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The idea of super (a,0)-edge-antimagic labeling of graphs had been introduced by Enomoto et al. in the late nineties. This article
addresses super (a, 0)-edge-antimagic labeling of a biparametric family of pancyclic graphs. We also present the aforesaid labeling
on the disjoint union of graphs comprising upon copies of C, and different trees. Several problems shall also be addressed in

this article.

1. Introduction

A graph T'(V, E) is a combination of two different sets, one
is the set of vertices V(I') and the other is the set of
connections between these vertices, termed as set of edges
E(T). A graph T can either be connected or comprises upon
connected parts known as graphs’ components. The non-
empty and simple graphs shall be considered here only all
the way, consisting of V (I), the set of vertices, and E(T),
the set of edges, having |V (I')| = p and |E(T)| = gq. In this
case, the graph I' is called a (p, g)-graph. Additionally, [1]
can be cited for the comprehension of the graph theoretic
terminologies.

A labeling is a function from the set of integers onto the
components of a graph under certain constraints. The la-
beling is said to be total if it covers all components of the
graph. If the labeling covers V (I') or E(T) only in the do-
main, then it is termed to be the vertex or edge labeling,
respectively. The two important categories of labeling are
magic and antimagic. The equal or unequal edge/vertex
weights point towards, respectively, the magic and antimagic
types of labeling.

Throughout the article, the abbreviations given in Table 1
are used.

Definition 1. Ona (o,¢)-graphI' = (V (I), E(T)), a bijection
y from V(I)UE(T) BHt_(;{l,Z, ...,0+¢} is the notion of
(a,d) — EAMT labeling if we keep the restriction upon the
edge weights y(u)+y(uv) +y(v), Yuve E(G), which
generates a consecutive integer sequence, with a being the
minimum edge weight and d being the common difference.
I is notioned as an (a,d) — EAMT graph, with the existence
of such labeling.

Definition 2. If the smallest labels 1,2, . . ., o are allocated to
the points (vertices) of the (o0,¢)-graph T in an (a,d) -
EAMT labeling, then this labeling is addressed as S — (a,d) —
EAMT labeling. And, T, in his scenario, is referred to be an
S - (a,d) — EAMT graph.

The edge weight (minimum) a (Definitions 1 and 2)
becomes a constant atd = 0, Vuv € E (I'), and is called magic
constant or magic sum of I.

Definition 3. A pancyclic graph I'(V,E) is a graph that
contains the cycles of all orders up to |V (I)|.

The notion of magic labeling was highlighted by Sedlacek
in the early sixties [2]. Later, Ringel and Hartsfield capit-
ulated the idea of antimagic labeling with respect to vertex-
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TABLE 1: Abbreviations being used onwards.
Terminology Abbreviation
(a,d)-edge-antimagic total (a,d) - EAMT

Super (a, d)-edge-antimagic total S - (a,d) - EAMT

sums of graphs in [3]. The idea of magic valuations of graphs
had been brought by Kotzig and Rosa [4] which was indeed
the graphs’ (a, 0) - EAMT labeling (introduced by Ringel et.
al. in the nineties [5]). Enomoto and Llado introduced the
idea of S — (a,0) — EAMT labeling of graphs using the term
super edge-magic labeling in [6]. In the early 21" century,
Bertault and Simanjuntak brought out the graphs’ (a,d) -
EAMT labeling [7]. The following notable and handy
conjectures are included in the vicinity of graphs’ (a,0) —
EAMT labeling.

Conjecture 1 (see [4]). Every tree admits an (a,0) - EAMT
labeling.

Conjecture 2 (see [6]). Every tree admits an S — (a,0) —
EAMT labeling.

