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In this paper, a finite-dimensional Lie superalgebra K(n, m) over a field of prime characteristic is constructed. +en, we study
some properties ofK(n, m). Moreover, we prove thatK(n, m) is an extension of a simple Lie superalgebra, and if m � n − 1, then it
is isomorphic to a subalgebra of a restricted Lie superalgebra.

1. Introduction

In the 1970s, physicists introduced the concept of Lie
superalgebra in order to describe supersymmetry (see [1]).
Since Lie superalgebra is an important mathematical model
of supersymmetry, the research on it has been very active
and rich results have been obtained (see [2]). In mathe-
matics, Lie superalgebra is also a natural generalization of
Lie algebra. In 1977, Kac completed the classification of
finite-dimensional simple Lie superalgebras over a field of
characteristic zero (see [3]). +e research on Lie super-
algebras over a field of characteristic zero has been quite
systematic (see [4–6]), but the research on modular Lie
superalgebras remains to be perfected (see [7]). Although
some mathematicians try to study the classification of
modular Lie superalgebras (see [7–13]), the classification
problem has still been open. +erefore, it is very important
to construct new finite-dimensional modular Lie
superalgebras.

+e finite-dimensional modular Lie superalgebras
W(n, m), H(n, m) were constructed in [14, 15], respectively.
+eir natural filtrations are investigated in [16]. +e finite-
dimensional modular Lie superalgebra S(n, m) was given in
[17]. Modular Lie superalgebra K(n), which takes the
Grassmann algebra as base algebra, was constructed in [18].

Inspired by the above mentioned literatures, this paper
constructs a finite-dimensional modular Lie superalgebra of
contact type, which is denoted by K(n, m).

+e remainder of this paper is arranged as follows. A
brief summary of the relevant concepts and notations is
presented in Section 2. In Section 3, we construct the finite-
dimensional modular Lie superalgebra K(n, m). In Section
4, we obtain some properties of K(n, m). Moreover, we
prove that K(n, m) is an extension of K(n, 0), and if
m � n − 1, then it is isomorphic to a subalgebra of
KO(n − 1, n, 1 ).

2. Preliminaries

+roughout this paper, F denotes an algebraic closed field of
characteristic p≥ 3; n is an integer greater than 3. Apart from
the standard notation Z, the sets of positive integers and
nonnegative integers are denoted by N and N0, respectively.
Z2 � 0, 1􏼈 􏼉 denotes the ring of integers modulo 2.

Let Λ(n) be the Grassmann algebra over F in n variables
x1, x2, . . . , xn. Set Bk � 〈i1, i2, . . . , ik〉|1≤ i1 < i2 < · · · < ik ≤􏼈

n} and B(n) � ∪ n
k�0Bk, where B0 � ∅. For u � 〈i1,

i2, . . . , ik〉 ∈ Bk, set |u| � k, u{ } � i1, i2, . . . , ik􏼈 􏼉 and
xu � xi1

xi2
, . . . , xik

(|∅| � 0, x∅ � 1). +en, xu|u ∈ B(n){ } is
an F-basis of Λ(n).
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Let Λ(n − 1) be the Grassmann algebra over F in n − 1
variables x1, x2, . . . , xn− 1. Obviously, Λ(n) � Λ(n − 1)∧
〈xn〉.

Let Dk: Λ(n)⟶W(n) be the linear map such that for
any f ∈ Λ(n)θ, θ ∈ Z2,

Dk(f) � 􏽘
n− 1

i�1
fiDi + fnxnDn, (1)

where fi � (− 1)θ(xixnDn(f) + Di(f)) and fn � 2f − 􏽐
n− 1
i�1

xiDi(f).
Let K(n) � Dk(f)|f ∈ Λ(n)􏼈 􏼉. +en, K(n) is a finite-

dimensional Lie superalgebra according to the operations in
W(n). Let K(n) � [K(n), K(n)]. +en, K(n) � f|f ∈􏼈

Λ(n), f≠x􏽢u}, where 􏽢u � 〈1, . . . , n − 1〉. In [18], Xin proves
that K(n) is not a simple Lie superalgebra.

LetU � Λ(n)⊗ T(m) be the tensor product, where T(m)

is the truncated polynomial algebra satisfying y
p
i � 1 for all

i � 1, 2, . . . , m (see [17]). +en, U is an associative super-
algebra with Z2-gradation induced by the trivial Z2-gra-
dation of T(m) and the natural Z2-gradation of Λ(n).
Namely, U � U0⊕U1, where U0 � Λ(n)0 ⊗ T(m) and
U1 � Λ(n)1 ⊗ T(m).

