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In this paper, we present two versions of the Hadamard inequality for (α, m) convex functions via Caputo fractional derivatives.
Several related results are analyzed for convex and m-convex functions along with their refinements and generalizations.*e error
bounds of the Hadamard inequalities are established by applying some known identities.

1. Introduction

Fractional calculus is a natural extension of classical
calculus and the notions related to integer order deriv-
atives and integrals have been extended to fractional
order derivatives and integrals. Many classical inequal-
ities related to integrals of real valued functions have been
presented for fractional integrals. *e Hadamard in-
equality is one of them which is studied extensively for
different types of convex functions via fractional deriv-
atives and integrals. For the detailed study of Hadamard
fractional integral inequalities, we refer the readers to
[1–13]. In 1967, Caputo made the most significant con-
tributions to fractional calculus by reformulating the
definition of the Riemann–Liouville fractional derivatives
[14].

In the following, we give the definition of Caputo
fractional derivatives.

Definition 1 [15]. Let ψ ∈ ACn[a, b] and n � [R(β)] + 1.
*en, Caputo fractional derivatives of order β ∈ C,R(β)> 0,
of ψ are defined as follows:

C
D

β
a+ψ(x) �

1
Γ(n − β)


x

a

ψ(n)
(z)

(x − z)
β− n+1 dz, x> a,

C
D

β
b− ψ(x) �

(− 1)
n

Γ(n − β)


b

x

ψ(n)
(z)

(z − x)
β− n+1 dz, x< b.

(1)

If β � n ∈ 1, 2, 3, . . .{ } and usual derivative of order n

exists, then Caputo fractional derivative ( CD
β
a+ψ )( x ) co-

incides with ψ(n)(x), where as ( CD
β
b− ψ )( x ) coincides with

ψ(n)(x) with exactness to a constant multiplier (− 1)n. In
particular, we have

(
C

D
0
a+ψ )( x ) � (

C
D

0
b− ψ )( x ) � ψ( x ), (2)

where n � 1 and β � 0.
Convex functions are represented in terms of different

inequalities. Many of the well-known inequalities are con-
sequences of convex functions. Strongly convexity is a
strengthening of the notion of convexity; some properties of
strongly convex functions are just “stronger versions” of
known properties of convex functions. Strongly convex
function was introduced by Polyak [16].
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Definition 2. Let D be a convex subset of L and (L, ‖ · ‖) be a
normed space. A function ψ: D ⊂ L⟶ R is called strongly
convex function with modulus C if it satisfies

ψ(az +(1 − z)b)≤ zψ(a) +(1 − z)ψ(b)

− Cz(1 − z)‖a − b‖
2
,

∀a, b ∈ D, z ∈ [0, 1].

(3)

For C � 0, (3) gives the inequality satisfied by convex
functions. Many authors have been inventing the properties
and applications of strongly convex functions, see [17–21].

*e concept of m-convex functions and strongly
m-convex functions are introduced in [22, 23], respectively.
In [23], the definition of m-convex functions is given.

Definition 3. *e function f: [0, b]⟶ R is said to be
m-convex, where m ∈ [0, 1], if for every x, y ∈ [0, b] and
t ∈ [0, 1] we have

f(tx + m(1 − t)y)≤ tf(x) + m(1 − t)f(y). (4)

In [22], strongly m-convex function is introduced as
follows.

Definition 4. A function ψ: [0, b]⟶ R is called strongly
m-convex function with modulus C if

ψ(zx + m(1 − z)y) ≤ zψ(x) + m(1 − z)ψ(y)

− Cmz(1 − z)|x − y|
2
,

(5)

where x, y ∈ [0, b] and z ∈ [0, 1].
In [24], (α, m)-convex function is introduced as follows.

Definition 5. A function f: [0, b]⟶ R is said to be
(α, m)-convex function, where (α, m) ∈ [0, 1]2 and b> 0, if
for every x, y ∈ [0, b] and z ∈ [0, 1], we have

f(zx + m(1 − z)y)≤ z
α
f(x) + m 1 − z

α
( f(y). (6)

From (α, m)-convex functions, one can obtain star-
shaped, m-convex, convex, and α-convex functions. In lit-
erature, (α, m)-convex functions are considered by many
researchers and mathematicians and many properties es-
pecially inequalities have been obtained for them, for ex-
ample (see [25–30]).

*e strongly (α, m)-convex function is introduced as
follows.

Definition 6. A function f: [0, +∞]⟶ R is said to be
strongly (α, m)-convex function with modulus C≥ 0, for
(α, m) ∈ [0, 1]2, if

f(zx + m(1 − z)y)≤ z
α
f(x) + m 1 − z

α
( f(y)

− Cmz
α 1 − z

α
( |y − x|

2
,

(7)

holds for all x, y ∈ [0, +∞] and z ∈ [0, 1].
A well-known inequality named Hadamard inequality is

another interpretation of convex function. It is stated as
follows [31].

Theorem 1. Let ψ: I⟶ R be a convex function on interval
I ⊂ R and a, b ∈ I, where a< b. 9en, the following inequality
holds:

ψ
a + b

2
 ≤

1
b − a


b

a
ψ(x)dx≤

ψ(a) + ψ(b)

2
. (8)

If order in (8) is reversed, then it holds for concave
function.

Fractional integral inequalities are useful in establishing
the uniqueness of solutions for certain fractional partial
differential equations. *ese inequalities also provide upper
as well as lower bounds for solutions of the fractional
boundary value problems. Fractional integral inequalities
are in the study of several mathematicians. For fractional
versions of Hadamard inequality, we refer the researchers
and references [1–5, 11, 12, 32].