In the support of Conjecture 2, certain classes of trees have
been sorted out by scientists. For trees having maximum of
seventeen vertices, in [8], this conjecture has been verified.
For instance, the S — (a,0) - EAMT labeling on a class of
trees termed as w-trees can be observed in [9]. Similarly, S -
(a,0) —EAMT labeling on various classes consisting of
subdivisions of trees can be seen in [10, 11]. Some derivations
on vertex-antimagicness of regular graphs have been dis-
cussed in [12]. In [13], the same labeling for the union of
unicyclic graphs and isolated vertices has been provided.
Enomoto et al. proved [6] that if a (p, q)-graph I (simple) is
S - (a,0) - EAMT, it implies g<2p — 3. In addition, they
derived that K, , is S — (a,0) - EAMT only if either m or n is
equal to 1. It is derived in [14] that the combination of graphs
in the form of union of K y and K, , is § — (a,0) - EAMT if
0=x(n+1)orn=yx(0+1). For only odd values of n, C,, is
concreted to be S — (a,0) —- EAMT [6]. The cycle of order 3
and cycle of order n>6 are proven to be S — (a,0) - EAMT
for even values of n. The generalized prism Dj is proven to be
S - (a,0) — EAMT for all odd values of ¢ in [15]. In [16, 17],
S - (a,0) — EAMT labeling of maximum symmetric gener-
alization of prism and special networks with magic constant
3p has been exhibited, respectively. An extremely important
result on S — (a,0) — EAMT graphs is as follows.

Lemma 1 (see [15]). A (p,q)-graph G is S — (a,0) - EAMT
if and only if there exists a bijective function A: V (G)
—{1,2,...,p} such that the set S={A(u)+A(u)]
uv € E(G)} consists of q consecutive integers. In such a case, A

V(UP)) ={ypz; i€ [Lt]}U{x;: i€ [1,26]},
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extends to an S — (a,0) — EAMT labeling of G with magic
constant  t=p+q+s, where s = min(S) and

S={t-(p+1t=(p+2),....t— (p+ 9}

In Lemma 1, the sum { (1) + {(v) is defined as edge sum
for each edge uv € E(T'). This lemma shall be used frequently
in our findings, while it keeps this enough to allot the labels
to merely the vertices of the network to capacitate the graph
tobe S — (a,0) — EAMT, where the edge-sums (consecutive)
belong to N. The given result is extremely relevant with
regard to S — (a,0) - EAMT.

Lemma 2 (see [18]). A simple graph I possesses an
S—(a,0) — EAMT labeling &I possesses an S— (a—|E
(G| +1,2) — EAMT labeling.

2. Main Results

In this section, we shall address our main findings. In Section
2.1, we define an S — (a,0) — EAMT labeling on a pancyclic
family of graphs, namely, Usmanian pancyclic graph UP!. In
Section 2.2, we design S — (a,0) — EAMT labeling on various
disjoint unions of graphs comprising upon copies of C, and
various trees/forests. Throughout, i€ [a,b] represents
a<i<b, for i,a,b € N, whereas N°! and N'" are the rep-
resentations of odd and even natural numbers, respectively.

2.1. Usmanian Pancyclic Graph UP!. In computer science,
there is a similar importance of the networks having no
cycles and networks having a range of cycles. The impor-
tance is similar for a network containing cycles of all lengths
from one to the number of systems connected within. In this
situation, the role of programmers becomes prominent to
avoid hackers halting of data as there is a closed path be-
tween any two arbitrary computers corresponding to such
networks. The first kind of network is termed as a tree
(connected and acyclic) and later is known as pancyclic
network (connected and containing every order’s cycle).
This section deals with a family of pancyclic graphs denoted
by UP!, which is biparametric, and reveals that such
complex structures are S— (a,0) - EAMT. We shall first
introduce this structure as Definition 4.