For f ∈ Λ(n) and α ∈ T(m), we abbreviate f⊗ α as fα.
+en, the elements xuyλ with u ∈ B(n) and λ ∈ G form an
F-basis of U. It is easy to see that U � ⊕i�0n Ui is a Z-graded
superalgebra, where Ui � spanF xuyλ|u ∈ B(n), |u| � i,􏼈

λ ∈ G}. In particular, U0 � T(m) and Un � spanF xπ{

yλ|λ ∈ G}, where π: � 〈1, 2, . . . , n〉 ∈ B(n).
In this paper, let hg(A) � A0 ∪A1, where A � A0⊕A1 is a

superalgebra. If x is a Z2-homogeneous element of A, then
degx denotes the Z2-degree of x.

Set Y � 1, 2, . . . , n{ }. Given i ∈ Y, let z/zxi be the partial
derivative on Λ(n) with respect to xi. For i ∈ Y, let Di be the
linear transformation on U such that Di(xuyλ) � (zxu/
zxi)y

λ for all u ∈ B(n) and λ ∈ G. Let DerU denote the
derivation superalgebra of U (see [11]). +en, Di ∈ Der1U
for all i ∈ Y since z/zxi ∈ Der1(Λ(n)) (see [7]).

Suppose that u ∈ Bk⊆B(n) and i ∈ Y. When i ∈ u{ }, u −

〈i〉 denotes the uniquely determined element of Bk− 1 sat-
isfying u − 〈i〉{ } � u{ }∖ i{ }. +en, the number of integers less
than i in u{ } is denoted by τ(u, i). When i ∉ u{ }, we set
τ(u, i) � 0 and xu− 〈i〉 � 0. +erefore, Di(xu) � (− 1)τ(u,i)

xu− 〈i〉 for all i ∈ Y and u ∈ B(n).

We define (f D)(g) � f D(g) for f, g ∈ hg(U) and
D ∈ hg(DerU). Since the multiplication of U is super-
commutative, f D is a derivation of U. Let

W(n, m) � spanF x
u
y
λ
Di|u ∈ B(n), λ ∈ G, i ∈ Y􏽮 􏽯. (2)

+en, W(n, m) is a finite-dimensional Lie superalgebra
contained in DerU. A direct computation shows that

fDi, gDj􏽨 􏽩 � fDi(g)Dj − (− 1)
deg fDi( )deg gDj( 􏼁

gDj(f)Di,

(3)

where f, g ∈ hg(U) and i, j ∈ Y.

Definition 1 (see [4]). A Lie superalgebra L is called simple if
it does not have any graded ideals which are different from
0{ } and L and if, moreover, [L, L]≠ 0{ }.

3. Construction of K(n, m)

Set J � 1, . . . , n − 1{ }. Let 􏽥Dk: U⟶W(n, m) be the linear
map such that

􏽥Dk(f) � 􏽘
i∈J

fiDi + fnxnDn, (4)

where f ∈ hg(U), fi � (− 1)degf(xixnDn(f) + Di(f)),

i ∈ J, and fn � 2f − 􏽐i∈JxiDi(f).
Let K(n, m) � 􏽥Dk(f)|f ∈ U􏼈 􏼉. +en, K(n, m) is a

subspace of W(n, m).
Let

Gi � Di + xixnDn, ∀i ∈ J, (5)

Gn � 2xnDn. (6)

By direct calculation, we have

Gi, Gj􏽨 􏽩 � δijGn,

Gn, Gj􏽨 􏽩 � 0,
(7)

where i, j ∈ J and δij is the Kronecker delta.

Proposition 1. 􏽥Dk(f) � 􏽐i∈J(− 1)deg fGi(f)Gi + fGn.

