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In this article, we develop and study a new complex function space formed by varying the weights and exponents under a definite
function. We investigate the geometric and topological characteristics of mapping ideals created using s-numbers and this
complex function space. Also, the action of shift mappings on this complex function space has been discussed. Finally, we
introduced an extension of Caristi’s fixed point theorem on it.

1. Introduction

Numerous researchers are attempting to extend the
Banach fixed point theorem [1] in a realistic manner.
Kannan [2] recognized a subclass of mappings that exe-
cute the same fixed point operations as contractions but
are not continuous. Ghoncheh [3] pioneered the study of
Kannan mappings in modular vector spaces. Lebesgue
spaces with variable exponents, L), include Nakano
sequence spaces. Across the second half of the twentieth
century, it was thought that these variable exponent
spaces offered an adequate framework for the mathe-
matical components of a variety of problems for which the
traditional Lebesgue spaces were inadequate. Due to the
importance of these areas and their consequences, they
have developed a reputation as an effective instrument for
resolving a wide variety of problems; presently, the study
of L, (Q) spaces is a developing field of research, with
implications reaching across a broad range of mathe-
matical disciplines [4]. The investigation of variable ex-
ponent Lebesgue spaces was accelerated further by the
mathematical description of non-Newtonian fluid hy-
drodynamics [5, 6]. Non-Newtonian fluids, also known as
electrorheological fluids, have a wide range of applications

in a number of fields ranging from military science to civil
engineering to orthopedics and beyond. Mapping ideal
theory has a diverse range of applications in Banach space
geometry, fixed point theory, spectral theory, and other
areas of mathematics, as well as other fields of knowledge
(for further information, see [7-13]). Bakery and
Mohamed [14] studied the notion of a pre-quasi norm on
Nakano sequence space with a variable exponent in the
range (0, 1]. They explored the conditions under which it
generates pre-quasi Banach and closed space when
endowed with a particular pre-quasi norm as well as the
Fatou property of various pre-quasi norms on it. Addi-
tionally, they showed the existence of a fixed point for
Kannan pre-quasi norm contraction mappings on it as
well as on the pre-quasi Banach operator ideal formed
from this sequence space’s s-numbers. In [15], they in-
vestigated some fixed points results of Kannan non-ex-
pansive mappings on generalized Cesaro backward
difference sequence space of non-absolute type.

We will mark the complex and non-negative integers as
C and N = {0,1,2,.. .}, respectively. By C*, we denote the
space of all complex functions with complex variable. As-
suming that r = (7). € (0, o0)", Bakery and El Dewaik
[16] defined the following function space:
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(%, (1,)), = «lh eC® h(x)= i hyx
y=0
where
=3 hy |7 2)
yim = oYt 1

They studied several of the topological and geometric
properties for (%, ((rv)))v, and even a pre-quasi ideal
construction based on the (%, ((rv)))w and s-numbers.
Upper bounds for s-numbers of infinite series of the
weighted v-th power forward shift operator on (%, ((rv)))w
were also introduced for some entire functions. Further, they
evaluated Caristi’s fixed point theorem in (%, ((r,))),. For
extra information on formal power series spaces and their
behaviors, see [17-20]. We denote the space of every, finite
rank, approximable, and compact bounded linear mappings

€ C;and y (®h) < 0o, forsome®>0]>,
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from a Banach space X into a Banach space Y by L(X,Y),
F(X,Y), A(X,Y), and L (X,Y), and if X =Y, we mark
L(X), F(X), A(X), and L, (X), respectively. The ideal of all,
finite rank, approximable, and compact mappings are
denoted by L, F, A, and L.. We will indicate the sequence of
s-numbers, approximation numbers, and Kolmogorov
numbers for any bounded linear mapping G by (s, (G)) sens
(a0, (@) ey and (d,(G)),en. The mapping ideals con-
structed by the sequence of s-numbers, approximation
numbers, and Kolmogorov numbers in sequence space 7
are marked by S, S, and SK*. For any Banach spaces X
and Y, we will use the following notations.

Notations 1 (see [16])

Sw = {S# (X,Y)}, where Sy (X,Y) = {P € L(X,Y): h, € #, where, h,(x) = ZSV(P)xV eC ]»
v=0

v=0

S = 1{SPP (X,Y)}, where S5 (X,Y) = {P € L(X,Y): hyy,, € #, where, h,,, (x) = Z a,(P)x" € C }

o0
&= {5 (X,Y)}, where S5 (X,Y) = {P € L(X,Y): hiy € I, where, hyy (x) = Y d,(P)x" € C } (3

(S%py = {(Syfp))L (X, Y)}, where

A
(s%p) (X,Y) = {T € L(X,Y): hy € %, where, hy (x) =

The purpose of this study is straightforward, as follows.
In Section 3, we introduce and investigate the complex
function space (H((b,), ( pv)))p under the definite function
p- In Section 4, the mapping ideals constructed by s-numbers
and (H((b,), ( pv)))p are presented. We have studied their
geometric and topological properties. Specifically, we ex-
plore in Section 5 the upper limits of s-numbers for infinite
series of the weighted v-th power forward and backward
shift mapping on (H((b,), (p,))), and their applications to
various entire functions. Finally, in Section 6, we present an
extension of Caristi’s fixed point theorem in (H((b,),

(P,

2. Definitions and Preliminaries

Let RV, £, ¢, and ¢, denote the spaces of each, bounded,
r-absolutely summable, and null sequences of real numbers,

respectively.

v=0

Y A, (P)x" € Cand [P - A, (P)I| =0, Vv € N }
v=0

Definition 1 (see  [16]). ~The  function  space
X = {h eC% h(y)=3%, hvyv} is called a special space of
formal power series (or in short ssfps), if it shows the fol-
lowing settings:
1) e®eg, for all beN, where e®(y)=Y%,
e‘(/b)yv — yb'

(2)If ge Z and Iﬁvltgnlqg}l, for all v € N, one has
hei.

(3) Suppose h e Z, then h €, where h;(y)
=y» Byt and [b/2] marks the integral part of
b=0 "[bi2]Y &
[b/2].

Theorem 1 (see [16]). Sy, is a mapping ideal, when I is a
ssfps.
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We denote the space of finite formal power series by g,
ie, if h € &, one has k € N with h(y) = Zﬁ:o h,y". Also, 0
indicates the zero function of .

Definition 2 (see [16]). A subspace %’P of the ssfps is said to
be a pre-quasi normed ssfps, if there is a function
p: # — [0, 00) which verifies the next conditions:

(i) For he i, we p(h)=0 and
h=0p(h)=0.
(ii) Suppose h € # and A € C, then there are [ > 1 with
p(Ah) <|Allp (h).
(iii) Let f,g € #; then, there are K>1 such that
pUf+9 <K(p(f) +p(9)Z.

have

Recall that if the space #, is complete, then 7, is called
a pre-quasi Banach ssfps.

Definition 3 (see [16]). A subspace x, of the ssfps is called a
pre-modular ssfps, if there is a function p: # — [0, 00)
which verifies the next conditions:

(i) For he, we
h=0p(h)=0.

(ii) Suppose h € # and A € C, then there are [ > 1 with
p (W) < Mlip (h).

(iii) Let f,g € #; then, there are K>1 such that

have  p(h)=0 and

p(f+g@) <K({(p(f)+p(9).
(iv) Suppose Ifb|t3n|ng|, for every beN; then,
p(f)<p(gF.
(v) There are K, >1 so that p(f)<p(f ;) <Kop(f).
Vi) § =7,
(vii) One has £>0 with p(1e@)>¢[A|p(e?), where
AeC.

Theorem 2 (see [16]). Every pre-modular ssfps # , is a pre-
quasi normed ssfps.