Definition 4. We are defining the Usmanian pancyclic
graph, denoted by UP!, being a graph with [V (UP.)| = tn
and |E(UP!)| = 2tn - 3, having the construction as follows
(n>3 being the order of the cycle C, and t>2 being the
number of cycles):

(1) For even n:
For n =0 (mod 4):

(i) For n = 4,

E(UPZ) ={z;zip1 yiyirr 1 € [Lt =11 U{yx0 250 1 € [Lt1 U {zixy 1, yixyi: i € [Lt]U{x;x;,,: 1 € [1,2t - 1]}

(1)



Journal of Mathematics 3

(ii) For n =8,

V(UP;) ={x;v;: i € [Lt]}u{w;, y;, 20 i € [1,2t]}

E(UP;) ={w;wi, 1, YiVis» 2% 1 € 2,2 = 2], € NV u{ziw;, yiz;0 1 € [1,2t]}

(2)
U{x;32im10 Xi 20 Vi1, Viwy;t i € [1, 1]}
U{yw;: i€ [L2t}uxv: i e [1,£]}U {ziwm,yizm: ie[l,2t-1],i€ N"dd}.
(iii) For n = 12,
V(UP,) ={xlrie [L2t],2<j<6lulxlrie [1,1],j=1,7},
E(UP,,) ={x/x] s i€ [2,2(t - 1)],i e ™, 3< <5 u{x/x]" i e [1,26), 25 j< 5}
(3)

U{x X1 X Xy XL XS 15 X XS i € [l,t]}U{xile: i€ [l,t]}U{ Ixi T ie [1,21], 2<]<6}

U{ Toie 1, 2t—1]z€N°dd} {xx ,xx i€ [1,2t - ]ieNadd}U{x}x;:ie[l,t]}.

i+1

<
—~
c
FUN
SN—
I
—_——
%
X
:
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<
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n+8 P n
<js< }u{x?xf”:ie[l,zt],zsjs
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) . n
U{x xz: L xb,x’(mz)/zx;l/zl)x(mz)/z na, ;o (1, t]} { 1 ’(n+2)/2 e[, t]}u{xlgxi(n/z)afz Joje [1,2t],2$j$5}

E(UP,) ={ xlrie[2,2(t-1)]i e N7,

n+4 -
U{ I e (1,20 10,0 € N°Y 4 jg—4 } U {x,-zxi(fl D23 ie [L,2t-1)i € NOdd}

42 i ((=22)-j. . ) . n—8
U{x-lx"- 4/2: ie [l,t]}U {x-fxi((ﬂ 2)/2) J. ie [2, 2t],z € Neven,ZS]S }

i7v2i i 4
(4)
Forn=2 (mod4): (i) For n =6,
V(UPg) ={x;, yinz; i € [1,2¢]},
(5)

E(UPY) ={z:zi,1> Xixppy1 i € [1,2t = 1]} U{yizp, ;0 i € (L2t} U {ypi0 i € (1,26 - 1]} Uz i € [1,2¢]}
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(ii) For n = 10,

V(UPY,) ={x):i e [1,2t], € [1,5]}

E(UPY) ={x/xl" i€ [1,20], 1< jaf ufx/x),, x0x, i e [1,2¢ = 1],i € N4}

o (6)
U{x/xlycie [2,2(-1)]i e N™2< j<4}
U{x}xf xixiiie [1,2t]}U{ ,] ,2:1] ie[l,2t-1],ie€ NOdd,lst?)}.
(iii) For n> 14,
i . n
v(UP,) ={xlsie a1 <j<t),
-2
E(UP;)={ I Mie (L2, 1< < }u{x X X2 i€ [1,26 - 1],i € N°Y}
-2 6 ; . -2
u{xfx,fﬂ ie22-Dhien e }U{x{xi(”+2/2) e [1,2t],1$jsnT} (7)
n n 2
U{xfx,(+16/2)+] i€ [1,26—1],i € N9, 1<]<3} { I G e 1,26 - 10,0 € N°Y, 4<]<nz }
-10
U{ t(n 4/2)-j, ‘i [2 Zt] i€ Neven an }
4
(2) For odd n: (i) For n =5,
Forn=1 (mod4):
V(UP;) ={zp y;z i € [L2t]} Ui € [1,2]},
. ) dd . :