Proof. For any j ∈ J and λ ∈ G, we have

􏽘
i∈J

(− 1)
degf

Gi(f)Gi + fGn
⎛⎝ ⎞⎠ xjy

λ
􏼐 􏼑

� 􏽘
i∈J

(− 1)
degf

Di(f) + xixnDn(f)( 􏼁 Di + xixnDn( 􏼁⎛⎝ ⎞⎠ xjy
λ

􏼐 􏼑

� (− 1)
degf

Dj(f) + xjxnDn(f)􏼐 􏼑 y
λ

􏼐 􏼑

� 􏽥Dk(f) xjy
λ

􏼐 􏼑,
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􏽘
i∈J

(− 1)
degf

Gi(f)Gi + fGn
⎛⎝ ⎞⎠ xny

λ
􏼐 􏼑

� 􏽘
i∈J

(− 1)
degf

Di(f) + xixnDn(f)( 􏼁 Di + xixnDn( 􏼁 + 2fxnDn
⎛⎝ ⎞⎠ xny

λ
􏼐 􏼑

� 􏽘
i∈J

(− 1)
degf

Di(f) + xixnDn(f)( 􏼁xixny
λ

+ 2fxny
λ

� 􏽘
i∈J

(− 1)
degf

Di(f)xixny
λ

+ 2fxny
λ

� − 􏽘
i∈J

xiDi(f) + 2f⎛⎝ ⎞⎠ xny
λ

􏼐 􏼑

� 􏽥Dk(f) xny
λ

􏼐 􏼑.

(8)

+erefore,

􏽥Dk(f) � 􏽘
i∈J

(− 1)
degf

Gi(f)Gi + fGn. (9)
□

Proposition 2. Let f ∈ Uθ and g ∈ Uμ, where θ, μ ∈ Z2.
/en,

􏽥Dk(f), 􏽥Dk(g)􏼂 􏼃 � 􏽥Dk(〈f, g〉), (10)

where 〈f, g〉 � 􏽥Dk(f)(g) − Gn(f)(g).

Proof. Let 􏽥Dk(f) � 􏽐i∈YfiGi, 􏽥Dk(g) � 􏽐j∈YgjGj.
Since 􏽥Dk(f) � 􏽐i∈J(− 1)degfGi(f)Gi + fGn, we get

fi � (− 1)
θ
Gi(f), ∀i ∈ J, fn � f,

gi � (− 1)
μ
Gi(g), ∀i ∈ J, gn � g.

(11)

+erefore, deg(fi) � θ + 1, deg(gi) � μ + 1, for i ∈ Y.
Hence,

Gi fj􏼐 􏼑 � Gi (− 1)
θ
Gj(f)􏼐 􏼑 � (− 1)

θ
GiGj(f). (12)

Since [Gi, Gj] � δijGn, where i, j ∈ J, we obtain

Gi fj􏼐 􏼑 � − Gj fi( 􏼁 +(− 1)
θδijGn(f),

Gi gj􏼐 􏼑 � − Gj gi( 􏼁 +(− 1)
μδijGn(g).

(13)

Set [ 􏽥Dk(f), 􏽥Dk(g)] � 􏽐j∈YhjGj. For any h ∈ U, we have

􏽥Dk(f), 􏽥Dk(g)􏼂 􏼃(h)

� 􏽘
i∈Y

fiGi, 􏽘
j∈Y

gjGj
⎡⎢⎢⎣ ⎤⎥⎥⎦(h)

� 􏽘
i,j∈Y

fiGi gjGj(h)􏼐 􏼑 − (− 1)
θμ

gjGj fiGi(h)( 􏼁􏼐 􏼑

� 􏽘
i,j∈Y

fiGi gj􏼐 􏼑Gj(h) − (− 1)
θμ+θ+1

gjfiGi Gj(h)􏼐 􏼑􏼐

− (− 1)
θμ

gjGj fi( 􏼁Gi(h) +(− 1)
μ+1

figjGj Gi(h)( 􏼁

� 􏽘
i,j∈Y

fiGi gj􏼐 􏼑Gj − (− 1)
θμ

gjGj fi( 􏼁Gi􏼐 􏼑(h)

+(− 1)
μ+1

􏽘
i,j∈Y

figj Gi, Gj􏽨 􏽩(h)

� 􏽘
i,j∈Y

fiGi gj􏼐 􏼑Gj − (− 1)
θμ

gjGj fi( 􏼁Gi􏼐 􏼑(h)

+(− 1)
μ+1

􏽘
i,j∈Y

δijfigjGn(h).

(14)

It follows that
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􏽥Dk(f), 􏽥Dk(g)􏼂 􏼃

� 􏽘
i∈Y

fiGi, 􏽘
j∈Y

gjGj
⎡⎢⎢⎣ ⎤⎥⎥⎦

� 􏽘
i,j∈Y

fiGi gj􏼐 􏼑Gj − (− 1)
θμ

gjGj fi( 􏼁Gi􏼐 􏼑 − (− 1)
μ

􏽘
i,j∈Y

δijfigjGn.