Definition 4 (see [21]). A function s: L(X,Y) — [0, o)V
is called an s-number, if the sequence (s, (B))s2,, for any
B e L(X,Y), satisfies the following setup:

(@) If BeL(X,Y), then |B| =s,(B)=s,(B)=s,(B)
>...20.

(b) Spsq_1 (B + B,)<s,(B;) +s,(B,), for every B,,B,

€ L(X,Y), b,aeN.

(c) The inequality s,(AB D) <|Alls,(B)| = holds, if
DeL(Xp,X), BeL(X,Y), and AeL(Y,Y,);
suppose that X, and Y, are any two Banach spaces.

(d) For A e L(X,Y) and A € R, then s, (AA) = [Als, (A).

(e) Suppose rank(A)<b; then, s,(A) =0, whenever
A€ L(X,Y),

(f) Assume that I, represents the unit map on the
b-dimensional Hilbert space 5; then, s, (I,) = 0 or
Srep (Ip) = 1.

The following are some instances of s-numbers:

(i) The k-th approximation number, o (A), is presented
as

o (A) = inf{]A - B|: B € L(X,Y)andrank(B) <k}.
(4)

(ii) The k-th Kolmogorov number, d; (A), is presented
as

d A= i f <k . f Au - .
€(4) iy =TSPt T |Au — v (5)

Lemma 1 (see [7]). Assume that Be L(X,Y) and
B ¢ A(X,Y), and we have maps D € L(X) and M € L(Y)
with MB De,, = e, for each b € N.

Definition 5 (see [7]). A Banach space Y is named simple if
L(Y) contains one and only one non-trivial closed ideal.

Theorem 3 (see [7]). Suppose Z is a Banach space with
dim (Z2) = oo, and we have

F(Z)GA(2) &L (2) e L(2). (6)

Definition 6 (see [7]). A class % C L is said to be a mapping
ideal if every component % (X,Y) =% NL(X,Y) satisfies
the next setups:

(i) Fc«.
(ii) % (X,Y) is linear space on R.

(iii) Assume D € L(Xy, X), Be %Z(X,Y), and AelL
(Y,Y,); then, AB D € % (X, Y)-

Definition 7 (see [10]). A function g: % — [0, 00) is called
a pre-quasi norm on the ideal % if it satisfies the following
setups:

(1) Suppose B € L(X,Y), g(B)=0, and g(B) =0
B=0.

(2) There is M > 1 with g(vA) <M|v|g(A), forallv e C
and A e Z(X,Y).

(3) One has K=>1 so that g(A, +A,)<Kl[g(4,)
+9g(A,)], for every A, A, € U(X,Y).

(4) We get C>1 so that if A € L(X,, X), Be % (X,Y),
and D € L(Y,Y), then g(DB A)<C|Dl|g(B)|Al,
where X, and Y, are normed spaces.

Theorem 4 (see [10]). Every quasi norm is a pre-quasi norm
on the same ideal.

With finite non-zero coordinates, we denote the space of
every sequence by .

Theorem 5 (see [22]). Suppose s—type ¥, ={f=
(5,(T)) e RN: T € L(X,Y) andv(f)<oo}. If Sy, is a
mapping ideal, we have



(1) F cs—type V',,.
(2) Assume (s, (T))2, € s—type 7, and (s, (T,))2
€ s—type 7'; then, (s, (T, +T )) o0 € s—type V',
(3)If AeC and (s,(T1))2, € s—type 7', then |A|(s,
(T)2, € s—type 7',,.

(4) 7', is solid, ie., if (s.(J))5e, € s—type 7', and
s, (H)<s, (J), forallx e Nand H, ] € L(X, Y) then
(s (H))2, € s—type 7',

By card (®), we denote the number of elements of .

Lemma 2 (see [23]). Suppose {¢},cy is a bounded family of
R. Hence,

inf supé; =

f
card (®)=b it® sup in f (7)

card (®)=b+1 i€®

We will apply the next 1nequahty [24]. For all
(r,), (t,) € CN and (q,) € (0, 00)V, we have
|ra +1t, & SK(|ra a q”), (8)

where K = max{1,2%"'} and @, = max{1, sup,q,}.

Definition 8 (see [16]). Assume 74, is a pre-quasi normed
ssfps. A mapping V,,: #, — J, is called forward shift, if

H((5,). (p,) ={h € C™: h(y) =

Theorem 6. If (p,) € £, then

Proof.

H(() (p,) =
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Vb= yh, for all h € #,, where V h(y) = ¥2, hy't'eC
and p(Vyh) < 00.

Definition 9 (see [16]). Suppose %p is a pre-quasi normed
sstps. A mapping B,: #, — 7, is called backward shift, if

Byh(ﬁ\z h(y) - h(0)/y, for all h € #,, where B,h(y) =
Y20 hyy" € C and p(Bh) < co.

Definition 10 (see [20]). If g(y) = Y, a,,»", then Vi

(h(y)):= (Xplo @V (h ().
Definition 11 (see [20]). If g(y) = ¥, a,,y™, then B,
(h(y) = (Lo 4mB}) (R(Y)).

3. Pre-Modular ssfps

This section contains the space’s definition (H((b,,), ( pn)))
under the function p, where p(h) = Y2 b, h. |, for all
heH((b,), (p,). We offer enough setups on (H((b,),
(pn)), to become pre-modular ssfps, which implies that
(H ((b )> (P))), is a pre-quasi Banach sstps.

Let p= (pv)veN, (b,),en € (0,00)N, and we define the
following function space:

oy and p(yh) < 0o, for somey>0}. (9)

H((b,), (p,)) ={h e C*: h(y) =) " h,y" and p(yh) < 0o, forally > 0}. (10)
he h(y) = Zhvy and p (yh) < oo, forsomey>0}
th(y) = Z}?Vyvand Z |ybthv P < 00, forsomey>0}
ch(y) = Zh y"and mflylpV Z h, P < 00, forsomey>0} (11)
v=0

v=0

P < 00, foranyy>0}

v=0

th(y) = Zh:yvandp(yh)<oo, foranyy>0]».
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Hereafter, we will denote the space of all monotonic
decreasing and monotonic increasing sequences of positive
reals by md. and mi ,, respectively.

Theorem 7. H((b,), (p,)) is a ssfps, if it verifies the next
setups:

(al) (p,) e mi NE,.

(a2) (b,) € md., or (b,) € mi, with C>1 so that b,,,
<Cb,,.

Proof

(1-1) Assume f,g e H((b,), (p,)); then, f(z)=
¥, fuz" € Cand g(2) = ¥, §2" € C. We have

(f+9)(2) = Y20 (fu+ G)z" € C. Since (p,) is
bounded, we get

> + I

[ee)
<K g7 ) < oo
n=0 n=0

nfn
(12)

n f, + bngn

0
n=0

and then f +g € H((b,), (p,))-

(1-ii) Let A € C and f € H((b,), (p,)). We have
Af)(2) = X2, Af,z" € C. Since (p,) is bounded,
we have

> b, f, 1P <sup AP Y b, £ |7 < oo (13)
v=0 v=0

Then, Af € H((b,), (p,)). Therefore, by using com-
ponents (1-i) and (1-ii), H((b,), (p,)) is linear.
Clearly, e® e H ((b ), (p,)), for all k€N, where
e®(z) = ¥ eé“z =2Fand ¥, |b,e B, — bex.
(2) Let |f, |t <nlgg,), forallv € Nand g € H((b,), (p,)).

Then, g(z) = Y.0g,2" € C. Since b,>0, for all
v € N, then
Yo f < Y o) < 0. (14)
v=0 v=0
Hence, f(2) =Y, f,z22eC and p(f)<oo.

