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In this paper, we are concerned with the problem of reachable set estimation for uncertain Markovian jump systems with time-
varying delays and disturbances. /e main consideration is to find a proper method to obtain the no-ellipsoidal bound of the
reachable set of Markovian jump system as small as possible. Based on an augmented Lyapunov–Krasovskii functional, by
dividing the time-varying delay into two nonuniform subintervals, more general delay-dependent stability criteria for the ex-
istence of a desired ellipsoid are derived. An optimized integral inequality which is based on distinguished Wirtinger integral
inequality and reciprocally convex combination inequality is used to deal with the integral terms. Finally, numerical examples are
presented to demonstrate the effectiveness of the theoretical results.

1. Introduction

/e reachable set for a dynamic system with disturbances is
a set that bounds the state trajectories starting from the
origin by inputs with peak value. In practice and engineering
applications, many dynamical systems may cause abrupt
variations in their structure due to stochastic failures or
repairs of the components, changes in the interconnections
of subsystems, sudden environment changes, and so on.
Markovian jump systems, modeled by a set of subsystems
with transitions among the models determined by a Markov
chain taking values in a finite set, have appealed to a lot of
researchers in the control community. In the past few de-
cades, the Markovian jump systems have been extensively
studied (see [1–3] and the references therein).

For the bound of reachable sets for linear systems
without any time delay, we can find a well-known result
which has been formulated in terms of linear matrix in-
equality (LMI) [4], and it is widely used to design control
systems that have saturating actuators [5, 6]. However, time-
delay phenomenon is frequently encountered in many
practical systems, such as biological systems, chemical
systems, hydraulic systems, and electrical networks. In re-
cent years, the problem of reachable set estimation for time-

delay systems has attracted much attention. /en, an in-
creasing number of researchers have devoted their efforts to
the problem of reachable set estimation [7–11]. In [7],
a delay-dependent condition for an ellipsoid bounding the
set of reachable states was presented by using the Lyapu-
nov–Razumikhin function and the S-procedure. Five non-
convex scalar parameters have to be treated as tuning
parameters to find the smallest possible ellipsoid. Based on
a relaxed Lyapunov–Krasovskii function, the delay-de-
pendent and delay-rate-dependent conditions for the exis-
tence of a desired ellipsoid are obtained [8]. Chen and Zhong
[10] studied the reachable set of neutral systems with per-
turbations and uncertainties via novel inequality. In [11], the
time-varying delay is split into two nonuniform subintervals
based on the Lyapunov–Krasovskii functional, and using the
well-known Wirtinger integral inequality and reciprocating
convex combination inequality, the RSE boundary of the
time-delay system is obtained.

However, the Markov jump system is different from the
general time-delay system. It is a random system with
multiple modes. /e jump transfer between the various
modes of the system is determined by a set of Markov chains.
In practical application, the equation of state of the system
often has some randomness. On the one hand, the stability
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and stability of Markov jump system have been widely
studied [12–16]. On the other hand, there are few studies on
the reachable set estimation problem of the Markov jump
system (see [17–20] and the references therein). /erefore,
this paper studies the reachable set estimation of uncertain
Markov jump system.

Besides, in real life, parameter uncertainty is inevitable in
the mathematical modeling due to the failure or mainte-
nance of parts, external perturbations, parameter fluctua-
tions, data errors and the change of connection mode of
subsystems, etc. /erefore, inspired by the issues discussed
above, the problem of reachable set estimation for uncertain
Markov jump systems with time-varying delays and dis-
turbance is investigated in this study. /e interval is divided
by time-varying delay split based on Lyapunov–Krasovskii
functional, and the partial integral term of derivative of
Lyapunov function is optimized by using Wirtinger-based
inequality and reciprocating convex matrix inequality.

Finally, numerical examples are given to illustrate the val-
idity of the results.

Notations: the notations used throughout the paper are
fairly standard. /e superscript “T” stands for matrix
transposition; Rn denotes the n-dimensional Euclidean
space; the notation P> 0 means that P is a positive definite
matrix; In and 0n×n represent identity matrix and zero matrix
with dimension n, respectively; and sym (X11) � X11 + XT

11.
In symmetric block matrices, we use an asterisk (∗) to
represent a term which is induced by symmetry. Matrices, if
their dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.

2. Problem Statement

Consider the following Markov jump systems with
uncertainties:

_x(t) � A t,rt( ) + ΔA t,rt( )(t) x(t) + B t,rt( ) + ΔB t,rt( )(t) x(t − h(t)) + D t,rt( ) + ΔD t,rt( )(t) ω(t),

x(t) ≡ 0, ∀t ∈ − h2, 0 ,

⎧⎪⎨

⎪⎩
(1)

where x(t) ∈ Rn is the state vector and ω(t) ∈ Rm is the
disturbance which satisfies

ωT
(t)ω(t)≤ω2

m ≤ 1. (2)

/e discrete time-varying delay h(t)> 0 satisfies

0≤ h1 ≤ h(t)≤ h2, (3)

where h1, h2 are constants and hm � ch1 + (1 − c)h2,
0≤ c≤ 1. rt, t≥ 0  is a Markovian process taking values on
the probability space in a finite state ℘ � 1, 2, . . . , N{ } with
generator Λ � λij , (i, j ∈ ℘) given by

Pr rt+Δ � j|rt � i  �
λijΔ + o(Δ), j≠ i,

1 + λijΔ + o(Δ), j � i,

⎧⎨

⎩ (4)

where Δ> 0, lim
Δ⟶0+

(o(Δ))/Δ � 0, λij ≥ 0, for j≠ i is the

transition probability frommode i at time t to mode j at time
t + Δ, λii � − 

N
j�1,j≠ i λij. A(t,rt)

, B(t,rt)
, and D(t,rt)

are known
constant matrices of the Markovian process. For notational
simplicity, when (t, rt) � i, i ∈ ℘, the matrix A(t,rt)

will be
represented by Ai, and the other symbols are similarly defined.

Since the state transition probability of the Markovian
jump process considered in this paper is partially known, the
transition probability matrix of Markovian jumping process
Λ is defined as

Λ �

λ11 ? · · · λ1N

? λ22 · · · λ2N

⋮ ⋮ ⋱ ⋮

λN1 ? · · · λNN

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5)

where ? represents the unknown transition rate. For nota-
tional clarity, ∀i ∈ ℘, and the set Ui � Ui

k ∪Ui
uk with

U
i
k ≜ j: λij is known for j ∈ ℘ ,

U
i
uk ≜ j: λij is unknown for j ∈ ℘ .

(6)

Moreover, if Ui
k ≠∅, it is further described as

Ui
k � ki

1, ki
2, . . . , ki

m , where m is a non-negation integer
with 1≤m≤N and ki

j ∈ Z+, 1≤ ki
j ≤N, j � 1, 2, . . . , m

represent the known element of the i th row and j th column
in the state transition probability matrix Λ.

Besides, ΔAi, ΔBi, and ΔDi are the parametric un-
certainties in system (1), which are assumed to be in the
following form:

ΔAi,ΔBi,ΔDi  � LiKi(t) Eia, Eib, Ei d , (7)

where Ki(t) is an unknown real and possibly time-varying
matrix with Lebesgue measurable elements satisfying

K
T
i (t)Ki(t)≤ I, (8)

and Li, Eia, Eib, and Ei d are known real constant matrices
which characterize how the uncertainty enters the nominal
matrices Ai, Bi, and Di.

Before proceeding further, system (1) can be written as

_x(t) � Aix(t) + Bix(t − h(t)) + Diω(t) + Liu,

z � Eiax(t) + Eibx(t − h(t)) + Ei dω(t),
 (9)

with the constraint: u � Ki(t)z.
We further have
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u
T
u≤ Eiax(t) + Eibx(t − h(t)) + Ei dω(t) 

T

· Eiax(t) + Eibx(t − h(t)) + Ei dω(t) .
(10)

For the sake of brevity, x(t) is used to represent the
solution of the system under initial conditions x(t, t0, x0),
and x(t), t{ } satisfies the initial condition x(0), r0 . And its
weak infinitesimal generator, acting on function V, is de-
fined in [21].

LV(x(t), t, i) � lim
Δ⟶0+

1
Δ

ε V x(t + Δ), t + Δ, rt+Δ( (

x(t), rt � i
  − V(x(t), t, i).

(11)

A reachable set that bounds the state of system (1) is
defined by

Rx � x(t) ∈ Rn
|x(t),ω(t) satisfy (1) and (2) . (12)

Based on the ideas proposed in [4], this reachable set
estimation problem can be transformed into the problem of
finding an ellipsoid to bound the Rx. We will bound Rx by
an ellipsoid of the form

I(P)≜ ξ(t) ∈ Rn
: ξT

(t)Pξ(t)≤ 1; P> 0 . (13)

Before proceeding further, we will state well-known
lemmas.

Lemma 1 (see [4]). Let V(t, x(0)) � 0 and ωT(t)ω(t) ≤ω2
m;

if

LV t, xt(  + αV t, xt(  − βωT
(t)ω(t) ≤ 0, α> 0, β> 0,

(14)

then we have V(t, xt)≤ (β/α)ω2
m for ∀t≥ 0.

Lemma 2 (see [22]). For any positive definite matrix
M ∈ Rn×n, scalar h2 > h1 ≥ 0, and vector function
ω: [h1, h2]↦R

n such that the integrations concerned are well
defined,

− h2 − h1(  
t− h1

t− h2

ωT
(s)Mω(s)ds 

≤ − 
t− h1

t− h2

ω(s)ds 

T

M 
t− h1

t− h2

ω(s)ds .

(15)

Lemma 3 (see [23, 24]). For given a matrix R> 0, the fol-
lowing inequality holds for all continuously differentiable
functions ω(t) in ω: [a, b]↦Rn:


b

a
_ωT

(s)R _ω(s)ds≥
1

b − a
ΩT

1 RΩ1 +
3

b − a
ΩT

2 RΩ2

+
5

b − a
ΩT

3 RΩ3,

(16)

where

Ω1 � ω(b) − ω(a),

Ω2 � ω(b) + ω(a) −
2

b − a


b

a
ω(s)ds,

Ω3 � ω(b) − ω(a) +
6

b − a


b

a
ω(s)ds

−
12

(b − a)
2 

b

a


b

u
ω(s)dsdu.

(17)

Lemma 4 (reciprocally convex combination inequality
[25]). For all vectors ξ ∈ Rn, the function

H(α, Q) �
1
α
ξT

W
T
1 QW1ξ +

1
1 − α

ξT
W

T
2 QW2ξ, (18)

where α ∈ (0, 1), W1, W2 and Q are matrices with appro-
priate dimensions. 4en, the following inequality holds:

min
α∈(0,1)

H(α, Q)≥ ξT
W1

W2
 

T
Q X

∗ Q
 

W1

W2
 ξ, (19)

if there exists a matrix X such that Q X

∗ Q
 > 0.