(15)

For all j ∈ J, we have

hj � 􏽘
i∈J

fiGi gj􏼐 􏼑 − (− 1)
θμ

􏽘
i∈J

giGi fj􏼐 􏼑 + fGn gj􏼐 􏼑 − (− 1)
θμ

gGn fj􏼐 􏼑

� − 􏽘
i∈J

fiGj gi( 􏼁 +(− 1)
θμ

􏽘
i∈J

giGj fi( 􏼁 +(− 1)
μ
fjGn(g) − (− 1)

θμ+θ
gjGn(f)

+ fGn gj􏼐 􏼑 − (− 1)
θμ

gGn fj􏼐 􏼑

� (− 1)
θ

􏽘
i∈J

Gj fi( 􏼁gi +(− 1)
θ+1

fiGj gi( 􏼁􏼐 􏼑 +(− 1)
θ+μ

Gj(f)Gn(g)

− (− 1)
θμ+θ+μ

Gj(g)Gn(f) + fGn gj􏼐 􏼑 − (− 1)
θμ

gGn fj􏼐 􏼑

� (− 1)
θ
Gj 􏽘

i∈J
figi

⎛⎝ ⎞⎠ +(− 1)
θ+μ

Gj(f)Gn(g) − (− 1)
θ+μ+θ

Gn(f)Gj(g)

+ fGn (− 1)
μ
Gj(g)􏼐 􏼑 − (− 1)

θμ
gGn (− 1)

θ
Gj(f)􏼐 􏼑

� (− 1)
θ
Gj 􏽘

i∈J
(− 1)

θ
Gi(f)(− 1)

μ
Gi(g)⎛⎝ ⎞⎠ +(− 1)

θ+μ
Gj fGn(g) − Gn(f)g( 􏼁

� (− 1)
θ+μ

Gj 􏽘
i∈J

(− 1)
θ
Gi(f)Gi(g) + fGn(g) − Gn(f)g⎛⎝ ⎞⎠

� (− 1)
θ+μ

Gj
􏽥Dk(f)(g) − Gn(f)(g)( 􏼁

� (− 1)
θ+μ

Gj(〈f, g〉).

(16)

+en, hj exactly equals to the coefficient of Gj in
􏽥Dk(〈f, g〉).

In addition,

hn � 􏽘
i∈J

fiGi(g) − (− 1)
θμ

􏽘
i∈J

giGi(f)

+ fGn(g) − (− 1)
θμ

gGn(f) − (− 1)
μ

􏽘
i∈J

figi

� 􏽘
i∈J

(− 1)
θ
Gi(f)Gi(g) − (− 1)

θμ
􏽘
i∈J

(− 1)
μ
Gi(g)Gi(f)

+ fGn(g) − (− 1)
θμ

gGn(f) − (− 1)
μ

􏽘
i∈J

(− 1)
θ
Gi(f)(− 1)

μ
Gi(g)

� − (− 1)
θμ+μ+(θ+1)(μ+1)

􏽘
i∈J

Gi(f)Gi(g) + fGn(g) − Gn(f)g

� 􏽘
i∈J

(− 1)
θ
Gi(f)Gi(g) + fGn(g) − Gn(f)g

� 􏽥Dk(f)(g) − Gn(f)(g)

� 〈f, g〉.

(17)

4 Journal of Mathematics



+en, hn exactly equals to the coefficient of Gn in
􏽥Dk(〈f, g〉).

+erefore, [ 􏽥Dk(f), 􏽥Dk(g)] � 􏽥Dk(〈f, g〉).
An immediate corollary of this proposition is the

following. □

Corollary 1. K(n, m) is a subalgebra of W(n, m).
Next, we give another way to express K(n, m). We still

denote the linear map from U to K(n, m) by 􏽥Dk. Namely,
􏽥Dk: U⟶ K(n, m). (18)

+en, we prove the following proposition.

Proposition 3. K(n, m) � U.

Proof. Let f ∈ Ker 􏽥Dk. We obtain

fi � (− 1)
degf

xixnDn(f) + Di(f)( 􏼁 � 0, ∀i ∈ J,

fn � 2f − 􏽘
i∈J

xiDi(f) � 0,

f �
1
2

􏽘
i∈J

xiDi(f) � −
1
2

􏽘
i∈J

xixixnDn(f) � 0.