E(UP’,;.) :{zizm: ie[1,2t-1],ieN° }U{yizi: i€ L2t} U{x;ys 1, x5 1 € [1,t]} ®)

U{yivirie (2,20 =210 e N U {x;zy;,10 1 € [Lt = 1]} U{x;2p 50 1 € [2,1]}
U {xizpi1, X250 1 € [1,£]}

(ii) For n =9,

V(UPY) ={w;, v, yirzi i € [1L,26]} U {x;2 i € [1,8]},
E(UP;) {v,vm ie[l,2t-1],i€ Nodd} {yizizzwpwiv;s i € [L,2H]}U{x;y5_1, x50 1 € [1,t]}

U{yiwis1» 2iZi> WiYig: 1 € [2,2t = 2],i e N u {yiwi, yiviri € [L, 2t} U {x;vy 1, x;v5: 1 € [1, 8]}
9)
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(iii) For n>13,

{ vie[L2t],]€ [2 Tl]}u{xil:ie [l,f]},
o8

1
x; x+1 i€ [1,2t], 2<]<T}U{x1x; Lx o ie [l t]}

U{x:Hl/Z :1:11/2 l<i<2t-1l,ie Nodd}
(10)
U{xl” 1)/4 1(:11+7)/4’ (n+7)/4 l(:ll 1)/ ,xi(n+3)/4xi(:11+3)/4: ZSiSZ(t— 1),i c Neven}
-1
U{x xl((n+3)/2) j. [I,Zt],ZSanT}
-1
U{x xl(n+5/2) Iie [1,2¢], 2<]< }U{xl!xélfljll)/z’xl;xz(?+1)/2: ie [1,t]}.
For n = 3(mod4): Define UP} = P, x C; as follows:
(i) For n = 3:
V(UP) ={z;,x,, ;i € [1, 1]}, -
E(UPQ) {ziziop XX YiYier: 1 € (Lt = 1} U{xiz;, X35 yizi0 i € [L ]}
(ii) Forn =7,
V(UP)) ={zpw;, yii € [1L,2t]}U{x;: i € [1,8]},
E(UPY) ={ww,,,: i € [1,2t - 1),i € N} Ufzw, yizie i € (1,261} U {x,py 00 %350 i € [1,]} (12)

U{zizisr VWi Wiy i € (2,2t = 2],i e N Yu{yw;: i € [1,2t]} U{xw,,_p, x;wy: i € [1,2¢]}.

(iii) For n>11,

{x 12t]2<]<

Fufetie mal,

-1
}U{xlxi Xl ie [, t]} { D2y (D2 G e (1,2t - 1), € NOdd}

J+l,

xx 16[12t]2<]<

i+1

U {xl(n+l)/4 1(::;—9)/4’ xi(n+5)/4x1(fl+5) ,x(n+9)/4xl(:11+1)/4 i [2 Z(t _ 1)] i Neven}

1 l

n+1 n-3
U {x XD e (1,21],2 ]ST} u{xj (re3)2)], [1,2t],25jsT}
U {x (D2l (2 e [l,t]}.

(13)

Theorem 1. The pancyclic graph UP!, is S — (a,0) — EAMT  Proof. We discuss here two cases as per Definition 4.
admitting a = 3tn, Vt and n = 0(mod2). Forn=0 (modd):



(i) For n = 4:
We define a labeling 1//1 V(UP ) — {1,2,...,4t}
as follows:

, 2i-l:ie[1,2t 1], ieN:
v (x;) = even
2i: 2<i<2t, ie N7

vi(y;) =4i-2:i€ [1,t],
vi(z;)=4i-1:i€ [1,t].

