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It is known, in harmonic analysis theory, that maximal operators measure local smoothness of L? functions. These operators are
used to study many important problems of function theory such as the embedding theorems of Sobolev type and description of
Sobolev space in terms of the metric and measure. We study the Sobolev-type embedding results on weighted Besov-
Triebel-Lizorkin spaces via the sharp maximal functions. The purpose of this paper is to study the extent of smoothness on
weighted function spaces under the condition Mf (f) € LP¥, where p is a lower doubling measure, M a# (f) stands for the sharp
maximal function of f, and 0<a <1 is the degree of smoothness.

1. Introduction and Main Result

In this paper, we consider the some continuous embeddings
on weighted Besov-Triebel-Lizorkin spaces via a general
sharp maximal function introduced by Calderén and Scott
[6]. Furthermore, we investigate the spaces introduced by
Hajtasz [13] that are defined via pointwise inequalities and
their connection with the Triebel-Lizorkin spaces. For more
details, see [11, 12].

Now, let us begin by recalling some definitions and
classical results in harmonic analysis on the n-dimensional
Euclidean space R"” needed for later sections.

(1) A cube on R" will always mean a cube with sides
parallel to the axes and has nonempty interior. For j € Z and
k € Z", we denote by Qjk the dyadic cube 27/ ([0, 1]" + k),
where [ (Q jk) =27/ is its side length, xq, = 277k is its lower
“left-corner,” and cq, is its center. We set Q = {Q K j€Z,
k € 7"} and j, = -log,l(Q) for all Q € Q. When the dyadic
cube Q appears as an index, such as } o4, it is understood
that Q runs over all dyadic cubes in R”. For a function v and
dyadic cube Q =Q i set

Vo (x) = IQI_(I/Z)v(ij - k) =|Q| (l/z)vj(x - xQ), (1)

for all x € R", where v; (x) = 2"/v(2/x).

(2) Throughout the paper, w denotes a weight function,
i.e, w is an almost every (a.e.) positive locally integrable
function on R". A function f € L?(w), 0< p <ocoe=

1/p
1 =(] I @Pw0r) <0 @

and f belongs to the weak-LP spaces, denoted by
LP® (w)=

[ fllzpeo ) = supAw ({x € R":  f(x) >A})1/p <o, (3)
A>0

If w = 1, we do not write the subscription w.

A weight function w is said to be in the Muckenhoupt

classes A, where 1< p <00, if there exists a constant C, >0
such that for every cube Q,

1 1 N U
— dyl — L <C.. 4
|Q|JQw y(|Q|JQw y) =t ®
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When 1< p<oo, (1/p) + (1/p') = 1; for p=1,

ij w(y)dy <Cyw(x), (5)
IRl q

for a.e. x € Q, or equivalently Mw(x)<C,w(x) for a..
x € R", where M is the Hardy-Littlewood maximal
operator.

The class A, was introduced by Muckenhoupt [16] in
order to characterize the boundedness of the Har-
dy-Littlewood maximal operator M on the weighted Leb-
esgue spaces [8, 12]. The pioneering work of Muckenhoupt
[16] showed that

M: Lf (w) — L (w), (6)
&w € A, when 1< p<oo and

M: L' (w) — L"® (w), e—wceA,. (7)

A weight function w is in Muckenhoupt’s class A, (RY),
1< p <o, of weights if there exists a constant C, >0 such
that for all cubes Q in R”,

LJ (y)d J Wy <c. ®
Q) Nl ) =

When 1< p<oo, (1/p) + (1/p') = 1; well, for p =1,

| wyscu, (9)
IRl Ja
for a.e. x € B, or equivalently Mw(x)<Cyw(x) for a.e.
x € R", where M is the Hardy-Littlewood maximal
operator.