Farid et al. [33] established the following identity for
Caputo fractional derivatives.

Lemma 1. Let ψ: [a, b]⟶ R, 0≤ a< b, be the function
such that ψ ∈ Cn[a, b]. Also, let ψ(n+1) be positive and convex
function on [a, b]. 9en, the following equality for Caputo
fractional derivatives holds:

ψ(n)
(a) + ψ(n)

(b)

2
−
Γ(n − β + 1)

2(b − a)
n− β

· (
C

D
β
a+ψ )(b) +(− 1)

n
(

C
D

β
b− ψ)(a) 

�
b − a

2

1

0
(1 − z)

n− β
− z

n− β
 ψ(n+1)

(za +(1 − z)b)dz.

(9)

*e following identity is established in [34].

Lemma 2. Let ψ: [a, b]⟶ R be a differentiable mapping
on (a, b) with a< b. If ψ ∈ Cn+1[a, b], then the following
equality for Caputo fractional derivatives holds:
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2n− (β/k)− 1
kΓk(n − (β/k) + k)

(mb − a)
n− (β/k)

C
D

β,k

(a+bm/2)+ψ (mb) + m
n− (β/k)+1

(− 1)
n C

D
β,k

(a+mb/2m)− ψ 
a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  

�
mb − a

4

1

0
z

n− (β/k)ψ(n+1) z

2
a + m

2 − z

2
 b  − 

1

0
z

n− (β/k)ψ(n+1) 2 − z

2m
a +

z

2
b dz ,

(10)

with β> 0.
*e Hadamard inequality for Caputo fractional deriv-

atives of convex functions is studied in [7, 33, 34]; also, the
error estimations are established by using aforementioned
identities. *e aim of this paper is to prove the Hadamard
inequality for Caputo fractional derivatives of strongly
(α, m)-convex functions. We have obtained refinements of
various inequalities proved for convex and m-convex
functions.

In Section 2, we will give two versions of the Hadamard
inequality for Caputo fractional derivatives using strongly
(α, m)-convex functions. Also, we connect the particular
cases with some classical results. In Section 3, by applying

known identities, we will derive refinements of some well-
known inequalities.

2. Main Results

*e following results give the Hadamard inequality for
Caputo fractional derivatives of strongly (α, m)-convex
functions.

Theorem 2. Let ψ: [a, b]⟶ R be a positive function with
ψ ∈ Cn[a, b], (α, m) ∈ [0, 1]2, and 0≤ a<mb, m≠ 0. If ψ(n) is
a strongly (α, m)-convex function with modulus C, then the
following inequality for Caputo fractional derivatives holds:

ψ(n) bm + a

2
  +

mC(n − β)

2α(n − β + 2)
1 −

1
2α

  (b − a)
2

+
2(b − a)((a/m) − mb)

(n − β + 1)
+

2((a/m) − mb)
2

(n − β)(n − β + 1)
 

≤
Γ(n − β + 1)

(bm − a)
n− β 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
b− ψ 

a

m
  +

1
2α

C
D

β
a+ψ (mb) 

≤
n − β

n − β + α
1 −

1
2α

 
m

2ψ(n)
a/m2

  + mψ(n)
(b) 

n − β
+

mψ(n)
(b) + ψ(n)

(a) 

2α
−

Cmα m 2α − 1(  b − a/m2
  

2
+(b − a)

2
 

2α(n − β + 2α)

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
,

(11)

with β> 0 and n � [β] + 1.

Proof. Since ψ(n) is strongly (α, m)-convex function with
modulus C, for x, y ∈ [a, b], we have

ψ(n) mx + y

2
 ≤ 1 −

1
2α

 mψ(n)
(x) +

ψ(n)
(y)

2α

−
mC

2α
1 −

1
2α

 |x − y|
2
.

(12)

Let x � (1 − z)(a/m) + zb≤ b and y � m(1 − z)b +

za≥ a, z ∈ [0, 1]. *en, we have

ψ(n) bm + a

2
 ≤ 1 −

1
2α

 mψ(n)
(1 − z)

a

m
+ zb  +

ψ(n)
(m(1 − z)b + za)

2α

−
mC

2α
1 −

1
2α

  (1 − z)
a

m
+ zb − (m(1 − z)b + za) 

2
.

(13)
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Multiplying (13) with zn− β− 1 on both sides and making
integration over [0, 1], we get

ψ(n) bm + a

2
  

1

0
z

n− β− 1dz≤ 1 −
1
2α

  
1

0
mψ(n)

(1 − z)
a

m
+ zb z

n− β− 1dz +
1
2α


1

0
ψ(n)

(m(1 − z)b + za)z
n− β− 1dz 

−
mC

2α
1 −

1
2α

  
1

0
z

n− β− 1
×( (1 − z)

a

m
+ zb − (m(1 − z)b + za) )

2
 dz.

(14)

By using change of the variables and computing the last
integral, from (14), we get

1
n − β

ψ(n) bm + a

2
 ≤

1
bm − a

1 −
1
2α

  
b

(a/m)
m

2ψ(n)
(x)

mx − a

bm − a
 

n− β− 1
dx +

1
2α


mb

a
ψ(n)

(y)
bm − y

bm − a
 

n− β− 1

dy⎛⎝ ⎞⎠

−
mC

2α
1 −

1
2α

  ×
(b − a)

2

n − β + 2
+
2(b − a)((a/m) − mb)

(n − β + 1)(n − β + 2)
+

2((a/m) − mb)
2

(n − β)(n − β + 1)(n − β + 2)
 .