(14)

The edge-sums’ set generated as per the labeling
design constitutes a consecutive sequence of
positive integers 3,4,...,8t — 1. As per Lemma 1,
v, is extendable to an S — (a,0) — EAMT labeling
of UP!, with magic constant a = 12¢.
(ii) For n = 8:

We define a labeling y;: V(UP}) — {1,2,...,
8t} as follows:

[ 2ni—n+2
ni—4j+6

2

ni+4j-n-2
5 :

I//l(xj) _ ni+4j2—n—4:

ni+4j-2n-4
5 :

ni-4j+n+4
5 :

2ni+4j-3n-4
5 :

With the abovementioned scheme, the edge-sums being
generated form a consecutive integer sequence set
A={3,4,...,2tn—-1}. v, is extendible to
S-(a,0) - EAMT labeling of UP!,n>12, according to
Lemma 1, with a = 3tn.

For n=2 (mod4):

(i) For n = 6:
The labeling v,: V (UP%) — {1,2,...,6t} is being
defined as follows:
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vy (x;) =8i—3: 1<i<t,
v (y;) =4i-1: 1<i<2t,
) —3iie[L,2t—1], ieN",
WI (zi) = . . . even
4i: 2<i<2t, ie N
vy (w;) =4i—2:i € [1,2t],
v (v;,) =8i—4:i€[l,t].

(15)

The edge-sums’ set generated as per the labeling
design constitutes a consecutive sequence of
positive integers 3,4,...,16t — 1. In the light of
Lemma 1, y, constltutes an S- (a,0) - EAMT
labeling of UP} admitting a = 24¢.

(iii) For n>12:
We define alabeling y,: V (UP!) — {1,2,...,tn}
as follows:

€ [I,t]and j = 1;
14
e[L2t-1]je [2,”7],1' € N°d,
. . n . even
ie[2,2t],j¢€ [2,1],1 e N™™;
+4
ie [2,2t],j=nT,i € Nven, (16)

+8
ie[L2t—1]je [”—,E],ie dd.
42

+8
ie22 e [”—,3],1' € Neven.
42

i€ [l,t]andj:n—;z.

3i: 1<i<2t—1, ie N,
V’z (x even
3i—1:2<i<2t, ie N
odd
2160 (17)

3i: 2<i<2t, i€

3i-1:1<i<2t—1, ieN",

{31’—2: 1<i<2t—1, ieN%.

3i-2:2<i<2t, ie N,
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The edge-sums’ set generated as per the labeling
design constitutes a consecutive natural numbers’
sequence 3,4,...,12t — 1. As per Lemma 1, y, is
extendable towards S — (a,0) — EAMT labeling of
UPL with a = 18¢.

(ii) For n>10:
Define a labeling y,: V(UP!) — {1,2,...,tn} as
the following function:

(ni—4j+4 +2
%: ie(1,2t-1],j¢ [1”—] i e Nod,
i+ 4 - —2
%: P22t e [1,”7], i e Nove,
y(x]) =1 (18)
i +4j—-2n-2 +6
A ie[1,2t—1],je[n ,3], i e N4,
2 42
i —4j+n+2 +2
MZAIRTL et e [” ,’2], ie Neer,
2 42

With the abovementioned scheme, the edge-sums being
generated form a consecutive integer sequence set
{3,4,...,2tn - 1}. y, constitutes S — (a,0) — EAMT labeling
of UP!/,n>10, according to Lemma 1, admitting
a = 3tn. O

Theorem 2. The pancyclic graph UP!, is S — (a,0) - EAMT
with magic sum a = 3tn, for all t and n = 1 (mod2).

Proof. We discuss here two cases.