Therefore, f € H((b,), (p,))-

(3) Let f € H((b,), (p,)), (b,) be an increasing se-
quence, and there exists C >0 such that b,,,; <Cb,

and (p,) is increasing. Therefore, f(z) =} 2,
f,2" € C and p(f)<o00. One has

p(f[.]) Z va/2 Z |b2va P + Z |b2v+1fv Por
v=0 v=0 v=0
< Z |b2va T+ Z |b2v+lfv g
v=0 v=0
< max{1, 2sup,C?" }p (f).
(15)

5
This implies that f|;(2) = ¥ fim2’ € C and
p(f()) <oo. Hence, f(; € H((b,), (p,))- O

Theorem 8. Let conditions (al) and (a2) be satisfied; then,
the space (H((b,), (pn)))P is a pre-modular Banach ssfps.

Proof

(i) Evidently, for all f € H((b,), (p,)), then p(f)=0

and p(f) =0 f = 0.
(ii) We have [= maxil,supnlqlp"_l} >1, for all
ne IR\{O} and [>1, for # = 0 such that
p(nf) = |nbnfn " < sup, |yl Z b, Sl <linlp (),
(16)

for every f e H((b,), (p,)).
(iii) For some K = max{1, 2"~ !}, we obtain

[ee]

P <K(p(f) +p(9),

p(f+9) = |bu(fut3)

n=0
(17)

for all f,g € H(b,), (p,)-
(iv) It is clear from the proof part (2) of Theorem 7.
(v) From the proof part (3) of Theorem 7, we have that
K, = max{1, 2sup,CP} > 1.
(vi) It is apparent that § = H((b,), (p,)-
(vii) There is ¢ with 0<{<#P~! such that p(ne®)
>{|nlp (e'?), for each n#0 and (>0, if 5 = 0.
Therefore, the space (H((b,), ( p), is pre- modular
ssfps. To show that (H((b,), (pv))) is a pre-modular Banach
ssfps, suppose f(") is a Cauchy sequence in (H((b,), (pv)))

then, for all € € (0,1), there is n, € N such that, for all
n,mz=n,, we get

p(F — £ = i

v=0

( @ f/”’)l <% (18)
For n,m>n; and v € N, we obtain
IF0 = <. (19)

Hence, ( f m)) isa Cauchy sequence in C, for fixed v € N,

SO llmminx)fv fﬁo , for fixed v € N. Therefore, p(f (m)
-f ©) <%, for each n>n,. Finally, to explain that
f(o) € H((b,), (p,)), we have

p(f(o)) — (f(o)_f(n) +f(n)) SK(p(f(n) _f(O)))
) <o0

So, f©@eH((@b,),(p,). This implies  that
(H((b,), (p,), isa pre-modular Banach ssfps. O

(20)



Taking into consideration Theorem 2, we put forward
the following theorem.

Theorem 9. Let conditions (al) and (a2) be satisfied. Then,
the space (H((b,), (p,))), is a pre-quasi Banach ssfps.

Theorem 10. Let conditions (al) and (a2) be satisfied. Then,
the space (H((b,), (p,))), is a pre-quasi closed ssfps.

Proof. Assume that the setups are verified. From Theorem
9, the space (H((b,), (pn))) is a pre-quasi normed ssfps. To
show that (H((b,), (pn))) is a pre-quasi closed ssfps, as-
sume {h(’"} 0 € (I]-I]((b) (p), and lim,,_ . p(h (m)

~h®) = 0; then, for every & € (0, 1) there is m; € N such
that for all m>m,, one has

0o a,
e>p(h™ -h¥) = [Z b (h(’" ~h °>> ] .o@
a=0
Hence, for m>m, and a € N, we get
W pO < (22)

So, (hf(‘m)) is a convergent sequence in C, for fixed a € N.

Therefore, limmém@ = };EB)) for fixed a € N. Finally to
prove that h© € (H((b,), (p,))),» we consider

p(h ) = p(® B + ) < K((p(n™ - 1))
+p(h™)) <o,

(23)

s0 h® € (H((b,), (p,))),. This finishes the proof. O

4. Pre-Quasi Ideal

In this section, the mapping ideals constructed by s-numbers
and ((H(b,), ( p,,)))P are presented. We have studied their
geometric and topological structures. We will use the no-
tation for B € Sy (G (P that is, g(B) =p(f,), f,(z)
=2, (B)z" € C, and p(fs) = Y20 (b,s, (B))Fr, for every
FoEH(B,), (p),

In view of Theorems 1 and 7, we conclude the next
theorem.

Theorem 11. Let conditions (al) and (a2) be satisfied. Then,

St(w,), (p,)) is @ mapping ideal.

3m-1

d(T,A) =p(h) =Y (b,s,(T - A)"+

n=0

3m 00
<Y BIT-ADN"+ Y (@
n=0 n=m
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4.1. Ideal of Finite Rank Mappings. In this section, enough
setups (not necessary) on H((b,,), ( pn)) so that F is dense in
Shiw,).(p,), T€ investigated. This explams the non-linearity
of the s— type H(b,), (pn)) spaces (Rhoades open problem
(25]).

Example 1. The sequence (b,) = (n+ 1/n+2),y satisfies
(b,) € mi, and b,,,, <Cb,, for some C>2.

Theorem 12. F(X, Y) = SlH]((b”),(p”))

(X,Y), whenever con-
ditions (al) and (a2) are satisfied. ’

Proof. Ttis clear that F(X,Y) C SH((B,). (0, (X,Y), since the
space Sy ), ), is a mapping ideal. Currently, we sub-

stantiate that Sy bn)’(Pn))p(X, Y)CF(X,Y). On taking
T € Sy, (o, (X5Y), fo €H((b,), (p), with f((2) =
Yoo Su(T)z" € C. Hence, p(f,) < 00, and assume ¢ € (0, 1),

so there is m € N — {0} such that p(f, - Y7 'e™) < ¢/4C?,
for some C>1. While (s, (T)),.y is decreasing, we get

2m 2m
Z (bnSZm (T))pn < Z (bnsn (T))p
n=m+1 n=m+1 (24)
Pn__©
n;n(b 5, (T)) <4C

Hence, there exist A € F,,,(X,Y), rank (A) <2m, and

3m
Y (BT - Al < Z (BT - AP <25 (25)
n=2m+1 n=m+1 C

Since (p,,) is bounded,
< €
Y (bIT - Al < o (26)
n=0

Let (b,) be monotonically increasing such that there
exists a constant C > 1 for which b,,,,; <Cb,,. Then, we have
for n>m that

<b <Cb

2m+n = Y2m+2n+1

<Cb,y, <Cby,, <C’b,.  (27)

m+n = 2n = 2n+1

T-Ac€ SH ((bn)»(Pn))p(X’ Y), then hs eH ((bn),

(pa)),» where h (2): = Yoo su (T = A)z" € C. Since (p,,) is
increasing, inequalities (2)-(5) give

Since

i (bnsn (T - A))Pn

n=3m

(T — A))Prom (28)

n+2mSn+2m

<33 (bIT - AP +C P N (b,s, ()P <e.
n=0

n=m
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Since Ig € Sy (41, (1ns1)), ), (X,Y) which gives a counter
example of the converse statement, this finishes the
proof. O

According to Theorem 12, if (al) and (a2) are fulfilled,
then every compact mapping is represented by finite rank
mappings; however, the reverse is not necessarily true.

4.2. Closed and Banach. In this part, we have investigated the
sufficient conditions on H((b,), ( pv))p such that the pre-
quasi mapping ideal Sy, ) ( 2, is Banach and closed.

Theorem 13. If X and Y are Banach spaces and conditions
(al) and (a2) are satisfied, then the function g(B) = p(f,) is
a pre-quasi norm on Sy (B, (p,)y

Proof. Suppose the conditions are verified, so g verifies the
next setups:

(1) Let B € Sy, (p, M, (X,Y), then we have

g(B)=p(f,)= 0 and it is clear that
g(B) =p(f,) =0, if and only if, s,(B) =0, for all
v €N, if and only if, B = 0.

