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In this paper, we initiate the concept of orthogonal partial b-metric spaces. We ensure the existence of a unique fixed point for
some orthogonal contractive type mappings. Some useful examples are given, and an application is also provided in support of the

obtained results.

1. Introduction

The notion of a metric space plays a vital role in metric fixed
point theory. The Banach contraction principle [1] is a very
famous result in the literature. Fixed point hypotheses are
significant apparatuses for demonstrating the presence and
uniqueness of solutions for different numerical models.
Given a nonempty set U and a map ¥ from V¥ into itself, the
problem of finding a point » € U such that ¥ (x) = x is
considered as a fixed point problem, and the point x € U is
called a fixed point of V.

A natural question is that, under what conditions on » and
U does a fixed point exist? Theorems which establish the
existence (and uniqueness) of such points are called fixed point
theorems. These results allow us to find the existence of so-
lutions that satisfy certain conditions for operator equations.

There exist many generalizations of the concept of a
metric space in the literature. In [2], Matthews introduced
the notion of a partial metric space as part of the study of
denotational semantics of dataflow networks. In this setting,
the self-distance of any point may not be zero. A lot of fixed
point theorems have been investigated in partial spaces (see
[3-7] and references therein). Another important general-
ization of a metric space introduced by Czerwik [8] is a
b-metric space, where the triangular inequality was replaced

by s[d(x,z) +d(z, y)] with s > 1. Since then, many articles
dealing with fixed point theory and variation principle in the
setting of b-metric spaces for single- and multivalued op-
erators have been appeared (see [9-20]).

Recently, Eshaghi Gordji et al. [21] initiated the concept
of orthogonal sets and gave an extension of the Banach
contraction principle. Furthermore, they presented appli-
cations for their results to ensure the existence and
uniqueness of solutions for first-order differential equations.

The purpose of this paper is to improve and generalize
the concept of an orthogonal contraction in the sense of
metric spaces due to Gordji et al. [22]. Namely, we introduce
the concept of an orthogonal partial b-metric and establish
some fixed point theorems for related contractions. We also
enrich this paper with a nontrivial example involving an
orthogonal partial b-metric, which is not a partial b-metric.
We set up some hypotheses for the proposed construction,
and additionally, we present a potential application for the
arrangement of Volterra integral equation to guarantee the
legitimacy of the outcomes.

2. Preliminaries

In 1993, Czerwik [8] presented the idea of b-metric spaces
(in short, b-M.Ss).
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Definition 1 (see [8]). Let U be a nonempty universal set and
p: U xU — R* be a mapping so that for all %, %,, %, € U
and s>1:

(bm1)p (%, %,) =0,
p (%) = p (g, 1y), (1)
(bm3)p (1, %,) < s[p (01, %3) + p (35, %,)].

ifandonlyif »; = x,,

Then, p is said as a b-metric on U and (U, p) is said as a
b-M.S.

The notion of a partial metric space (in short, p-M.S) has
been initiated by Matthews [2].

Definition 2 (see [2]). Let U#@ be a universal set and
{": U xU — R* be a mapping so that for all »;, %,, %, € U:

if and onlyif {* (3¢, %) = " (3¢, ;)
=" (),
(pm2)¢" (1) <7 (1, %,),
(pm3)(” (15 %,) = {7 (),
(pmA)" (1, %) <" (3, %3)

+ (43, %)

= (n33)-

(2)

Then, {* is said as a p-metric on U and (U, {*) is said as a
p-M.S.

(pml)n, =n,,

In 2014, Shukla [23] introduced the following concept of
partial b-metric spaces (in short, p,-M.Ss) and proved some
fixed point results.

Deﬁnitign 3 (see [23]). Let U be a nonempty universal set
and 0: U xU — R be a mapping so that for all %, %,
n; €U and s> 1:
(o), =n,, ifandonlyif o (s, %) =0 (%, %) =004, %,),
(02)0 (0, %1) <0 (%, %),
(03)0(% ny) =0 (%, 1),
4)0 (11, %,) < 5[0 (11 %3) + 0 (%3, %,) ]
= 0(n3,%3).
(3)
Then, ¢ is said as a p,-metric on U and (U, 0) is said as a
pyp-M.S with coefficient s> 1.

Remark 1 (see [23]). If », and x, are in a p,-M.S (T, 0) so
that 0 (»,,%,) = 0, then %, = »,. However, the converse may
not be true.

