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In this paper, we discuss some (coincidence) best proximity point results for generalized proximal contractions and
A — u-proximal Geraghty contractions in controlled metric type spaces. To clarify our study, various examples are given and some

conclusions are drawn.

1. Introduction and Preliminaries

To solve the equation Tp = p (T is a mapping defined on
a subset of a metric space, a simplified linear space, or a to-
pological vector space), fixed point theory is an important
tool. A nonself-mapping T: ] — K may not have a fixed
point. From this perspective, the best approximation theorem
and the best proximity point are relevant. A classical best
approximation theorem was due to Fan [1], ie., if | is
a nonempty compact convex subset of a Hausdorff locally
convex topological vector space X with a seminorm p and
T: ] — X isa continuous mapping, then there is an element
p in ] satisfying the condition that ¥ (p,Tp) = ¥ (Tp, ).
Many subsequent extensions and variations of Fan’s theorem
have occurred, including references [2, 3].

However, even though the best approximation theorems
provide an approximate solution to the equation Tp = p,
they do not provide an ideal approximate solution. More-
over, the theorem of the best proximity point specifies
adequate criteria for the presence of an element p to reduce
the error ¥ (p,Tp). For a nonself-mapping T: ] — K,
\I’(p,Tp) is at least W (J,K) for all p in J, then the best
proximity point theorem establishes a globally optimal so-
lution of error ¥ (p,Tp) by constraining an approximate

solution p of the equation Tp = p to the condition that
Y (p, Tp) =W¥(J,K). Such an ideal approximate solution
Tp = p is the best proximity point of the nonself-mapping
T: ] — K. For sure, the best proximity point hypotheses
are a logical augmentation of fixed point hypotheses, on the
grounds that the best proximity point is a fixed point in the
light of self-mappings.

The best proximity point hypotheses have been dem-
onstrated in [4]. Anuradha and Veeramani have tested the
proximal pointwise contractions for the presence of a best
proximity point [2]. Generally, several best proximity point
theorems were analyzed for multiple variants of contractions
in [5-14]. A best proximity point theorem for contraction
mappings was presented in [15]. Some interesting common
best proximity theorems have been discussed in [7, 15].

Nadler [16] was the first who generalized the Banach
contraction principle for multivaluated mappings. Later,
several works appeared in this direction. For more details,
see [17-20]. The best proximity point hypotheses for dif-
ferent sorts of multivalued mappings have likewise been
obtained in [21, 22].

Recently, the authors in [23] introduced a controlled
metric type space in which the function of extended b-metric
spaces was substituted by a function a(p,q) depending on
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the parameters of the left-hand side of the triangular in-
equality. The primary goal of this article is to include the best
proximity point theorems for generalized and modified
proximal contractions in the context of complete controlled
type metric spaces, thus providing an optimal approximate
solution to the equation Tp = p. It is acknowledged that the
previous best proximity point theorems include the well-
known Banach contraction principle and some of its
generalizations.

First, we state the following useful definitions in the
sequel.

Definition 1 (see [6]). Let (X,¥) be a metric space having
a pair of nonempty subsets (J, K) such that ], is nonempty.
The pair (], K) has the P-property if and only if
¥ (p1a1) =¥ (,K) o
,  implies ¥ (py, p,) = ¥ (41, 92),
¥(p2q,) =¥ (J,K)
(1)

where p,, p, € ], and q;,4, € K,.

Definition 2 (see [24]). Let (X, V) be a metric space having
a pair of nonempty subsets J and K. Let T: ] — K and
: ] x J — [0, 00). The mapping T is said to be y-proximal
admissible if

u(pipa) 21
\P(MpTIh) =Y(,K) ¢, impliesy(up,uy)21, (2)
¥(u,, Tp,) =¥ (J,K)

for all py, py,uy,u, €.

Definition 3 (see [25]). Let B (X) represent the closed and

bounded subsets of X. Let H be the Pompeiu-Hausdroft
metric induced by metric ¥ defined by

H(J,K) :max{sup@(a,K),sup@(b,])}, (3)

ae] beK

for J, KCAB (X), where
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Definition 4 (see [23]). Let X be a nonempty set, and
consider a: XXX — [1,00) as a function. Let
¥: X x X — [0, 00) satistying

(1) ¥(p,> p,) =0if and only if p, = p,

(2) Y(p1> p2) =Y (P2 p1)

(3) Y(py, pI)<a(prs p3)Y (p1 p3)+ a(ps, )Y (P p3),
for all p,, p,, p5 € X, then (X, V) is called a controlled
metric type space

From now on, (X, V) is a controlled metric type space.
Definition 5 (see [23]). A sequence {p,} in a controlled
metric type space (X, ¥) converges to some p in X if for each

positive ¢, there is some positive N, such that ¥ (p,,, p) <e
for each n> N,. It can be written as

lim p, = p. (5)

n—:o00

Definition 6 (see [23]). The sequence {p,} in a controlled
metric type space (X, V) is said to be a Cauchy sequence, if
foreverye>0,¥Y (p,, p,,) <eforallm,n>N,, where N, € N.

Definition 7 (see [23]). A controlled metric type space
(X,¥) is said to be complete if every Cauchy sequence is
convergent in X.

Definition 8 (see [23]). Let p € X and > 0.
(1) The open ball K(p,¢) is defined as follows:

K(p.e) ={q€ X,¥(p,q) <&} (6)

(2) The mapping T: X — X is said continuous at
p € X if for all £>0, there exists 6 >0 such that

T (K (p,8)<K (Tp,e). (7)

Clearly, if T is continuous at p in the controlled metric
type space (X,¥), then p, — p implies that Tp, — T'p
as n — 0o0.

D (a,K) = inf{¥ (a,b): b € K} (4)  Definition 9 (see  [26]). Define the function
x: Z(X)x ZL(X) — [0,00] by
max{sup D (a,K),sup D (b, ]) ]» , if the maximum exists,
(], K) = {J ek (®)

o0,

otherwise,
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for J, KCZ (X) (it represents the set of closed subsets of X),
where

P (a,K) = inf{¥ (a,b): b € K}, forK c X. 9)

Let J and K be two nonempty subsets of X. Define

Jo={pe]:¥(p,q) =¥ (J,K)forsomeq € K},

10
Ky ={q € K: ¥(p,q) =¥ (J,K) forsome p € J}, (10)

where
¥ (J,K) = inf{¥(p,q): p € J,q € K} (distance of a set J to a set K),
(11)
and we will denote

D (p,q) =¥Y(p,q) -¥Y(J,K), forallpe],qeKk.

(12)

Theorem 1 (see [26]). The function #: Z(X) xZ(X)
—> [0, 00] is a generalized Pompeiu-Hausdroff controlled
metric space on &£ (X).

Remark 1 (see [26]). Let (Z(X),H) be a generalized
Pompeiu-Hausdroff-controlled metric type space. Then, the
following assertions hold (for all bounded and closed subsets
J,K,C, and D of X):

(1) H(C,D) =0 is equivalent to C = D

(2) H(C,D) = H(D,C)

(3) H(J,C) <maxsup,¢;a(a,b), a(b,))H (], K) +

max « (b, C), supca(c,b), H(K,C)

Theorem 2 (see [26]). If (X,V) is a complete controlled
metric space with lim, . a(p,, p,)k<1, for all p,, p,,
€ X, where k>1, then (£ (X),#) is complete.