(15)

Further, it takes the following form:

ψ(n) bm + a

2
 ≤

Γ(n − β + 1)

(bm − a)
n− β 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
b− ψ 

a

m
  +

1
2α

C
D

β
a+ψ (mb) 

−
mC(n − β)

2α
1 −

1
2α

  +
(b − a)

2

n − β + 2
+
2(b − a)((a/m) − mb)

(n − β + 1)(n − β + 2)
+

2((a/m) − mb)
2

(n − β)(n − β + 1)(n − β + 2)
 .

(16)

Since ψ(n) is strongly (α, m)-convex function with
modulus C, for z ∈ [0, 1], then one has

mψ(n)
(1 − z)

a

m
+ zb ≤mz

αψ(n)
(b) + m

2 1 − z
α

( ψ(n) a

m
2 

− Cm
2
z
α 1 − z

α
(  b −

a

m2 
2
.

(17)

By multiplying (17) with (1 − (1/2α))zn− β− 1 on both
sides and making integration over [0, 1], we get

1 −
1
2α

  
1

0
mψ(n)

(1 − z)
a

m
+ zb z

n− β− 1dz

≤ 1 −
1
2α

  
1

0
mψ(n)

(b)z
n− β+α− 1dz + 

1

0
m

2ψ(n) a

m
2  1 − z

α
( z

n− β− 1dz − Cm
2

b −
a

m2 
2


1

0
1 − z

α
( z

n− β+α− 1dz .

(18)
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By using change of the variables and computing the last
integral, from (18), we get

1 −
1
2α

 
1

bm − a


b

(a/m)
m

2ψ(n)
(x)

mx − a

bm − a
 

n− β− 1
dx 

≤ 1 −
1
2α

 
m

2ψ(n)
a/m2

  + mψ(n)
(b) 

(n − β)(n − β + α)
−

Cm
2α b − a/m2

  
2

(n − β + α)(n − β + 2α)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(19)

Further, it takes the following form:

Γ(n − β + 1)

(bm − a)
n− β 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
b− ψ 

a

m
  

≤ 1 −
1
2α

 (n − β)
m

2ψ(n)
a/m2

  + mψ(n)
(b) 

(n − β)(n − β + α)
−

Cm
2α b − a/m2

  
2

(n − β + α)(n − β + 2α)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(20)

Since ψ(n) is strongly (α, m)-convex function with
modulus C, for z ∈ [0, 1], then one has

ψ(n)
(m(1 − z)b + za)≤ z

αψ(n)
(a) + m 1 − z

α
( ψ(n)

(b)

− Cmz
α 1 − z

α
( (b − a)

2
.

(21)

By multiplying (21) with (1/2α)zn− β− 1 on both sides and
making integration over [0, 1], we get

1
2α


1

0
ψ(n)

( m(1 − z)b + za)z
n− β− 1dz

≤
1
2α


1

0
ψ(n)

(a)z
n− β+α− 1dz

+ 
1

0
mψ(n)

(b)(1 − z
α
)z

n− β− 1dz

− Cm(b − a)
2


1

0
(1 − z

α
)z

n− β+α− 1dz.

(22)

By using change of the variables and computing the last
integral, from (22), we get

1
2α(bm − a)


mb

a
ψ(n)

(y)
bm − y

bm − a
 

n− β− 1

dy⎛⎝ ⎞⎠

≤
mψ(n)

(b) + ψ(n)
(a) 

2α(n − β + α)
−

Cmα(b − a)
2

2α(n − β + α)(n − β + 2α)
.

(23)

Further, it takes the following form:
Γ(n − β + 1)

(bm − a)
n− β

1
2α

C
D

β
a+ψ (mb) 

≤
(n − β)

2α
mψ(n)

(b) + ψ(n)
(a) 

n − β + α
−

Cmα(b − a)
2

(n − β + α)(n − β + 2α)

⎧⎨

⎩

⎫⎬

⎭.

(24)

By adding (20) and (24), we have

Γ( n − β + 1 )

(bm − a)
n− β 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
b− ψ 

a

m
  +

1
2α

C
D

β
a+ψ ( mb ) 

≤ ( n − β ) 1 −
1
2α

 
m

2ψ(n)
a/m2

  + mψ(n)
(b) 

(n − β )( n − β + α)
+

mψ(n)
(b) + ψ(n)

(a) 

2α(n − β + α )
−

Cmα m 2α − 1(  b − a/m2
  

2
+(b − a)

2
 

2α(n − β + α )(n − β + 2α )

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
.

(25)
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Inequalities (16) and (25) constituted the required
inequality.

*e consequences of *eorem 2 are stated in the fol-
lowing remark. □

Remark 1. If C � 0, m � 1, and α � 1 in (11), then we get the
fractional Hadamard inequality for convex function given in
[33], *eorem 3.

*e upcoming result is the refinement of another version
of the Hadamard inequality for Caputo fractional integrals
stated in [7], *eorem 2.