(2) We have I>1 with g(/\B) pAf)<lAlp(f,) =
lIAlg (B), for every B € Sy (®,), (X Y)and A € C.

(3) One haS KK()ZI fOr BI’B GSH(b)(p )) (X Y)
Therefore, f1,(z) = Y2, s, (B;)z" € Cand f2 (z) =
Y20 Sy (By)z" € C. Therefore, for h (z)=: Y,%
s, (B, + B,)z", one can see that

g(B, +B,) = p(hy) SP( (fL)+ (fzs)[.]) SK(P(fls)[‘])

+ P( (fzs)u) <KK,(g(B;) + g(By)).
(29)

(4) We have C=1; suppose AeL(X)X), Be
SH(®,).(p,)), (X,Y), and D € L(Y,Y,). Therefore, f,
(z) =22 s,(B)z" € C. Then, for hy(z)=: Y2,
s, (DB A)z one can see that

g(DB A) = p(h,) <p(IAlIDI f) < ClAlg(B) IDI.

(30)
O

Theorem 14. If X and Y are Banach spaces and conditions
(al) and (a2) are satisfied, then (S (B () g) is a pre-quasi
Banach mapping ideal.

Proof. Suppose the conditions are verified, then the
function g(B) = p(f) is a pre-quasi norm on Sy ), (» D,
Let (B,) be a Cauchy sequence in SH<(bv),(Pv)>p(X’ Y).
Therefore, f™ € H((b,), (p,), € C and Fim(z)=3%,
s,(B,)z" € C. Assume hy(z) =: Y25, (B; - B;)z"; then,
by using conditions (iv) and (vii) of Definition 3 and since
L(X, Y)QSH((bV))(pV))p(X, Y), we get

g(Bi - Bj) =p(h) ZP(SO(B,' - Bj)e(o))
= o(|B =B o) €] 5 |p()

Thus, (B,,),.en is @ Cauchy sequence in L(X,Y). While
the space L(X,Y) is a Banach space, there exists B € L(X,Y)
with lim,,_,||B,, — Bl = 0 and since fs’”) e H((b,), (P)p
for each m € N, using Theorem 13 and the continuity of p at
0, we obtain

g(B)=g(B-B,+B,)<KK,(g(B

(31)

m_B)+g(Bm))

= KKOp<||Bm - B| i e(m)> + KKOp(f ) <&
m=0

(32)
Thus, we have f,eH((b,), (pv))p; then, Be
Sea (b, (p,1), (X5 1) U

Theorem 15. If X and Y are Banach spaces and conditions
(al) and (a2) are satisfied, then (Sy () (p), g) is a pre-quasi
closed mapping ideal.

Proof. Suppose the conditions are verified; then, the
function g(B) = p(f,) is a pre-quasi norm on Sy () (p,),"
B, € Su(,).( (X Y), with meN and
lim,, , g(B,, —B)= 0. Therefore, m e H((b,), (P,),
€eC and " (z2) =Y s,(B,)z" € C. Suppose h,(z)
=: Y20 s, (B — B;)z"; then, from conditions (iv) and (vii) of
Definition 3 and since L(X, Y)QSH((b 1), (X,Y), we get

9(B=B,) = p(h) = p(so(B - B,)e) = p(|B- B |)

> £||B - Bij(e(o)),
(33)

Assume

and then (B,,),.y 1S @ convergent sequence in L(X,Y).
While the space L(X,Y) is a Banach space, there exists
BeL(X,Y) with lim,_,lB, —Bl=0 and since
fs(”‘) e H((b,), (pv))p, for each m € N, using Theorem 13
and the continuity of p at 0, one can see that

g(B) :g(B_Bm+Bm)SKKO(g(Bm_B)+g(Bm))

= KKOp<||Bm - B| i e(m)> + KKOp(fs(m)) <&
m=0

(34)
and we have f,€H((®,),(p,), then, Be
S, (py), (X6 Y)- <

We deduce the following characteristics of the s—type
H((b,), (PV))P using Theorem 5.

Theorem 16. For s—type H((b,), (pv))p =
{(5 (T)) € RY: T € Sy, (X Y)} the following holds:

(1) We have s—type H((b,), (pv))p



@I (5, (T € s—type H((b,), (p,), and (s,
(T)))52y € s—type  H((b,), (), then (s, (T)+
T,));2, € s—type H((b,), (P

(3) ForallA € C and (s, (T))2, € s—type H((b,), (Pa)p
then [A| (s, (T));2, € s—type H((b,,), (p,,))P.

(4) The s—type H((b,), (Pw)), is solid.

4.3. Smallness. We give here some inclusion relations
concerning the space Sy, ) ( ) for different (b,) and (p,,).

Theorem 17. If X and Y are Banach spaces with
dim(X) =dim(Y) =00, 0<p,<q, 0<a,<b, for all
n e N, and setups (al) and (a2) are satisfied, it is true that

Sit (8. (), (oY) € #((a,).(4,)), (V) € #LIXY).
(35)

Proof. Suppose T € SH((bn),(Pn))p(X’ Y). Therefore, f, € H

((b,), (Pu))y and f (z) = Y2y s,(T)z" € C. One can see
that

i (@5, (D)™ < i (Bus, ()P < 00, (36)
n=0 n=0

hence T € SH((%)’(%))P(X, Y). Next, if we take T with
su(T) = ((n+1)7"P1/b,), then T ¢ Sy, (p,, (X Y) and
T € SH ((un)’(qn))p (X, Y). Clearly, SH((an)»(‘In))p(X’ Y) C L(X, Y).

By choosing T with s,(T)= ((n+ 1) Y4 /a,), then
T ¢ SH((an),(qn))p(X’ Y) and T € L(X,Y). This finishes the

proof. O

In this part, we investigate the setups for which

app .
SH((hn)’(pn))p is small.

Theorem 18. If X and Y are Banach spaces with
dim (X) = dim(Y) = co, assume that the conditions (al),
(a2), and (b,) ¢ 2P gre satisfied, and hence (S;upﬁb 1 (p) ,9)
is small, where g(U) = Z‘;:O (bje; U))Pi, H

Proof. Let Siﬂp(}zbn),(pn))p (X,Y) = L(X,Y). Therefore, one gets

V>0 so that g(U)<V|U|, for every U eL(X,Y).
According to Dvoretzky’s theorem [26] with r € N, there are
quotient spaces X/A, and subspaces 7, of Y that mapped
onto ¢, by isomorphisms D, and B, with | D, [|[|D;'|| <2 and
IB,IIIB;*|| < 2. Let I, be the identity mapping on ¢}, {, be the
quotient mapping from X onto X/A,, and J, be the natural
embedding mapping from #, into Y. Let /i, for alla € N, be
the Bernstein numbers [27]; we have then
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1=h,(I,) = h,(B,B;'I,D,D;") <||B,|h,(B,"'1,D, )| D},
(18,11, (7,5, "1,0,)|P; | < 1B, 4,7, '1,0,)|; |
=18, (7,5, 1,0, )10, | < [, (1,3, '1,D,, ) |7

(37)

>

for 0<j<r. We have [>1 so that

by < (I8P )" (bj0,(1.B,'1,D,, ) ),
) <115(by0,5,1,0.4)) 10,

jiobff <lle I Z)bf(“j(]rBrler’C’))Pj’

> by <1B|ID; |9(), B, 1,D,4,).
j=0

(38)

R

,
> b <V|BIDI; |18, '1,D,¢
j=0

> by < VB D7 |7 87 111, | Dy, |
=0
= B[ [o- B, e,

Y b <alv.
j=0

As r — 0o, then Z;’ZO bfj <o0o. This contradicts
b, ¢ 22 Therefore, dim(X)<oco and dim(Y)<oo.
Hence, the space Sg’ﬁb")’(p"))p is small. O

By the same manner, we can easily conclude the next
theorem.