2. Coincidence Best Proximity Points for
Generalized Proximal Contractions

In this section, we will discuss some best proximity point
theorems using the multivalued concept on a controlled
metric space (X,Y¥).

9(g"‘l»TPl) =¥ (J,K)
9(éuz’TPz) =Y¥(J,K)

From now and onward, ] and K are nonempty subsets of
a controlled metric type space (X,¥) (until otherwise
stated). Define a: XxX — [l,00) by «,(p])=
inf{a(p,a),foralla € J} and «a, (J,K) = inf{a(a, b), forall
a € Jandb € K}, where a: X x X — [1,00) and J and K
are nonempty subsets of X.

Definition 10 (see [26]). A mapping T: X — B(X) is
continuous in a controlled metric type space (X, ¥)at p € X
if for all &> 0, there exists § >0 such that

T (K (p,8))<K (Tp,e), (13)
where K (p, ¢) is given as
K(p,e)={q € X,¥(p,q) <&} (14)

Clearly, if j’ is continuous at p, then p, — p implies
that Tp,, — Tp as n — oo.
We introduce the following.

Definition 11. Let (X, ¥) be a controlled metric type space
having two nonempty subsets J and K. Let T: ] — K be
a mapping. A point p € ] is said to be a best proximity point
of the mapping T if

¥ (p,Tp) =¥ (J,K). (15)

Definition 12. Let (X, V) be a controlled metric type space
having two nonempty subsets ] and K. A nonempty set ] is
said to be approximately compact with respect to K if every
sequence {p,} in ] satisfying the condition that
2(q, p,) — D(q,]) for some q in K has a convergent
subsequence.

Definition 13. Given T: ] — %(K)and g: ] — J. A pair
of mappings (g,T) is said to be a ff-generalized proximal
contraction if there exists a real number f3 € [0, 1) such that

}, implies %(Tul,fuz) Sﬁ%(fpl,sz), (16)



for all u,,u,, p;, and p, in J.

9(”prl) =¥ (J,K)
9(“2)TP2) =¥(J,K)

for all u,u,, p;, and p, in J.

Note that, if we take g = I (the identity mapping on J),
then every -generalized proximal contraction will reduce to
a By-generalized proximal contraction.

Definition 15. Let (X, V) be a controlled metric type space
having two nonempty subsets J and K. Let T: ] — K and
g: ] — ] be mappings. A point p € ] is said to be a co-
incidence best proximity point of the pair of mappings
(9. 1) if

¥(gp.Tp) =¥ (J,K). (18)

sup lim max{ sup (> Gis1)» “(qz‘+1’ TPi)

i—00 i
m=1 DieTp;

and lim, &, (gp,, Tp,.,) =1, where k€ (0,1). Then,
there exists a coincidence best proximity point of the pair
(g.1).

Proof. Let p, be an arbitrary element in J,. Since T'(J,) is
contained in K and ], is contained in g (J,), there exists an
element p, in J, such that

D(gp1-Tpy) =¥ (J,K). (20)

Again, since Tp, is an element of T'(J,) which is con-
tained in K and J, is contained in g (J,), it follows that there
is an element p, in J, such that

9(§P2,TP1) =¥ (J,K). (21)

This process can be continued by selecting p, in J,
satisfying the condition as follows:
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Definition 14. A mapping T: ] — B (K) is said to be a ;-
generalized proximal contraction if there exists 5 € [0, 1)
such that

}, implies%(Tul,Tuz)S/S%’(Tpl,sz), (17)

Remark 2. If we take g = I; (the identity mapping over J),
then every coincidence best proximity point becomes a best
proximity point of the mapping T.

If INK#@ or ¥(J,K) =0, then every best proximity
point will reduce to a fixed point of the mapping T.

Our first main result is stated as follows:

Theorem 3. Let (X,¥) be a controlled metric type space
having two nonempty subsets | and K. Let T: ] — B (K)
and g: ] — ] be one-to-one and continuous mappings.
Assume that K is a closed subset and ] is approximately
compact with respect to K with T (J,)<K, and J,Cg(J,).
Further, assume that the pair (g,T) is a B-generalized
proximal contraction such that

. 1
}max{ sup (> Gpn)> (G TP;) } <p (19)

GicTp;

9(§Pn,TPn71) =¥ (J,K). (22)

Having selected {p,} satisfying the condition, there exists
an element p,,, in J, satisfying

@(.\éanrl’Tpn) = \P(])K)a (23)

for every integer n>0._
Since the pair (g,T) is a f-generalized proximal con-
traction, by using equations (22) and (23), we obtain

%(Tpnﬂ, Tp,,) gﬁ%(Tpn, Tp,,_l), foreachn>1.
(24)
We deduce that
?/(Tan, Tpn) S/S"%(Tpl, Tpo), foreachn>0. (25)

Now, we have to prove that {T pn} is a Cauchy sequence,
for all natural numbers n,m € N with n<m,
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%(Tpn’ Tpm) = max{ Sup o (qw qn+1)’ (x(qnﬂ’ Tpn) }%(Tpn’ Tpnﬂ)
€T Py

+ max{ SuP “(qnﬂ)qm)’ (x(qm’Tan) }%(Tpnﬂ”fpm)

In+1 ETprw—l

< max{ SuP o (qn’ Qn+1)> a(qnﬂ’ Tpn) }%(pr Tpn+1)

4,€Tp,

+ max{ Sllvp “(Qnﬂ’qmz)’ ‘x(qn+2’Tpn+l) }max{ sup ‘x(qnﬂ’qm)"x(qm’Tan) }%(TPVHI’TPVHZ)
1 €T Py 1 €T Py
+ max{s SuP “(qnﬂ’qm)’ “(qm’Tan) }max{ sup “(%+2» qm)"x(qm>Tpn+2) }%(Tsz’TPm)
A1 €T Pni Ans2€T Prsa

< max{ SuP « (qn’ qn+1)’ (X(qnﬂ’ Tpn) } %(Tpn’ Tpnﬂ)
9.€Tp,

i=n+1 \ j=n+l q;€Tp; q;€Tp;

m-2 i
+ z ( n max‘l sup “(q]"CIm)W‘(‘Im’TPj) })max{ sup “(‘1i>‘1i+1)>“(qz'+1’TPi) }%(TPPTPHI)

+ H max{ sup & (G Gn)> %(G TPk)}%(TvaTPm)

k=n+1 q, eTpA

Smax{ squ (x(qn’qn+1)’a(qn+l”fpn) }ﬂn%(TpO’Tpl)

4,€Tp,

+ mZ ( H maX{ sup &(4> G ) (4> TP) })maX{ sup &(qp qinr )> (i1 Tpi) }ﬁi%(TPO’TPI)

i=n+1 \ j=n+l q;€Tp; q:€Tp;

1 max{ sup (g dn)ralg ,Tpk)}/sml%(fpo,fpl)

k=n+1 q, eTpk

< maX{ SUp & (G Ge1 ) (1> TP) }ﬁ"%’ (TpoTp:)