Theorem 3. Let ψ: [a, b]⟶ R be a positive function with
ψ ∈ Cn[a, b], (α, m) ∈ [0, 1]2, and 0≤ a<mb, m≠ 0. If ψ(n) is
a strongly (α, m)-convex function with modulus C, then the
following inequality for Caputo fractional derivatives holds:

ψ(n) bm + a

2
  +

mC( n − β ) 1 − 1/2α( ( 

2α+1
( n − β + 2 )

(b − a)
2

2
+

(b − a )( (a/m) − mb )( n − β + 3)

(n − β + 1)


+
((a/m) − mb)

2
[ (n − β)

2
+ 5n − 5β + 8 ]

2( n − β )( n − β + 1 )
≤

2n− βΓ( n − β + 1 )

(bm − a)
n− β

× 1 −
1
2α

 m
n− β+1

(− 1)
n C

D
β
(a+bm/2m)− ψ 

a

m
  +

1
2α

 
C

D
β
(a+bm/2)+ψ ( mb) 

≤
(n − β)

2α( n + α − β )

1 −
1
2α

 
mψ(n)

( b ) + m
2ψ(n)

a/m2
  [ 2α( n + α − β ) − ( n − β ) ]

(n − β)
+

mψ(n)
( a ) + ψ(n)

( a )

2α

−
mC[ 2α( 2α + n − β ) − ( α + n − β ) ]

2α( 2α + n − β )
× 1 −

1
2α

  m b −
a

m2 
2

  +
(b − a)

2

2α
 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(26)

with β> 0 and n � [β] + 1. Proof. Let x � (a/m)(2 − z/2) + b(z/2) and y � a(z/2)+

m(2 − z/2)b, z ∈ [0, 1] in (12), then we have

ψ(n) bm + a

2
 ≤ 1 −

1
2α

 mψ(n) a

m

2 − z

2
  + b

z

2
  +

1
2α

 ψ(n)
a

z

2
+ m

2 − z

2
 b 

−
mC

2α
1 −

1
2α

 
a

m

2 − z

2
  + b

z

2
− a

z

2
− m

2 − z

2
 b 

2
.

(27)

By multiplying (27) with zn− β− 1 on both sides and
making integration over [0, 1], we get

ψ(n) bm + a

2
  

1

0
z

n− β− 1dz≤ 
1

0
1 −

1
2α

 mψ(n) a

m

2 − z

2
  + b

z

2
 

+
1
2α

 ψ(n)
a

z

2
+ m

2 − z

2
 b z

n− β− 1dz

−
mC

2α
1 −

1
2α

  
1

0

a

m

2 − z

2
  + b

z

2
− a

z

2
− m

2 − z

2
 b 

2
z

n− β− 1dz.

(28)
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By using change of variables and computing the last
integral, from (14), we get

1
n − β

ψ(n) bm + a

2
 ≤ 1 −

1
2α

 m 
(a+bm/2m)

(a/m)

2m( y − (a/m) )

bm − a
 

n− β− 1

ψ(n)
( y )

2mdy

bm − a
⎛⎝

+
1
2α

  
mb

(a+mb/2)

2( mb − x )

bm − a
 

n− β− 1

ψ(n)
( x )

2dx

bm − a
⎞⎠ −

mC

2α( n − β + 2 )
1 −

1
2α

 

(b − a)
2

4
+

(b − a )( (a/m) − mb )( n − β + 3)

2( n − β + 1 )
+

((a/m) − mb)
2
[ (n − β)

2
+ 5n − 5β + 8 ]

4( n − β )( n − β + 1 )
 .

(29)

Further, it takes the following form:

ψ(n) bm + a

2
 ≤

2n− βΓ( n − β + 1 )

(bm − a)
n− β [ 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
(a+bm/2m)− ψ 

a

m
 

+
1
2α

 
C

D
β
(a+bm/2)+ψ ( mb ) ] −

mC( n − β )

2α+1 1 −
1
2α

 

(b − a)
2

2( n − β + 2 )
+

(b − a )( (a/m) − mb )( n − β + 3)

(n − β + 1 )( n − β + 2)
+

((a/m) − mb)
2
[ (n − β)

2
+ 5n − 5β + 8 ]

2( n − β )( n − β + 1 )( n − β + 2 )

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

.

(30)

Since ψ(n) is strongly (α, m)-convex function and
z ∈ [0, 1], we have the following inequality:

mψ(n) a

m

2 − z

2
  + b

z

2
 ≤m

2 1 −
z

2
 

α
 ψ(n) a

m
2 

+ m
z

2
 

α
ψ(n)

(b) − m
2
C

z

2
 

α
1 −

z

2
 

α
  b −

a

m2 
2
.

(31)

By multiplying (31) with (1 − (1/2α))zn− β− 1 on both
sides and making integration over [0, 1], we get

1 −
1
2α

  
1

0
mψ(n) a

m

2 − z

2
  + b

z

2
 z

n− β− 1dz≤ 1 −
1
2α

 

× 
1

0
m

2 1 −
z

2
 

α
 ψ(n) a

m
2 z

n− β− 1dz + 
1

0
m

z

2
 

α
ψ(n)

(b)z
n− β− 1dz 

− 1 −
1
2α

  
1

0
mC

z

2
 

α
1 −

z

2
 

α
  m b −

a

m2 
2

 z
n− β− 1dz.

(32)

Journal of Mathematics 7



By using change of variables and computing the last
integral, from (32), we get

2 1 − 1/2α( ( 

bm − a


(a+bm/2m)

(a/m)

2m( y − (a/m) )

bm − a
 

n− β− 1

m
2ψ(n)

(y)dy
⎧⎨

⎩

≤
1 − 1/2α( (  mψ(n)

( b ) + m
2ψ(n)

a/m2
  [ 2α( n + α − β ) − ( n − β ) ]

2α( n − β )( n + α − β )

−
mC 1 − 1/2α( ( [ 2α( 2α + n − β ) − ( α + n − β ) ] m b − a/m2

  
2

 

22α( α + n − β )( 2α + n − β )
.