Theorem 19. If X and Y are Banach spaces with
dim (X) = dim(Y) = co, assume that conditions (al), (a2),
and (b,) ¢ 2P gre saiisﬁed, and hence (Sﬁ?ébn),(pn))p’g) is
small, where g(U) = 322, (b;d; (U))P1.

4.4. Simpleness. We introduce an answer of the next
question; for which H((b,), ( pn))p, is the space Su,)

. (2,
simple?

Theorem 20. If (p,), (q,) verify 1< p,<q, and0<a,<b,,
for all n € N, and the setups (al), (a2) are satisfied, then

L(SH«%),(%)),; SH((bn>>(pn>>p) 9)

= 4S50 (), Se(@) (o), )
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Proof. Suppose thereis T € L(Sy((4,),(4
T ¢ A(Sn(a,), (g, S

SlH] (b, ( Pn)) and

b) ,(Pn))p)' Accordmg to Lemma 1, we

. (1/suppv)
— Py
"IMHSH((E,‘/),(M));’ - <VZO (bvav (Im)) >
0 (l/supqv)
S <Z (a,a, (Im))qv>
v=0

This contradicts Theorem 17. O

Corollary 1. If (p,). (q,) verify 1<p,<q, and 0<a,<b,,
for all neN, and the setups (al), (a2) are satisfied,

then L ((Sy(a,).(q,, S, (o)) = L (Suaa, a0, Suae,,
(Pa)))-

Proof. 1t is clear from ACL.. O

Theorem 21. If setups (al), (a2) are satisfied with py>1,
then the space Sy (). (p), 1 simple.

Proof. T € Le (Sue,) 1 (b)) ) and T¢A
(S[H]((bn),(pn»p)' From Lemma 1, one has G, B € L (Sy,),( Pn))p)
so that BTGI = I;. We have Iy, ) ( € Le (Sw(w,) 1), ).
Therefore, L(Sye,).(p ) =Lq (S[H]( b, (5, ). This implies
that there is one non- tr1v1a1 closed ideal A(Syy ), (p, M, ) in
L(Su). o,

Assume

4.5. Spectrum. In this part, we expound the suﬁiaent
conditions on H((b,), (Pu)), such that (St (o), (pﬂ))) equals

Sk, (b)),

Theorem 22. If X and Y are Banach spaces with dim (X) =
dim(Y) = co and suppose setups (al), (a2) are satisfied and
inf b2 >0, then

A
(SH((bn), (pn»p) (X,Y) = Su((n,). (p,),(OY)- (41)

Proof. Let T € (Sy(p,).( ) (X,Y), and hence f, eH
((by)s (pn)),,  where fh()z) =Y A, (T)z" € C  with
p(f1) =220 b4, (T)[Pr <00, and |T — A, (T)I|| = 0, for all
IeN. We have T=M1(T)I, with IeN, so s(T)=s
A (DI = [A(T)], with [ eN. Therefore, f, € H((b,),
(Pu)p 50 T € Sy, (p,, (X5 Y)-
Secondly, assume T € Sy ),
fs e H((b,), (pn)) Hence, we have

(X Y). Therefore,

00> Z|b s, (T) (42)

Since 1nf bf ">0, then lim,
s, (T)|I"' "exists, for every r € N. Therefore,

Prs 1nbe’ Z [s, (T)]*

r=0
s, (T) = 0. Assume ||T -
(T-

BTGI,, = 1,,. For every m € N, one has
-1 (llsuppv)
= b <|BTGI||I
<V_0 V> BTGl '”"SH((aV)mqv))p
(40)
1 (l/supqv)
(Ya, .
v=0
5 (DI ey € o S0, lim, oo IT =, (DI = 7]

exists and is bounded. From the pre-quasi mapping ideal of
(SH((bn)’(pn))p) g), we obtain

I=TT! X7)=Ye”

S (@) ()),) 5

N (43)
cH((b,), (p,),= Y bV < co.
r=0

This contradicts inf b2 > 0. Therefore, |T — s, (T)I|| = 0,

for every r e N. This gives T € (Sy@,), (Pn») (X Y). This
provides the proof. O

5. Application of Shift
Mappings on H ((b,), (pr))P

Specifically, we explore the upper limits of s-numbers for
infinite series of the weighted r-th power forward and
backward shift mapping on H((b,), (p,)), and their appli-
cations to various entire functions in this section, where

p(f) = [£2 b, £, 17179, for all f € H((b,), (p,)),

Theorem 23. Let conditions (al) and (a2) be satisfied,
infb,>1, and sup, (b, /b))% <oco; then, V, e
L(H((b ), (p,)),) with V|| = sup, (b,,,/b,) =%,

Proof. Assume that the conditions are satisfied. For
f e H((b,), (p,))p, since (p,) is increasing and bounded
from above with p, >0, for all r € N, then

1/® Pri/®
Pri1 P< br+1 v
<sup,
b,

r+1fr

p(V.f)=p(zf) = [Z
o Vo,
|:Z |brfr|PM:|

b Praal®,
son52)

r

(44)

This gives V, e L(H((b,), (r),) with
IV Il <sup, (b,,,/b,) Pr/® ) Since V. e L(H((b,), (P)),),
then there is A>0 with p(VZf)SAp(f), for all
f €H((b,), (p,)), Hence, p(V,e™)<Ap(e), and one



10

gets sup,(le/b,)(P’“/@P)gIIVZII. This completes the
proof. O

Theorem 24. Let conditions (al) and (a2) be satisfied,
sup,b,=1, and sup, (b,/b,,,) " < oo; then, B, €
L(H((®b,), (p,),) with |BIl = sup, (b,/b, ;) (Pr/®)

Proof.  Assume the conditions are satisfied. For
f e H(b,), (p,),» since (p,) is increasing and bounded
from above with p, >0, for all r € N, then

Vo, pla,
p(B.f) = [ |] ssup,(b’j;)

0 S 1/®}7 b p,/a)}7
[Z br+1fr+1| '] < Supr(b - ) p(f)
r=0 r+1

(45)

This gives B, € L(H((b,), (pr))) with  ||B,| <
sup, (b, /b,,,) P, SmceB e L(H((b,), (p,)),), then there
is A>0 with p(BZf)<Ap(f) for all f e [H]((b) (p,))
Hence, p(B,e”)<Ap(e!”), and one gets sup,(b/
b,,,)’"® <|B,|. This completes the proof. O

By U, we denote the open unit disc in C.

Theorem 25. Let conditions (al) and (a2) be satisfied with
po=1. If limsupifbf =1, then every function in
H((b,), (pr)) is analytic on U. Furthermore, the convergence
in H((b,), (pr))p implies the uniform convergence on B<U,
where B is compact.

Proof. Let limsup/b?” =1, and h € H((b,), (P Then,
h(y)=3Y2hy €C, with yeC and p(h)=[Y2,
|b,Er|P’]”‘DP < 0o. Therefore, limsup\er hA |Pr < 1. This gives

limsup 46
11msup \|b (46)

As (p,) € miN¢, one gets limsup{Hh,lIyI <lyl<1,
with y € U. Hence, h(y) = Y2, h.y" € C, with y € U. As-

sume h*(y) e B, with keN. Suppose lim,
p(hk —h) =0, where h € H((b,), (p,),» and we have
=G| =Y (= )| 3 | = By
r=0 r=0
foo Ve,
<|Sh-ale]
Ln=0
- /@ /0
I ok P4l
= Z bar P(h B h)’ Z b >
Lr=0 ~T r=0 -7

(47)

where (g,) is increasing and bounded with gy>1 and
(1/p,) + (1/gq,) =1, for all r eN. Clearly, limsup,_
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Iy /B < 15 then, Y, |y /bY <oo. So, lim,_
hk(y)zh(y)eB. O

Theorem 26. If V,
H((®,), (p,)), we have

()™ L

n

is the forward shift mapping on

su inf
pcardf r+1 keE

(48)

>

) (prnt@,)

k+n
< SupcardE =r+1 1nf< b
k

[[X2, 1y Fil P11 V@[30 by fiPron] V@0,

Proof. Letcard {=r+1 and V] f € H((b,), (pr))p, for all
f eH(®b,), (p,), for which f(y) = Zk Ofky € C with
yeC and p(f) =121 Ibkfklpk](”‘D )< 0. Therefore,
Vif(2) = 32 fid"" and  p(Vf) = [X2 i
J?k|pk+n](1/op) < co.