9.€T Py

+ 2 ( H max‘l sup “(q]')qm)""(qm>TPj) ]»)max{ sup “(%)%’+1))0‘(%‘+1’TP1') }ﬁi%(TPo’Tpl)

i=n+1 \ j=n+l q;€Tp; q;€Tp;

m-—1
+ 11 maX{ sup «x(qk,qm),a(qm,fpk)}mﬂ{ sup fx(qmpqm),a(qm)fpmJ}ﬂm‘%(fpo)f"pl)

%keTPk A1 €T Py

= max{ sup “(Qn)OIn+1)>0‘(5In+1>TPn) }ﬁn%(TPO’TPI)

4,€Tp,
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i=n+l \ j=n+l q;€Tp; q:€Tp;

m-2 i . . .
+ Yy ( I max<l sup a(qj,qm),a(qm,TPj)DmaX{ sup “(Qi’qi+1)’“(qi+l>Tpi)}ﬁl%(TPO’Tpl)
Smax{ Sl{p ‘x(qn’ qn+l)> “(qn+l’Tpn) }ﬁn%(TpO’Tpl) (26)
4,€Tp,

+ Z <]—[maX{ sup a(q,-,qm)ﬁ(qmjpj)})mﬂ{ sup a(gp> Giv1)> #(din1> TP;) }ﬂi%(Tpo,Tpl)-

i=n+1 \ j=0 q;Tp; q:€Tp;
Assume that
m=2 i . . )
Swa= Y | [[max{ sup a(q; g ). (g Tp;) t |maxq sup a(qi i) a(qin Tpi) ¢ 5 (27)
i=n+1 \ j=0 q;€Tp; q:€Tp;
Then, we obtain
%(Tpn’ Tpm) < %(TPO’ Tpl) [/))n max<| Suvp “(qn’ qn+1)’ (x(qnﬂ’ Tpn) } + (Sm—l - Sn)] (28)
4.€Tp,
Using the ratio test, we have

a; =] max{ sup “(‘Ijﬂm)’“(Qm’TPj) } max<| sup a(q;, qi+1)’a(qi+1’TPi) }ﬁi) (29)

j=0 qjéTPj q:€Tp;

where (a;,,/a;) < (1/k). Taking limit as »n,m — oo, we That is, {Tpn} is a Cauchy sequence in the complete
obtain generalized Pompeiu-Hausdroff controlled metric type
. . . B space (% (X), #); hence, it converges to some g in K (as the

nh_r}ng() %(Tp"’Tpm) =0. (30) set K is closed). Therefore,

b4 (q’ ]) < \P(q’ épn) < Ky (q’ Tpnfl)g(q’ Tpn—l) + o, (Tpn—l’ épn)‘@(’fpn—l’ épn)

. . . g (31)
=, (q’ Tpnfl)g(q’ Tpnfl) +a, (Tpn—l’ gpn)\lj (]) K)

Takinglim,__,, on both sides of the above inequality, we
have
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nli—r>noo \P(q’ épn) < nli—r>noo [“* (q’ Tpn—l)@(q’ Tpn—l) +a, (Tpn—l’ :épn)\P (I’ K)]

<¥(J],K)
<¥(g D).

Therefore, ¥ (q, gp,) — ¥ (g, ]). In view of the fact that
J is approximately compact with respect to K, igpn} has
a subsequence {gp, | converging to some z = gp € ] for
some p € J,. Thus,

¥(z,q) = khlnwg(épnk» Tp, ) =YU.K). (33)

Therefore, z is a member of J. Since ], is contained in
g(J,) and z = gp for some p in Jy, gp, — gp and g is
a one-to-one continuous mapping, so p, — p. Since T is
continuous, it can be concluded that Tpn — Tp. This
implies that

P (gp,Tp) = lim D(gp,.Tp, ) =¥YU.K).  (34)

That is, p is a coincidence best proximity point of the pair
(g,7).

To prove the uniqueness of the coincidence best prox-
imity point of the pair of mappings (g,T), suppose that
there is another coincidence best proximity point q # p of the
pair (g,T). We have

=¥ (J,K),
=¥ (J,K).

2 (gp.Tp)
2(gq.Tq)

As the mapping T is one-to-one on the set J and p#q,
one has # (Tp,Tq) > 0. Since the pair (g,T) is a B-gener-

alized proximal contraction, one can write

(0<)Z (Tp,Tq)<p# (Tp,Tq) < (Tp,Tg).  (36)

(35)

It is a contradiction. O

Corollary 1. Let T: ] — B(K) and a,: XxX —>
[1,00) be mappings, where K is a closed subset and ] is
approximately compact with respect to K with T (J,)<K,.
Suppose that T is a continuous and Py-generalized proximal
contraction such that

Slill) hm Qs (pz’pz+1)‘x (p1>pm)<

(37)

lim oc*(pn,Tpn_l) =1, wherek e (0,1),

then there exists a unique best proximity point of T.

Proof. If we take identity mapping g = I, (g is identity on J),
the remaining proof is same as in Theorem 3 O

Definition 16. Let T:]— K and g: ] — J. A pair of
mappings (g,T) is said to be a f-modified proximal con-
traction if there exists 3 € [0,1) such that

7
(32)
\P(Z}ul,Tpl) =0 im lies‘I’(Tu Tu )</§\I’(T T )
W(EMZ,TP2)=‘V(],K) > p. pilh)s Pi-1p2)s
(38)

for all u,,u,, p;, and p, in J.

Definition 17. A mapping T: ] — K is said to be a f;-
modified proximal contraction if there exists 8 € [0, 1) such
that
¥(u, Tp,) = YU, K) L o
, impliesW(Tu,, Tu, ) <pY(Tp,,Tp, )
‘{’(uz,sz):‘}’(],K)} implies ( u, uz) B ( b Pz)
(39)

for all u;,u,, p;, and p, in J.

Note that if we take g = I; (the identity mapping on ),
then every -modified proximal contraction is a 8;-modified
proximal contraction.

Theorem 4. Let T: ] — K and g: ] — ] be two con-
tinuous and one-to-one mappings, where K is a closed subset
and ] is approximately compact with respect to K with
T (Jo)SK, and JoCg(J,). If the pair (g,T) is a f-modified
proximal contraction and

sup lim «(p;, i) (P Pm) <7

m>ll

(40)
lim oc(?]pn, Tpn_l) =1, whereke (0,1),

then there exists a unique coincidence best proximity point of
the pair (g,T).

Proof. Let p, be an arbitrary element in J,. Since T'(J,) is
contained in K, and ] is contained in g (J,), there exists an
element p, in J, such that

‘I’(EPDTPO) =¥ (J,K). (41)

Since Tpl is an element of T'(J, o) which is contained in
K, and ] is contained in g (J,), it follows that there exists an
element p, in J, such that

¥(gp, Tpy) =¥ (J,K). (42)

By continuing this process, we can construct a sequence
{p,} in J,, satisfying the condition as follows:

V(9P Tpsr) = YU, K). (43)

Having chosen {p,} in J, there exists an element p,,,, in
Jo» such that

lp(épVHl’Tpn) = T(],K), (44)
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for every positive integer n. Since the pair (g,T) is a f8- Recursively, we have

modified proximal contraction from equations (43) and - - VI

(44), we obtain \P(Tpnﬂ’Tpﬂ) <P \I/(TPI’TPO)‘ (46)
\P(Tan’ Tpn) < ﬂ‘P(Tp,,, TP,y ) (45) Now, we have to prove that {T pn} is a Cauchy sequence.