(19)

+erefore, Ker 􏽥Dk � 0. +en, 􏽥Dk is injective.
We define an operator [, ] in U. For any f, g ∈ U, we

have

[f, g] � 􏽥Dk(f)(g) − Gn(f)(g). (20)

By Proposition 2, we have
􏽥Dk([f, g]) � 􏽥Dk(f), 􏽥Dk(g)􏼂 􏼃. (21)

Note that 􏽥Dk is injective. +erefore, it can be concluded
that U is a Lie superalgebra about the operator [, ] (see [1]).
It follows from equation (21) that K(n, m) � U as Lie
superalgebras.

Since K(n, m) � U, we use K(n, m) instead ofU defined
by equation (20). By equations (5) and (6) and Proposition 2,
for f, g ∈ K(n, m), we have

[f, g] � 􏽥Dk(f)(g) − Gn(f)(g)

� 􏽘
i∈J

(− 1)
degf

Gi(f)Gi(g) + fGn(g) − Gn(f)(g)

� 􏽘
i∈J

(− 1)
degf

Di(f)Di(g)

+ 􏽘
i∈J

(− 1)
degf

Di(f)xixnDn(g) + 2fxnDn(g)

+ 􏽘
i∈J

(− 1)
degf

xixnDn(f)Di(g) − 2xnDn(f)g

+ 􏽘
i∈J

(− 1)
degf

xixnDn(f)xixnDn(g)

� 2f − 􏽘
i∈J

xiDi(f)⎛⎝ ⎞⎠xnDn(g)

− (− 1)
deg(f)deg(g) 2g − 􏽘

i∈J
xiDi(g)⎛⎝ ⎞⎠xnDn(f)

+ 􏽘
i∈J

(− 1)
degf

Di(f)Di(g).

(22)

□

Definition 2. K(n, m) � [K(n, m), K(n, m)].

Proposition 4. K(n, m) � xuyλ|xuyλ ∈ U, xuyλ ≠ x􏽢uyλ􏼚 􏼛,
where 􏽢u � 〈1, . . . , n − 1〉.

Proof. Let 􏽥K(n, m) � xuyλ|xuyλ ∈ U, xuyλ ≠x􏽢uyλ􏼚 􏼛. It
suffices to prove that K(n, m) � 􏽥K(n, m). For any
f ∈ 􏽥K(n, m), let f � 􏽐t􏽐λ∈Gctλx

ut x
δt
n yλ, where ctλ ∈ F , ut

� t1, . . . ts􏼈 􏼉(tj ∈ J, j � 1, . . . , s). If generator xn is contained
in xut x

δt
n yλ, then δt � 1. Otherwise, δt � 0.

Firstly, we prove K(n, m)⊇ 􏽥K(n, m):

(i) If |ut|< n − 1, there exist tr ∉ ut􏼈 􏼉 such that

xtr
, xtr

x
ut x

δt

n y
λ

􏽨 􏽩

� 2xtr
− 􏽘

i∈J
xiDi xtr

􏼐 􏼑⎛⎝ ⎞⎠xnDn xtr
x

ut x
δt

n y
λ

􏼐 􏼑

− (− 1)
deg xtr

( 􏼁deg xtr
xut x

δt
n( 􏼁 2xtr

x
ut x

δt

n y
λ

− 􏽘
i∈J

xiDi xtr
x

ut x
δt

n y
λ

􏼐 􏼑⎛⎝ ⎞⎠xnDn xtr
􏼐 􏼑

+ 􏽘
i∈J

(− 1)
degxtr Di xtr

􏼐 􏼑Di xtr
x

ut x
δt

n y
λ

􏼐 􏼑

� xtr
xtr

x
ut xny

λ
− (− 1)

τ ut
′,tr( )x

ut x
δt

n y
λ

� − (− 1)
τ ut
′,tr( )x

ut x
δt

n y
λ
. ut
′􏼈 􏼉 � tr, ut, n􏼈 􏼉( 􏼁.

(23)
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+erefore, xut x
δt
n yλ ∈ [K(n,m),K(n,m)] � K (n,m).

(ii) If |ut| � n − 1, δt � 1, then xut x
δt
n yλ � x􏽢uxnyλ.