(3) Note that if w € AP’ then w is a doubling measure,
i.e., there exists a constant C > 1 such that for all x and all
r>0,

w(B(x,2r)) <Cw(B(x,71)). (10)

Another class of functions that plays an important role in
harmonic analysis and in partial differential equation theory
is the class of functions with bounded mean oscillation
denoted by BMO(w), ie., ¢ € BMO(w), if there is a
constant C:

1

up ——— - onlw(y)dy <C, 11

b i) Je 0 gl dy an
where ¢ = (1/w(Q))IQ¢(y)w(y)dy is the average of f on
Q with respect to dw. The smallest constant C for which (11)
is satisfied is taken to be the norm of ¢ in the space BMO (w)
and is denoted by [l¢ll5r0 ()

(4) The sharp maximal functlon Y f(x) of fis defined

by

M f(x)= sup 1nf J | f (x) - cldx, (12)

R Q|

where Q is taken over all cubes in R". Let a > 0. The sharp
fractional maximal function M# (f) of f is defined by
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M (f) (x) = f —
x supln L

(5) The space of Schwartz functions: let & (R") be the
space of all Schwartz functions on R” with the classical
topology generated by the family of seminorms:

| e -dds 3

Iy = sup sup (1+1xD)*[oPv(x)| & N €Ny, v e S(R”).
xeR" [BI<N

(14)

The topological dual space 8"’ (R”) of & (R") is the set of
all continuous linear functional the space & (R") is endowed
with the weak = -topology. We denote by &, (R") the
topological subspace of functions in & (R") having all
vanishing moments:

S (R") = {v e S(R"): J Py (x)dx =0, foreveryp e N"}.
R

(15)

S o (R™) denotes the topological dual space of &, (R"),
namely, the set of all continuous linear functional on
S oo (R™). The space S, (R") is also endowed with the weak
x -topology. It is well known that & (R") = (S (R")/
P (R")) as topological spaces, where & (R"”)denotes the set
of all polynomials on R"; see, for example, ([21], Proposition
8.1). Similarly, for any R € N, the space &', (R") is defined to
be the set of all Schwartz functions having vanishing mo-
ments of order R and &z (R") is its topological dual space.
We write §_; (R") = S (R").

The Fourier transform, v = 9, of Schwartz function v is
defined by

() = (Zn)_"JRne_iE'xv(x)dy. (16)

The convolution of two functions », u € & (R") is defined
by

veu( = [ vl undy (17)

and still belongs to & (R").

The convolution operator can be extended to & (R") x
8" (R") via v f(x) = {f, u(x —-)). It makes sense point-
wise and is a C* function on R” of at most polynomial
growth.

To simplify notation, we write often vf = v * f. In some
other situations, to avoid confusion, we keep the notation
v#* f. As usual, v, denotes the function defined by
v, (x) = t7 " (x/t).

(6) In the rest of this paper, C expresses unspecified
positive constant, possibly different at each occurrence; the
symbol A < B means that A<CB.If A<Band B< A, then we
write A=B. The Greek letter xg denotes the characteristics
function of a sphere S, where S is a measurable subset of R”
and |S| represents its Lebesgue measure; p' and s' always
denote the conjugate index of any p>1 and s> 1, that is,
(1/p"): =1-(1/p) and (1/s"): =1- (1/s).

Function spaces play a crucial role in the genesis of
functional analysis and are widely used in the development
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of the modern analysis of partial differential equations. For
instance, the classical Besov-Triebel-Lizorkin spaces are a
class of function spaces containing many well-known
classical function spaces and are more suitable in the
treatment of a large type of partial differential equations (see
for instance [5, 10]). A comprehensive treatment of these
function spaces and their history can be found in Triebel’s
monographs [18, 19] and in the fundamental paper of
Frazier and Jawerth [11].

In recent years, there has been increasing interest in a
new family of function spaces, called new class of Besov-
Triebel-Lizorkin spaces. These spaces unify and generalize
many classical spaces including Besov spaces, Morrey spaces,
and Triebel-Lizorkin spaces (see for instance [20]).

In this paper, we study the extent of smoothness on

weighted function spaces under the condition Mf f e LPt,
where p is a lower doubling measure, M f f stands for the
sharp maximal function of f, and 0<a <1 is the degree of
smoothness. When a = 0, Mg f = M? f is the classical sharp
maximal function. It is well known that the Hardy-Little-
wood maximal function Mf is controlled by the sharp
maximal function M* f via the celebrated Stein-Fefferman
inequality: ||Mf||p < IIM#f||p and in the case of a = 1, it is
shown that IIMffIIP: IIfIIHp for some range of p. As a result,
we extend the above results to the some general weighted

spaces. Embedding results on weighted Besov-
Triebel-Lizorkin spaces are obtained. Namely, | fll <
Pew

||Mf ( f)||p)w (Theorem 1). As a consequence, we obtain
I flgra <l fllyper (w)’ where W*? (w) stands for the frac-
P

tional Sobolev space.
Now, we are ready to present the main theorem of this
section.