For all natural numbers n,m € N with n <m, we have

V(TP T ) < (TP TPt )Y (TP TPui1 ) + €T Psts TP ) ¥(TPris1s TP1)
ST TPt )Y (TP TPuir) + €(T Pty TP )T Prit> TPs2) ¥ (T Pt TPi2)
+ &( TPt TP )T P T ) ¥ (T Priszs TP )
<a(Tp, TPn+1)\P(T TPn+1) + ‘X(Tan’Tpm “(TPmpTPn+2)\P(TPn+1»TPn+2)
+ (T P> TP )T Prss TP )T s TPs3 ) (T Priss TPis) + AT Pty TP,
(T Pszs TP )T P> TP ) V(T s 1)
ST TP )¥(TP Tppr ) + mf( [ “(ij’TPm)>“(TPi’ Tpit)¥(Tpi Tpivn)

i=n+1 \ j=n+1

~— —

~ _

m—1

+ H “(Tpk’ Tpm)\P(Tpm—l’ Tpm)

k=n+1

m-2 i ) B .
ST T )BT ) + S ( I a(fpj,Tpm>>a<f‘pwsz-ﬂ)ﬁv(m,m) @)

i=n+1 \ j=n+l

m—1
+ 1_[ a(Tpk, Tpm)ﬁm_l‘P(TPO) TPl)

k=n+1

m-2 i . . .
<ol 4T T0) o 3 ( T (00, 700) (T T )¥(T i)

i=n+1 \ j=n+1

+ [T T2 Tpm) (TP TP )™ ¥ (T o, Tpy )

k=n+1
1

= &(T P Tpi1 )B"¥(Tpo Tp:) < (TP TPy > (TP TPinr )B¥(Tpo Tp:)
i=n+1

j=n+1

i

< (TP, TPt )B™Y(Tpo, Tpy) + < «(Tp;Tp,, > (Tpi it )BY(Tpo Tpy)-
i=n+1 \ j=0

4 ~ i a;y 1
Assume that a; = g (Tp] Tpm)(x(Tpi, Tpm)ﬂ ,  where —/— a LS ©
1 i 3 3 .
$ = Z (H «(Tp;, TPM)>“<TPPTP1‘+1)/31- (48) (50)
=0
It follows that By applying limit m,n — 00 in inequality (49), we get
\II(TP”’ Tp’”) = \I/(TPO’TPI) [ﬁna(TP”’ TPnH) + (Sm—l - Sn)]' nh—r>noo ‘"P(Tpn’ Tpm) =0, (51)
(49)

which shows that {Tpn} is a Cauchy sequence; hence, it is
Using the ratio test, we have convergent to some g in K (as the set K is closed). Therefore,



Journal of Mathematics

¥(q,))<¥(q,3p,) <

(X(q’ Tpn—l )\P(q’ Tpn—l) +

“(Tpn—l’épn)\y(’fpn—l’épn) (52)

= (X(q, Tpn—l)\y<q’ Tpn—l) + “(Tpn—l’ épn)\y (]’ K)

Taking limit # — co on both sides of the above in-
equality, we have

lim ¥(q,9p,)< 1im [a(q.Tpy 1 )¥(a. Tpur) + &(Tps1:Pa) ¥ (1, K)]
<Y (J,K)
<¥(q,)).
(53)

Therefore, ¥ (q, gp,) — ¥ (g, ]). In view of the fact that
J is approximately compact with respect to K, igpn} has
a subsequence {gpn converging to some z = gp € J for
some p € J,. It follows that

¥(z,q) = lim ¥(gp,,Tp, ) =¥(.K).  (54)

Therefore, z is an element of J,. Since J o is contained in
g(]o) we have z = gp for some pin J,. As gp, — gpand
g is a one-to-one continuous mapping, p, — p. Since Tis
continuous, it can be concluded that Tpn — Tp. Hence,

¥(gp,Tp) = lim ¥(gp,.Tp,,) =Y (LK. (55

To prove the uniqueness, suppose that g is another
coincidence best proximity point of the pair (g, T) such that
p#4q. Then,

=Y (J,K),
=¥ (J,K).

¥ (gp, Tp)
¥ (g9, Tq)

Since the pair (g,T) is a B-modified proximal con-
traction, we have

0<¥(Tp,Tq)<p¥(Tp,Tq)<¥(Tp,Tq), (57)

(56)

which is a contradiction (as T is one-to-one mapping on J).
Hence, the pair (g,7T) has a unique coincidence best
proximity point. O

Corollary 2. LetT: ] — K be a given continuous mapping,
where K is a closed subset and ] is approximately compact
with respect to K with T(J,)<K,. If T is a By-modified
proximal contraction and suppose that

sup lim a(p, pis1 )& (P Pm) <
m=1 (58)

lim oc(pn, Tpn,l) =1, whereke (0,1),

n—=a~oo

then there exists a unique best proximity point of T.

Proof. 1f we take g = I; (the identity mapping over the set
J), the remaining proof is same as Theorem 4. O

Example 1. Let X = {0, 1,2, 3,4, 5}. Consider the function ¥
given as ¥ (p, p) = 0 and ¥ (p, q) = ¥ (g, p), where

0 1 2 3 4 5

0 |[1/14|1/13 | 1/15 | 1/12 | 1/11
1/14 | 0 2/3 | 3/4 | 1/15| 4/5
1/13 | 2/3 0 1/9 | 1/8 | 1/15
1/15| 3/4 | 1/9 0 7/8 | 8/9
1/12 [ 1/15| 1/8 | 7/8 0 1/4
1/11 | 4/5 | 1/15| 8/9 | 1/4 0

gl |lw|o|=|o|&

Take a: X x X — [1,00) to be symmetric which is
defined as a(p,q) = 19p + 21q. It is easy to see that (X, ¥) is

a controlled metric type space. Take ] =1{0,1,2} and
={3,4,5}. Obviously, ¥(J,K)= (1/15), J, =], and
K, = K. Now, consider T: ] — K as follows:
. 3, ifp={0,1},
- { p=0.1} -
5 ifp=2.
Clearly, T (J,)<K,. Define g: ] — J by
0, ifp=0,
gp=41, ifp=2, (60)
2, ifp=1

We get Jo€g(Jo). Now, we have to show that the pair
(g,T) satisfies

¥(g0,T1)
¥(g1,T2)

=V¥(0,3) =¥ (J,K),
=¥ (2,5 =Y (J,K),

(61)

where u; =0,u, =1,p;, =1, and p, =2. Since the pair
(g,T) is a B-modified proximal contraction:

Y (T0,T1) <Y (T1,T2), (62)
for every f8 € [0, 1), the pair (g,T) is a f-modified proximal

contraction. Hence, 0 is the unique coincidence best prox-
imity point of T and g.

Definition 18. Let T:]— K and g: ] — J. A pair of
mappings (g, T) is said to be a f— proximal contraction if
there exists § € [0, 1) such that
¥(gu, Tp) =¥ (J,K) o
. s > implies‘I’(gul,guz)sﬂ‘l’(pl,pz),
¥(gu, Tp,) =¥ (J,K)
(63)

for all u,,u,, p;, and p, in J.