+erefore,

y
λ
, x

􏽢u
xn􏼔 􏼕 � (− 1)

n− 1
· 2x

􏽢u
xny

λ
. (24)

According to (i) and (ii), xut x
δt
n yλ ∈ [K(n, m),

K(n, m)] � K(n, m). Namely, for all f ∈ 􏽥K(n, m), we have
f ∈ K(n, m). +erefore, K(n, m)⊇ 􏽥K(n, m).

Secondly, we prove K(n, m)⊆ 􏽥K(n, m):

Note that

dim(K(n, m)) � 2n
p

m
, dim( 􏽥K(n, m)) � 2n

− 1( 􏼁p
m

,

dim(K(n, m)) − dim( 􏽥K(n, m)) � p
m

.

(25)

+erefore, it suffices to prove that x􏽢uyλ ∉
[K(n, m), K(n, m)]. Without loss of generality, suppose that
there exist xu1x

δ1
n yη, xu2x

δ2
n yμ ∈ K(n, m) such that

[xu1x
δ1
n yη, xu2x

δ2
n yμ] � x􏽢uyλ, where λ � η + μ.

If δ1 � δ2 � 1, then

x
u1x

δ1
n y

η
, x

u2x
δ2
n y

μ
􏽨 􏽩 � 2x

u1x
δ1
n y

η
− 􏽘

i∈J
xiDi x

u1x
δ1
n y

η
􏼐 􏼑⎛⎝ ⎞⎠xnDn x

u2x
δ2
n y

μ
􏼐 􏼑

− (− 1)
deg xu1x

δ1
n( 􏼁deg xu2x

δ2
n( 􏼁 2x

u2x
δ2
n y

μ
− 􏽘

i∈J
xiDi x

u2x
δ2
n y

μ
􏼐 􏼑⎛⎝ ⎞⎠xnDn x

u1x
δ1
n y

η
􏼐 􏼑

+ 􏽘
i∈J

(− 1)
degxu1x

δ1
n Di x

u1x
δ1
n y

η
􏼐 􏼑Di x

u2x
δ2
n y

μ
􏼐 􏼑 � 0.

(26)

If δ1 � 1, δ2 � 0, then [xu1x
δ1
n yη, xu2x

δ2
n yμ] � cuxuxnyλ,

where cu ∈ F , xu ∈ A(n − 1).
+erefore, δ1 � δ2 � 0. Namely,

x
u1x

δ1
n y

η
, x

u2x
δ2
n y

μ
􏽨 􏽩

� x
u1y

η
, x

u2y
μ

􏼂 􏼃

� (− 1)
degxu1

􏽘
i∈J

(− 1)
τ u1 ,i( )+τ u2 ,i( )x

u1+u2− 2〈i〉
y
λ
.

(27)

By the definition of the Grassmann algebra, for all
u1, u2 ∈ B(n − 1), we have

􏽘
i∈J

(− 1)
τ u1 ,i( )+τ u2 ,i( )x

u1+u2− 2〈i〉
y
λ ≠ x

􏽢u
y
λ
. (28)

It follows that x􏽢uyλ ∉ [K(n, m), K(n, m)]. +en,
K(n, m) � [K(n, m), K(n, m)]⊆ 􏽥K(n, m).

+erefore, K(n,m) � xuyλ|xuyλ ∈U,xuyλ≠􏼈 x􏽢uyλ}. □

4. Some Properties of K(n, m)

Proposition 5. K(n, m) does not possess a Z-graded
structure as W(n, m).

Proof. Suppose that K(n, m) has Z-gradation:

K(n, m) � ⊕si�− rK(n, m)i, (29)

where K(n, m)i � spanF xuyλ|xu ∈ Λ(n), λ ∈ G, i � i(u)􏼈 􏼉.
Let yλ ∈ K(n, m)t, xnyη ∈ K(n, m)q, where λ, η ∈ G. Sup-
pose that xiy

μ ∈ K(n, m)l, for all i≠ n, μ ∈ G. Since
[xiy

μ, xiy
μ] � − y2μ, we have t � 2l. Since [yλ, xnyη] �

2xnyλ+η, we have t + q � q. +en, t � 2l � 0. +erefore,
xiy

μ ∈ K(n, m)0 for all i≠ n, μ ∈ G. Since [xiy
μ, xn

yη] � xixnyμ+η and [K(n, m)0, K(n, m)q]⊆K(n, m)q, we
obtain xixnyμ+η ∈ K(n, m)q. For all xj ≠xi, j≠ n, c ∈ G, we
have xjy

c ∈ K(n, m)0. +en, [xjy
c, xixnyμ+η] � xj

xixnyc+μ+η ∈ K(n, m)q, where c + μ + η ∈ G. Following the
discussion above, we have xuxnyλ ∈ K(n, m)q, where
xu ∈ Λ(n − 1), λ ∈ G.