Theorem 1. Let o andy be real numbers satisfying 0 < a <1

and y<a, and w is the lower d—regular doubling measure.

Suppose that w{f(x)>e}<co for every e>0 and

M?(f) € L? (w) for (d/ (n+ «)) < p< (d/ (a~y)). Then, for
each 0 < g< oo,

# 1 a-y

e O] e

(18)

=

Remark 1. The condition that w{f (x)>e¢} <co for every
€> 0 is necessary. On the other hand, under this condition,
M? (f) € LP (w) only if p> (d/ (n + a)).

1/
< Z 2qu|"2ff|q> q

jez

||f||p1y)~z =

P

1
1 lgra = SZP Q) JQ Y

j=—log,1(Q)*

< 00;

27w, | du (x)

Proof. 1f f is not a constant function, then there exists a ball
B(x,, R) such that

ian If(y) —cldy =¢,>0. (19)
ceR B(xO,R)
Therefore, for all x € R”,
ME(N) ) £ (R|x—xp]) " (20)
Hence,
J |M§ (f)|Pw(x)dy + J (R+|x—x0|)(_a_n)Pw(x)dx
R" [x=xo| >R
+ R+ 2M1R)T P w(x)dx
kgo( ) J|x7x‘)| <2kH1R
+ R(—a—n)p+d Z 2k(—a—n)p+kd = o0,
k>0
(21)
if p<(d/(n+a)). O

Corollary 1. Under the same conditions in Theorem 1, we
have, for each 0 <g< oo,

e <Pl =50 @

for each 0< p, <g<oo0.

Proof. By Minkowski’s inequality, we have
1flgra, <0 flga » O<p.<g<co. (23)

Then, applying Theorem 1, we obtain (22). This com-
pletes the proof. O

2. Preliminaries

In this section, we introduce some necessary and important
definitions, notations, lemmas, and results.

Definition 1. Let v be in the Schwartz space with supp ¥
contained in an annulus about the origin and

Let y be a doubling measure and 0 < P4 <ooandy € R;
the homogeneous Triebel-Lizorkin space F ”?, is the set of all
distributions f (modulo polynomials) sucﬁ that

0 <p,g<oo,
(25)
1/q

<o00; 0<g<oo,



with the interpretation that when g = oo,

1 .
Ifllza =sup sup —J 2" v, fldu (x) < oo
f Foo Q j>-log,l(Q) H(Q) Q I : Jf| i

(26)

The homogeneous Besov-Lipschitz space B" is the set
of all distributions f (modulo polynomials) such that

171150 =< 2 2" fl

1/q
<o00; 0<p,g<oo.
jez

(27)

The supremum is taken over all dyadic cubes Q, and / (Q)
denotes the length of sides of the cube Q.

Moreover, it is well known that the Besov-Lipschitz
spaces and the Triebel-Lizorkin spaces are independent of
the choices of v (see, for example [2-4, 11]). Throughout this
paper, v will be taken as in Definition 1. It is well known that
many classical smoothness spaces are covered by the Besov
and Triebel-Lizorkin spaces. We recall some examples in the
case when dy = wdx and w € A_:

1) FO’2 =H,,, 0<p<oo.
(2) FO2 =N, 0< p<oo, where Hp denotes the
welghted Hardy spaces of f € &' for which
1Ak, = |supse * f|| <00 (28)
’ t>0 pw
and h,, is the local weighted Hardy space of f € &”
for Wthh
£, =|sup s f| <o (29)
: 0<t<1 pw

where p is a fixed function in & with IRny (x)dx #0.
By the fundamental work of Fefferman and Stein [9]
adapted to the weighted case, H,,,, or h,,,, does not
depend on the choices of . In particular,

Ey, =17 (w), 1<p<oo. (30)
(3) FY2 = sz, 1< p<oo, where pr denotes the

welghted Bessel potential space defined by
Iy, =7 (1 4ieP) 5 s] . 6D

2\7/2

In particular, when the exponent is a natural
number, say y = N € N, then the weighted Bessel
potential space can be identified with the classical
Sobolev space:

N W, o
Wp)w={feLP Y oS

lo|<N

<oo]>, 1< p<oo.
Lpw
(32)

(4) E22 = BMO (w).
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All the above identities have to be understood in the
sense of equivalent quasi-norms.