Lemma 5 (Schur complement [26]). Given
constant symmetric matrices 1, 2, 3, where 1 � 

T
1

and 2 � 
T
2 > 0, then 1 + 

T
3 

− 1
2 3 < 0 holds if and

only if


1


T

3


3

− 
2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0 or

− 
2


3


T

3 
1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0. (20)

3. Main Results

In this section, some delay-dependent criteria for the ex-
istence of ellipsoid I(P) bounding the states of system (1)
will be obtained./e notations for somematrices are defined
in Appendixes.

Theorem 1. Consider the uncertain Markov jump system (1)
with constraints (2) and (3); if there exist real matrices

Pi �

Pi11 Pi12 Pi13 Pi14 Pi15

∗ Pi22 Pi23 Pi24 Pi25

∗ ∗ Pi33 Pi34 Pi35

∗ ∗ ∗ Pi44 Pi45

∗ ∗ ∗ ∗ Pi55

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

> 0, Wi > 0 (i � 1, 2, . . . ,

N), P1,i > 0, Q1 > 0, Q2 > 0, Q3 > 0 and Ri > 0 (i � 1, . . . , 6),

R5 �

R5 0 0
0 3R5 0
0 0 5R5

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, R6 �

R6 0 0
0 3R6 0
0 0 5R6

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, any matrices

Mi (i � 1, 2), X �

X11 X12 X13
X21 X22 X23
X31 X32 X33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, Y �

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦
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with appropriate dimension such that
R5 X

∗ R5
 > 0,

R6 Y

∗ R6
 > 0, Pi ≥

P1,i 0 0 0 0
∗ 0 0 0 0
∗ ∗ 0 0 0
∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, scalar ε> 0 satisfy-

ing the following matrix inequality:

Ψi +Φ1 < 0,

Ψi +Φ2 < 0,

Ψi +Φ3 < 0,

(21)

Ψi + Π1 < 0,

Ψi + Π2 < 0,
(22)

Pj − Wi ≤ 0, j ∈ U
i
uk, j≠ i, (23)

Pj − Wi ≥ 0, j ∈ U
i
uk, j � i, (24)

whereΨi, Ψi,Φ1,Φ2,Φ3,Π1, andΠ2, are defined in Appendix
A. 4en, the reachable sets of system (1) with (2) and (3) are
bounded by boundaries ∩N

i�1I(P1,i), which is defined in (12).

Proof. We choose the following Lyapunov–Krasovskii
functional candidate as follows:

V t, xt(  � 
5

i�1
Vi t, xt( , (25)

where

V1(t, x(t)) � ηT
(t)

Pi11 Pi12 Pi13 Pi14

∗ Pi22 Pi23 Pi24

∗ ∗ Pi33 Pi34

∗ ∗ ∗ Pi44

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

η(t), (26)

with

ηT
(t) � x

T
(t) 

t

t− h1

x(s)ds 

T


t− h1

t− hm

x(s)ds 

T


t− hm

t− h2

x(s)ds 

T⎧⎨

⎩

⎫⎬

⎭,

V2 t, xt(  � 
t

t− h1

e
α(s− t)

x
T
(s)Q1x(s)ds + 

t− h1

t− hm

e
α(s− t)

x
T
(s)Q2x(s)ds + 

t− hm

t− h2

e
α(s− t)

x
T
(s)Q3x(s)ds,

V3 t, xt(  � h1 
0

− h1


t

t+θ
e
α(s− t)

x
T
(s)R1x(s)dsdθ

+ hm − h1(  
− h1

− hm


t

t+θ
e
α(s− t)

x
T
(s)R2x(s)dsdθ

+ h2 − hm(  
− hm

− h2


t

t+θ
e
α(s− t)

x
T
(s)R3x(s)dsdθ,

V4 t, xt(  � h1 
0

− h1


t

t+θ
e
α(s− t)

_x
T
(s)R4 _x(s)dsdθ,

V5 t, xt(  � hm − h1(  
− h1

− hm


t

t+θ
e
α(s− t)

_x
T

(s)R5 _x(s)dsdθ + h2 − hm(  
− hm

− h2


t

t+θ
e
α(s− t)

_x
T
(s)R6 _x(s)dsdθ,

Pi � Pi,j 5×5,

hm � ch1 +(1 − c)h2, 0≤ c≤ 1.

(27)

Taking derivative of V(t, xt) along the trajectories of
system (1), we can obtain the following:

LV � LV1 + LV2 + LV3 + LV4 + LV5, (28)

where
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LV1 t, xt(  � 2ηT
(t)Pi _η(t) + ηT

(t) 

N

j�1
λijPj

⎛⎝ ⎞⎠η(t)

� 2 ηT
(t) u

T 

Pi11 Pi12 Pi13 Pi14 Pi15

∗ Pi22 Pi23 Pi24 Pi25

∗ ∗ Pi33 Pi34 Pi35

∗ ∗ ∗ Pi44 Pi45

∗ ∗ ∗ ∗ Pi55

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Aix(t) + Bix(t − h(t)) + Diω(t) + Liu

x(t) − x t − h1( 

x t − h1(  − x t − hm( 

x t − hm(  − x t − h2( 

Aix(t) − _x(t) + Bix(t − h(t)) + Diω(t) + Liu

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

− 2

Aix(t) + Bix(t − h(t)) + Diω(t) + Liu

x(t) − x t − h1( 

x t − h1(  − x t − hm( 

x t − hm(  − x t − h2( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T
Pi15

Pi25

Pi35

Pi45

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

u + ηT
(t) 

N

j�1
λijPj

⎛⎝ ⎞⎠η(t).

(29)

Taking into account the situation that the information of
transition probabilities are not accessible completely, due to


N
j�1 λij � 0, the following equations hold for arbitrary ap-

propriate matrices Wi � WT
i are satisfied

− ηT
(t) 

N

j�1
λijWi

⎛⎝ ⎞⎠η(t) � 0. (30)

Hence,

LV1 t, xt(  � 2 ηT
(t) u

T 

Pi11 Pi12 Pi13 Pi14 Pi15

∗ Pi22 Pi23 Pi24 Pi25

∗ ∗ Pi33 Pi34 Pi35

∗ ∗ ∗ Pi44 Pi45

∗ ∗ ∗ ∗ Pi55

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Aix(t) + Bix(t − h(t)) + Diω(t)Liu

x(t) − x t − h1( 

x t − h1(  − x t − hm( 

x t − hm(  − x t − h2( 

Aix(t) − _x(t) + Bix(t − h(t))

+Diω(t) + Liu
⎛⎝ ⎞⎠

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

− 2

Aix(t) + Bix(t − h(t)) + Diω(t) + Liu

x(t) − x t − h1( 

x t − h1(  − x t − hm( 

x t − hm(  − x t − h2( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T
Pi15

Pi25

Pi35

Pi45

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

u + ηT
(t) 

N

j�1
λij Pj − Wi ⎛⎝ ⎞⎠η(t),

LV2 t, xt(  � x
T
(t)Q1x(t) + e

− αh1x
T

t − h1(  Q2 − Q1 x t − h1(  + e
− αhm x

T
t − hm(  Q3 − Q2 

· x t − hm(  − e
− αh2x

T
t − h2( Q3x t − h2(  − αV2,

LV3 t, xt(  � x
T
(t) h

2
1 R1 + hm − h1( 

2
R2 + h2 − hm( 

2
R3x(t) − h1 

t

t− h1

e
α(s− t)

x
T

(s)R1x(s)ds

− hm − h1(  
t− h1

t− hm

e
α(s− t)

x
T
(s)R2x(s)ds − h2 − hm(  

t− hm

t− h2

e
α(s− t)

x
T
(s)R3x(s)ds − αV3.

(31)
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Based on Lemma 2, LV3(t, xt) can be rewritten as

LV3 t, xt( ≤x
T

(t) h
2
1R1 + hm − h1( 

2
R2 + h2 − hm( 

2
R3 x(t) − e

− αh1 
t

t− h1

x(s)ds 

T

R1

· 
t

t− h1

x(s)ds  − e
− αhm 

t− h1

t− hm

x(s)ds 

T

R2 
t− h1

t− hm

x(s)ds 

− e
− αh2 

t− hm

t− h2

x(s)ds 

T

R3 
t− hm

t− h2

x(s)ds  − αV3.

(32)

So, according to Lemma 3, we have

LV4 t, xt( ≤ _x
T

(t) h
2
1R4  _x(t) − e

− αh1 · h1 
t

t− h1

_x
T
(s)R4 _x(s)ds − αV4

≤ _x
T

(t) h
2
1R4  _x(t) − e

− αh1 x(t) − x t − h1(  
T
R4 x(t) − x t − h1(  

+ x(t) + x t − h1(  −
2
h1


t

t− h1

x(s)ds 

T

3R4(  x(t) + x t − h1(  −
2
h1


t

t− h1

x(s)ds 

+ x(t) − x t − h1(  +
6
h1


t

t− h1

x(s)ds −
12
h
2
1


t

t− h1


t

u
x(s)dsdu  5R4( 

· x(t) − x t − h1(  +
6
h1


t

t− h1

x(s)ds −
12
h
2
1


t

t− h1


t

u
x(s)dsdu  − αV4,

(33)

LV5 t, xt( ≤ _x
T
(t) hm − h1( 

2
R5 + h2 − hm( 

2
R6  _x(t) − e

− αhm hm − h1(  
t− h1

t− hm

_x
T
(s)R5 _x(s)ds

− e
− αh2 h2 − hm(  

t− hm

t− h2

_x
T

(s)R6 _x(s)ds − αV5.

(34)

When h(t) ∈ (h1, hm), based on the Lemmas 3 and 4, we
have

− hm − h1(  
t− h1

t− hm

_x
T
(s)R5 _x(s)ds

� − hm − h1(  
t− h(t)

t− hm

_x
T

(s)R5 _x(s)ds − hm − h1(  
t− h1

t− h(t)
_x
T
(s)R5 _x(s)ds

≤ − ξT
1 (t)

1
hm − h(t)( / hm − h1( 

ΓT1 R5Γ1 +
1

h(t) − h1( / hm − h1( 
ΓT2 R5Γ2 ξ1(t)

≤ − ξT
1 (t)

Γ1

Γ2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

T R5 X

∗ R5

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
Γ1

Γ2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ξ1(t),

(35)
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where

ξ1(t) � x
T
(t) _x

T
(t)x

T
t − h1( x

T
(t − h(t))x

T
t − hm( x

T
t − h2(  

t

t− h1

x(s)ds 

T


t− h1

t− hm

x(s)ds 

T

⎡⎣

· 
t− hm

t− h2

x(s)ds 

T 1
hm − h(t)


t− h(t)

t− hm

x(s)ds 

T 1
h(t) − h1


t− h1

t− h(t)
x(s)ds 

T 1
hm − h(t)( 

2 
t− h(t)

t− hm


t− h(t)

u
x(s)dsdu⎛⎝ ⎞⎠

T

·
1

h(t) − h1( 
2 

t− h1

t− h(t)


t− h1

u
x(s)dsdu⎛⎝ ⎞⎠

T

1
h2
1


t

t− h1


t

u
x(s)dsdu 

T 1
h2 − hm( 

2 
t− hm

t− h2


t− hm

u
x(s)dsdu⎛⎝ ⎞⎠

T

ωT
(t)u

T⎤⎥⎥⎥⎥⎦

T

,

χ1 � 0 0 0 I − I 0 0 0 0 0 0 0 0 0 0 0 0 ,

χ2 � 0 0 0 I I 0 0 0 0 − 2I 0 0 0 0 0 0 0 ,

χ3 � 0 0 0 I − I 0 0 0 0 6I 0 − 12I 0 0 0 0 0 ,

χ4 � 0 0 I − I 0 0 0 0 0 0 0 0 0 0 0 0 0 ,

χ5 � 0 0 I I 0 0 0 0 0 0 − 2I 0 0 0 0 0 0 ,

χ6 � 0 0 I − I 0 0 0 0 0 0 6I 0 − 12I 0 0 0 0 ,

Γ1 �

χ1

χ2

χ3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Γ2 �

χ4

χ5

χ6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R5 �

R5 0 0

0 3R5 0

0 0 5R5

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R5 X

∗ R5

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦> 0.