For n = 1(mod4):

(i) For n=5:
Define a labeling y3: V (UP) — {1,2,...,5t} as
follows:

vy (x;) =5i—-2: i€ [1,¢],

'%(51'—3): ie[1,2t—1], ieN°,

w3 (i) = 1
~%(51’): i€ [2,2t], ie N,
(1 _. . . \yodd
5(51—1):16[1,2t—1], ie N

¥3(2) = 1
| % (51 —2): i€ [2,2t], ie N,

(19)

The edge-sums’ set generated as per the labeling
design constitutes a consecutive natural numbers’
sequence 3,4,...,10t — 1. y; is extendable to S —
(a,0) — EAMT labeling of UP; having a = 15¢ (as
per Lemma 1).
(ii) For n=9:

We construct a labeling y;: V(UP)) —
{1,2,...,9t} as follows:

vy (x;)=9i-4: 1<i<t,

-1
SOi=3ielLa-1], e Nodd,
V’g () =1
1
3 (91 —4): 1€ [2,2t], i€ N

r 1
SOi=TielLa-1], e Nodd,
W;(Zi) =1
1
3 (99): i € [2,2t], ie N

(1
SOi=5rielLa-1], e Nodd
1//;, (w;) = 1
1
3 (9 -2): 1€ [2,2t], ie N

-1
SOi-DiieLa-1], e Nodd,

1//;/ (v;) = 1

1
S 0i=6)ie2,2], ie Neven,
(20)

The edge-sums’ set generated as per the labeling
design constitutes a natural numbers’ sequence
3,4,...,18t - 1. '//”3 is extendable to S— (a,0) —
EAMT labeling of UPY, by Lemma 1, with the
admittance of a = 27¢.
(iii) For n>13:

We are going to construct a labeling
vs: V(UPY) — {1,2,...,tn} as follows:



(2ni—-n+1

5 :

ni—4j+5

5 :
]-):< m’+4j—n—3:

2

ni+4j-2n-3
2 :

ni—4j+n+5
2 :

With the abovementioned scheme, the edge-sums
being generated forms a consecutive integer se-
quence set {3,4,...,2tn — 1}. Once again, ¥, ex-
tends to a S-(a,0)-EAMT labeling of
UP!,n>13 having a = 3tn by Lemma 1.

Forn=3 (mod4):

(i) For n = 3:
We define a labeling y,: V (UP}) — {1,2,...,3t}
as follows:

vy (x;) = ‘{

3i—2:1<i<t—1, ieN,

3i—1:2<i<t, ie N,

3i: 1<i<t—1 i e Nodd

! —_ _— b b
v (y;) = (22)

’ 3i-2:2<i<t, ie Noe,

(g =] L 1sisio, ie N,
7 si2s<isty, i€ N,

The edge-sums’ set generated as per the labeling
design constitutes a consecutive sequence of
positive integers 3,4,...,6t — 1. Now, y, is ex-
tendable to S — (a,0) — EAMT labeling of UP} =
P, x C; [15] with a = 9t according to Lemma 1.
(ii) For n=7:

A labeling y,: V(UP}) — {1,2,...,7t} is being
defined as follows:

(2ni-n+1
2

ni—4j+5

> :
j)_< ni+4j-n-3
T
ni+4j-2n-3
5 :
ni-4j+n+5
: :

ie[l,2t-1],j¢€

ie[2,2t],je

. . n+
ie[l,2t-1],j€ [2,—
n+
ie[2,2t],je€ [2,—
ie[l,2t-1],j¢€

i€ [2,2t],j¢€
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ie[Lt],j=1,
. . n+3] . odd
ze[l,2t—1],]e[2,T],zeN ,

+3
P22 j¢ [2,”7],1' € N, (21)

7’l+71’l+1] . NOdd
4 b b b

n+7 n+l] N
bl 2 bl .

vy (%) =7i-3: 1<i<t,

1
E(71’—3): ie[1,2t—1],i e N°%,

ACHES
1

3 (7i=2): i€ [2,2t],i e NV,
1(71'—5)- i€ [1,2t—1],i e N°4d
2 ' : : © o (23)
vy () = 1