Definition 2. We say that a doubling measure y is lower
d-regular, where d > n, if there is some constant C > 0 such
that

u(B(x,1)) > Ct*? (33)
holds for all ball B(x,t) c R".
Remark 2. An example of measure y lower d-regular is
dy = wdx,where
w(x) =|x|"logf (2 +|x"). (34)

Infact we A, if -n<a<n(p-1)and ff € R; hence, w
is doubling. Moreover, if 0<a<n(p —1) and >0, then w
satisfies w (B(x,t)) > Ct"™™® for all 0<t < oo and all x.

Lemma 1. Let w € A, and d—regular. Then, we have

1/
I e <IR JW%”’(’W( y)dxdy> 3

|x -

1<p<oo.

(35)

Proof. Let Q be a cube and x, y € Q. Then,

J f@

dz< j If () - f(2)ldz

If ) - fol = ‘f y) - <

1Ql

s|f(y>—f<x>|+@j £ (2) - f ()ldz.

(36)

Integrating over the cube Q with respect to y, we get

[ o -solar<| 1rm-r@iay. 6
Q Q

If weA,, then we have for almost all xe€Q,
w(x)>(1/1QN) jQw(y)dy>|Q| 1@ Hence,

| Jr0)= Falay=iar | 1 () - f )y,
(38)

The last inequality implies that

4|Q|(m>+1 J |[f ) = foldy< |Q|<'“-d>’”jQ|f<y> ~ flw(ydy

o[ Y-Sl
<[

|y _ X|a+d

w(y)dy.
(39)

On the other hand, if w € A, p>1; then using (37) and
Holder’s inequality, we obtain



Journal of Mathematics

1/p , (p-Dlp
J |f(y>—fQ|dys<j If(y)—f(x)lpw(y)dy> (j WP (y)dy)
Q Q Q

< |Q|1+(a/n)(J |f(x) - f(y)'p
R"

Therefore, we conclude that

5
1/p
< |Q|““”"P>< jQ|f<y> - f(x)lpw(y)d)’>
(40)
1/p
< IQII_(d/"P)< lefm - f(x)lpw()/)d)’)
1/p
_ ylzxp+d w(y)dy> '
MY (F)(x)<CM,_, (IVF]) (x). (47)

P 1/p
Mf(f)(x)g(JR % (y)dy> , 1<p<oo.
(41)
This completes the proof. O

Lemma 2. We say that f is in the fractional Sobolev space
P(w), 0<a<1,1<p<oo, if

_ P 1/p
I () = < jRnJRn%w(x)w(y)dxdy) < 00.

x -
(42)

Corollary 2. Let w € A and lower d-regular, 0<a<1,
1<p<co, and f e W P(w). Then,
|ME (D], 1 i (43)

One can immediately obtain the following corollary.

Corollary 3. Let aand y be real numbers satisfying 0 < a < 1
and y<a. Assume weA, and f¢€ W (w)  with
(d/(n+a))<p<(d/(a—1y)). Then, for each 0 <q< oo,

I, <1 f s (44)
where p, is given by (1/p,) = (1/p) = ((a« —y)/d).

Recall that for 0<a<1,1< p<ocoand w € A ; we have
(see [17])

_ #
I flees = |M5 (A (45)
In particular,
||f||p;’fyw < ||f||p;»;°> (46)

with 0<a<1,1< p<oo, and p, is as before.

Lemma 3. Let f € W;!(R") and 0<a<1. Then, for every
x € R", there is a constant C(n) such that

Proof. The proof is an immediate consequence of the well-
known Poincaré inequality.

For all ball B(x,R) and all f € Wllc;i(lR"), there is a
constant C (7)) such that

| O Facnldy<Cor[ — wioidy
B(x,R) B(x,R)
(48)

holds. O

Corollary 4. Let f be a locally integrable function such that
V£l e H.(w) and 0< p, <oo are determined by
1 1 y-1

Then, f is in F;’zw
1A g, <V Fllle, oy (50)

. Moreover, we have

Proof. Let P,(x) = (cnt/(t2+|x|2)("+1)/2) be the Poisson
kernel with the constant C(n) such that fRﬂPt (x)dx = 1.
Then, there exists a constant C=C(n) such that

Mf (x) < Csup,, P, * | fl. In fact, if Q is a cube with diam
(Q) =t and x € Q, then we have
1 I (£ +lx -

1Ql C(mt

-P,(x =y f (p)dy

2\ (n+1)/2
yI*)

|Q|j I ()ldy =

Vl

<C(n) IQIJ P, (x -~ »If (ldy

<C(m)P, = | fl.
(51)