(36)
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Using Lemma 3, we further have

− h2 − hm(  
t− hm

t− h2

_x
T
(s)R6 _x(s)ds

≤ − 9x
T

t − hm( R6x t − hm(  − 6x
T

t − hm( R6x t − h2(  + 9x
T

t − h2( R6x t − h2(  +
48

h2 − hm



· x
T

t − hm( R6 
t− hm

t− h2

x(s)ds  −
120

h2 − hm( 
2x

T
t − hm( R6 

t− hm

t− h2


t− hm

u
x(s)dsdu  −

72
h2 − hm

· x
T

t − h2( R6 
t− hm

t− h2

x(s)ds  +
120

h2 − hm( 
2x

T
t − h2( R6 

t− hm

t− h2


t− hm

u
x(s)dsdu  +

192
h2 − hm( 

2

· 
t− hm

t− h2

x(s)ds 

T

R6 
t− hm

t− h2

x(s)ds  −
720

h2 − hm( 
3 

t− hm

t− h2

x(s)ds 

T

R6 
t− hm

t− h2


t− hm

u
x(s)dsdu 

+
720

h2 − hm( 
4 

t− hm

t− h2


t− hm

u
x(s)dsdu 

T

R6 
t− hm

t− h2


t− hm

u
x(s)dsdu .

(37)

/us, LV5(t, xt) can be acquired as

LV5 t, xt( ≤ _x
T
(t) hm − h1( 

2
R5 + h2 − hm( 

2
R6  _x(t) − e

− αhmξT
1 (t)

Γ1

Γ2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

T R5 X

∗ R5

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
Γ1

Γ2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ξ1(t)

− e
− αh2 9x

T
t − hm( R6x t − hm(  − 6x

T
t − hm( R6x t − h2(  + 9x

T
t − h2( R6x t − h2( 

+
48

h2 − hm

x
T

t − hm( R6 
t− hm

t− h2

x(s)ds  −
120

h2 − hm( 
2x

T
t − hm( R6 

t− hm

t− h2


t− hm

u
x(s)dsdu 

−
72

h2 − hm

x
T

t − h2( R6 
t− hm

t− h2

x(s)ds  +
120

h2 − hm( 
2x

T
t − h2( R6 

t− hm

t− h2


t− hm

u
x(s)dsdu 

+
192

h2 − hm( 
2 

t− hm

t− h2

x(s)ds 

T

R6 
t− hm

t− h2

x(s)ds  −
720

h2 − hm( 
3 

t− hm

t− h2

x(s)ds 

T

R6

· 
t− hm

t− h2


t− hm

u
x(s)dsdu  +

720
h2 − hm( 

4 
t− hm

t− h2


t− hm

u
x(s)dsdu 

T

· R6 
t− hm

t− h2


t− hm

u
x(s)dsdu  − αV5.

(38)

Meanwhile, for any matrices M1 and M2 with appro-
priate dimension, the following equation is true:

2 x
T
(t)M1 + _x

T
(t)M2 

· Aix(t) − _x(t) + Bix(t − h(t)) + Diω(t) + Liu  � 0.

(39)

Combining equations (25)–(37), we can obtain

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)≤ ξT

1 (t)

· Ψi +Φ1( ξ1(t) + ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t),

(40)
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where Ψi, Φ1 are the same as defined in /eorem 1. Using
the S-procedure in [4], one can see that this condition is

implied by the existence of a non-negative scalar ε> 0 such
that

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t) ≤ ξT

1 (t) Ψi +Φ1( ξ1(t) + ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t)

+ε Eiax(t) + Eibx(t − h(t)) + Ei dω(t) 
T

Eiax(t) + Eibx(t − h(t)) + Ei dω(t)  − u
T

u < 0,

(41)

for all ξ1(t)≠ 0. By using Lemma 5, the matrix inequalities
(21), (23), and (24) imply (41).

Similarly, when h(t) � h1 or h(t) � hm, inequality (35)
can be reduced to the following two inequalities,

respectively. When h(t) � h1, we obtain the following
inequality:

− hm − h1(  
t− h1

t− hm

_x
T
(s)R5 _x(s)ds

� − hm − h(t)(  
t− h(t)

t− hm

_x
T
(s)R5 _x(s)ds

≤ − x(t − h(t)) − x t − hm(  
T
R5 x(t − h(t)) − x t − hm(   + x(t − h(t)) + x t − hm( 

−
2

hm − h(t)


t− h(t)

t− hm

x(s)ds

T

3R5(  x(t − h(t)) + x t − hm(  −
2

hm − h(t)


t− h(t)

t− hm

x(s)ds 

+ x(t − h(t)) − x t − hm(  +
6

hm − h(t)


t− h(t)

t− hm

x(s)ds −
12

hm − h(t)( 
2 

t− h(t)

t− hm


t− h(t)

u
x(s)dsdu⎡⎣ ⎤⎦

T

· 5R5(  x(t − h(t)) − x t − hm(  +
6

hm − h(t)


t− h(t)

t− hm

x(s)ds −
12

hm − h(t)( 
2 

t− h(t)

t− hm


t− h(t)

u
x(s)dsdu⎡⎣ ⎤⎦.

(42)

Combining Equations (25)–(39) and (42), we can obtain

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)

≤ ξT
1 (t) Ψi +Φ2 ξ1(t) + ηT

(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t),

(43)

where Ψi, Φ2 are the same as defined in /eorem 1. Using
the S-procedure in [4], one can see that this condition is
implied by the existence of a non-negative scalar ε> 0 such
that

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t) ≤ ξT

1 (t) Ψi +Φ2 ξ1(t) + ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t)

+ ε Eiax(t) + Eibx(t − h(t)) + Ei dω(t) 
T

Eiax(t) + Eibx(t − h(t)) + Ei dω(t)  − u
T
u < 0,

(44)

for all ξ1(t)≠ 0. By using Lemma 5, the matrix inequalities
(21), (23), and (24) imply (44).

When h(t) � hm, we get
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− hm − h1(  
t− h1

t− hm

_x
T
(s)R5 _x(s)ds

� − h(t) − h1(  
t− h1

t− h(t)
_x
T
(s)R5 _x(s)ds

≤ − x t − h1(  − x(t − h(t)) 
T
R5 x t − h1(  − x(t − h(t))  + x t − h1(  + x(t − h(t))

−
2

h(t) − h1


t− h1

t− h(t)
x(s)ds 3R5(  x t − h1(  + x(t − h(t)) −

2
h(t) − h1


t− h1

t− h(t)
x(s)ds 

+ x t − h1(  − x(t − h(t)) +
6

h(t) − h1


t− h1

t− h(t)
x(s)ds −

12
h(t) − h1( 

2 
t− h1

t− h(t)


t− h1

u
x(s)dsdu⎡⎣ ⎤⎦

T

· 5R5(  x t − h1(  − x(t − h(t)) +
6

h(t) − h1


t− h1

t− h(t)
x(s)ds −

12
h(t) − h1( 

2 
t− h1

t− h(t)


t− h1

u
x(s)dsdu⎡⎣ ⎤⎦

⎫⎬

⎭.

(45)

Combining Equations (25)–(39) and (45), we can obtain

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)≤ ξT

1 (t) Ψi +Φ3 ξ1(t)

+ ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t),

(46)

where Ψi, Φ3 are the same as defined in /eorem 1. Using
the S-procedure in [4], one can see that this condition is
implied by the existence of a non-negative scalar ε> 0 such
that

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t) ≤ ξT

1 (t) Ψi +Φ3 ξ1(t) + ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t)

+ε Eiax(t) + Eibx(t − h(t)) + Ei dω(t) 
T

Eiax(t) + Eibx(t − h(t)) + Ei dω(t)  − u
T
u < 0,

(47)

for all ξ1(t)≠ 0. By using Lemma 5, the matrix inequalities
(21), (23), and (24) imply (47).

It should be noted that Ψi +Φ1 < 0, Ψi +Φ2 < 0, Ψi +

Φ3 < 0 according to inequalities (21), (23), and (24), which
implies that LV(t, xt) + αV(t, xt) − (α/ω2

m)ωT(t)ω(t) < 0.
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When h(t) ∈ (hm, h2), the last two integral terms of
LV5(t, xt) are handled in the following way based on
Lemmas 3 and 4:

− hm − h1(  
t− h1

t− hm

_x
T
(s)R5 _x(s)ds

≤ − 9x
T

t − h1( R5x t − h1(  − 6x
T

t − h1( R5x t − hm(  + 9x
T

t − hm( R5x t − hm( 

+
48

hm − h1
x

T
t − h1( R6 

t− h1

t− hm

x(s)ds  −
120

hm − h1( 
2x

T
t − h1( R5 

t− h1

t− hm


t− h1

u
x(s)dsdu 

−
72

hm − h1
x

T
t − hm( R5 

t− h1

t− hm

x(s)ds  +
120

hm − h1( 
2x

T
t − hm( R5 

t− h1

t− hm


t− h1

u
x(s)dsdu 

+
192

hm − h1( 
2 

t− h1

t− hm

x(s)ds 

T

R5 
t− h1

t− hm

x(s)ds  −
720

hm − h1( 
3 

t− h1

t− hm

x(s)ds 

T

R5

· 
t− h1

t− hm


t− h1

u
x(s)dsdu  +

720
hm − h1( 

4 
t− h1

t− hm


t− h1

u
x(s)dsdu 

T

R5 
t− h1

t− hm


t− h1

u
x(s)dsdu 

⎫⎬

⎭.