Exaznplg 1 (see [23]). Let U = R*, x> 1 be a constant, and
0: UxU — R" be defined by
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forall,,x, € U.
(4)

Then, (U,0) is a p,-M.S with coefficient s = 2*> 1.
However, it is neither a b-M.S nor a p -M.S.

o (%) = max {%1)%2}2 [y - "‘2|2)

In 2017, the authors of [22] introduced the notion of
orthogonal sets and gave a real generalization of Banach
fixed point theorem.

Definition 4~(see~[22]). Let f] # & and L be a binary relation
defined on U x U. 'Ihgn, (U, 1) is called an orthogonal set
(OS) if there is %, € U so that

(Y, € U, %, 1n,) 5)

or (Vx, € U,%,1x,).
The element », is said to be an O-element.

Definition 5 (see [22]). Let (U, 1) bean OS. A sequence {%,1}
is said to be an orthogonal sequence (O — seq) if

(Vq € N,%,,J_%ml) ©)
or (Vq € N,%”HJ_MW).

Definition 6 (see [21]). A mapping ¥: U—Uis orthog-
onal continuous (OC) in x € U if for each O-sequence
{%W}qu in U such that n, — %, then ‘I’(%q) — ¥ (n).

Also, V¥ is said to be OC on U if ¥ is OC at each » € U.

Deﬁm’tign 7 (see [22]). Let (U, L, 0, ) be an orthogonal M.S.
Then, U is called O-complete if every Cauchy O-seq is
convergent.

Definition 8 (see [21]). Let (U, L, 01) be an orthogonal M.S
and 0<z<1. A mapping ¥: U — U is called an orthog-
onal contraction (O — contraction) with the Lipschitz
constant z if

o, (¥n, ¥,) <zo, (%, 1,), (7)
for all %,, %, € U with %, Lx,.
Deﬁ~nition 9 (see [22]). Let (U, L) be an OS. A mapping
Y: U — U is said to be O-preserving (OP) if Wu, LWx,,
whenever », 1x,.
3. Main Results

Throughout the paper, O-comp designs orthogonal com-
plete. First, we introduce the concept of an orthogonal
partial b-metric space (in short, orthogonal p,-M.S).
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Definition 10. A map o0,: (75(7 — R" is called an or-
thogonal p,-M.S on the OS (U, 1) if the following axioms
are satisfied:

ifandonlyif o, (%, %) = 0, (%, %)
=0, (M, %),
(0,.2)0, (1) <0, (41, 13),
(0,.3)a, (%) = 0, (3, %7),
(0,4)0, (1, %) <s[oy (w1, %3)
+0, (13,0)]
-0, (n3,%3),

(8)

(o 1)y =%,

for all »;, %y, n5 € U with %, 1y Lx,.
The pair (U, 0,) is said as an orthogonal p,-M.S with a
coefficient s> 1.

Remark 2. Every orthogonal partial b-metric space is a
partial b-metric, but the converse is not true in general.
Example 2 describes an orthogonal partial b-metric, which is
not a partial b-metric. In [22], Eshaghi Gordji and Habibi
considered orthogonal metric spaces to prove some fixed
point theorems, while in Theorem 3.2 and Theorem 3.3 of
the paper [21], the authors considered generalized orthog-
onal metric spaces to prove some related fixed point the-
orems. In this paper, we consider orthogonal partial b metric
spaces to prove some fixed point results. Note that an or-
thogonal partial b-metric is more generalized than an or-
thogonal metric, an orthogonal b-metric, and an orthogonal
partial metric. That is, our results are generalizations and
extensions of the results given in [21, 22].

Example 2. Let U = {~1,-2,-3,1,2,3} and let the binary
relation be defined by », Ly, iff »; = x, or %, u, >0. It is
easy to prove that o, (3,%,) = max{n|, ||} is an or-
thogonal p,-metric on U (with a coefficient s > 1). However,
0, is not a p,-metric on U (with a coefficient s > 1). Indeed,
for u; = -3 and x, = 3, we have 0, (;,%;) = 0, (1, n,) =
o, (my,n,) =3.

As related topological notions for this new setting, we
state the following definitions.

Definition 11. Let (U,0,) be an orthogonal p,-M.S with
s>1. Then, an O-seq {%,7} is called

(i) Convergent iff there exists x € U such that
0, (,n) — O0as — 00

(i) Cauchy iff o, (»,,%,,) — 0 as 1, m — 00

Definition 12. Let (U, 0,) be an orthogonal p,-M.S. Then,
¥: U — U is called O-continuous (OC) at x € U if for
each O-seq {xq} in U with o, (n,,n) — 0, we have
0, (¥x,, ¥n) — 0. Also, ¥ is said tobe OCon U if ¥ is OC

at each n e U.