Thus, we have

Mf(x)sCsu(}))Pt* |f (). (52)



Using Lemma 3 with « = 1 and Proposition 2 (see be-
low), we obtain

Iflis <[pf (), <

supP, » IVfIH <V fly

(53)
O

Remark 3. If we take y=0, g=2, r>1, and w=1, in

Corollary 4, we obtain the classical Sobo-
lev-Gagliardo-Nirenberg inequality:
11, <NV £l (54)
with
1 11 55
p. r (55)

3. Some Useful Lemmas

We start this section with some useful lemmas that will be
helpful in proving our main result.

Lemma 4 (see [7]). Providedy<1,1>0, and 0<q<1, there
exist Schwartz functions v and y on R" such that

(1) supp v ¢ B(0,1) and ¥(0) =
(2) suppp c {(1/2)<|é| <2} and (&) =c¢>0on {(3/5) <
€] < (25/3)}

(3) jez 2y f11 < CEjez 2V, fI

Lemma 5. Assume that w(B(x,t)) >C,t? for each x € R"
and each t >0, and let v € S supported on B(0, 1) such that

j- v(x)dx = 0. (56)
RYI
Fix a large A >0, and define

v f () = sup — SO

—_— (57)
yer® (1 + (]x — yI/t))

Then,

v (x) < mm<s“Mf (F) (o) s™ P e f)“P’w). (58)

Proof. We adapt here the proof given in [7] in the un-
weighted case. Use the well-known estimate

(1 e - Zl) Zz“ (lx Zl) 150, (59
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where y denotes the characteristic function of the interval
[0, 1], to obtain, for any A >0,

zeR"

v f(x)< Zz * sup|v, *f(z)|X(|x z|)' (60)

By taking any z € B(x,2¥s) and using the fact that v is
supported in the unit ball and has mean equal zero, we
obtain

|ve % f(2)] < JB(Z,(sz)S) v (z = y)<f(,v) - fB(x,(1+2k)s)>|dy
<s"(1+ 29" M7 () (),
(61)
which holds. Hence,
vif () <s" Y 27 (14 25" ME () (). (62)
k=1
If we choose A large enough, we obtain
V() <" ME () (). (63)

On the other hand, by (61), we have for any fixed
x € B(z,s),

s * £(2)] <s"M7 (f) (%), (64)

Rising (65) to the pth power and integrating over the ball
B(z,s) with respect to w(x)dx, one has that

|v, *f(z)]Sw((B(z,s)_(”p)s“ Mf(f)"L w
’ (65)
a—(dlp) #
L),
By using (60), we obtain

v f s P ME () (66)
’ O
Proof. Proof of Theorem 1. O

Proof. We consider only the case when 0 < g <1. In the case
when 1 < g < 00, estimate (18) follows from the case g = 1 by
the embedding

~Y>40 ~Ys41
Fp, pr,

0<gy<q, <00. (67)

Let k > 0 be chosen later and let # and v be as in Lemma 4.
Assume 0< ((a—y<d)/p)and0<gq<1. Then, using (58),
we get
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Y 2" f ()< Y 27 (v f (x))"
jez jezZ
< Mf (f)(x) Z 5ila=y)q +“ Mf ( f)“p,w z 5= i(a=y-dip) (68)
j<k j>k

_ 2_k(a_y)qu ) ) + 2-k((rx—y—d)/p)q||Mf (f)"p,w.

Choose 27k = (Mf (f) (x)/IIMf (f)IIP)w) to deduce that

' 1/q /o,
( ) zfyq<y;‘-ff<x>)q> <(MiHw)"

jez

(M enl,,) "

(69)

where p, is given by (1/p,) = (1/p) — ((« —y)/d). Thus, we
have

I, <2 (P, (70)
O

4. Some Extensions

In this section, we will assume that y is a nonnegative Borel
doubling measure on R"; there exists § = () > 0 such that

.“(BZr)SZ‘BnV (Br)’ (71)

for all ball B,. The smallest such 8 is called a doubling
constant of .
For each N e NU{-1}, m € Ny, and [ € N, we set

o =dy,, ={veSyR"): Wy <1} (72)
Definition 3. Let y € R, 0< p <00, and 0 <g<oco. The ho-

mogeneous grand Tribel-Lizorkin space is the set of all
tempered functions f such that when 0<g< oo,