(33)

Further, it takes the following form:

2n− βΓ(n − β + 1)

(bm − a)
n− β 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
(a+bm/2m)− ψ 

a

m
  

≤
(n − β)

2α(n + α − β)
1 −

1
2α

 

mψ(n)
(b) + m

2ψ(n)
a/m2

   2α(n + α − β) − (n − β) 

(n − β)

−
mC 2α(2α + n − β) − (α + n − β)  m b − a/m2

  
2

 

2α(2α + n − β)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(34)

Again by using strongly (α, m)-convexity on the func-
tion ψ(n) for z ∈ [0, 1], we have the following inequality:

ψ(n)
a

z

2
+ m

2 − z

2
 b ≤

z

2
 

α
ψ(n)

(a) + m 1 −
z

2
 

α
 ψ(n)

(b)

− mC
z

2
 

α
1 −

z

2
 

α
 (b − a)

2
.

(35)

By multiplying (35) with (1/2α)zn− β− 1 on both sides and
making integration over [0, 1], we get

1
2α

  
1

0
ψ(n)

a
z

2
+ m

2 − z

2
 b z

n− β− 1dz≤
1
2α

 

× 
1

0

z

2
 

α
ψ(n)

(a)z
n− β− 1dz + 

1

0
m 1 −

z

2
 

α
 ψ(n)

(b)z
n− β− 1dz 

−
1
2α

  
1

0
mC

z

2
 

α
1 −

z

2
 

α
  (b − a)

2
 z

n− β− 1dz.

(36)
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By using change of variables and computing the last
integral, from (36), we get

2
2α( bm − a )


mb

(a+mb/2)

2( mb − x )

bm − a
 

n− β− 1

ψ(n)
( x )dx

⎧⎨

⎩

⎫⎬

⎭

≤
mψ(n)

( b ) + ψ(n)
( a )

22α( α + n − β )
−

mC[ 2α( 2α + n − β ) − ( α + n − β ) ](b − a)
2

23α( α + n − β )( 2α + n − β )
.

(37)

Further, it takes the following form:

2n− βΓ(n − β + 1)

(bm − a)
n− β

1
2α

 
C

D
β
(a+bm/2)+ψ (mb) ≤

(n − β)

22α(n + α − β)

mψ(n)
(b) + ψ(n)

(a) −
mC 2α(2α + n − β) − (α + n − β) (b − a)

2

2α(2α + n − β)
 .

(38)

By adding (34) and (38), we get

2n− βΓ(n − β + 1)

(bm − a)
n− β 1 −

1
2α

 m
n− β+1

(− 1)
n C

D
β
(a+bm/2m)− ψ 

a

m
  +

1
2α

 
C

D
β
(a+bm/2)+ψ (mb) 

≤
(n − β)

2α(n + α − β)

1 −
1
2α

 
mψ(n)

(b) + m
2ψ(n)

a/m2
   2α(n + α − β) − (n − β) 

(n − β)

+
mψ(n)

(a) + ψ(n)
(a)

2α
−

mC 2α(2α + n − β) − (α + n − β) 

2α(2α + n − β)
× 1 −

1
2α

  m b −
a

m2 
2

  +
(b − a)

2

2α
 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(39)

From (30) and (39), (26) can be obtained. □

Remark 2. If C � 0, m � 1, and α � 1 in (26), then we get the
fractional Hadamard inequality for convex function given in
[7], *eorem 2.2.

3. Error Bounds of Fractional
Hadamard Inequalities

In this section, we give refinements of the error bounds of
fractional Hadamard inequalities for Caputo fractional
derivatives.
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Theorem 4. Let ψ: [a, b]⟶ R be a differentiable mapping
on (a, b) with ψ ∈ Cn+1[a, b], (α, m) ∈ [0, 1]2, and
0≤ a<mb, m≠ 0. If |ψ(n+1)| is a strongly (α, m)-convex

function on [a, b], then the following inequality for Caputo
fractional derivatives holds:

ψ(n)
( a ) + ψ(n)

( b )

2
−
Γ( n − β + 1 )

2(b − a)
n− β

C
D

β
a+ψ )( b ) +(− 1)

n
(

C
D

β
b− ψ )( a  





≤ ψ(n+1)
( a )



⎛⎝
1 − (1/2)np− βp+1

np − βp + 1
 

1/p
1

2qα+1( qα + 1 )
 

1/q

+
2n− β+α+1

− 2
2n− β+α+1

( n − β + α + 1 )
−

(1/2)np− βp+1

np − βp + 1
 

1/p
2qα+1 − 1

2qα+1( qα + 1 )
 

1/q
⎞⎠

+ m ψ(n+1) b

m
 




⎛⎝

2 2α+1
( 2n− β

− 1 )( n − β + α + 1 ) +( n − β + 1 )( 1 − 2n− β+α
) 

2n− β+α+1
( n − β + 1 )( n − β + α + 1 )

−
1 − (1/2)np− βp+1

np − βp + 1
 

1/p
1

2qα+1( qα + 1 )
 

1/q

+
(1/2)np− βp+1

np − βp + 1
 

1/p
2qα+1 − 1

2qα+1( qα + 1 )
 

1/q
⎞⎠

− Cm
b

m
− a 

2
⎡⎣

1 − (1/2)np− βp+1

np − βp + 1
 

1/p
(1/2)qα+1

qα + 1
 

1/q

−
(1/2)2qα+1

2qα + 1
 

1/q
⎡⎣ ⎤⎦

+
(1/2)np− βp+1

np − βp + 1
 

1/p
22qα+1 − 1

22qα+1( 2qα + 1 )
 