Let P; be a mapping on H((b,), (p,)), with rank P; =
r + 1 defined by

(o) 2 = Pg(z f) $ien )

k=0 ke&

where A, =

Since

p(Peg) = Z b fil o]V < (32 Iby,,
f |Pren] (11@p) — p(9), thls glves [Pl < 1. Define a mapping S”
by (Sth)(z) = SE(Y szk+”) = Zk oka and we have

ke{
1/ml,) o (”‘Dp)
p(Sih) = [Z b fi]” ] <U, Z}bmfk ] =U,p(g).
(50)
This implies that |S}|<U,, where 1<U, =

(Y2 [y fil ] (l/m”)/[ZkeﬂbkmﬂV’””](m") <oco. Then, the
identity mapping will be I,,, = P;V’S}, and from the def-
inition of s-numbers, we have

5, (In) = 1 [[Pes, (VOS2 <5, (VD[S2 =

pm] (112,)

L [zkeg|bk+nfk
>

s (V2) =

?’l

(5520 i ]( SO

(bk ) (pk-f-n/tDp) 1
> inf —.
kEE bk A

n

Since for all card & = r + 1, the last inequality is verified,

so one can see that
b (pk+n/6)p) 1
£ —. (52)
in ( " ) !

s (V2)z sup

cardé=r+1 keg n

In contrary, let card & =7, where ¢ c N. Define the

mapping  R! as  (RIv)(2) = RY(X%2 fiz¥) = Yhee fi
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zkmzkefszk”‘. From the definition of approximation
numbers, we have

s, (V) <@, (V2) < |V2 = R| < supy (210

| Sucelbrone

(VZ-RDf ()] _

pm] (11a,)

< sup

If (2)%0 |f ()

Since for all card & = r, the last inequality holds and by
using Lemma 2, one has

B (pkm/a)p) 1
sup inf| =22 —<s. (V<
cmdfprﬂ ked < bk ) An r( Z) cardé=r keé
This completes the proof. O

Theorem 27. If B,
H((b,). (p,),» then

is the backward shift mapping on

Ei;<s - (B7)

3 )(Pk/%) 1

supcardf r+1 lnf (b
k+n

(55)

b, ) (pk/op),

= Supcardf—rﬂ lnf <b
k+n

where G,, = [2 i fil 1%/ 1T keelbn Fronl 121,

Proof. Assume card & =7+ 1and Bl f € H((b,), (pr)) for
every f e H((b,), (p,),» where f=x2 ofk)’ € C with
yeC and p(f)=1[Yr |bkfklpk](”ml’) <o0o. Therefore,
BIf (2) = 2% frw?® and p(BLS) = [T 1bifil™1"/
< 0o.

Suppose P; is a mapping on H((b,), (p,))p with rank
Py =r+1 evident by

(Peg) (@) =Ps<zmzk> =Y fim?" (56)
k=0

ke&
A p(Peg) = [reelbie o™V <[5,
b f o4l ?107®) = p(g). This implies that || P¢|| < 1. Define a
mapping S by (S:h) (2) = S (Lkee frm?") = X2 fi2" and

one gets

inf sup

11

=k
Zk¢£sz o

|f (2)] If (2)|#0 |f (2)]

(53)

(bk+n) (pk+n/(DI,)
< sup
keé bk

(Pk+"/®p) (Pkw/‘bp)
(bkm) = sup inf (bll;*”) ) (54)

bk cardé=r+1 keg

Vo,) — (va,)
p(S:h) [Z |bkfkl ] <U, [z |bkfk+n' k] =U,p(h).
ke&
(57)
Therefore, IS;I<U,, where 1<U, =

(3020 16k Fel T2 13 by Frml 1 /%) < 00. Hence, the
identity mapping will be I,,; = P¢B]S?, and in view of the
definition of s-numbers, one has

5 (1) = L= [Pl (B2 <. (Bl

. [Zkeflbkfk/\mpk” (1/cop)

s, (B, )_ 2— =
s? - @,
(N [Zi’i’o b fk|pk] (r0,)  (58)
(Pk/op)
> 1nf( bi ) i
ke \ byeyp G,

Since for every card & =r+1, the last inequality is

confirmed, and one obtains

b (Pk/op) 1

s,(B")> sup inf[-—% — (59)
( Z) cardf—pr+1 keg (bk+n> G

n

In contrary, let card & =r, where EC N. Define the

mapping R! as (RW)(2) = R:(32 fieb) = Shee fime®
From the definition of approximation numbers, one gets
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. m < IB" - R (B2 - R)f (2)] |Sketfin?' |
s.(B;)<a.(B;)<|B,-R,||[< sup ———T——= —_
() =a; (B)<] N \f(z)1|)¢o If (2] fare  f @I
(60)
—p1(va,)
[Zk$f|bkfk+nlp ] ’ bk (Pk/a’p)
< < —_— .
Thew @ <bk+n>
Since for all card & = r, the last inequality holds, and by ~ Proof.  For f e H((b,), (p,)),, we have 7 c, V7
using Lemma 2, one has f@=322% mf]z”m One has
(pk/tbp) 00 m _(j) Pm+j (Ump)
sup inf (bbk ) GLS s, (B}) i v (Zmzo CmYz e’ ) _ Yo |Cmbmsj|
cardé=r+1 k€& \ Op4n n = vz p(e(J)) bfj

b, (Pk/(‘)p) b, (pk/tb,,) o B
= Calrldlff ’Sk:];?( k+n> ) carilflliﬂ lklg <bk+n> ' = Supj [ZO |Cm P Z;;J:|1 (MDP)'
m= j
(61) (63)
This finishes the proof. - Since p satisfies the triangle inequality, we have
Theorem 28. If conditions (al) and (a2) are satisfied with
po=1, let Y0 c, V™ be a shzft mapping on the space
I]-I]((b) (p,)), and (c )2, € e Pn®) then,
0 bpm+j (NQP) 00
Pmsj _mMt] m
| Sl oS o]
! (62)
b . (Pmulmp) (e8]
< sup (f;ﬂ) Z . |(pm/m
m,j j
) 0 -~ b Pm+j (I/OP)
S o vrl= wp PERREVIN) L, T (250 (eoll o)™
PR p(f) p(F)#0 o 12 10,1 (U2,)
el
(64)
0 Pm+] /G)P)
b,.. (pm/ol,)zm:o [ 2o <|cm||f]|b > ] b, (Pmii/®)) oo (o))
< sup [ —2 < sup | — D fen] M
mj \ bj o (7. (o] (/) mj \ b 2
[Zj:o 738, ]
O
Theorer;l 29Z Ifcondztlzjons (alh)fcmd (a2) are satzs{ied with Proof. Suppose  f € H((b,), (p,))p, and one has
po=1, let _OcB e a shift mapping on the space > c.B (2) = Y2y X2 zk. We have
H((®,), (p,), ]andl (c) € (P, then, j0€iBf (z k=0 2. j=0 ]fk+] o)
) Pr- /@
o 1Y% oo (Z]OJB; ) l10|bk11' ]}
P i J Z - (k) 2
an Sl ] e[S P(e) oy
bk+] j=0
bl (110,)
b Pil®, o pii@ >supkl; P ‘| .
SSUPj,k(b—’;) Z,)| i 2k by
=