(48)

Using the same method to deal with the following in-
tegral inequality, we further have

− h2 − hm(  
t− hm

t− h2

_x
T
(s)R6 _x(s)ds

� − h2 − hm(  
t− h(t)

t− h2

_x
T

(s)R6 _x(s)ds − h2 − hm(  
t− hm

t− h(t)
_x
T
(s)R6 _x(s)ds

≤ − ξT
2 (t)

1
h2 − h(t)( / h2 − hm( 

ΓT3 R6Γ3 +
1

h(t) − hm( / h2 − hm( 
ΓT4 R6Γ4 ξ2(t)

≤ − ξT
2 (t)

Γ3

Γ4

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

T R6 Y

∗ R6

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
Γ3

Γ4

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ξ2(t),

(49)
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where

ξ2(t) � x
T
(t) _x

T
(t)x

T
t − h1( x

T
(t − h(t))x

T
t − hm( x

T
t − h2(  

t

t− h1

x(s)ds 

T


t− h1

t− hm

x(s)ds 

T

· 
t− hm

t− h2

x(s)ds 

T 1
h2 − h(t)


t− h(t)

t− h2

x(s)ds 

T 1
h(t) − hm


t− hm

t− h(t)
x(s)ds 

T 1
h2 − h(t)( 

2 
t− h(t)

t− h2


t− h(t)

u
x(s)dsdu⎛⎝ ⎞⎠

T

·
1

h(t) − hm( 
2 

t− hm

t− h(t)


t− hm

u
x(s)dsdu⎛⎝ ⎞⎠

T

1
h2
1


t

t− h1


t

u
x(s)dsdu 

T 1
hm − h1( 

2 
t− h1

t− hm


t− h1

u
x(s)dsdu⎛⎝ ⎞⎠

T

ωT
(t)u

T


T
,

χ7 � 0 0 0 I 0 − I 0 0 0 0 0 0 0 0 0 0 0 ,

χ8 � 0 0 0 I 0 I 0 0 0 − 2I 0 0 0 0 0 0 0 ,

χ9 � 0 0 0 I 0 − I 0 0 0 6I 0 − 12I 0 0 0 0 0 ,

χ10 � 0 0 0 − I I 0 0 0 0 0 0 0 0 0 0 0 0 ,

χ11 � 0 0 0 I I 0 0 0 0 0 − 2I 0 0 0 0 0 0 ,

χ12 � 0 0 0 − I I 0 0 0 0 0 6I 0 − 12I 0 0 0 0 ,

Γ3 �

χ7

χ8

χ9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Γ4 �

χ10

χ11

χ12

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R6 �

R6 0 0

0 3R6 0

0 0 5R6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R6 Y

∗ R6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦> 0.

(50)
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/en, LV5(t, xt) can be rewritten as

LV5 t, xt( ≤ _x
T
(t) hm − h1( 

2
R5 + h2 − hm( 

2
R6  _x(t) − e

− αhm 9x
T

t − h1( R5x t − h1( 

− 6x
T

t − h1( R5x t − hm(  + 9x
T

t − hm( R5x t − hm(  +
48

hm − h1
x

T
t − h1( R5

· 
t− h1

t− hm

x(s)ds  −
120

hm − h1( 
2x

T
t − h1( R5 

t− h1

t− hm


t− h1

u
x(s)dsdu  −

72
hm − h1

· x
T

t − hm( R5 
t− h1

t− hm

x(s)ds  +
120

hm − h1( 
2x

T
t − hm( R5 

t− h1

t− hm


t− h1

u
x(s)dsdu 

+
192

hm − h1( 
2 

t− h1

t− hm

x(s)ds 

T

R5 
t− h1

t− hm

x(s)ds  −
720

hm − h1( 
3 

t− h1

t− hm

x(s)ds 

T

R5

· 
t− h1

t− hm


t− h1

u
x(s)dsdu  +

720
hm − h1( 

4 
t− h1

t− hm


t− h1

u
x(s)dsdu 

T

R5

· 
t− h1

t− hm


t− h1

u
x(s)dsdu  − e

− αh2ξT
2 (t)

Γ3

Γ4

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

T R6 Y

∗ R6

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦
Γ3

Γ4

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ξ2(t) − αV5.

(51)

Based on Equations (25)–(34), (39), and (51), we have

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)≤ ξT

2 (t) Ψi + Π1( ξ2(t)

+ ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t),

(52)

whereΨi,Π1 are the same as defined in/eorem 1. Using the
S-procedure in [4], one can see that this condition is implied
by the existence of a non-negative scalar ε> 0 such that

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)≤ ξT

2 (t) Ψi + Π1( ξ2(t) + ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t)

+ε Eiax(t) + Eibx(t − h(t)) + Ei dω(t) 
T

Eiax(t) + Eibx(t − h(t)) + Ei dω(t)  − u
T
u < 0,

(53)

for all ξ2(t)≠ 0. By using Lemma 5, the matrix inequalities
(22)–(24) imply (53).

When h(t) � h2, inequality (49) can simplify the fol-
lowing equation:
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− h2 − hm(  
t− hm

t− h2

_x
T
(s)R6 _x(s)ds

� − h(t) − hm(  
t− hm

t− h(t)
_x
T
(s)R6 _x(s)ds

≤ − x t − hm(  − x(t − h(t)) 
T
R6 x t − hm(  − x(t − h(t))  + x t − hm(  + x(t − h(t))

−
2

h(t) − hm


t− hm

t− h(t)
x(s)ds

T

3R6(  x t − hm(  + x(t − h(t)) −
2

h(t) − hm


t− hm

t− h(t)
x(s)ds 

+ x t − hm(  − x(t − h(t)) +
6

h(t) − hm


t− hm

t− h(t)
x(s)ds −

12
h(t) − hm( 

2 
t− hm

t− h(t)


t− hm

u
x(s)ds⎡⎣ ⎤⎦

T

· 5R6(  x t − hm(  − x(t − h(t)) +
6

h(t) − hm


t− hm

t− h(t)
x(s)ds −

12
h(t) − hm( 

2 
t− hm

t− h(t)


t− hm

u
x(s)ds⎡⎣ ⎤⎦

T
⎫⎬

⎭.

(54)

Based on Equations (25)–(34), (39), and (54), we have

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)≤ ξT

2 (t) Ψi + Π2 ξ2(t)

+ ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t),

(55)

where Ψi,Π2 are the same as defined in/eorem 1. Using the
S-procedure in [4], one can see that this condition is implied
by the existence of a non-negative scalar ε> 0 such that

LV t, xt(  + αV t, xt(  −
α
ω2

m

ωT
(t)ω(t)≤ ξT

2 (t) Ψi + Π2 ξ2(t) + ηT
(t) 

j∈Ui
uk

λij Pj − Wi ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠η(t)

+ε Eiax(t) + Eibx(t − h(t)) + Ei dω(t) 
T

Eiax(t) + Eibx(t − h(t)) + Ei dω(t)  − u
T
u < 0,

(56)

for all ξ2(t)≠ 0. By using Lemma 5, the matrix inequalities
(22)–(24) imply (56).

It should be noted that Ψi + Π1 < 0, Ψi +Π2 < 0
according to inequalities (22)–(24), which implies that
LV(t, xt) + αV(t, xt) − (α/ω2

m)ωT(t)ω(t) < 0.
In conclusion, LV(t, xt) + αV(t, xt) − (α/ω2

m)

ωT(t)ω(t) < 0 is true on the basis of equations (21)–(24).
Since Pi � [pi,j]5×5, there is a positive matrix P1,i ∈ Rn×n

such that

Pi ≥

P1,i 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (57)

We further have the inequality xT(t)P1,ix(t)≤
V1(t, xt)≤V(t, xt)≤ 1 when h(t) ∈ [h1, h2]. Hence,

V(t, xt)≤ 1 is true by using Lemma 1. /is completes the
proof. □

Remark 1. We choose an augmented Lyapunov–Krasovskii
functional V1(t, xt) � ηT(t)Prt

η(t) to establishmore general
delay-dependent conditions, where Prt

is a fifth-order matrix
and η(t) is a five-dimensional column vector. /erefore, the
reachable set estimation criteria can utilize more in-
formation on state variables via using these augmented
variables in the Lyapunov–Krasovskii functional.

Remark 2. Parameter c is used to divide the time-delay
interval into two subintervals in this paper. h(t) is the time-
varying delay satisfying 0≤ h1 ≤ h(t)≤ h2. Generally, the
authors divide the time-delay interval into two ormore equal
subintervals in previous studies to get less conservative
stability criteria. Different from them, the time-delay in-
terval [h1, h2] in our study is partitioned into [h1, hm] and
[hm, h2] by introducing an adjustable parameter c, where
hm � ch1 + (1 − c)h2, 0≤ c≤ 1; when c � 0.5, the two
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subintervals are equal as those in the literatures. Moreover,
the integral interval is decomposed in the same way to
estimate the bounds of integral terms more exactly.

Remark 3. An optimized integral inequality is provided to deal
with the integral term − (hm − h1) 

t− h1

t− hm

_xT(s)R5 _x(s)ds and
− (h2 − hm) 

t− hm

t− h2
_xT(s)R6 _x(s)ds. Recently, the reciprocally

convex combination approach [18, 25, 27] has beenwidely used
to deduce the results. According to the applications shown in
these literatures, it is easy to see that the results based on this
method are less conservative than the existing ones. /erefore,
we adopt the distinguished Wirtinger integral inequality [23]
together with the reciprocally convex combination inequality
to handle these two integral terms to get more general
reachable set estimation criteria.

Corollary 1. Consider the uncertain Markov jump system
(1)–(4) with all elements completely known in transition rate
matrix (5); if there exist real matrices

Pi �

Pi11 Pi12 Pi13 Pi14 Pi15
∗ Pi22 Pi23 Pi24 Pi25
∗ ∗ Pi33 Pi34 Pi35
∗ ∗ ∗ Pi44 Pi45
∗ ∗ ∗ ∗ Pi55

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

> 0, Wi > 0 (i � 1, 2, . . . ,

N), P1,i > 0, Q1 > 0, Q2 > 0, Q3 > 0 and Ri > 0 (i � 1, . . . , 6),

R5 �

R5 0 0
0 3R5 0
0 0 5R5

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, R6 �

R6 0 0
0 3R6 0
0 0 5R6

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, any matrices

Mi (i � 1, 2), X �

X11 X12 X13
X21 X22 X23
X31 X32 X33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, Y �

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

with appropriate dimension such that
R5 X

∗ R5
 > 0,

R6 Y

∗ R6
 > 0, Pi ≥

P1,i 0 0 0 0
∗ 0 0 0 0
∗ ∗ 0 0 0
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

a scalar ε> 0 such

that the LMIs equations (21)–(22) hold, which all elements
Ψi, Ψi, Φ1, Φ2, Φ3, Π1, and Π2 are defined in Appendix B.