1/q

−
2qα+1 − 1

2qα+1( qα + 1 )
 

1/q
⎡⎣ ⎤⎦

+
2[ ( n − β + α + 1 )( 1 − 2n− β+2α

) + 2α( n − β + 2α + 1 )( 2n− β+α
− 1 ) ]

2n− β+2α+1
( n − β + α + 1 )( n − β + 2α + 1 )

⎤⎦,

(40)

with β> 0 and n � [β] + 1. Proof. Since |ψ(n+1)| is strongly (α, m)-convex function on
[a, b] and z ∈ [0, 1], we have

ψ(n+1)
(za +(1 − z)b)



 � ψ(n+1)
za + m(1 − z)

b

m
 





≤ z
α ψ(n+1)

(a)


 + m 1 − z
α

(  ψ(n+1) b

m
 




− Cmz

α 1 − z
α

( 
b

m
− a 

2

.

(41)
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By using Lemma 1 and inequality (41), we have

ψ(n)
( a ) + ψ(n)

( b )

2
−
Γ( n − β + 1 )

2(b − a)
n− β

C
D

β
a+ψ )( b ) +(− 1)

n
(

C
D

β
b− ψ )( a  





≤
b − a

2

1

0
(1 − z)

n− β
− z

n− β


 ψ
(n+1)

za + m( 1 − z )
b

m
 




dz

≤
b − a

2

1

0
(1 − z)

n− β
− z

n− β


⎛⎝ z
α ψ(n+1)

( a )


 + m( 1 − z
α

) ψ(n+1) b

m
 





− Cmz
α
( 1 − z

α
)

b

m
− a 

2
⎞⎠dz

≤
b − a

2
⎡⎣ 

1/2

0
(1 − z)

n− β
− z

n− β
 ⎛⎝ z

α ψ(n+1)
( a )



 + m( 1 − z
α

) ψ(n+1) b

m
 





− Cmz
α
( 1 − z

α
)

b

m
− a 

2
⎞⎠dz + 

1

1/2
z

n− β
− (1 − z)

n− β
 

z
α ψ(n+1)

( a )


 + m( 1 − z
α

) ψ(n+1) b

m
 




− Cmz

α
( 1 − z

α
)

b

m
− a 

2
⎛⎝ ⎞⎠dz⎤⎦.

(42)

In the following, we compute integrals appearing on the
right hand side of inequality (42) by using Holder inequality:


1/2

0
(1 − z)

n− β
− z

n− β
 ⎛⎝ z

α ψ(n+1)
( a )



 + m( 1 − z
α

) ψ(n+1) b

m
 





− Cmz
α
( 1 − z

α
)

b

m
− a 

2
⎞⎠dz

� ψ(n+1)
( a )



 
1/2

0
z
α
(1 − z)

n− β
− z

n− β+α
 dz

+ m ψ(n+1) b

m
 





1/2

0
(1 − z)

n− β
( 1 − z

α
) − ( 1 − z

α
)z

n− β
 dz

− Cm
b

m
− a 

2


1/2

0
( z

α
− z

2α
)(1 − z)

n− βdz − 
1/2

0
z

n− β+α
( 1 − z

α
)dz 

� ψ(n+1)
( a )




1 − (1/2)np− βp+1

np − βp + 1
 

1/p
1

2qα+1( qα + 1 )
 

1/q

−
(1/2)

n− β+α+1

n − β + α + 1
⎛⎝ ⎞⎠

+ m ψ(n+1) b

m
 





2α+1

( 2n− β
− 1 )( n − β + α + 1 ) +( n − β + 1 )

2n− β+α+1
( n − β + 1 )( n − β + α + 1 )

−
1 − (1/2)np− βp+1

np − βp + 1
 

1/p
1

2qα+1( qα + 1 )
 

1/q



− Cm
b

m
− a 

2
⎡⎣

n − β + α + 1 ) − 2α( n − β + 2α + 1( 

2n− β+2α+1
( n − β + α + 1 )( n − β + 2α + 1 )

+
1 − (1/2)np− βp+1

np − βp + 1
 

1/p
(1/2)qα+1

qα + 1
 

1/q

−
(1/2)2qα+1

2qα + 1
 

1/q
⎡⎣ ⎤⎦ ⎤⎦,

(43)
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1

1/2
z

n− β
− (1 − z)

n− β
  z

α ψ(n+1)
( a )



 + m( 1 − z
α

) ψ(n+1) b

m
 




− Cmz

α
( 1 − z

α
)

b

m
− a 

2
⎛⎝ ⎞⎠dz

� ψ(n+1)
( a )



 
1

1/2
z

n− β+α
− z

α
(1 − z)

n− β
 dz

ψ(n+1) b

m
 





1

1/2
( 1 − z

α
)z

n− β
− ( 1 − z

α
)(1 − z)

n− β
 dz

− Cm
b

m
− a 

2


1

1/2
( 1 − z

α
)z

n− β+α
dz − 

1

1/2
( z

α
− z

2α
)(1 − z)

n− βdz 

� ψ(n+1)
( a )




2n− β+α+1

− 1
2n− β+α+1

( n − β + α + 1 )
−

(1/2)np− βp+1

np − βp + 1
 

1/p
2qα+1 − 1

2qα+1( qα + 1 )
 