1
3 (7i): i€ [2,2t],i e N¥,

1
Si-D: ielLa-1lie Nodd,

vy (w;) = 1

1
S7i-9): iel2a)ie neven,

The edge-sums’ set generated as per the labeling
design constitutes a consecutive natural numbers’
sequence 3,4, . .., 14t — 1. Now, y, is extendable to
S — (a,0) - EAMT labeling of UP, according to
Lemma 1 having a = 21¢.
(iii) For n>11:

The labeling y,: V(UP!) — {1,2,...,tn} is
constructed as follows:

i€ [L,t],j=1,

1] i e NoUd

1
],i € N, (24)

>

n+5 7’l+1] iENOdd
4 2 bl bl

n+5n+1]l_eNeven
4 27 '
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With the abovementioned scheme, the edge-sums
being generated form a consecutive integer se-
quence set {3,4,...,2tn— 1}. y, is extendable to
an S- (a,0)—EAMT labeling of UP!,n>11,
under the light of Lemma 1, admitting a = 3tn.

A direct outcome of Lemma 2 is as follows. O

Theorem 3. The  pancyclic =~ graph ~ UP!, s
S— (tn+4,2) — EAMT, for all t and n.

2.2.8 - (a,0) — EAMT Labeling of Disjoint Union of C, with
Trees. It is a well-known fact that the graph C, is not S -
(a,0) — EAMT [6], and work is still in progress in order to
determine if its disjoint copies are S — (a,0) — EAMT. In this
section, we shall provide an S - (a,0) — EAMT labeling of
disjoint copies of C, with various trees in the form of several
results. This will give a support to researchers to carry out
their work to determine the aforesaid labeling of the disjoint
copies of C,. Throughout this section, the union will rep-
resent a disjoint union of graphs only.

Theorem 4. For odd m, the graph mC,U2K,,, U ((7m —
3)/2)K, acquires an S — (a,0) — EAMT labeling admitting
a=2lm+2.

Proof. Consider a graph mC,U2K,, U ((7m-3)/2)K,
with vertex and edge sets:

V(A) :{xil,x;: i€ [l,m]}U{yi,zi: i€ [1,m]}

. 7Tm-3
o 1<is

u{h:lsisZm}u{l

fulenel.
E(A) ={y,-x"1,y,-x;: lsiSm}U{zixil,zixé: lsiSm}

U{ck;: 1<i<m}u{c,k;: m+1<i<2m}.
(25)
Ifp=|V(A)I= (19m+1)/2 and g = |[E(A;)| = 6m, we

sketch a labeling f,: V(A;) — {1,2,..., (19m + 1)/2} as
follows:

1
£(7m+i), 1<i<m;i=1, (mod2),

1
5(6m+i), 2<i<m-1;i =0, (mod2),

fl(x;):Sm—(i—l); 1<i<m,

i+4dm+1
— 1<i<m;i=1, (mod2),

f1(y) =

i+5m+1

) , 2<i<m-1;i=0, (mod2),

9
1 . . . odd
5(l+10m+1)’ i€ [1,m];ie N7,
fiz) = ]
5(i+11m+1), i€ [2,m—1];i e N,
fi(k) =irie[l,2m],
15m + 1
fl(Cl) = 2
19m +1
fl(cz) = 2 >
. C 3m-1
6m +1i, 1<i< ,
£10) ’
P ,  [3m+l7m-3
i+tbm+1, i€ >
2 2
(26)

The edge-sums’ sets constituted by the abovementioned
design generates a consecutive sequence of integer
(11m +3/2), (11m +5/2),...,23m + 1/2. Under the
shadow of Lemma 1, f, accredits an S— (4,0) - EAMT
labeling of A, having a = 21m + 2. O

Theorem 5. For odd m, the graph mC,U2mK, U2mK,
acquires an  S— (a,0) — EAMT  labeling  having
a = (43m + 3)/2.