Definition 13. Let (U,0,) be an orthogonal p,-M.S with
s>1. Then, U is called O-complete if every Cauchy O-seq is
convergent in U.

Our first essential main result is as follows.

Theorem 1. Let (U, a,) be an O-comp p,-M.S with s >1 and
Y: U — U be an OP and OC mapping so that

foralln;, %, € Uwith», 1x,,
(9)

where z € [0,1/s). Then, ¥ has a unique fixed point x* € U
and o, (n*,n*) = 0.

o, (¥n, ¥,)<zo, (%, n,),

Proof. By the definition of orthogonality, there is x, € U
such that for all x, € U, , Lx, or for all x, € U, %, 1x,. It
follows that »; LWx, or Wx,Lx;. Let »; = ¥x;, %, = ¥u,,
ny = Wy, 0y = Wy, .. %, = W, forall 7 € N. Since ¥ is
OP, {%ﬂf is an O-seq. Then, by (9), we obtain

oL(x,?, x,1+1) = ‘H(\P%n—l) ‘{’%,7) <zlo, (np,%y),  (10)

for all # € N. For all m>1 and p>1, it follows that

0 (Mm-v-p’ 1'(m) <s [UJ_ (%m+p> Mm+p—1) + 0, (Mm+p—1> %m)] - UJ_(%m+p—l’ Mm-v—p—l)

< Sai(%mﬂ)’ 1'(erp—l) + 52 [UL(Merp—l’%erp—Z) + Ui(%m+p—2’ 1"m)] - 50_L(”m+p—2’ %m+p—2)

< 2 2
S50 1'(m+p>)"'m-f—p—1 tso, Mm+p—l’xm+p—2 tso, Mm+p—2>xm

2 3 p-1 p-1
< Sgi(%mﬂ;’ %m+p—1) +s O‘L(nerp—l’ %m+p—2) +s JL(%m+p—2> 1'thrp—S) teoeets 0y (Mm+2’%m+l) +s o0, (%m+1’ 1'trn)

<sZ" P o (0, %) + 57220, (%) + 52

3 _m+p-3

p-1_m+l

0, () -+ 57712 g (g, 00) + P20, (v, %)

-1 2 -2 3 -3 -1 1 -1
<[z ST ST e P P o (%)

sPZ™
SEO’J_ (%1,)40).

(11)



Taking limit as m — oo, we have

Jim 04 (%) = 0. (12)

Therefore, {%,1} is a Cauchy O-seq. Since U is O-comp,

there is ] € U so that x, — ™ as 7 — o0. Since ¥ is OC,
we obtain

*
n—>00 H—>00 H—>00 1 -

‘I’M*:‘I’( lim }tn>= lim ¥, = lim x
(13)

Hence, »* is a fixed point of V. Next, we demonstrate its
uniqueness. Let %} € U be a fixed point of ¥. So, we obtain
Y%* = u* and ¥ = ;] for all # € N. By the definition of
orthogonality, there is %, € U so that

[, " and %, L3 ]

or [x" Ly, and x; Ly ]. (1
Since ¥ is OP, one writes
[P, LY and ¥ LY ], (15)
or
[P"%" LW, and W, LW ], (16)

for all 7 € N. Therefore, by the triangle inequality, we obtain
0, 06.56) = 0, (¥, V')
=s[o, (¥, ¥ ) + 0, (%, )]
=0, (¥, ¥, )

<sz'lo, (u), ) + 520, (41,%).

(17)
Taking limit as # — 0o, we obtain
o, (#,%) =0, (18)
and so »] =x3. O

Example 3. Consider U = R. Given o,: UxU — R" as

0y (%1”"2) = {

8 —%2|2, if %, %, 20, } (19)

0, otherwise.

Define L on U by %, Lx, iff %, =, or x;, %, >0. Then,
(U,0,) is an O-comp p,-M.S with coefficient s = 4. Define
the mapping ¥: U — U by

%
- u=0,

4

V(%) = (20)

0, otherwise.

We have the following cases:

(a) If %, =n,, then ¥ (%) =¥ (n,). If »;, u, >0, then
Y (%), ¥ (x,) >0. Thus, ¥ is OP.

(b) If any O-seq {%,1} in U with
lim 0, (4, %) =0, (%%), n,Lx for some n>k

n—-00
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and lim
nlWxu.

o, (x”,‘I’%) =0, (%, %), then we obtain

n——-00

(c) If »y >0 any real number, then ¥ (3,) > 0. Thus, x,
and ¥ () =0, that is, %, LV (3).

(d) Let %,, %, € U with %, 1x,.