1/q
£l e = Z 2" sup |v,; f|* < oo (73)
P ] cZ ved
b
and when g = oo,
1flyoeo =[lsup2? suplvy fl| <oco.  (74)
b jez ved Pl

Proposition 1. Let y € R, 0< p<o00, and 0<g<o00, and y
is the doubling measure with a constant equal to f.
Set J =nfmax(l, (1/p), (1/q)). If & = dé\,)m with 1 € N,
N+1>max(y,J-n-y), and m>max(J,n+N +1),
then

||f||ﬂp;j; = ||f||p;~j. (75)

Proof. Arguing as in the proof in ([15], Theorem 1.2) and
using the almost-diagonality theorem (see [1], Theorem 4.2),
we obtain the desired result. O

Proposition 2. Let « and y be real numbers satisfying
0<a<l and y<a and p be a lower d—regular doubling
measure. Assume f is a smooth function and
Mlx#(f) € LP(w) with (d/(n+a))<p< (d/(a—17y)). Then,
for each 0 <g< oo,

1)

Il < M5 (), (76)

where p, is given by (1/p,) = (1/p) — ((a — y)/d)
(2) For all (n/(n+ a))<p<o0o and 0<a< 0o,

Pl < [ME (P, (77)

(3) For all (n/(n+ a))< p<o00, 0<a <00,

11y amen < [ME A, (78)

Proof. We have from (58) that if y is a lower d-regular
measure, then

suplvy | <min(2°M} (1) (0.2 7w ()] )
ved w

(79)

Arguing as in the proof of Proposition 1, we obtain the
desired result easily. O

Definition 4. Let y be a doubling measure 0< p <co and
0<a<1. The homogeneous fractional Hajlasz-Sobolev

p

space M;"P (R") is the set of all measurable functions L,

for which there exists a nonnegative function g € L such
that

If )= fIlx =yl lg(x)+g (0], (80)
for y—ae x,y e R".
MZ’p (R™) is equipped with the seminorm
fhgee = inf gl (81)
where D(f) denotes the class of all nonnegative Borel

tunctions g satistying (80). Thus, Lemma 4.1 in [15] implies
the following Sobolev embedding.



Lemma 6. Let 0<a<1, 0<d< (n/a), and p, be given by
(1/p,) = (1/6) = (a/n). Then, for all x € R", 0<r<oo,

feM,"(R", and g € D(f),
p.
P*d#)

. 1
inf (‘u(B(x, ) me,r)'f(y) ¢
(82)

. . NG
=7 (y(B(x,Zr)) JB(x,Zr)g(y) dM) '

Remark 4. Lemma 6 is due to Hajtasz ([13], Theorem 8.7)
when o = 1.

Corollary 5. Let o,y, and § be real numbers satisfying
0<as<l, y<a and (n/(n+a))<p<(n/(a-7y)). Assume
fe Mz’p (R™). Then, for each 0<g< oo,

1 Lair, <1y (83)

where (1/p,) = (1/p) — ((a — p)/n).

Proof. Fix a ball B(x,2r). Then, using Lemma 6 and by
taking § = (n/(n + «)) and Holder’s inequality, we obtain

: 1
B JB(X,,)lf () - cldu
(84)
¢ 1 o 1/8
Sr(#@@nhﬁij”mUm y),
Hence,
Mj (f)(X)S(MH(g8))1/5 (x) (85)

holds, where M, (g) is the maximal function with respect to
the measure y. The L?’?-boundedness of M, when § < p < 0o
and Proposition 2 lead to estimate (83). O

Also, recall that MZ’P(R”) = ﬂF;’;O(R”) for O0<a<
land (n/(n+a)<p<co in [15] and M,”(R") =

F;’i(R”) = Hﬁ for (n/(n+1))<p<oo in [14]. Here, Hﬁ
denotes, for p >0, the homogeneous Hardy-Sobolev space,
i.e., the space of tempered distributions f on R”, such that

0,f € HY for each j=1,...,n and
£l = Zl l; f||HP . (86)
j= A

Consequently, if fe€ Hlf with  (n/n+1)<p<

(n/(1—-1y)), then

1 1 1-y
i<Wl == 5= h (87)

In particular, we have, for (n/(n+ 1)) < p<n, the fol-
lowing well-known result:

Journal of Mathematics

1 1 1
1A, <0f s —=— = 88
P, <M irs == 2= (88)
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