Definition 19. A mapping T: ] — K is said to be a B;-
proximal contraction if there exists § € [0,1) such that

Y(u, Tp,) =Y (J,K)

. implies¥ (uy,u,) <BY (P, D), 64
\II(MZ’TPZ):\P(LK)} implies ¥ (1,u,) <Y (pr.p2).  (64)

for all u,,u,, p;, and p, in J.
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Note that, if we take g=1I,, then every f-proximal
contraction is a f;-proximal contraction.

Theorem 5. Let T: ] — K and §: J — ] be continuous
mappings, where K is a closed subset and ] is approximately
compact with respect to K with T (J,)<K, and J,Cg(J,).
Suppose that g is an expansive mapping and the pair (g, T) is
a B-proximal contraction such that

, 1
sup lim o (py, piut ) (i Pm) <

(65)
lim (x(épn, Tpn_l) =1, wherek € (0,1),

n—~oo
then there exists a unique coincidence best proximity point of
the pair (g,T).

Proof. Let p, be an arbitrary element in J,. Since T'(J,) is
contained in K, and ] is contained in g (J,), there exists an
element p, in J, such that

¥(gp1,Tpy) =¥ (J,K). (66)

\P(pn’pm)ga(pn’pn+1)\y

Journal of Mathematics

Again, since Tpl is an element of T( Jo) which is con-
tained in K, and ], is contained in g (J,), it follows that there
is an element p, in J,, such that

¥(gp, Tpy) =¥ (J,K). (67)

This process can be continued by selecting p, in J; so
that

¥(9pni Tpa) = ¥ U, K). (68)
Since the pair (g, T) is a B-proximal contraction, we have
¥(3Pus1>GPn) <BY (P Prcr). (69)
As g is an expansive mapping, one writes
¥ (Pust> Pu) <¥(9Pner» 9Pn) <B™¥ (P o), (70)
so we have
¥ (Pt Pu) <BY (P1: po)- (71)

We claim that {p,,} is a Cauchy sequence. For all natural
numbers n,m € N with n <m, we have

n’pn+1) + ‘x(pm—l’ pm)\P(pn+1’pm)

+ & (Pit> Pr)® (P2 Pn)¥ (P> Pom)
< (P> Pust)¥ (P> Prst) + & (Prrt> Prn) & (Prat> Pri2) ¥ (Prst> Prvz)

+ & (Pit> Pr)® (P2 Pin) ¥ (Prsz> Praz)¥ (P> Prss) + & (Prst> Prn)
&(Pri2s L) (Prsz> Pn)¥ (Prsz> Pm)

m=2

S“(Pn>Pn+1)‘I’(Pn,Pn+1) + Z

i=n+1

m-1

+ [T «o ) ¥ (P> Pm)

k=n+1

<a(Tp TP )B"¥ (P 1) + .

i=n+1

—

m—

+ H a (P> P)B" Y (Po> 1)

k=n+1

m-=2

S“(pn’pnﬂ)ﬂnly(po’pl) + Z

i=n+1

m-1

(
< a(pn’ Pn+1)\y (pn’ Pn+1) + (X(Pnﬂ’ pm)‘x(pnﬂ’ Pn+2)\y (pn+1’Pn+2)
(

i

H “(Pj’ Pm) >‘X(Pi’ pi)¥ (P> Pi1)

Jj=n+1

( [1 oc(pj,pm)>oc(pi,pi+1)ﬁ"‘1’(po,p1) (72)

j=n+l1

i

I1 vc(pj,pm))a(pppm)ﬂ"‘l’(po,pl)

j=n+1

+ [T «(pr L)t (s P)B™ ¥ (P05 1)

k=n+1

m-—1

= &(Pp> Pus1 )Y (o> P1) + Z

i=n+1

m—1

< (P Pt )B"Y (Poo 1)+ Y

i=n+1

i

[1 fx(pj,pm)>oc(pppi+1)/3i‘l’(po,p1)

j=n+1

i

H “(Pj’ Pm) >“ (pir Pi+1)/3i\y (Po> P1)-

Jj=0
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Assume that

1/ ‘
Si=). <H “(Pj’Pm)>a(pppi+l)ﬁl- (73)

i=0 \ /=0
Then, we obtain
Y (P Pm) <Y (Po> P1) [B (P> Prsr) + (St = Si)]-
(74)

Using the ratio test, we have
i

i A 1
a; = [ Ta(pj> pm)c(pis P )B>  where =< (75)

j=0 i

By taking limit as n,m — 00, (74) becomes
Jim V() =0 o9

Therefore, {p,} is a Cauchy sequence in the complete
controlled metric type space (X, ¥); hence, it is convergent
to some p in J (as set J is closed). Since g and T are
continuous, we have

¥(gp,Tp) = lim ¥(3p,1,Tp,) =¥ (LK. (77)

Hence, p is the unique coincidence best proximity point
of the pair (g, T). To prove the uniqueness, suppose that qis
another coincidence best proximity point of the pair (g,T)

such that p#q. Then,
Y (gp, Tp) =¥ (J,K),
(sip Vp) (J,K) (78)
¥ (gq,Tq) =¥ (J,K).

Since the pair (g,T) is a f-modified proximal con-
traction, we have

¥ (p.q)<¥(gp, g9 <PY (p,q) <Y (p, ) (79)
which is a contradiction. Hence, the pair (g, T) has a unique
coincidence best proximity point. O

upg =1

D (gu,Tp) = ¥(J,K)
P (gv,Tq) =¥ (J,K)

where

M(”) Vs P’ q) = max{‘{](ép’ éq)’

D" (gu, Tp)

11

Corollary 3. Let T: ] — K be a continuous mapping,
where K is closed subset and ] is approximately compact with
respect to K with T (J,)<K,. If T is a Bz-proximal contraction
and suppose that

. 1
sup lim a(pi, pin ) (po Pm) <o

(80)
lim oc(pn, Tpn_l) =1, whereke (0,1),

then there exists a best proximity point of T.

Proof. 1f we take identity mapping g = I;, the remaining
proof is same as Theorem 5. O

3. Coincidence Best Proximity Points for
Geraghty Type Proximal
Contractive Mappings

First, we need to define a generalized Geraghty type prox-
imal contractive mapping.

From now and onward, F is a class of all nondecreasing
functions A: [0,00) — [0,1) such that for any bounded
sequence {t,} of positive real numbers, A{t,} — 1 implies
t, — 0.

Definition 20. Let (X, V) be a controlled metric type space
having a pair of nonempty subsets (J,K) such that J; is
nonempty. Then, a pair (J, K) has the P-property if and only
if

¥ (p1-a1) =¥ (. K)

implies¥ (p;, p,) = ¥ (q,,9,).
¥ (pyqy) = Y (J,K) } p (1> P2) (91> 92)

(81)
Definition 21. LetT: ] — B (K), g: ] — ] are mappings.