Corollary 2. Consider the uncertain Markov jump system
(1)–(4) with all elements completely unknown in transition
rate matrix (5); if there exist real matrices

Pi �

Pi11 Pi12 Pi13 Pi14 Pi15
∗ Pi22 Pi23 Pi24 Pi25
∗ ∗ Pi33 Pi34 Pi35
∗ ∗ ∗ Pi44 Pi45
∗ ∗ ∗ ∗ Pi55

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

> 0, Wi > 0 (i � 1, 2, . . . ,

N), P1,i > 0, Q1 > 0, Q2 > 0, Q3 > 0, Ri > 0 (i � 1, . . . , 6),

R5 �

R5 0 0
0 3R5 0
0 0 5R5

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, R6 �

R6 0 0
0 3R6 0
0 0 5R6

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, any matrices

Mi (i � 1, 2), X �

X11 X12 X13
X21 X22 X23
X31 X32 X33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, Y �

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

with appropriate dimension such that
R5 X

∗ R5
 > 0,

R6 Y

∗ R6
 > 0, Pi ≥

P1,i 0 0 0 0
∗ 0 0 0 0
∗ ∗ 0 0 0
∗ ∗ ∗ 0 0
∗ ∗ ∗ 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, scalar ε> 0 such that

the LMIs equations (21) and (22) hold, where Ψi, Ψi, Φ1, Φ2,
Φ3, Π1, and Π2 are defined in Appendix C.

Next, we consider the following Markov jump system with
disturbances

_x(t) � A t,rt( )x(t) + B t,rt( )x(t − h(t)) + D t,rt( )ω(t),

x(t) ≡ 0, ∀t ∈ − h2, 0 .

⎧⎨

⎩

(58)

4eorem 2 is a result for the ellipsoidal bound of
a reachable set for a Markov jump time-delayed system (58)
having constraints in equations (2) and (3).

Theorem 2. Consider the Markov jump system (56) with all
elements partly known in transition rate matrix (5); if there
exist real matrices Q1 > 0, Q2 > 0, Q3 > 0,

Pi �

Pi11 Pi12 Pi13 Pi14
∗ Pi22 Pi23 Pi24
∗ ∗ Pi33 Pi34
∗ ∗ ∗ Pi44

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
> 0, Wi > 0, P1,1 > 0 and

Ri > 0 (i � 1, . . . , 6), R5 �

R5 0 0
0 3R5 0
0 0 5R5

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦,

R6 �

R6 0 0
0 3R6 0
0 0 5R6

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, any matrices Mi (i � 1, 2),

X �

X11 X12 X13
X21 X22 X23
X31 X32 X33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, Y �

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦ with appropri-

ate dimension such that
R5 X

∗ R5
 > 0,

R6 Y

∗ R6
 > 0,

Pi ≥

P1,1 0 0 0
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, satisfying the following matrix

inequalities:

Ψi +Φ1 < 0,

Ψi +Φ2 < 0,

Ψi +Φ3 < 0,

(59)

Ψi +Π1 < 0,

Ψi +Π2 < 0,
(60)

Pj − Wi ≤ 0, j ∈ U
i
uk, j≠ i, (61)

Pj − Wi ≥ 0, j ∈ U
i
uk, j � i, (62)

where all the elements are defined in Appendix D.
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4en, the reachable sets of system (58) having the con-
straints (2) and (3) are bounded by a boundaryI(P) defined
in equation (13).

Proof . of /eorem 2 Following a similar line as in the proof
of /eorem 1, one can simply obtain this theorem. /is
completes our proof. □

Corollary 3. Consider the Markov jump system (58) with all
elements completely known in transition rate matrix (5); if

there exist real matrices Pi �

Pi11 Pi12 Pi13 Pi14
∗ Pi22 Pi23 Pi24
∗ ∗ Pi33 Pi34
∗ ∗ ∗ Pi44

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦> 0,

P1,1 > 0, Q1 > 0, Q2 > 0, Q3 > 0 and Ri > 0 (i � 1, . . . , 6),

R5 �

R5 0 0
0 3R5 0
0 0 5R5

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, R6 �

R6 0 0
0 3R6 0
0 0 5R6

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, any matrices

Mi (i � 1, 2), X �

X11 X12 X13
X21 X22 X23
X31 X32 X33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, Y �

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

with appropriate dimension such that
R5 X

∗ R5
 > 0,

R6 Y

∗ R6
 > 0, Pi ≥

P1,1 0 0 0
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ , satisfying the following

matrix inequalities:
Ψi +Φ1 < 0,

Ψi +Φ2 < 0,

Ψi +Φ3 < 0,

(63)

Ψi + Π1 < 0,

Ψi + Π2 < 0,
(64)

where all elements are defined in Appendix E.

Corollary 4. Consider the Markov jump system (58) with all
elements completely unknown in transition rate matrix (5); if

there exist real matrices Pi �

Pi11 Pi12 Pi13 Pi14
∗ Pi22 Pi23 Pi24
∗ ∗ Pi33 Pi34
∗ ∗ ∗ Pi44

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
> 0,

P1,1 > 0, Q1 > 0, Q2 > 0, Q3 > 0 and Ri > 0 (i � 1, . . . , 6),

R5 �

R5 0 0
0 3R5 0
0 0 5R5

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, R6 �

R6 0 0
0 3R6 0
0 0 5R6

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, any matrices

Mi (i � 1, 2), X �

X11 X12 X13
X21 X22 X23
X31 X32 X33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦, Y �

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

with appropriate dimension such that
R5 X

∗ R5
 > 0,

R6 Y

∗ R6
 > 0, Pi ≥

P1,1 0 0 0
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, satisfying the following

matrix inequalities:

Ψi +Φ1 < 0,

Ψi +Φ2 < 0,

Ψi +Φ3 < 0,

(65)

Ψi + Π1 < 0,

Ψi + Π2 < 0,
(66)

where all elements are defined in Appendix F.

Remark 4. Since this is an estimation problem, our aim is to
find an ellipsoid as small as possible to bound the reachable
sets of system (1).We use a simple approximation as that in
[7]. /at is, maximize δ > 0 subject to P1,1 ≥ δI, which can be
transformed into the following optimization problem:

min δ �
1
δ

s.t.
i)

δI I

I P1,1

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦≥ 0,

ii) Eqs. (13) − (16) or (48) − (51),

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(67)

4. Numerical Examples

In this section, two examples are used to demonstrate the
effectiveness and correctness of the main results derived
above.

Example 1. Consider the following uncertain time-delayed
system (58) which has been studied in [9, 11]:

A1 �
− 2 0

0 − 0.7
 ,

B1 �
− 1 0

− 1 − 0.9
 ,

D1 �
− 0.5

1
 ,

A2 �
− 2 0

0 − 1.1
 ,

B2 �
− 1 0

− 1 − 1.1
 ,

D2 � D1, ωT
(t)ω(t) ≤ω2

m � 1, h1 � 0.

(68)

/e transition rate matrix Λ is considered as in the
following three cases.

Case 1. /e transition rate matrix Λ is completely

known, which is considered as Λ �
− 0.6 0.6
0.2 − 0.2 .

Case 2. /e transition rate matrix Λ is partly known,

which is considered as Λ �
− 0.6 0.6

? ?
 .
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Case 3. /e transition rate matrix Λ is completely

unknown, which is considered as Λ �
? ?

? ?
 .

By solving the optimization problem (59)–(62), the al-
lowable minimum values of δ obtained by different methods
for 0≤ h(t)≤ 0.7 and 0≤ h(t)≤ 0.75 are listed in Table 1.
According the Table 1, it is inescapably clear that our results
decrease the size of the ellipsoid significantly.

Furthermore, for the parameters listed above, let
h2 � 0.75, α � 0.7, and we can get the following feasible
solutions by /eorem 2 in this paper. In this example, when

the transition probability matrix is completely unknown (at
this point, the state trajectory is general switching system,
not the system studied in this paper), it is a general switching
system, such as [9, 11]. But when the Λ is partly unknown or
completely known, it is the Markov jump system. And there
are two elliptical boundaries in the picture. So, we choose the
smaller one as the reachable set boundary. Due to the
limitation of the length of this paper, we just show some of
them here, and the reachable set is ∩ 2i�1I(P1,i).

By using /eorem 2 and solving the problem (59)–(62)
in Case 2, we can obtain

Pi11 �
2.4425 − 0.4772

− 0.4772 1.0098
 ,

Pi44 �
24.8867 0.3433

0.3433 24.9046
 ,

Q3 �
175.9261 0.4467

0.4467 173.8194
 ,

R6 �
0.0493 − 0.0035

− 0.0035 0.0365
 ,

X11 �
− 50.2037 0.0891

0.0893 − 50.3448
 ,

Y11 �
− 52.9810 0.2084

− 0.2832 − 52.6961
 ,

P1,1 �
1.6344 − 0.3169

− 0.3169 0.6826
 .

(69)

By using Corollary 3 and solving the problems (63) and
(64) in Case 1, we can obtain

Pi11 �
4.3786 − 0.5368

− 0.5368 2.1556
⎡⎢⎢⎣ ⎤⎥⎥⎦,

Pi44 �
72.9859 0.3683

0.3683 72.5227
⎡⎢⎢⎣ ⎤⎥⎥⎦,

Q3 �
474.5381 0.7949

0.7949 467.5645
⎡⎢⎢⎣ ⎤⎥⎥⎦,

P1,1 �
2.9222 − 0.3632

− 0.3632 1.4403
⎡⎢⎢⎣ ⎤⎥⎥⎦.

(70)

By using Corollary 4 and solving the problems (65) and
(66) in Case 3, we can obtain

Pi11 �
4.9321 − 0.4496

− 0.4496 2.5786
 ,

Pi44 �
99.7440 0.3944

0.3944 99.3030
 ,

Q3 �
678.1573 1.0381

1.0381 672.4074
 ,

R3 �
0.1860 − 0.0122

− 0.0122 0.1374
 ,

X11 �
− 195.7636 0.4919

0.4548 − 197.1652
 ,

Y11 �
− 203.4827 0.7165

− 0.8392 − 202.9476
 ,

P1,1 �
3.2976 − 0.3031

− 0.3031 1.7280
 .

(71)
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Figure 1 is the plot of the state trajectory of system (56).
Figures 2–4 are the plots of the ellipsoidal sets I defined in
equation (13), which are obtained in /eorem 2 and Cor-
ollaries 3 and 4 when h2 � 0.75, respectively.

Example 2. Consider the uncertain MJSs with time-varying
delays and disturbances:

_x(t) � A t,rt( ) + ΔA t,rt( )(t) x(t)

+ B t,rt( ) + ΔB t,rt( )(t) x(t − h(t))

+ D t,rt( ) + ΔD t,rt( )(t) ω(t),

(72)

where

A1 �
− 5 0

0 − 6
 ,

B1 �
− 1.6 0

− 1.8 − 1.5
 ,

D1 �
0.5

− 1
 ,

L1 �
0.1 0

0 0.1
 ,

E13 � 0,

A2 �
− 4 0

0 − 5
 ,

B2 �
− 2 0

− 0.9 − 1.2
 ,

D2 �
− 0.5

1
 ,

L2 �
0 0

0 − 0.1
 ,

E23 � 0,

E11 �
0 0

0 − 0.1
 ,

E12 �
− 0.1 0

0 0.1
 ,

E21 �
0 0

0 0.1
 ,

E22 �
0.1 0

0 0.1
 .