On the other hand, let xixjy
λ ∈ K(n, m)a, where

i≠ j≠ n, λ ∈ G. Since [xiy
μ, xixjy

λ] � − (− 1)τ(u,i)xjy
μ+λ,

where u{ } � i, j􏼈 􏼉, we know a � 0. +erefore, xixjy
λ ∈

K(n, m)0. For all xkyμ ∈ K(n, m)0, k≠ n, i, j, we have
[xkyμ, xkxixjy

λ] � − (− 1)τ(u,k)xixjy
μ+λ, where u{ } � k,{ i, j}.

+en, xkxixjy
λ ∈ K(n, m)0. Following the discussion above,

we have xuyλ ∈ K(n, m)0, where xu ∈ Λ(n − 1), λ ∈ G.
If xnyη ∈ K(n, m)0, then K(n, m) � K(n, m)0. If xn

yη ∈ K(n, m)1, then K(n, m) � K(n, m)0⊕K(n, m)1.
+erefore, K(n, m) does not possess a Z-graded struc-

ture as W(n, m). □

Lemma 1 (see [15]). Let △ � 􏽐λ∈Gαλyλ| 􏽐λ∈Gαλ � 0,􏼈

αλ ∈ F}. /en, △ is an ideal of T(m) and T(m) � △⊕F1.

Theorem 1. Let I0 � xua|xu ∈ Λ(n), a ∈△, xua≠x􏽢ua􏼚 􏼛.
/en, I0 is an ideal of K(n, m). Namely, the Lie superalgebra
K(n, m) is not simple.

Proof. Let xu1a ∈ I0, xu2b ∈ K(n, m), where xu1 , xu2 ∈ Λ(n),

a ∈△, b ∈ T(m). +en,
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x
u1a, x

u2b􏼂 􏼃

� 2x
u1a − 􏽘

i∈J
xiDi x

u1a( 􏼁⎛⎝ ⎞⎠xnDn x
u2b( 􏼁

− (− 1)
deg xu1( )deg xu2( ) 2x

u2b − 􏽘
i∈J

xiDi x
u2b( 􏼁⎛⎝ ⎞⎠xnDn x

u1a( 􏼁

+ 􏽘
i∈J

(− 1)
degxu1

Di x
u1a( 􏼁Di x

u2b( 􏼁

� cux
u
ab,

(30)

where cu ∈ F , xu ∈ Λ(n). Since △ is an ideal of T(m), we
have ab ∈△. +en, [xu1a, xu2b] � cuxuab ∈ I0. +erefore, I0
is an ideal of K(n, m). Now, we conclude that K(n, m) is not
a simple Lie superalgebra.

Let K(n, m)0: � K(n, m)/I0. +en,

K(n, m)0 � x
u

+ I0 | x
u ∈ Λ(n), x

u ≠ x
􏽢u

􏼚 􏼛. (31)

Let K(n, 0) � xu|xu ∈ Λ(n), xu ≠x􏽢u􏼚 􏼛. +en, we define
an operator ⌊, ⌋ in K(n, 0). For all f ∈K(n, 0)θ, g ∈

K(n, 0)μ, θ, μ ∈ Z2, we define ⌊f, g⌋ � 􏽐i∈J(− 1)θDi

(f)Di(g). +en, K(n, 0) is a simple Lie superalgebra. □

Theorem 2. K(n, m)0 � K(n, 0). /erefore, K(n, m) is an
extension of the simple Lie superalgebraK(n, 0) and I0 is the
maximal ideal of K(n, m).

Proof. We define a linear map σ: K(n, m)0⟶K(n, 0)

such that σ(xu + I0) � xu for all xu + I0 ∈ K(n, m)0. Obvi-
ously, σ is an isomorphism of linear spaces.