A pair (g, T) is said to be a A — y-proximal Geraghty con-
traction if y: J x ] — [0, 00) is such that

implies that u (p, @)% (Tp, Tq) <A (M (u, v, p, 9))M (u, v, p, q), (82)

P (gp.Tp) -, (39 Tp)¥ (J,K)

. D(guTq) - a, (gv.T)¥ (J,K)

for all u,v, p,q € J, where A € F.

a, (gu, gv) }
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Definition 22. A mapping T: ] — B (K) is said to be
a (A — p)j-proximal  Geraghty
u: J x ] — [0,00) is such that

p(p,q) =1
D, Tp) =¥ (J,K) ¢},
P (v, Tq) =¥ (J,K)

where

¥ (p,Tp) - a, (g, Tp)¥ (J,K)
a, (p.q) ’

M(u,v, p,q) = max{‘l’(p, 9,

v 7p), LT — & W TR ¥ U, 1<>}’

a, (u,v)

(85)

for all u,v, p,q € J, where A € F.

If we take g =1I; (the identity mapping over J), then
every A — p-proximal Geraghty contraction will reduce to
a A — p-generalized proximal Geraghty contraction.

Theorem 6. Let T:]— B(K), g:]J— ], and
u: J x ] — [0, +00) be mappings, where ] is a closed subset
and the pair (J,K) satisfies the P-property with T (J,)<K,
and J,g(Jo). If a pair of continuous mappings (g, T) is
a A — u-proximal Geraghty contraction, where T is y-proxi-
mal admissible, then there exist elements py, p, € J, such that
D(gp1,Tpo) =¥ (J,K) and p(py, p1) 21 If {p,} is a se-
quence in ] such that u(p,, p,.1) =1 and suppose that

contraction if

Journal of Mathematics

implies that u (p, @)% (T p, Tq) <A (M (u, v, p, )M (u, v, p, q), (84)

sup lim a, (p;> pis1)% (Pi> Pm) <%, wherek € (0, 1),
m>1 17700
(86)

then the pair (g, T) has a unique coincidence best proximity
point p* € ].

Proof. From the given condition, there exist py, p; € J,
such that D (gp,,Tp,) =¥ (J,K) and u(py, py)=1. As
T(Jy)<K,,  there  exists  p, €], such  that

D(gp,,Tp,) =Y (J,K). As T is p-proximal admissible,

Au(pO’pl)ZL
P(gp1,Tpy) =¥, K),
(!jpl va) (87)
2(gp2Tpy) =¥ (. K),

using the P-property ¥ (gp,,gp,) = % (Tpy, Tp,). Since
the pair (g, T) isa A — y-proximal Geraghty contraction with
u(py> py) =1, we have

¥(gp1, 9p2) SAM (o, p1s 1> P2))M (Pos P1s 1o ) (88)

where

9(51’0’ TPO) - “*(?Pl’ TPO)\P (J,K)

M(po p1> P1> P2) < max{ \I’@Po’ :épl)’

>

a,(9pe gp;)

2" (!3171’ TPO)’

9(§p1, TP1) - “*(EVJPP TP1)\P(], K) }
*(éppépz)

o,(9p0 91 )¥(9P0 3p1) + . (3P0 Tpo)2(9P1> T o)

Smax{‘lf(épo,épl),

_a,(gp1,Tpo)¥ . K)
a,(9po-9p1)

’9(§P1>TP0) -¥Y(J,K),

o, (?]Pmépl) (89)

o, (éPl»épz)\P(épl’éPz)
“*(SVJPD?PZ)

o, (9p2Tp1)2(9py Tp1) - a. (92 TP )Y U, K) }
&, (Z]Ppépz)

<max{¥(gp,. gp, ). ¥(3po- 3p1)- 0. ¥(gp1 3p)}>
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and we have

M (po» p1> P1> P2) < max{‘l’(épo, £V7P1)’ \P(épl’ éPz)}-
(90)

If
max{¥(gpo. gp1 )-¥(9p1, 9p>)} = ¥(gp1-gp2), (1)
then inequality (88) becomes
¥(gpi, gp,) <M¥(gp19p2))¥(ap1-9p:),  (92)
which is a contradiction. So, we can conclude that

‘{’(épl,épz) S/\(‘P@Po’éﬂ))‘y(?‘bo’ §P1)~ (93)

13

Further, by the fact that T 0)SK, there exists p; € ],
such that 2 (gps, Tp,) = ¥ (J,K). As T is p-proximal ad-
missible mapping, where p(p,, p3) =1,

D(gp2Tp1) = YU, K), o4
g(ép?,’ sz) = \P (]s K);

using the P-Property, we have ¥ (gp,, gps) = # (Tp,, Tp,).
Since the pair (g,T) is a A — y-proximal Geraghty mapping
with p(p,, p;) =1, one writes
¥(gps> Gps) <A(M (P> 3> 1> P2))M (P> 3> 1> P2),
(95)

where

P(gp1Tpy) - a.(gp»Tp) )Y U, K)

M (P2 p3 P1> P2) < max{ \P(épp épz)’

2" (épz) TP1)a

>

a,(gp19p,)

P(gp»Tp,) - a.(9p5Tp,)¥ U, K) }
a, (?71’2)?71’3)

@, (EPD Z]Pz)‘y(épp éPz) + “*(épz’ TP1)9(§P2’ TPl)

smax{‘l’(?/pp?/pz),

_ “*(EPZ’TPI)\P(L K)
‘X*(Eppépz)

.2(9p» Tp1) - Y, K),

o, (§P1> épz) (96)

& (§P2> ap; )\P(épp éps)
&, (épz’ §P3)

L% (éV?Py Tp2)9(§p3, TPz) - a, (SVJP3> TPz)\F (J,K) }
o, (§P2>5P3)

< max{\P(épl, ?JPz)’ ‘P(EPD gpz)’ 0, \P(épz’ épa)}’

and we have

M (py, 3> P1> p,) <max{¥(gp,, gp, ). ¥(p2» 905 ) }-
(97)

If
max{¥(gp:, 3 ) ¥(gp» gps )} = ¥(ap» gps),  (99)
then inequality (95) becomes
¥(aps gps) <M¥(9p, 9p5))¥(9ps 9p5),  (99)
which is a contradiction. Thus,

¥(gp, 9ps) <M¥(9p1 9p2))¥(9p1-gp2)-  (100)

Similarly, we can construct a sequence {p,}<J,, where
U(Pp> Prsr) 21 for all n e NU{0},

P(9Pw TPur) = YU, K),
9(\aan’Tpn) =¥ (J,K),
using the P-property \Ij(épn’ épn+1) = %(Tpn”fpnq)-

Since the pair (g,T) is a A — y-proximal Geraghty con-
traction with u(p,, p,.1) =1, we get

(101)

\Il(épw Epru-l) §/1<M (pn’pm-l’ pn—l’pn))M (pn’ Pur1> pn—l’Pn)’
(102)

where
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9(gpn—l’ Tpn—l) - (X* (épn’ Tpn—l)\lj (]: K)
“*(épn—l’épn) ’

M(pn’ pn+1’pn—l’pn) = max{ \P(épn—l’ épn)’

* [~ ~ 9Vn>Tn_*vn+,Tn\Il(I,K)
2 (gpn’Tpn—l)’ (gp P) @ (gp 1 P) }

&, (épn’ épnﬂ)

Ay (Z]pn—l’ épn)\y(épn—l’ épn) +a, (.épn’ Tpn—l)g(épn’ Tpn—l)
a*(épn—l’épn) (103)

< max{ ‘I’(épn—l’ épn)’