(73)

By using Corollary 1 and solving the optimization
problem (72) in Case 1, we can get that the minimization of δ
is 0.0785 (the short half axis length of the ellipsoid is 0.2802)
when α � 0.7 and the corresponding feasible matrices are
given as

P1,1 �
21.3278 − 0.3828
− 0.3828 12.7572 , P1,2 �

10.2938 0.9042
0.9042 10.2938 .

/e reachable sets of system (72) in Case 1 are bounded by
a intersection of two ellipsoids: ∩ 2i�1I(P1,i), which is
depicted in Figure 5.

By using /eorem 1 and solving the optimization
problem (72) in Case 2, we can get that the minimization of δ
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x 2

 (t
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Figure 1:/e time responses of state variable x(t) of Markov jump
system (1) for Case 1.
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Figure 2: /e ellipsoidal bound I and state trajectory of system
(58) for Case 1.

Table 1: /e minimum sizes of ellipsoidal bound (δ) obtained by different methods.

Method [28] [22] [29] [30] [13] [12] [11] cor 3.3 [11] cor 3.4 Corollary 4
0≤ h(t)≤ 0.7 2.97 1.9151 1.89 1.79 1.38 1.15 1.1096 1.1375 0.9279
0≤ h(t)≤ 0.75 3.34 2.3199 2.28 2.03 1.27 1.34 1.1551 1.2064 0.5982

18 Journal of Mathematics



–0.4

–0.3

–0.2

–0.1

0

0.1

0.2

0.3

0.4

–0.25 –0.2 –0.15 –0.1 –0.05 0 0.250.20.150.10.05

Figure 5: /e ellipsoidal bound I and state trajectory of system(72) for Case 1.
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Figure 3: /e ellipsoidal bound I and state trajectory of system (58) for Case 2.
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Figure 4: /e ellipsoidal bound I and state trajectory of system (58) for Case 3.
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is 0.0524 (the short half axis length of the ellipsoid is 0.2288)
when α � 0.7 and the corresponding feasible matrices are

given as P1,1 �
32.8001 2.0190
2.0190 19.3954 , P1,2 �

15.8731 2.5565
2.5565 13.5311 . /e reachable sets of system (72) in

Case 1 are bounded by a intersection of two ellipsoids:
∩ 2i�1I(P1,i), which is depicted in Figure 6.

By using Corollary 2 and solving the optimization
problem (72) in Case 3, we can get that the minimization of δ
is 0.0598 (the short half axis length of the ellipsoid is 0.2445)
when α � 0.7 and the corresponding feasible matrices are

given as P1,1 �
32.8028 4.4496
4.4496 17.9617 , P1,2 �

21.1376 5.7135
5.7135 14.6146 . /e reachable sets of system (72) in

Case 1 are bounded by a intersection of two ellipsoids:
∩ 2i�1I(P1,i), which is depicted in Figure 7.

Figure 8 is the plot of the time responses of state variable
for system (72). Figures 5–7 are the plots of the ellipsoidal
sets I defined in equation (13), which are obtained in
/eorem 1 and Corollaries 1 and 2 when h2 � 0.75,
respectively.

5. Conclusion

/e reachable set bounding for uncertain Markov jump
systems with time-varying delays and disturbances has been
investigated in our study. We partition the time-varying
delay into two nonuniform subintervals and consider the
delay in these two cases separately. Furthermore, some new
reachable set estimation conditions are derived in terms of
linear matrix inequalities by constructing a novel augmented
Lyapunov–Krasovskii functional, combining with optimized
integral inequality which is based on distinguished Wir-
tinger integral inequality and reciprocally convex combi-
nation inequality. Finally, the feasibility and the
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Figure 6: /e ellipsoidal bound I and state trajectory of system (72) for Case 2.
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Figure 8:/e time responses of state variable x(t) of Markov jump
system (72) for Case 1.
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Figure 7: /e ellipsoidal bound I and state trajectory of system
(72) for Case 3.
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comparisons with recent results obtained in the latest lit-
eratures are shown through numerical examples.

Appendix

A. The Representation of Ψi,Ψ
⌢

i,Φ1,
Φ2,Φ3,Π1,Π2 in Theorem 1

Ψi �

Ψi11 Ψi12 Ψi13 Ψi14

∗ Ψi22 Ψi23 Ψi24

∗ ∗ φi17,17 0

∗ ∗ ∗ − εI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A.1)

where

Ψi11 �

φi11 φi12 φi13 φi14 φi15 φi16 φi17 φi18 φi19

∗ φ22 0 φi24 0 0 φi27 φi28 φi29

∗ ∗ φ33 0 0 0 φi37 φi38 φi39

∗ ∗ ∗ 0 0 0 φi47 φi48 φi49

∗ ∗ ∗ ∗ φ55 0 φi57 φi58 φi59

∗ ∗ ∗ ∗ ∗ φ66 φi67 φi68 φi69

∗ ∗ ∗ ∗ ∗ ∗ φi77 φi78 φi79

∗ ∗ ∗ ∗ ∗ ∗ ∗ φi88 φi89

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ φi99

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

9×9

,

Ψi12 �

0 0 0 0 φ1,14 0 φi1,16

0 0 0 0 0 0 φi2,16

0 0 0 0 φ3,14 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 φ7,14 0 φi7,16

0 0 0 0 0 0 φi8,16

0 0 0 0 0 0 φi9,16

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

9×7

,

Ψi22 �

0 0 0 0 0 0 0

∗ 0 0 0 0 0 0

∗ ∗ 0 0 0 0 0

∗ ∗ ∗ 0 0 0 0

∗ ∗ ∗ ∗ φ14,14 0 0

∗ ∗ ∗ ∗ ∗ 0 0

∗ ∗ ∗ ∗ ∗ ∗ −
α
ω2

m

I

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

7×7

,

Ψi13 � φi1,17 φi2,17 φi3,17 φi4,17 φi5,17 φi6,17 φi7,17 φi8,17 φi9,17 
T
,

Ψi14 � εEia 0 0 εEib 0 0 0 0 0 
T

,

Ψi23 � 0 0 0 0 0 0 φi16,17 
T
,

Ψi24 � 0 0 0 0 0 0 εEi d 
T

,

(A.2)
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φi11 � Pi11Ai + A
T
i P

T
i11 + Pi15Ai + A

T
i P

T
i15 + Pi12 + P

T
i12 + h

2
1R1 + hm − h1( 

2
R2 + h2 − hm( 

2

R3 + Q1 + M1Ai + A
T
i M

T
1 + αPi11 − 9R4e

− αh1 + 

j∈Ui
k

λij Pj11 − Wi11 ,

φi12 � − M1 − Pi15 + A
T
i M

T
2 ,

φi13 � Pi13 − Pi12 + 3R4e
− αh1 ,

φi14 � Pi11Bi + Pi15Bi + M1Bi,

φi15 � Pi14 − Pi13,

φi16 � − Pi14,

φ1,14 � 60R4e
− αh1 ,

φi24 � M2Bi,

φi2,16 � M2Di,

φi68 � − P
T
i34,

φi17 � A
T
i P

T
i21 + A

T
i P

T
i25 + P

T
i22 −

24
h1

R4e
− αh1 + αPi12 + 

j∈Ui
k

λij Pj12 − Wi12 ,

φi18 � A
T
i P

T
i31 + A

T
i P

T
i35 + Pi23 + αPi13 + 

j∈Ui
k

λij Pj13 − Wi13 ,

φ33 � e
− αh1 Q2 − Q1(  − 9R4e

− αh1 ,

φi19 � A
T
i P

T
i41 + A

T
i P

T
i45 + Pi24 + αPi14 + 

j∈Ui
k

λij Pj14 − Wi14 ,

φi37 � P
T
i23 − P

T
i22 +

36
h1

R4e
− αh1 ,

(A.3)

φi1,16 � Pi11Di + Pi15Di + M1Di,

φi88 � − e
− αhm R2 + αPi33 + 

j∈Ui
k

λij Pj33 − Wi33 ,

φi1,17 � P
T
i51 + Pi11Li + Pi51Li + M1Li + A

T
i P

T
i51 + AiPi55 − A

T
i Pi15 − Pi25,

φ22 � − M2 − M
T
2 + h

2
1R4 + hm − h1( 

2
R5 + h2 − hm( 

2
R6,

φi38 � P
T
i33 − P

T
i32,

φi39 � P
T
i43 − P

T
i42,

φi27 � − P
T
i25,

φi28 � − P
T
i35,

φi29 � − P
T
i45,

φi2,17 � M2Li − P
T
i55,

φ3,14 � − 60R4e
− αh1 ,

(A.4)

22 Journal of Mathematics



φi47 � B
T
i P

T
i21 + B

T
i P

T
i25,

φi48 � B
T
i P

T
i31 + B

T
i P

T
i35,

φi49 � B
T
i P

T
i41 + B

T
i P

T
i45,

φi4,17 � B
T
i P

T
i51 + B

T
i P

T
i55 − B

T
i Pi15,

φ55 � e
− αhm Q3 − Q2( ,

φi57 � P
T
i24 − P

T
i23,

φi58 � P
T
i34 − P

T
i33,

φi59 � P
T
i44 − P

T
i43,

φi66 � − e
− αh2Q3,

φi67 � − P
T
i24,

φi69 � − P
T
i44,

φi77 � − e
− αh1R1 + αPi22 −

192
h
2
1

R4e
− αh1 + 

j∈Ui
k

λij Pj22 − Wi22 ,

φi78 � αPi23 + 

j∈Ui
k

λij Pj23 − Wi23
⎞⎟⎟⎟⎠,

(A.5)

φ14,14 � − 720R4e
− αh1 ,

φi79 � αPi24 + 

j∈Ui
k

λij Pj24 − Wi24
⎞⎟⎟⎟⎠,

φ7,14 �
360
h1

R4e
− αh1 ,

φi89 � αPi34 + 

j∈Ui
k

λij Pj34 − Wi34 ,

φi99 � − e
− αh2R3 + αPi44 + 

j∈Ui
k

λij Pj44 − Wi44 ,

φi7,16 � Pi21Di + Pi25Di,

φi8,16 � Pi31Di + Pi35Di,

φi9,16 � Pi41Di + Pi45Di,

φi7,17 � Pi21Li + Pi25Li,

φi8,17 � Pi31Li + Pi35Li,

φi16,17 � D
T
i P

T
i51 + D

T
i P

T
i55 − D

T
i Pi15,

(A.6)

φi9,17 � Pi41Li + Pi45Li,

φi17,17 � Pi51Li + L
T
i P

T
i51 + Pi55Li + L

T
i P

T
i55 − Li − L

T
i − εI,

Ψi � φi,j 16×16,

Φ1 � Φ(1)
+Φ(2)

+Φ(3)
+Φ(4)

,

Φ2 � Φ(1)
+ Φ(4)

,

Φ3 � Φ(2)
+Φ(4)

,

Π1 � Π(1)
+Π(2)

+ Π(3)
+ Π(4)

,

Π2 � Π(2)
+ Π(4)

,

(A.7)
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where

Φ(1)
� ϕ(1)

ij 18×18,Φ
(2)

� ϕ(2)
ij 18×18,Φ

(3)
� ϕ(3)

ij 18×18,Φ
(4)

� ϕ(4)
ij 18×18,

Π(1)
� π(1)

ij 18×18,Π
(2)

� π(2)
ij 18×18,Π

(3)
� π(3)

ij 18×18,
Φ(1)

� ϕ(1)
ij 16×16,

Φ(2)
� ϕ(2)

ij 16×16,
Φ(4)

� ϕ(4)
ij 16×16,Φ

(1)
� ϕ(1)

ij 16×16,Φ
(2)

� ϕ(2)
ij 16×16,

Φ(4)
� ϕ(4)

ij 16×16,
Π(1)

� π(1)
ij 16×16,

Π(2)
� π(2)

ij 16×16,
Π(4)

� π(4)
ij 16×16.