If #, = n,, then the following result holds:

1
o, (¥u;, ¥%,) =0 = 16+ (1,72). (21)

If %, n, >0, then the following result holds:

w2
o, (¥n;,¥n,) = Zl_zz

1
= El){l - M2|2 (22)

SACED!

By Theorem 1, ¥ has a fixed point.

Our second result as a generalization of Theorem 1 is as
follows.

Theorem 2. Let (U,0,) be an O-comp p,-M.S with s> 1 and
Y: U — U be an OP and OC mapping so that

0, (Y%, ¥n,) <zmax{o, (%;,%,),0, (n, ¥%; ), 0, (%, ¥, },
(23)

for all w, n, € ULwhere z € [0,1/s). Then, ¥ has a unique
fixed point w* € U and o, (n*,n*) = 0.

Proof. By the definition of orthogonality, there is %, € U so
that for all %, € U, »; Lx, or for all u, € U, u, Lx,. It follows
that 5, LW, or Woy L. Let g = Wrg, 0y = Wiy, oo,y =

Wx, for all € N. Since ¥ is OP, {MW} is an O-seq. Then, by
(23), we have

7, (%) = 04 (¥, W0, 1)
Szmax{al(%n,xﬂ_l),al(}tn,‘l’uyl),ol(xﬂ_l,‘l’xﬂ_l)}
= zmax{ol(xn,xﬂ_l),ol(xﬂ,xqﬂ),al(xﬂ_l,%”)}
= zmax{al(xn, Mﬂ_l), UJ_(MW, “»1+1)}'

(24)

If for some 7, max{al (Mn,un_l),aL(xﬂ,an)} =
0, (4,1, %,), we obtain that 0, (3,,1,%,) <z 0, (%,,1,%,) <

1
0, (%,,1,%,), which is a contradiction. Thus,

max{al(%q,nn,l),ol(nn,nwl)} = ai(%,,,uﬂ,l), foralln>1.

(25)
Again, we have
GJ—(%W“’%W) SZO'J_(%W,%W_I). (26)

Repeating this cycle, we obtain
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O-J_(Krﬁl)%q) SZnO-J_ (Ml’MO)’ (27)

for all #>0. For m, n € N with m >, we obtain

GL("‘W "m) < S[GL(”W’ "‘11+1) * Ol("fﬁl”%)] - GJ-(MW“’MWH)
< +5 + - (28)
SS0y %11’ M11+1 S |01 %11+1’ M11+2 0, M”]+2’ N SO, %11+2’ Mr/+2

2 3 m—mn
SSO’L(%W,%HH) +s ol(x,ﬁl,n,ﬁz) +s al(%,ﬁz,xﬂ”) +o 8" o (M M)

Using (27) in the above inequality,

al(nn,xm) <520, (n, %) + 572" 0, (%) + 5270, () + -+ + 5

Ssz”[l +5z+(sz)” +-- -]aL (1, )

Y4

= E‘h (%1)%0)

As z€[0,1/s) and s >1, it follows from the above
inequality that

S IOL (315 %)

(29)

Win} =%} and W} = x; forall 7 € N'. By the definition of
orthogonality, there exists », € U so that

i =0. nyLx] andx; 1%,
Ml}ﬂoo UL(%qu) 0 (30) [ *1 1 *1 2 (32)
N or [n; Lu; and Ly, ].
Therefore, {M,?} is a Cauchy O-seq. Since U is O-comp,
there is %™ € U so that x, — %" as § — 00. As ¥ is OC, As ¥ is OP, we obtain
one writes [P, LY"%] and ¥y, LY ], (33)
Yu' =¥ lim %, | = lim ¥, = lim %+1=M*. or
n—>00 n H—00 n n—>00 n
(31) [P7% LY, and ey LW ], (34)
Therefore, x is a fixed point. To show that it is unique, ~ for all 7 € N. Then, we obtain
consider %5 (#x]) € U as a fixed point of ¥. So, we obtain
0, (x,0) = 0, (Y, W) <zmax{o, (%1,2), 0, (4, ¥%), 0, (3, V36 )}
= 2max(o, (6 53).0, (6500, 0.5} -

=20, (4,%)

<0, (4,%).

It is a contradiction. So, we need to have o, (%],%;) =0,
that is, ] = »5. Thus, if fixed point of ¥ exists, then it is
unique. O

The following corollary is the analog of Kannan fixed
point theorem [24] in orthogonal partial b-metric spaces.