1/q
⎛⎝ ⎞⎠

+ m ψ(n+1) b

m
 





(1/2)np− βp+1

np − βp + 1
 

1/p
2qα+1 − 1

2qα+1( qα + 1 )
 

1/q

+
2α+1

( 2n− β
− 1 )( n − β + α + 1 ) − ( n − β + 1 )( 2n− β+α+1

− 1 )

2n− β+α+1
( n − β + 1 )( n − β + α + 1 )

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− Cm
b

m
− a 

2

2α( n − β + 2α + 1 )( 2n− β+α+1
− 1 ) − ( n − β + α + 1 )( 2n− β+2α+1

− 1 )

2n− β+2α+1
( n − β + α + 1 )( n − β + 2α + 1 )

+
(1/2)np− βp+1

np − βp + 1
 

1/p
22qα+1 − 1

22qα+1( 2qα + 1 )
 

1/q

−
2qα+1 − 1

2qα+1( qα + 1 )
 

1/q
⎡⎣ ⎤⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(44)

By putting the values of (43) and (44) in (42), we get (40).
By using Lemma 2, we give the following error bounds of

Caputo fractional derivative inequality (26). □

Theorem 5. Let ψ: [a, b]⟶ R be a differentiable mapping
on (a, b) with ψ ∈ Cn+1[a, b], (α, m) ∈ [0, 1]2, and
0≤ a<mb, m≠ 0. If |ψ(n+1)|q is strongly (α, m)-convex
function on [a, b] for q≥ 1, then the following inequality for
Caputo fractional derivatives holds:



2n− β− 1Γ( n − β + 1 )

(mb − a)
n− β 

C
D

β
(a+bm/2)+ψ ( mb ) + m

n− β+1
(− 1)

n


C
D

β
(a+mb/2m)− ψ 

a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  


≤

mb − a

4(n − β + 1)
1/p

1
n − β + α + 1

 

1/q

×
ψ(n+1)( a )



q

2α
+

m ψ(n+1)( b )



q
( 2α( n − β + α + 1 ) − ( n − β + 1 )

2α( n − β + 1 )
−

Cm(b − a)2( 2α( n − β + 2α + 1 ) − ( n − β + α + 1 )

4( n − β + 2α + 1 )

⎫⎬

⎭

⎧⎨

⎩

1/q
⎡⎢⎢⎢⎢⎣

+
m ψ(n+1)

a/m2
 




q
( 2α( n − β + α + 1 ) − ( n − β + 1 ) )

2α( n − β + 1 )

⎧⎪⎨

⎪⎩

+
ψ(n+1)( b )



q

2α
−

Cm b − a/m2( ( 
2
( 2α( n − β + 2α + 1 ) − ( n − β + α + 1 ) )

4( n − β + 2α + 1 )

⎫⎬

⎭

1/q

⎤⎦,

(45)
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with β> 0 and n � [β] + 1. Proof. By taking k � 1 in Lemma 2 and using power mean
inequality, we have



2n− β− 1Γ( n − β + 1 )

(mb − a)
n− β 

C
D

β
(a+bm/2)+ψ ( mb ) + m

n− β+1
(− 1)

n


C
D

β
(a+bm/2m)− ψ 

a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  



≤
mb − a

4

1

0
z

n− β ψ(n+1) z

2
a + m

2 − z

2
 b 




+ ψ(n+1) 2 − z

2m
a +

z

2
b 




 dz 

≤
mb − a

4

1

0
z

n− β
dz 

1− (1/q)

 
1

0
z

n− β ψ(n+1)
a

z

2
+ m

2 − z

2
 b 





q

dz 

1/q

+ 
1

0
z

n− β ψ(n+1)
a

2 − z

2m
  + b

z

2
 





q

dz 

1/q
⎤⎦.

(46)

Now, by using the strongly (α, m)-convexity of |ψ(n+1)|q,
we have the last expression

≤
mb − a

4(n − β + 1)
(1/p)

⎡⎣  ψ(n+1)
( a )




q


1

0

z
n− β+α

2α
dz + m ψ(n+1)

( b )



q


1

0

z
n− β

( 2α − z
α

)

2α
dz

−
Cm(b − a)2

4

1

0
( 2αz

n− β+α
− z

n− β+2α
)dz )

1/q
+( m ψ(n+1) a

m2 





q


1

0

z
n− β

( 2α − z
α

)

2α
dz

+ ψ(n+1)
( b )




q


1

0

zn− β+α

2α
dz −

Cm b − a/m2( ( 
2

4

1

0
2αz

n− β+α
− z

n− β+2α
dz 

(1/q)
⎤⎦

�
mb − a

4(n − β + 1)
(1/p)

⎡⎣ 
ψ(n+1)

( a )



q

2α( n − β + α + 1 )
+

m ψ(n+1)
( b )




q
( 2α( n − β + α + 1 ) − ( n − β + 1 )

2α( n − β + 1 )( n − β + α + 1 ) )

−
Cm(b − a)2( 2α( n − β + 2α + 1 ) − ( n − β + α + 1 )

4( n − β + α + 1 )( n − β + 2α + 1 )


1/q

+ 
m ψ(n+1)

a/m2
 




q
( 2α( n − β + α + 1 ) − ( n − β + 1 ) )

2α( n − β + 1 )( n − β + α + 1 )

+
ψ(n+1)( b )



q

2α( n − β + α + 1 )
−

Cm b − a/m2( ( 
2
( 2α( n − β + 2α + 1 ) − ( n − β + α + 1 ) )

4( n − β + α + 1 )( n − β + 2α + 1 )


1/q
⎤⎦,

(47)
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and inequality (45) is obtained. □

Remark 3. If C � 0, m � 1, and α � 1 in (45), then we get the
fractional Hadamard inequality for convex function given in
[7], *eorem 3.2.