(A.8)

with

ϕ(1)
44 � − 9R5e

− αhm ,ϕ(1)
45 � 3R5e

− αhm , ϕ(1)
4,10 � − 24R5e

− αhm ,ϕ(1)
4,12 � 60R5e

− αhm ,

ϕ(1)
55 � − 9R5e

− αhm ,ϕ(1)
5,10 � 36R5e

− αhm , ϕ(1)
5,12 � − 60R5e

− αhm , ϕ(1)
10,10 � − 192R5e

− αhm ,

ϕ(1)
10,12 � 360R5e

− αhm ,ϕ(1)
12,12 � − 720R5e

− αhm , ϕ(2)
33 � − 9R5e

− αhm ,ϕ(2)
34 � 3R5e

− αhm ,

ϕ(2)
3,11 � − 24R5e

− αhm , ϕ(2)
3,13 � 60R5e

− αhm , ϕ(2)
44 � − 9R5e

− αhm , ϕ(2)
4,11 � 36R5e

− αhm ,

ϕ(2)
4,13 � − 60R5e

− αhm , ϕ(2)
11,11 � − 192R5e

− αhm , ϕ(2)
11,13 � 360R5e

− αhm , ϕ(2)
13,13 � − 720R5e

− αhm ,

ϕ(3)
34 � − e

− αhm X
T
11 + X

T
12 + X

T
13 + X

T
21 + X

T
22 + X

T
23 + X

T
31 + X

T
32 + X

T
33 ,

ϕ(3)
35 � e

− αhm X
T
11 + X

T
12 + X

T
13 − X

T
21 − X

T
22 − X

T
23 + X

T
31 + X

T
32 + X

T
33 ,

ϕ(3)
3,10 � 2e

− αhm X
T
21 − 3X

T
31 + X

T
22 − 3X

T
32 + X

T
23 − 3X

T
33 , ϕ(3)

3,12 � 12e
− αhm X

T
31 + X

T
32 + X

T
33 ,

ϕ(3)
44 � e

− αhm sym X11(  + sym X21(  + sym X31(  − sym X12(  − sym X22( (

− sym X32(  + sym X13(  + sym X23(  + sym X33( ,

ϕ(3)
45 � − e

− αhm X
T
11 − X

T
21 + X

T
31 − X

T
12 + X

T
22 − X

T
32 + X

T
13 − X

T
23 + X33T ,

ϕ(3)
4,10 � − 2e

− αhm X
T
21 − 3X

T
31 − X

T
22 + 3X

T
32 + X

T
23 − 3X

T
33 , ϕ(3)

10,13 � − 24e
− αhm X23 − 3X33( ,

ϕ(3)
4,11 � 2e

− αhm X12 + X22 + X32 − 3X13 − 3X23 − 3X33( ,ϕ(3)
11,12 � − 24e

− αhm X
T
32 − 3X33 ,

ϕ(3)
4,12 � − 12e

− αhm X
T
31 − X

T
32 + X

T
33 ,ϕ(3)

4,13 � 12e
− αhm X13 + X23 + X33( ,

ϕ(3)
5,13 � − 12e

− αhm X13 − X23 + X33( ,ϕ(3)
10,11 � − 4e

− αhm X22 − 3X32 − 3X23 + 9X33( ,

ϕ(3)
5,11 � − 2e

− αhm X12 − X22 + X32 − 3X13 + 3X23 − 3X33( , ϕ(3)
12,13 � − 144e

− αhm X33( ,

(A.9)
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ϕ(4)
55 � − 9R6e

− αh2 , ϕ(4)
56 � 3R6e

− αh2 , ϕ(4)
59 � −

24
h2 − hm

R6e
− αh2 ,ϕ(4)

5,15 � 60R6e
− αh2 ,

ϕ(4)
66 � − 9R6e

− αh2 , ϕ(4)
69 �

36
h2 − hm

R6e
− αh2 ,ϕ(4)

6,15 � − 60R6e
− αh2 , ϕ(4)

99 � −
192

h2 − hm( 
2R6e

− αh2 ,

ϕ(4)
9,15 �

360
h2 − hm

R6e
− αh2 ,ϕ(4)

15,15 � − 720R6e
− αh2 , π(1)

44 � − 9R6e
− αh2 , π(1)

46 � 3R6e
− αh2 ,

π(1)
4,10 � − 24R6e

− αh2 , π(1)
4,12 � 60R6e

− αh2 , π(1)
66 � − 9R6e

− αh2 , π(1)
6,10 � 36R6e

− αh2 ,

π(1)
6,12 � − 60R6e

− αh2 , π(1)
10,10 � − 192R6e

− αh2 , π(1)
10,12 � 360R6e

− αh2 , π(1)
12,12 � − 720R6e

− αh2 ,

π(2)
44 � − 9R6e

− αh2 , π(2)
45 � 3R6e

− αh2 , π(2)
4,11 � − 24R6e

− αh2 , π(2)
4,13 � 60R6e

− αh2 ,

π(1)
55 � − 9R6e

− αh2 , π(2)
5,11 � 36R6e

− αh2 , π(2)
5,13 � − 60R6e

− αh2 ,

π(2)
11,11 � − 192R6e

− αh2 , π(2)
11,13 � 360R6e

− αh2 , π(2)
13,13 � − 720R6e

− αh2 ,

π(3)
44 � e

− αh2 sym Y11(  + sym Y21(  + sym Y31(  − sym Y12(  − sym Y22( (

− sym Y32(  + sym Y13(  + sym Y23(  + sym Y33( ,

π(3)
45 � − e

− αh2 Y11 + Y21 + Y31 + Y12 + Y22 + Y32 + Y13 + Y23 + Y33( ,

π(3)
46 � − e

− αh2 Y
T
11 − Y

T
21 + Y

T
31 − Y

T
12 + Y

T
22 − Y

T
32 + Y

T
13 − Y

T
23 + Y

T
33 ,

π(3)
4,10 � − e

− αh2 2Y
T
21 − 6Y

T
31 − 2Y

T
22 + 6Y

T
32 + 2Y

T
23 − 6Y

T
33 , π(3)

4,12 � − 12e
− αh2 Y

T
31 − Y

T
32 + Y

T
33 ,

π(3)
4,11 � e

− αh2 2Y12 + 2Y22 + 2Y32 − 6Y13 − 6Y23 − 6Y33( , π(3)
4,13 � 12e

− αh2 Y13 + Y23 + Y33( ,

π(3)
56 � e

− αh2 Y
T
11 − Y

T
21 + Y

T
31 + Y

T
12 − Y

T
22 + Y

T
32 + Y

T
13 − Y

T
23 + Y

T
33 ,

π(3)
5,10 � 2e

− αh2 Y
T
21 − 3Y

T
31 + Y

T
22 − 3Y

T
32 + Y

T
23 − 3Y

T
33 , π(3)

5,12 � 12e
− αh2 Y

T
31 + Y

T
32 + Y

T
33 ,

π(3)
6,11 � − 2e

− αh2 Y12 − Y22 + Y32 − 3Y13 + 3Y23 − 3Y33( , π(3)
6,13 � − 12e

− αh2 Y13 − Y23 + Y33( ,

π(3)
10,11 � − e

− αh2 4Y22 − 12Y32 − 12Y23 + 36Y33( , π(3)
10,13 � 24e

− αh2 3Y33 − Y23( ,

π(3)
11,12 � 24e

− αh2 3Y
T
33 − Y

T
32 , π(3)

12,13 � − 144e
− αh2 Y33( ,

π(4)
33 � − 9R5e

− αhm , π(4)
35 � 3R5e

− αhm , π(4)
38 � −

24
hm − h1

R5e
− αhm , π(4)

3,15 � 60R5e
− αhm ,

π(4)
55 � − 9R5e

− αhm , π(4)
58 �

36
hm − h1

R5e
− αhm , π(4)

5,15 � − 60R5e
− αhm ,

π(4)
88 � −

192
hm − h1( 

2R5e
− αhm , π(4)

8,15 �
360

hm − h1
R5e

− αhm , π(4)
15,15 � − 720R5e

− αhm ,

ϕ(1)

44 � − 9R5e
− αhm , ϕ(1)

45 � 3R5e
− αhm , ϕ(1)

4,10 � − 24R5e
− αhm , ϕ(1)

4,11 � 60R5e
− αhm ,

ϕ(1)

55 � − 9R5e
− αhm , ϕ(1)

5,10 � 36R5e
− αhm , ϕ(1)

5,11 � − 60R5e
− αhm , ϕ(1)

10,10 � − 192R5e
− αhm ,

ϕ
(1)

10,11 � 360R5e
− αhm , ϕ

(1)

11,11 � − 720R5e
− αhm , ϕ

(4)

55 � − 9R6e
− αh2 , ϕ

(4)

56 � 3R6e
− αh2 ,

(A.10)
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ϕ(4)

59 � −
24

h2 − hm

R6e
− αh2 , ϕ(4)

5,13 � 60R6e
− αh2 , ϕ(4)

66 � − 9R6e
− αh2 , ϕ(4)

69 �
36

h2 − hm

R6e
− αh2 ,

ϕ(4)

6,13 � − 60R6e
− αh2 , ϕ(4)

99 � −
192

h2 − hm( 
2R6e

− αh2 , ϕ(4)

9,13 �
360

h2 − hm

R6e
− αh2 , ϕ(4)

13,13 � − 720R6e
− αh2 ,

ϕ(2)

33 � − 9R5e
− αhm ,ϕ(2)

34 � 3R5e
− αhm , ϕ(2)

3,10 � − 24R5e
− αhm ,ϕ(2)