Corollary 1. Let (U, 0,) be an O-comp p,-M.S with s > 1 and
Y: U — U be an OP and OC mapping so that

0, (Wn, ¥n,) <z{o, (n, ¥y ) + 0, (%, ¥}, (36)

for all n,, n, € U,Nwhere z € [0,1/s). Then, Y has a unique
fixed point w* € U and o, (n*,»*) = 0.

The following corollary is the analog of Bianchini fixed
point theorem [25] in orthogonal partial b-metric spaces.

Corollary 2. Let (U, 0,) bean O-comp p,-M.S with s > 1 and
Y: U — U be an OP and OC mapping so that

0, (Wny, ¥o,) <zmax{o, (, %), 0, (1, ¥%,)},  (37)



forall ny, n, € U, where 0 <z < 1. Then, ¥ has a unique fixed
point w* €U and o, (n*, ") = 0.

4. Application

In this section, we consider the Volterra integral type
equation:

%, (e) = h(e) + kj;u(e, )f (s, %, (s))ds, eeI=[0,1],k>0.
(38)

Take the space U = C (I) of continuous functions defined
on I endowed with a metric given by

plny) = 5‘2’|%1 (e) —x, (e)|, (39)

for all »;, n, € C(I).

Let y denote the class of function y: R* — R* so that
(y(u))1<y(u?) for each g>1 and p>0.

We consider the following assumptions:

(i) f: I xR — R is nondecreasing with respect to its
second variable and continuous so that there is
0<L<I:

|f (e;v) = fevy)| <Ly (vy = vy), (40)

for all v, v, € R with v; > v,.
(ii) h: I — R is continuous on I.
(iii) u: I x I — R is continuous with respect to its first

variable and measurable with respect to its second
variable such that for each e € I,

Jl u(e, s)ds<K. (41)
0

(iv) LIk1K1 < (1/2%%).

We consider on U the following: x;, %, € C(I) and
nny, &= uny <n,.
Now, for g=>1, we define

o, (%) = (p ("‘v"z))q = (sup |x, (e) — %, (e)])?
equ (42)
= sup |», (e) =3, (e)|",
e€l

for u;, n, € C(I). B

We conclude that (U,tp,) is a O-comp p, M.S with
s=29"1,

Now, we formulate the main result of this section.

Theorem 3. Under the assumptions (i)-(iv), equation (38)
has a unique solution in C(I).

Proof. We consider the operator ¥: U — U defined by
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Yu(e) =h(e) +k Jl u(e,s)f(s,n(s))ds, (43)
0

foreeI and k>0.

By virtue of our assumptions, ¥ is well defined
(ifx e U, then¥(») € U).

For u; <, and e € I, we have

Wy, (e) — ¥n, (e) = h(e) + k jl u(e,s)f (s,%,(s))ds — h(e)
0
K Jl u(e,s)f (5.2, (s))ds
0

1
= kJ u(e,s)[f(s,%,(s))
0

- f(s,1,(s))]ds<0.
(44)

Therefore, ¥ has the monotone nondecreasing property.
Also, for , Lx,, we have

1
I‘I’%1 (e) = ¥n, (e)| = ‘h (e) +k Jo u(e,s)f(s,%;(s))ds

1
— h(e) -k Jo u(e,s)f(s,1,(s))ds

IN

1
k Jo u(e, s)|f (s:%,(5)) = f (s, %, (s))|ds

1
<k J u(e, s)Ly|n; — |-
0
(45)

Since , 1x,, we have

Y(%z (5) =y (5)) < y(su?|%1 (5) =x, (5)|> = V(P (%1’%2))’

(46)
hence
1
|\PM1 (e) — ¥x, (e)| <k Jo u(e, s)Ly (p(n;,%n,))ds 47)
<kKLy(p (%1, %,)).
Then, we obtain
o, (Y1), ¥Y(xn,)) = su? |\I"M1 (e) — ¥n, (e)|q
< {kKLyp (3;, %)}
= kKLY (p (1, %,) )" (48)

= KIKLTy0, (,,%,)

1
< WUJ_ (Kl, Kz).

This proves that the operator WV satisfies the contractive
condition (9) appearing in Theorem 1. So, (38) has a solution
and the proof is complete. O
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5. Conclusion

The study of fixed points of mappings satisfying orthogonal
sets has been focused vigorously on different research ac-
tivities in the recent decade. As a consequence, many
mathematicians obtained more results in this direction. In
this paper, the concept of generalized orthogonal contractive
conditions in partial b-metric spaces was introduced. Based
on this notion, fixed point results have been discussed. Some
illustrative examples are furnished, which demonstrate the
validity of the hypotheses and degree of utility of the pro-
posed results. It would be interesting to consider more
generalized orthogonal contractions in this setting.
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