Theorem 6. Let ψ: [a, b]⟶ R be a differentiable mapping
on (a, b) with ψ ∈ Cn+1[a, b], (α, m) ∈ [0, 1]2, and
0≤ a<mb, m≠ 0. If |ψ(n+1)|q is a strongly (α, m)-convex
function on [a, b] for q> 1, then the following inequality for
Caputo fractional derivatives holds:



2n− β− 1Γ( n − β + 1 )

(mb − a)
n− β 

C
D

β
(a+bm/2)+ψ ( mb ) + m

n− β+1
(− 1)

n


C
D

β
(a+mb/2m)− ψ 

a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  


≤

bm − a

4(np − βp + 1)
1/p 2α( α + 1 )( 

1/q

× ⎡⎣  ψ(n+1)
( a )



 + m
1/q ψ(n+1)

( b )


 2α( α + 1 ) − 1( 
1/q

 
q

−
Cm(b − a)2 2α( 2α + 1 ) − ( α + 1 )( )

2α( 2α + 1 )

1/q

+  m
(1/q) ψ(n+1) a

m2 




2α( α + 1 ) − 1( 

1/q
+ ψ(n+1)

( b )


 
q

−
Cm b − a/m2( ( 

2 2α( 2α + 1 ) − ( α + 1 )( )

2α( 2α + 1 )

1/q

⎤⎦,

(48)

with β> 0 and n � [β] + 1. Proof. By taking k � 1 in Lemma 2 and with the help of
modulus property, we get



2n− β− 1Γ(n − β + 1)

(mb − a)
n− β

C
D

β
(a+bm/2)+ψ (mb) + m

n− β+1
(− 1)

n C
D

β
(a+mb/2)− ψ 

a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  



≤
mb − a

4

1

0
z

n− β ψ(n+1) z

2
a + m

(2 − z)

2
b 




dz + 

1

0
z

n− β ψ(n+1) 2 − z

2m
a +

z

2
b 




dz .

(49)

Now, applying Holder’s inequality, we get



2n− β− 1Γ( n − β + 1 )

(mb − a)
n− β 

C
D

β
(a+bm/2)+ψ ( mb ) + m

n− β+1
(− 1)

n


C
D

β
(a+mb/2)− ψ 

a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  



≤
mb − a

4
1

np − βp + 1
 

(1/p)

⎡⎣ 
1

0
ψ(n+1) z

2
a + m

( 2 − z )b

2
 




dz 

(1/q)

+ 
1

0
ψ(n+1) 2 − z

2m
a +

z

2
b 




dz 

(1/q)

⎤⎦.

(50)
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Using strong (α, m)-convexity of |ψ(n+1)|q, we get



2n− β− 1Γ( n − β + 1 )

(mb − a)
n− β 

C
D

β
(a+bm/2)+ψ ( mb ) + m

n− β+1
(− 1)

n


C
D

β
(a+mb/2m)− ψ 

a

m
  

−
1
2

ψ(n) a + mb

2
  + mψ(n) a + mb

2m
  



≤
mb − a

4
1
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0
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 dz
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22α
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( 2αz

α
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1

0
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z
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α
 dz
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1

0

z

2
 

α
dz −

Cm b − a/m2( ( 
2

22α

1

0
( 2αz

α
− z

2α
)dz 

1/q
⎤⎦

�
mb − a

4
1

np − βp + 1
 

1/p
⎡⎣ 

ψ(n+1)
( a )




q

+ m ψ(n+1)
( b )
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2α( α + 1 ) − 1( 

2α( α + 1 )

−
Cm(b − a)2 2α( 2α + 1 ) − ( α + 1 )( )

22α( α + 1 )( 2α + 1 )

1/q

+ 
m ψ(n+1)
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q
2α( α + 1 ) − 1(  + ψ(n+1)

( b )



q

2α( α + 1 )

−
Cm b − a/m2( ( 

2 2α( 2α + 1 ) − ( α + 1 )( )

22α( α + 1 )( 2α + 1 )

1/q

⎤⎦

≤
bm − a

4
1

np − βp + 1
 

1/p
⎡⎣ 

ψ(n+1)
( a )



 + m
1/q ψ(n+1)

( b )


 2α( α + 1 ) − 1( 
1/q

 
q
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−
Cm(b − a)2 2α( 2α + 1 ) − ( α + 1 )( )

22α( α + 1 )( 2α + 1 )

1/q

+ 

m
1/q ψ(n+1)
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 2α( α + 1 ) − 1( 
1/q

+ ψ(n+1)
( b )



 
q

2α( α + 1 )

−
Cm b − a/m2( ( 

2 2α( 2α + 1 ) − ( α + 1 )( )

22α( α + 1 )( 2α + 1 )

1/q

⎤⎦.

(51)

Here, we have used the fact that (a1 + b1)
q ≥

(a1)
q + (b1)

q, where q> 1, a1, b1 ≥ 0. *is completes the
proof. □

Remark 4. If C � 0, m � 1, and α � 1 in (48), then we get the
fractional Hadamard inequality for convex function given in
[7], *eorem 3.3.
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[26] M. E. Özdemir, H. Kavurmaci, and E. Set, “Ostrowski’s type
inequalities for (α, m)-convex function,” Kyungpook Mathe-
matical Journal, vol. 50, no. 3, pp. 371–378, 2010.
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