~0,(9Pw TPan)¥ UL K) D3P Tpot) - ¥, K)
@, (épn—pgpn) o

x, (épn’ épn-#l)\}/(:épn’ §Pn+1) ta, ((gpn+1’ Tpn)g(éprﬁl’ Tpn) &, (éprﬁl’ Tpn)\y(]’ K) }
“*(épn’épnﬂ) a*(ép"’ép"’*l)

< max{\lj(épn—l’ épn)’ \Ij(épn—l’ gpn)’ 0, \Ij(épn’ épn-f—l)}'

M¥(9P 3Pui1)) <MY (GP0o1-GP0))>

After simplification, we have _ B 5 _ (109)
M (P Prots Pacrs o) S0X{¥ (P12 900 ) ¥ (9P TP ) }- M(¥(GPr-1:92,)) <A (¥(9P22 9Pr1))
(104) Continuing on the same lines, we can write
If A(¥(9Pu1»GPn)) SA(¥(GPn2r GPur)) < - <A(¥(P0: 9P1)).
max{\y(épn—l’épn)’\y(épn’ ?pnd-l)} = \P(épn’ épnﬂ)’ (110)
(105) Using inequality (107),
then inequality (102) becomes \P(épn—l’ épn) SA(\P(EPn—zs épn—l))\y(épn—?épn—l)'
¥(3Pm 8Pue1) SM¥(3Pw> 3Pne1))¥ (P> GPut)- (11)
(106) From inequalities (107) and (111), we have
which is a contradiction. So, we conclude that W(?Pw??Pnﬂ) SA(‘{'@PWDépn))\y(fvipnAan)
\P(épn’ épi’ﬁ’l) S)L(\Y(épn—bépn))\y<épn—l’épn)' SA(\Il(ép”’l’ép”))/\(\y(épn’z’ ép”’l))
(107) ' \P(épan’ gpnfl)'
Further, (112)
V(3P GPusr) M¥(9L01>900) )Y (901> 3P0) < ¥(GP01> 3P0 Following on similar lines, we have
(108)
which shows that {‘I’ (9P g pnﬂ)} is a decreasing sequence.
Since A € F, from (108), we have
¥(9Pu> 9Pnr) SM¥(GPu1> 9Pu) M(¥(9Pu2: GPur ) - - - M(¥(GP0r GP1) ) ¥ (90 91 ) 113

= An(\y(épo’ épl))\y(ypo’gpl)-

\P(.\q/pn’ épnﬂ)

We deduce = — < M¥(gp,1>9Pn)) <1, foralln>1.
o o o ¥(Gpn-1>3Pn) (! )

V(9P GPuir) <A'(¥(9P0> 901) ) ¥ (900> gp1).  (114) (115)

From (108), suppose that ¥ (gp,_;, gp,) >0, so we can Let I =1lim, ., ¥ (gp, 1>gp,)- Using equation (108)

conclude and letting n — + 0o, we obtain that



Journal of Mathematics

! o
;=1< lim M¥(gp,19pa)) <1 (116)

n—+00

Thus, lim,,__,, ¥ (gp,_1» gP,) = 1. Using the definition
of A, we conclude that

Y(9Pw GPm) <
(épn 91 ) V(9P GPur ) +

+ 0, (GPus1> GPm )&

<&, (9pp 9Pun )¥(9P

+ 6, (GP1> GPm )

gpn+1)

15

lim \I’(gpn 1Y gpn) =y

n—+00

(117)

Now, we have to show that { g pn} is a Cauchy sequence.
For all natural numbers n,m € N with n<m, we have

&, (9w 91 ) ¥ (9L GPni1) + € (9Ps1> G0 )Y (IPrs1> GPm)
1)+ &, (9Pns1> 9P )% (9Pnr1> GPrs2 )Y (9Pwr1> GPs2)

(9Pni2> 9P )¥(9Prs2 GPm)

&, (91> 9Pm )% (9Pwr1> 9Prs2 )Y (9Pwr1> GPs2)

&, ((9Pns2> 9P )% (GPws2 903 ) ¥ (GPrr2> GPs3) +

Oy (épml’épm)

&y (épn+2’ épm)‘x* (épn+3’ épm)\lj<§pn+3> épm)

sa, (épn’ épn+l )\F(épn’ épnﬂ )

(1

i=n+l \ j=n+l

sa, (Evipn’ ZJPnH)An(\F(Z]Po» Z?Pl))\y(!vipw §P1) +

m—1

N (¥(9p0 9p1))¥ (920 1) +

k=n+1

@, (gpj’ éPm))“* (EPI" éPm)LP(éPi’ !vJPM) + H

o, (gpw gPm )V

m—1

. (3P0 9Pm) ¥ (9P -1 GP1m)

i=n+l \ j=n+l

oc*(épj,épm)>a*(§pi,§pm)

(¥(3p03p1)) (3P0 1) (118)

<&, (900 9w )V (¥(9P0 9P1) )¥(P0> 9P1)

m-=2 i
31
i=n+l \ j=n+l
m-—1
+I1
k=n+1
Am*l(\y(épo’éPl))\I’(Z]PmZ]Pl) =
m-—1 i
(1

i=n+l \ j=n+1

a*(épk’ épm)a*(épmfl’ épm)

a*(z;p]-,apm)>a*(api,api+l)a(w(apo,apl))w(apo,apl)

@, (EVJPn’ 9Pt ))Ln(\y(épm gp ))‘{/(ZJPO’ §P1)

o, (Z?Pj) épm) > @, (épi’ 9Pin )/\i(\y(gpo’ gp: ))\P(ZJPO’ épl)

<, (90w GPui )N (¥(9P0> 9P1))¥(9P0> 9P )

i=n+1 \ j=0

Ai(\y(épo’ épl))\{'(épo’ éPl)-

Assume that

1

ZO (JHoc (9p;» gpm))oc*(Zappépm)A"(‘P(ﬁpo,épl))-

(119)

m=1 i
+ Z <H a, (ZJP]" épm) >‘X* (éPi’ épm)

Then, we obtain
(9P 90m) <¥(aPo 301) [N'(¥(9P0 9P1) ). (9P G0
]

+ (Smfl - sn) .
(120)
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Using the ratio test, we have

a; = H &, (éPj’ Ev?Pm)“* (épi’ épm)/v(\y(épm :épl))’

j=0

i1

<1
A

where
a;

(121)

Taking limit as n,m — 00, inequality (120) becomes

lim ¥(gpngpm) = 0. (122)

This implies that {épn} is a Cauchy sequence in the
complete controlled metric type space (X,¥); hence, it is
convergent and suppose that it converges to some p* in J,CJ
(as set J is closed), which assures that the sequence {p,}<]J,
since p, — p*. As (g, T) is a pair of continuous mappings,
one writes

2(gp",Tp") = Y (J,K). (123)

Therefore, p* is a coincidence best proximity point of the
pair (g,T).