(66)
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As p verifies the triangle inequality, one can see that
. © © — 1\ Pk (Ump)
o p(Z']D-zO chif) 2% [Zk:o (bk|cjfk+j') ]
chBi = sup —————=< sup
=0 p(N)#0 p(f) p(f)#0 [Z}fo |bkj:k|pk:| (va,)
=0
(67)
. . — 1\ Pk (I/QP)
k (Pk/QP)Zj:o [Zk:o <bk+j Cijk+j ) ] by, (b0;) oo pil@®
< sup <sup|— Z|c-|’ i
jk bk+] [ZOO 'b ]? pk] (1/%) j bk+j j=0 g
k=0 |%kJk

O

Theorem 30. If conditions (al) and (a2) are satisfied with
po=1, let Y20 c, V7 be a shift mapping on H((b,), (p,))y
then, the s-numbers of this mapping are given by

0 ) bj+k P j+k/ [oF
s c.V! sup infsup ( )
' ]go I cardf 41 ked bk

i |Cj‘Pj/®P, for all(cj);x:)o € E(Pf)/@p
=0

Proof. Letcard& =r, where & N Define the mapping R as

Rf(z)=R(X2 oka )= Yket Z] o0 ]fk j2". Since the tri-
angle inequality holds by p, we have

(68)
© cVIf-R
S, chVi <a, Zc < sup (Z] 0&iV2S - f)
j=0 j=0 p(f)#0 p(f)
~ o (69)
Z?zo[zuf'cjfkbkﬁ kﬂ] b.+k (Pﬁk/ p) 00 (p @ )
< sup < sup [ L= | J| T
()0 p(f) ket \ b
As for all card & = r, the last inequality is verified, and
one has
0 ) b Pjsk/®p o0 o lo b Pjkl/®) oo b lo
s, ¢Vl |< inf sup( J+> ;7P = sup 1nfsup-< J+> Lo R (70)
<;) ! Z> card§= =T k¢é, bk ]Z(:)' ]' cardé=r+1 keg ! bk ]Z(:)' J|
This completes the proof. O oo . b, \ P
s ZC-B] < sup infsup; ( k )
r ]z b
j=0 cardé=r+1 keg k+j
Theorem 31. If conditions (al) and (a2) are satisfied with (71)

P21, let Y2 c; :BL be a shift mapping on H((b,), (P))y
then, the s- numbers of this mapping are given by

Z(:) c‘;j/wp, for all(cj)jzo € B(Pf)/mf’.
J:
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Proof. Letcard & = r,where & N Define the mapping R as

Rf(z)=R(X2 osz ) = ket Z] 0 ]fk _jZz". Since the tri-
angle inequality holds by p, one gets

s,(ZgBi) Socr<chBi> <
j=0 j=0

) L G

Journal of Mathematics

(Z] OC]Bif Rf)
p(f)

- R|[< sup
p(f)#0

1 (1a,)
) ™)

p(f)#0

ke¢é,j k+j

As for all card & = r, the last inequality is verified, and
one has

00 . b (Pk/‘DP) oo .
s, chB; < inf sup< k > Z|cj|(Pj/®P)
=0 cardé= T kgl bk+j ‘

j=0

b, \ (Per) (p/o
1nfsupj<bk:> Z(:)|Cf| j p)'
=

= su
cardfprJrl keg

(73)

This completes the proof. O

The following theorems are direct actions of Theorem 30
and Definition 10.

Theorem 32. If conditions (al) and (a2) are satisfied with
p0>1 let V. be a shift mapping on H((b,), (p,)), and
e = Y 20 2"/r\. The upper estimation of the s-numbers ofV

is given by
b \Pri® o 1\ p/0,
s,(V,.)< sup infsup (r—”) (—) .
e cardé=a+1 €€ " bj rzz(:) r!
(74)

Theorem 33. If conditions (al) and (a2) are satisfied with
Po=1, let Vi, () be a shift mapping on H((b,), (p,)), and
sin(z) = Yoo, ( D™ (22" (2m + 1)!). The upper estzma—
tion of the s-numbers of Vg, (,) is given by

b,,; Prejl®y
sa(Vsin(Z)) sup infsup,| —2
cardé=a+1 J€& b]

0 1 P,
rZO ( 2r + 1)!) '

The following theorems are direct actions of Theorem 31
and Definition 11.

(75)

( bk )(Pk/mp) 00
< sup

j=0

2|

p(f)

| PJ/‘DP)

Theorem 34. If conditions (al) and (a2) are satisfied with
Po>1, then the mapping B.. on H((b,), (p,)), holds the
following inequality:

b PI®y 00\ Pul®,
inf k (o) "
sup inf supm( ) Z

cardé=r+1 bk+m m=0 m!

s, (Be:) <

(76)

Theorem 35. If conditions (al) and (a2) are satisfied with
Po =1 and the mapping By, ) is defined on H((b,), (p,)),
then the upper estimation of the s-numbers of By, ) is given

by

by Pl®)p 0 1 Pl ®
s,.( By sup inf su —_ .
T( Sm(Z)) cardfl;':Jrl keg pm<bk+m> mzzo ( (2m + 1)'>

(77)

6. Caristi’s Generalization of Fixed
Point Theorem

In modular spaces, the Ekeland variational principle [28]
cannot be applied because the modular does not really prove
the triangle inequality. In this part, we consider an extension
of Caristi’s fixed point theorem in H ((b,), ( p,))P in light of
Farkas [28].

Definition 12

(a) The pre-quasi normed ssfps p on H((b,), (p,))P is
called p-convex, if p(wv+ (1 - w)t)<wp(v)+ (1-
w)p(t) for each w € [0,1] and v,t € H((b,), (pn))

(b) {v @} SH((D,), (pn)), is p-convergent to v € H
(b,), (p")P’ if and only 1f lim, p(v(“ -v)=0.1If
the p-limit exists, then it is unique.

(© (@}, EN_[H]((b) (p,,)) is
lim,, p(v@ = )—

d) Yc IH]((b ), (pn)) is p-closed, if for all p-converging
{u @}, €Y to u, and hence u € Y.

p-Cauchy, when
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(e) Y cH((b,), (pn)) is p-bounded, when 8 (Y) =
sup{p(v—1): vt € Y} <co0.

(f) The p-ball of radius d>0 and center v, for every
v e H((b,), (p,), is defined as

B, (v,d) ={t € H((b,), (p,)),: plv-t)<d}.  (78)

(g) A pre-quasi normed ssfps p on H((b,), (p,)), sat-
isfies the Fatou property, if for any sequence
{tW}<H(b,), (p,), with lim,  p(t™ -1)=0
and any v € H((b,), (p,),»

_ : _ 4w
plv t)Ssupm;grﬁp(v t ) (79)

bu(g:z - E)

© e, ©
Pw—fﬁ{z “] s[z

a=0

Theorem 37. The function p(f)= Y2, b, f,|Pr, for all
f e H((b,), (p,), does not satisfy the Fatou property, if
setups (al) and (a2) are satisfied with p, > 1.