In addition, for all xu1 + I0, xu2 + I0 ∈ K(n, m)0, we have

σ x
u1 + I0, x

u2 + I0􏼂 􏼃( 􏼁

� σ x
u1 , x

u2􏼂 􏼃 + x
u1 , I0􏼂 􏼃 + I0, x

u2􏼂 􏼃 + I0, I0􏼂 􏼃( 􏼁

� σ 2x
u1 − 􏽘

i∈J
xiDi x

u1( 􏼁⎛⎝ ⎞⎠xnDn x
u2( 􏼁⎛⎝

− (− 1)
deg xu1( )deg xu2( ) 2x

u2 − 􏽘
i∈J

xiDi x
u2( 􏼁⎛⎝ ⎞⎠xnDn x

u1( 􏼁

+ 􏽘
i∈J

(− 1)
degxu1

Di x
u1( 􏼁Di x

u2( 􏼁 + I0

� σ ⌊xu1 , x
u2⌋ + I0( 􏼁

� ⌊xu1 , x
u2⌋

� σ x
u1 + I0( 􏼁, σ x

u1 + I0( 􏼁􏼂 􏼃.

(32)

+erefore, σ is a homomorphism of Lie superalgebras.
+en, σ is an isomorphism of Lie superalgebras.We consider
the following sequence:

0⟶i
I0⟶

ρ
K(n, m)⟶σ ∘ π K(n, 0)⟶0 0. (33)

In the above sequence, ρ is the embedded map from I0 to
K(n, m) and π is the natural homomorphism from K(n, m)

to K(n, m)0. Obviously, ρ(I0) � Ker(σ ∘ π). +erefore, the
above sequence is an exact sequence. Note that I0 is an ideal
of K(n, m) and K(n, m) � K(n, 0)⊕I0.+erefore, K(n, m) is
an extension of the simple Lie superalgebra K(n, 0).

LetU(n − 1, 1 ) denote the divided power algebra over F
with basis x(α)|α � (. . . , αi, . . .) ∈ Nn− 1

0 , αi ≤p − 1􏼈 􏼉. Let
Λ(n − 1, n, 1 ) � U(n − 1, 1 )⊗Λ(n). For i � 1, . . . , 2n − 1,
let Di be the linear transformation of the superalgebraΛ(n −

1, n, 1 ) such that

Di x
(α)

x
u

􏼐 􏼑 �

x
α− εi( )x

u
, i � 1, . . . , n − 1,

x
(α) zx

u

zxi

􏼠 􏼡, i � n, . . . , 2n − 1.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(34)

Let W(n − 1, n, 1 ) � 􏽐
2n− 1
i�1 fiDi|fi ∈ Λ(n − 1, n, 1 ),􏽮

i � 1, . . . , 2n − 1}. +en, we define a linear map DKO: Λ(n −

1, n, 1 )⟶W(n − 1, n, 1 ) such that

DKO(f) � 􏽘

2n− 2

i�1
(− 1)

μ(i′)degf
Di′(f) +(− 1)

degf
D2n− 1(f)xi􏼒 􏼓Di

+ 􏽘

2n− 2

i�1
xiDi(f) − 2f⎛⎝ ⎞⎠D2n− 1,

(35)

for all f ∈ Λ(n − 1, n, 1 ). Let KO(n − 1, n, 1 ) � spanF
DKO(f) ∣ f ∈ Λ(n − 1, n, 1 )􏼈 􏼉. +en, KO(n − 1, n, 1 ) is a
finite-dimensional odd contact Lie superalgebra (see [19]). □

Proposition 6 (see [15]). Let m � n − 1. /en, T(n − 1) is
isomorphic to U(n − 1, 1 ).

In [15], we can see that the isomorphism
ς: T(n − 1)⟶ U(n − 1, 1 ) can be extended to an iso-
morphism 􏽥ς: U⟶Λ(n − 1, n, 1 ).

Theorem 3. If m � n − 1, then K(n, m) is isomorphic to a
subalgebra of KO(n − 1, n, 1 ).

Proof. Let KO1(n − 1, n, 1 ) � DKO(􏽥ς(f))|f ∈ U􏼈 􏼉. It is a
subalgebra of KO(n − 1, n, 1 ). +en, we define a map
φ: K(n, n − 1)⟶ KO1(n − 1, n, 1 ) such that φ( 􏽥Dk(f)) �

DKO(􏽥ς(f)) for all 􏽥Dk(f) ∈ K(n, n − 1). By virtue of Prop-
osition 6, φ is an isomorphism of Lie superalgebras. □
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