For uniqueness, suppose that there are two distinct
coincidence best proximity points of (g,T) such that
p*#q*. Thus, s=¥(p*,q*)>0. Since ¥(gp*,Tp*)=
¥(gq*,Tq*) = ¥ (J,K), using the P-property, we conclude
that s = % (Tp*,Tq*). Since the pair (g,T) is a A — u-
proximal Geraghty contraction, we obtain s<A(s)s. Thus,
A(s)=1. Since A(s)>1, we conclude that A(s) =1 and
therefore s = 0, which is contradiction. O

Example 2. Let X ={0,1,2,3,4,5} be endowed with the
function ¥ given as Y (p,q) =¥ (q,p) and ¥ (p,p) =0,
where

M(0,2,2,1) = max{\}f(gz,gl),

Journal of Mathematics

0 1 2 3 4 5

0 1/2 | 1/3 | 1/10 | 1/5 | 1/6
1/2 0 1/4 | 2/3 |1/10 | 3/4
1/3 | 1/4 0 6/7 | 7/8 | 1/10
1/10 | 2/3 | 6/7 0 1/2 | 1/3
1/5 [ 1/10 | 7/8 | 1/2 0 1/4
1/6 | 3/4 | 1/10 | 1/3 | 1/4 0

G |w|o|—=|o|=

Take a: X x X — [1, 00) to be symmetric and defined
as a(p,q) =16p +18q. It is easy to see that (X,V¥) is
controlled type metric space. Suppose J ={0,1,2} and
K = {3,4,5}. After a simple calculation, ¥ (J,K) = (1/10),
the P-property is satisfied, J, = J, and K, = K. Consider

. {3, ifp=2,
Tp =

3,4}, if p={0,1},

0, ifp=0, (124)
gp=11 ifp=2,

2, ifp=1

Clearly, T(]ov)gKo and J,Sg (J,). Now, we have to show
that the pair (g, T) isa A — y-proximal Geraghty contraction:

u(p, @ (Tp, Tq) <A(M (u, v, p, Q)M (u, v, p,q), (125)

forallu, v, p,q € J and for the function y: J x ] — [0, +00)
is defined by
u(p,q) =¥(p.q +1. (126)
Hence,
2(90,T2) = 2(1,3) = ¥ (J,K),
- (127)
2(g2,T1) = 2(1,{3,4}) = ¥ (J,K).

After simple calculations, # (Tp, Tq) =7 (3,{3,4}) =0,
ulp,q) =¥ (3,{3,4))+1 =1, and

D(g2,T2) - a, (g1,T2)(1/10)

a, (g2, g1)

D(g0,T1) - a, (g2,T1)(1/10)

D" (g0,T2),
= max{‘P(l,Z),

27(0,3),

2(1,3) -, (2,3)(1/10)

(128)

a, (1,2)

2(0,{3,4}) — a, (1,{3,4}) (1/10)

1 -238
= max{_) Y 0) o
4 1560 180

—69} 1

a, (0,1) }

T4
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Now, we have to show that the pair (g,T) is a A — y-
proximal Geraghty contraction:

(1) (0) <A (M (11, v, p, ‘1))@
(129)

<A (M (u, v, p, q))(i)

and for every A: [0,00) — [0, 1], the pair (g, T)isal - Y-
proximal Geraghty contraction. Hence, 0 is the unique
coincidence point of the pair of mappings (g,T).

Corollary 4. Let T: ] — B (K) be a continuous mapping,
where ] is a closed subset and the pair (J,K) satisfies the
P-property with T(J,)<K,. If T is a (A - u)q-proximal
Geraghty contraction, where T is u-proximal admissible, then

17

there  exist  elements  py,p, €J,  such that

D(p1,Tpy) =Y (J,K) and u(py, py)=1. If {p,} is a se-
quence in ] such that u(p,, p,.;) =1 and suppose that

sup lim a, (ps> pic1)%: (Pi> Pm) <%, wherek € (0, 1),
m>1 17700
(130)

then T has a unique best proximity point p* € J.

Proof. If we take g = I; (an identity mapping over J), the
remaining proof is same as Theorem 6. O

Definition 23. Let T: ] — K, g: ] — J,and p: ] x ] —
[0, +00) be mappings. A pair of mappings (g, T) is said to be
a A — p-modified proximal Geraghty contraction if

u(pq) =1
¥ (gu,Tp) =¥ (J,K) }, impliesu(p,q)¥ (Tp,Tq) <A (M (u,v, p,q))M (u, v, p,q), (131)
¥ (gv,Tq) = ¥ (J,K)
where
_ _ Y(gp.Tp)-a(gqTp)¥(J.K
M(u’ v, Ps q) = maX{\P(gP, gq)’ (gp p) f(gg P) (] ),
a(gp, 99)
. . (132)
v (g, Tp), L% TD ~ &(gn TO¥ U, K)})
a(gu, gv)

for all u,v, p,q € J, where A € F.

u(lp,q) =1
¥ (u,Tp) =Y (,K) ¢,
¥ (v, Tq) = ¥(J,K)

where

M(u,v, p,q) = max{‘l’(p, Q>

¥ (u,Tq) — a(v,Tq)¥ (J,K)

Definition 24. Let T: ] — K and p: J x ] — [0, +00) be
mappings. A mapping T is said to be a (A — y)j-modified
proximal Geraghty contraction if

implies yt (p, q)¥ (T p, Tq) <A (M (, v, p, @)M (u, v, p, q), (133)
¥ (p, Tp) - a(q, Tp)¥ (J,K)
a(p.q) ’

(134)

¥ (u,Tp),

|

a(u,v)
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for all u,v, p,q € J, where A € F.

Note that, if we take g = I; (an identity mapping over J),
then every A — y-modified proximal Geraghty contraction
will reduce to a (A —p)p-modified proximal Geraghty
contraction.

Theorem 7. Let T: ] — K and g: ] — ] be continuous
mappings, where ] is closed subset and the pair (], K) satisfies
the P-property with T (J,)<K, and J,Cg(J,). If the pair of
mappings (g, T) is a A— u-modified proximal Geraghty
contraction, where T is a u-proximal admissible, then there
exist elements py, p, € J, such that ¥ (gp,,Tp,) = ¥ (J, K)
and u(py, p1)=1. If {p,} is a sequence in ] such that
U(Pp> Pri1) 2 1 and suppose that

sup lim a(p;, piv1)a(Pi> Pm) <%, wherek € (0, 1),

m>11

(135)

then the pair (g, T) has a unique coincidence best proximity
point p* € ].

Proof. 1t is a simple consequence of Theorem 6. O

Corollary 5. Let T: ] — K be a continuous mapping,
where ] is closed subset and the pair (J,K) satisfies the
P-property with T(Jo)SK,. If T is a (A - u)z-modified
proximal Geraghty contraction, where T is a u-proximal
admissible, then there exist elements p,, p, € J, such that
¥ (gp1,Tpo) =¥ (J,K) and u(po, p1)2 1. If {p,} is a se-
quence in ] such that u(p,, p,.1) =1 and suppose that

1
sup lim oc(p,»,p,-+1)oc(pi,pm)<? wherek € (0, 1),
m>1 1770
(136)

then the pair (g, T) has a unique best proximity point p* € J.

Proof. 1f we take g = I, the remaining proof is same as
Theorem 7. O

4. Conclusion

In our paper, we ensured the existence of some best
proximity point results via the multivalued concept in
controlled metric spaces. To our knowledge, we are the first
who worked on best proximity points for the class of
multivalued mappings in this setting. We open the door for
new perspectives when dealing with new generalized mul-
tivalued (proximal) contractions.
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