4 ba(gAu - ./f\a)

< zsupapa_lsupj llIZl]fp(g _ f(l))

Hence, p does not satisfy the Fatou property. O

Example 2. The space of functions H((a,), (qr)) is a pre-
quasi normed ssfps, not quasi normed ssfps, and not a
normed ssfps, where &8(h) = [} la, rlq'](”@) for all
heH((@a) (3,0,

Example 3. The space of functions H((a,), (g)), with
0<g<1, is a pre-quasi normed ssfps, quasi normed ssfps,
and not a normed ssfps, where 8 (h) = [Y2; la h Iq] ) for
each h € H((a,), (g,))s

Example 4. The space of functions H((a,), (g,)) is a pre-
quasi normed ssfps, a quasi normed ssfps, and a normed
ssfps, where §(h) = inf{t >0: Y20 lah, /T < 1}, for all
heH((a,), ()5

Definition 13. The function J: H((b,), (p,))s — (—00, 0]
is said to be lower semicontinuous at h? € H((b,), (p,))s if
SUPy ey (h0) %lrelgl(h) = J(h®), for which 7 (h®) denotes

h(®’s neighborhood system.

— 1P ]V &
oI

0
Pa < 2supapa— 1
=0
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Consider the fact that the p-closedness of the p-balls is
determined by the Fatou property.

Theorem 36. Suppose setups (al) and (a2) are satisfied;

then, p(f) = [X2, b, £, 111V, for all f € H((b,), (P)p
holds the Fatou property

Proof. Assume the setups are fulfilled and
{fP}<H(b,), (p,)), with lim;_ p(f? - f)=0. Since
the space H((b,), (p,)), is a pre-quasi closed space, then
f eH((b,), (p,,))P. Then, forany g € H((b,,), (pn))P, one can
see that

2

(77 -7)

2, 11® '
:| <sup; 11121]fp(g - f(')). (80)

a=0

O
Proof. Let the conditions be fulfilled and
{fP}cH(b,), (p,)), with lim;_, p(f? - f) =0. Since
the space H((b,), (p,)), is a pre-quasi closed space, then
f eH((b,), (pn))p. Then, for any g€ H((b,), (pn))p, we

have
pa:|
(81)

ba(fja _fg)ﬂpa + i

a=0

(77 -7)

Definition 14. The function J: H((b,), (p,))s — (—00, 00]
is said to be proper, when

D) ={f (b (p))si (N <0} #2. (82

Theorem 38. If £E+Q and E is a 6-closed subset of
H((b,), (p)e with 8(h) = [X2, |bh,1P<]V%), for all
heH((b,), (p))s and J: E —> (-00,00] is a proper,
8-lower semicontinuous function with }lrelgf(h)> - 00, as-
sume that A>0, {n.}c (0,00), and h'” €E with
J(h®) < inf ] (h) + 1. So, we have {h*)} € & which d-con-

verges to few h™W, under the following conditions:
(i) 6(hW — )< (M/2*n,), for every x € N.
(ii)) J(hW) + Y3218 (Y —h™) < ] (h©).

(iii) When  h#hW, then J(h™W)+Y,
RO <J(h) + X320 1,8 (h = h).

1.8 (-

Proof. Set S(h®) ={h € B: J(h) + 1,6 (h—h D) <] (hD)}.
Since h©® e S(h9), then S(h'9)+@. As J is O-lower
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semicontinuous, § satisfies the Fatou property, and E is Next set
O-closed, we have that S(h(®) is &-closed. Select
hW e S(h) with
J(h) +1od(h™Y = h' )< inf

(0)
LI 104

A
A
219

(83)

1
S(hV) = {h e S(h): J(h) + Y n8(h - h) < J () + s (Y - ) }
=0
Similar to S(h®), one has S(h(V)+ @ and §-closed.
Suppose that we have built {1, KV, 1?

{
{S(R),8(h ), S(hP), ... S ()}
KD e S(h™)) with

](h(x+1)) + i 7]i6(h(x+l) _ h(i))

i=0

(84)
Suppose
h®} and

After that, select

< inf

(85)
- NG M
hes (h®) { J(h) + ; ﬂi&(h h ) } " 21,

x+1 X
S(h*M): = th eS(h™): () + Y nd(h =)< J (R D) + Y o(h™ - 1) }
i=0

i
Therefore, we construct the sequences {h¥} and

(86)
{S(h®)} by induction. For constant x €N, assume

which gives
y € S(h™). One can see that

X x—1
T+ Y nd(y=h)<J(h) + X n
i=0

ié\(h(x) _ h(i)),

i=0

(87)

x-1 x-1
1:8(y =h) <1 (B) + 3 0 8(h™ —n) - [J(y) + 2 n8(y - h“’),}
i=0 i=0 (88)
x < x i . £ i A X
<J(h*) + ZO nd(h® —h?) - sl {](h) ¥ ZO nid(h — h' >)] < 2x’7’10.
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Since {S(h®))} is decreasing with h®) € S(h®), for each
x € N, one has
A
2%n,

S(h* - ™)<, (89)
for each x, g € N, which gives that {1} is §— Cauchy. Since
H((b,), (p,))s is 6— Banach space, {h®)} has 6 limits KW
and ﬂ S(h¥) = {hW} satisfies. As h**) € S(h*)), one has

(h(x+l))+i”l ( (x+1) (i))S](h(x))

(90)

x-1
+ Y n,8(h™ = n),
i=0
which implies that {J(h®)+ Y !7,6(h™ — D)} is de-
creasing. After that, assume h#hW. So, we get r e N for
which h ¢ S(h™), for each x>7, i.e.,

J(hY) + i n,8(h™ - ) <J(h

i=0

M) + Zl n,8(h"” - h
i=0

This implies that

J(h™) + Zn 3(h™ - h"‘))<1(h)+qu (h=h™).

x=0

(94)
This finishes the proof. O

We discuss the concept of Caristi’s fixed point theorem
in H((b,), (p,))s using Theorem 38.

Theorem 39. If E+& and E is a O-closed subset of
H((b,), (py))y under &(h)=[Y2,1b, h, AP 1Y@, with
heH((by), (py))s let A>0 and {n,} with 0<v=
Yolotly <00.U: E — E is a mapping and there is a function
J: B — (—00,00] which is a proper and O8-lower semi-
continuous under ihrelgf(h) > — 00 and

(1) 8Uh)-g)-0(h-g)<6(U(h)-h), for any
h,g e E.
(2) 6(U(h) =h)<] (k) = J(U (h)), for any h € E.

Hence, there is a fixed point of U in E.

1(®) - 1, (U(h)) < inxa(u(m h

From condition (6), one can see that

) - i 13 (%~ h
x=0
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J(0) + Zm (k"

~h)<J(h)+ i n,0(h—h").
i=0

(91)
As h™ € S(h™), with x >r, one can see that
x-1
(h()t ) zrlz (]’I(A) (l)) S](]’l(x)) + 1’]16(}1( h(l))
i=0
r=1
<J(h)+ Y no(h" =)
i=0
(92)
As x — o0 in the previous inequality, one gets
N <1y +Y nd(h-nD)<1(h)+ Y n,8(h-n?). (93)
i=0 i=0
Proof. As 0<v =Y 1n,<00, we have that J;: =] is

proper, bounded from below, and §-lower semicontinuous.
If h € E, one has

Y3 (U (h) = h) <], (h) =], (U (h)). (95)

As 1nf]1(h)> —o0o0, there is h©@eE with
J, (K@) < 1nf]1(h) + ). From Theorem 38, there is {1V}

which §-converges to few kY € &, with

L)+ Y 8(hY =Y < gy (h) + Y . 8(h - h),
x=0 x=0
(96)
for all h#h™. Suppose that U (h™) #h™W, and one has

1) + 3 nd(h® -1 7) <1y (u(h)
x=0

- (97)
+ 2 m8(U(RY) - ),
x=0

which gives

D i 1 (S(U(RM) = hD) = 8(h™ = nD)). (98)
x=0
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B0 = RO <« Y nd () 1)

=w(U(h™) -n®).

(99)

Inequality (6) gives
SB(U(H) ) 1, () 1, (U(1)
<w(U(h™M)) = n™.

We have a contradiction. Hence, U (h®) = h™W. This
completes the proof. O

(100)
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