3,11 � 60R5e
− αhm , ϕ(2)

44 � − 9R5e
− αhm ,

ϕ(2)

4,10 � 36R5e
− αhm , ϕ(2)

4,11 � − 60R5e
− αhm , ϕ(2)

10,10 � − 192R5e
− αhm , ϕ(2)

10,11 � 360R5e
− αhm ,

ϕ(2)

11,11 � − 720R5e
− αhm , ϕ(4)

55 � − 9R6e
− αh2 , ϕ(4)

56 � 3R6e
− αh2 ,ϕ(4)

59 � −
24

h2 − hm

R6e
− αh2 ,

ϕ(4)

5,13 � 60R6e
− αh2 ,ϕ(4)

66 � − 9R6e
− αh2 ,ϕ(4)

69 �
36

h2 − hm

R6e
− αh2 , ϕ(4)

6,13 � − 60R6e
− αh2 ,

ϕ(4)

99 � −
192

h2 − hm( 
2R6e

− αh2 ,ϕ(4)

9,13 �
360

h2 − hm

R6e
− αh2 ,ϕ(4)

13,13 � − 720R6e
− αh2 ,

π(2)
44 � − 9R6e

− αh2 , π(2)
45 � 3R6e

− αh2 , π(2)
4,10 � − 24R6e

− αh2 , π(2)
4,11 � 60R6e

− αh2 , π(2)
55 � − 9R6e

− αh2 ,

π(2)
5,10 � 36R6e

− αh2 , π(2)
5,11 � − 60R6e

− αh2 , π(2)
10,10 � − 192R6e

− αh2 , π(2)
10,11 � 360R6e

− αh2 ,

π(2)
11,11 � − 720R6e

− αh2 , π(4)
33 � − 9R5e

− αhm , π(4)
35 � 3R5e

− αhm , π(4)
38 � −

24
hm − h1

R5e
− αhm ,

π(4)
3,13 � 60R5e

− αhm , π(4)
55 � − 9R5e

− αhm , π(4)
58 �

36
hm − h1

R5e
− αhm , π(4)

5,13 � − 60R5e
− αhm ,

π(4)
88 � −

192
hm − h1( 

2R5e
− αhm , π(4)

8,13 �
360

hm − h1
R5e

− αhm , π(4)
13,13 � − 720R5e

− αhm .

(A.11)

/e other elements in Φ(1), Φ(2), Φ(3), Φ(4), Π(1), Π(2),
Π(3),Π(4), Φ(2), Φ(4),Φ(1),Φ(2),Φ(4)

, Π(1), Π(2), and Π(4) are
equal to zero.

B. The Representation of Ψi,Ψ
⌢

i,Φ1,Φ2,
Φ3,Π1,Π2 in Corollary 1

Ψi �

Ψi11 Ψi12 Ψi13 Ψi14

∗ Ψi22 Ψi23 Ψi24

∗ ∗ φi17,17 0

∗ ∗ ∗ − εI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (B.1)

where

φi11 � Pi11Ai + A
T
i P

T
i11 + Pi15Ai + A

T
i P

T
i15 + Pi12 + P

T
i12 + h

2
1R1 + hm − h1( 

2
R2 + h2 − hm( 

2

R3 + Q1 + M1Ai + A
T
i M

T
1 + αPi11 − 9R4e

− αh1 + 

j∈Ui
k

λijPj11,

φi17 � A
T
i P

T
i21 + A

T
i P

T
i25 + P

T
i22 −

24
h1

R4e
− αh1 + αPi12 + 

j∈Ui
k

λijPj12,

φi18 � A
T
i P

T
i31 + A

T
i P

T
i35 + Pi23 + αPi13 + 

j∈Ui
k

λijPj13,

(B.2)
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φi19 � A
T
i P

T
i41 + A

T
i P

T
i45 + Pi24 + αPi14 + 

j∈Ui
k

λijPj14,

φi77 � − e
− αh1R1 + αPi22 −

192
h
2
1

R4e
− αh1 + 

j∈Ui
k

λijPj22,

φi78 � αPi23 + 

j∈Ui
k

λijPj23,

φi79 � αPi24 + 

j∈Ui
k

λijPj24,

φi88 � − e
− αhm R2 + αPi33 + 

j∈Ui
k

λijPj33,

φi89 � αPi34 + 

j∈Ui
k

λijPj34,

φi99 � − e
− αh2R3 + αPi44 + 

j∈Ui
k

λijPj44.

(B.3)

/e other elements are the same as those defined in
Appendix A.

C. The Representation of Ψi,Ψ
⌢

i,Φ1,Φ2,
Φ3,Π1,Π2 in Corollary 2

Ψi �

Ψi11 Ψi12 Ψi13 Ψi14

∗ Ψi22 Ψi23 Ψi24

∗ ∗ φi17,17 0

∗ ∗ ∗ − εI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (C.1)

where

φi11 � Pi11Ai + A
T
i P

T
i11 + Pi15Ai + A

T
i P

T
i15 + Pi12 + P

T
i12 + h

2
1R1 + hm − h1( 

2
R2 + h2 − hm( 

2

R3 + Q1 + M1Ai + A
T
i M

T
1 + αPi11 − 9R4e

− αh1 ,

φi17 � A
T
i P

T
i21 + A

T
i P

T
i25 + P

T
i22 −

24
h1

R4e
− αh1 + αPi12,

φi18 � A
T
i P

T
i31 + A

T
i P

T
i35 + Pi23 + αPi13,

φi19 � A
T
i P

T
i41 + A

T
i P

T
i45 + Pi24 + αPi14,

φi77 � − e
− αh1R1 + αPi22 −

192
h
2
1

R4e
− αh1 ,

φi78 � αPi23,

φi79 � αPi24,

φi88 � − e
− αhm R2 + αPi33,

φi89 � αPi34,

φi99 � − e
− αh2R3 + αPi44.

(C.2)
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/e other elements are the same as those defined in
Appendix A.

D. The Representation of Ψi,Ψ
⌢

i,Φ1,
Φ2,Φ3,Π1,Π2 in Theorem 2

Ψi �
Ψi11 Ψi12

∗ Ψi22

⎡⎣ ⎤⎦, (D.1)

where

Ψi11 �

φi11 φi12 φi13 φi14 φi15 φi16 φi17 φi18 φi19

∗ φ22 0 φi24 0 0 0 0 0

∗ ∗ φ33 0 0 0 φi37 φi38 φi39

∗ ∗ ∗ 0 0 0 φi47 φi48 φi49

∗ ∗ ∗ ∗ φ55 0 φi57 φi58 φi59

∗ ∗ ∗ ∗ ∗ φ66 φi67 φi68 φi69

∗ ∗ ∗ ∗ ∗ ∗ φi77 φi78 φi79

∗ ∗ ∗ ∗ ∗ ∗ ∗ φi88 φi89

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ φi99

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

9×9

, (D.2)

φi11 � Pi11Ai + A
T
i P

T
i11 + Pi12 + P

T
i12 + h

2
1R1 + hm − h1( 

2
R2 + h2 − hm( 

2
R3 + M1Ai + A

T
i M

T
1

+ Q1 + αPi11 − 9R4e
− αh1 + 

j∈Ui
k

λij Pj11 − Wi11 ,

φi12 � − M1 + A
T
i M

T
2 ,

φi14 � Pi11Bi + M1Bi,

φi18 � A
T
i P

T
i31 + Pi23 + αPi13 + 

j∈Ui
k

λij Pj13 − Wi13 ,

φi17 � A
T
i P

T
i21 + P

T
i22 −

24
h1

R4e
− αh1 + αPi12 + 

j∈Ui
k

λij Pj12 − Wi12 ,

φi1,16 � Pi11Di + M1Di,

φi19 � A
T
i P

T
i41 + Pi24 + αPi14 + 

j∈Ui
k

λij Pj14 − Wi14 ,

φi47 � B
T
i P

T
i21,

φi48 � B
T
i P

T
i31,

φi49 � B
T
i P

T
i41,

φi7,16 � Pi21Di,

φi8,16 � Pi31Di,

φi9,16 � Pi41Di,

(D.3)

/e other elements are defined in Appendix A.
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E. The Representation of Ψi,Ψ
⌢

i,Φ1,Φ2,
Φ3,Π1,Π2 in Corollary 3

Ψi �
Ψi11 Ψi12

∗ Ψi22

⎡⎣ ⎤⎦, (E.1)

where

φi11 � αPi11 + Pi11Ai + A
T
i P

T
i11 + Pi12 + P

T
i12 + h

2
1R1

+ hm − h1( 
2
R2 + h2 − hm( 

2

R3 + Q1 − 9R4e
− αh1 + M1Ai + A

T
i M

T
1 + 

j∈Ui
k

λijPj11,

φi17 � A
T
i P

T
i21 + P

T
i22 −

24
h1

R4e
− αh1 + αPi12 + 

j∈Ui
k

λijPj12,

φi18 � A
T
i P

T
i31 + Pi23 + αPi13 + 

jUi
k

λijPj13,

φi19 � A
T
i P

T
i41 + Pi24 + αPi14 + 

jUi
k

λijPj14,

φi77 � − e
− αh1R1 + αPi22 −

192
h
2
1

R4e
− αh1 + 

jUi
k

λijPj22,

φi78 � αPi23 + 

j∈Ui
k

λijPj23,

φi79 � αPi24 + 

j∈Ui
k

λijPj24,

φi99 � − e
− αh2R3 + αPi44 + 

j∈Ui
k

λijPj44,

φi88 � − e
− αhm R2 + αPi33 + 

j∈Ui
k

λijPj33,

φi89 � αPi34 + 

j∈Ui
k

λijPj34.

(E.2)

/e elements Ψi11 Ψi12 Ψi22 and other φ are the same
as those defined in Appendix D.

F. The Representation of Ψi,Ψ
⌢

i,Φ1,Φ2,
Φ3,Π1,Π2 in Corollary 4

Ψi �
Ψi11 Ψi12

∗ Ψi22

⎡⎣ ⎤⎦, (F.1)

where

φi11 � αPi11 + Pi11Ai + A
T
i P

T
i11 + Pi12 + P

T
i12 + h

2
1R1

+ hm − h1( 
2
R2 + Q1 + h2 − hm( 

2
R3 − 9R4e

− αh1

+ M1Ai + A
T
i M

T
1 ,

φi17 � A
T
i P

T
i21 + P

T
i22 −

24
h1

R4e
− αh1 + αPi12,

φi89 � αPi34,

φi18 � A
T
i P

T
i31 + Pi23 + αPi13,

φi19 � A
T
i P

T
i41 + Pi24 + αPi14,

φi77 � − e
− αh1R1 + αPi22 −

192
h
2
1

R4e
− αh1 ,

φi78 � αPi23,

φi79 � αPi24,

φi88 � − e
− αhm R2 + αPi33,

φi99 � − e
− αh2R3 + αPi44.

(F.2)

/e other elements are the same as those defined in
Appendix D.
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