*+y 2)(172) " then we deduce that
taking expectation give EIX|"% <2@2H (), and hence,
(1/6) ) (812)
2 E|X 2 H
X< v2 ( ‘ ) =AM < | _|a =500 ) a7 (38)
H (9) A° 27 (e/H (8))

Therefore, P{|X|>./#}>1 — ¢ holds. By Lemma 3, using
Chebyshev’s inequality again, it is clear that P{|X| </} >1 —
¢ for some constant 4. Therefore, (29) is stochastically
permanent by Definition 1. The proof is completed.

Obviously, if there is no switching, we can similarly
obtain the following corollary.

Corollary 2. For any initial value (x(0),y(0)) € R?, the
subsystem  of (29) is stochastically permanent if
ri— (07/2)>0,i=1,2.

Remark 3. Theorem 2 reveals that when some subsystems of
(2) are no stochastic permanent, if we give a suitable

switching, then switching system (2) may be stochastic
permanent, which implies the switching has very important
influence to the dynamics of (2). By simulation, we can verify
it directly, see Figure 1.

5. Examples and Simulations

In this section, some examples are given to illustrate our
theoretical results and reveal the effects of regime switching
and stochastic factors [25]. For simplicity, we assume that
the continuous-time discrete state Markovian chain o (t)
takes value in the space S = {1, 2}, then system (2) reduces to
the following subsystems:
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We let r,(1)=0.8,b,(1)=0.2,¢,(1)=0.8,0,(1) =
0.3;7,(1) = 0.5, b,(1) = 0.8, ¢, (1) =1, 0, (1) = 0.4; , (2)
=0.7,b,(2)=0.3,¢, (2)=0.8,0,(2) =0.2; and r, (2) =
0.4, b, (2) =03, ¢, (2) =1, 0,(1) = 0.4. By Corollary 1, we
know that (39) and (40) both have stationary distribution,
see Figure 2.

Suppose the distribution of «a(t) is 7 = (0.4,0.6) (see
Figure 3). It is easy to verify that {>0. Theorem 1 implies
that (2) has stationary distribution, see Figure 4.

If r,(1)=-0.2,7,(2) =-0.3, and 7 = (0.4,0.6), then
Theorem 2 shows that (39) and (40) are stochastic perma-
nence, see Figure 5.

If 6,(2)=12,0,(2)=1, and 7= (0.1,0.9), then the
switching system is not stochastic permanence, but if we take
7= (0.9,0.1), then the system is stochastic permanence,
which implies the switching is very important to make (39)
and (40) be permanent, see Figure 1.

6. Conclusions and Discussion

In this paper, we study a stochastic predator-prey system
with regime switching and Holling-type II functional
responses. Theorems 1 and 2 give the sufficient conditions
of stationary distribution and the stochastic permanence
of (2). Finally, some examples are given to verify the main
results. Our numerical examples reveal that switching and
random factors bring much influence to the dynamics of
this system.

By comparison analysis, we give Remarks 1 and 2 to
show that our main results improve or generalize the cor-
responding results in [3]. The main method applied in this
paper is by constructing some suitable functionals instead of
stochastic analysis techniques to study the stationary dis-
tribution, which is less applied for switching system. In the
process of our analysis, Holling-type II functional response
brings some difficulties and we apply inequality techniques
to overcome them.

As Arditi and Ginzburg [23] pointed out that the
predator-dependent functional response can provide better
description in some cases, then how to deal with predator-
dependent functional response such as Bedding-
ton-DeAngelis type? Furthermore, studies have shown that
the mental state of the adolescent prey can be mediated by
fear induced from predators and the alternation causes
deleterious outcomes on their adult’s survival [24] and then
how fear will impact our system? All these are interesting for
us to study in the future.
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