Proof. Consider the graph A, = mC, U2mK, U2mK,, for
odd m, with the following vertex-edge connections:
V(A,) = {xil,x;: i€ [l,m]} Uiz, 1<i<m}
U{gp pio i € [L,2m]}u{l;: i € [1,2m]},
E(A,) = {yixil,yix;: 1<i Sm} U {zixil,zix;: 1 SiSm}
U{g;p;: i€ [1,2m]}.
(27)

Here, order is p = 10m and size is g = 6m. Now, we
design a labeling f,: V(A,) — {1,2,...,10m} as follows:

odd

1
E(7m+i), i€ [1,m];ie N,

1
3 (6m+i), i<[2,m—1];i e N™",
fa(xy) =5m—(i-1):ie[1,m]

1
E(i+4m+1)’ iefl,...,mhieN9

fo(yi) =

1
E(i+5m+1), ief{2,...,m—1}ieN"",
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odd

(1
5(i+10m+1)’ i€ [1,m];i e N™",

fa2(z) =1 |
_5(i+11m+1)’
fa(pi) =i i€ [1,2m],

1
5 (5m—i+2)ie[Lmlie Nodd,

i€ [2,m—1];i e N,

1
5(16m—i+2): i€ [2,m—1];i e N,
f2(a:) =1

1
S Q@m—it2)ie [m+2,2m—1];i € N°%,

even

1
E(ZOm—i+2):i€ [m+1,2m];i e N™*,

1,0~

i+6m:ie€[l,m],
i+7m:i€ [m+1,2m].
(28)
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The edge-sums’ set constituted by the scheme f, gen-
erates a sequence consisting of consecutive integer
(11m+3)/2, A1m+5)/2,...,(23m +1)/2. Under the
shadow of Lemma 1, f, constitutes an S — (a,0) - EAMT
labeling of A, with magic sum a = (43m + 3)/2. O

Theorem 6. For odd m, the graph mC,U2P,,,, U ((5m —
1)/2)K, acquires an S— (a,0) — EAMT labeling having
a=18m+5.

Proof. Let A; = mC,U2P,, U ((5m—1)/2)K,, where m is
odd, having vertex and edge sets interlinked:

V(A3) ={xi1,x;: i€ [1,m]}U{zi,y,-: ie[l,ml}uf{p;:ie[l,m+1]}

Ufgpie[lL,m+ 1]}U{li: i€ [15m—2_1]}

(29)

E(A) :{yixi,yix;: i€ [l,m]} U{zixil,z,-x;: i€ [1,m]}

U{pipi+1: i€ [l’m]}u{qqul: i€ [l,m]}

We have p= (17m+3)/2 and g=6m. A labeling
f3: V(A;) — {1,2,..., (17m + 3)/2} is being defined as
follows:

1
S (Gm+i+2), ie[Lmlie Nodd)

1
E(4m+i+2), i€ [2,m—1];i e N™,

fo(xh)=dm—i+2: 1<i<m,

’ 2m+2$, i€ [l,m];ie€ Nodd,
f3(i) =1 )
%’ i€ [2,m—1];i e N™,
8m+271+3 ie{l,...,mhieN%
f3(z) =1 ‘
97”271%, i€f{2,...,m—1}ieN"",

(i+1

o i€ [1,m];iEN°dd,
F5(p) =1 1m+i+3
— i€ [2,m+1];i e N,
(1 . . . odd
E(z+m+2), ie [1,m];ie N,
fa(%):‘

1
3 (1em+i+2), ic[2,m+1];ie NV,

. Com+1
i+5m+1:1<i< ,
£, ?
3\l) =) L.
20+ 11m+3 m+3 | 5m-1
: <1< .
2 2 2

(30)

The edge-sums’ set constituted by the scheme f, gen-
erates a sequence consisting of consecutive integer
(7m+7)/2, (7m+9)/2,..., (19m + 5)/2. Under the shadow
of Lemma 1, f; constitutes an S— (a,0) - EAMT of the
graph A; with magic constant a = 18m + 5. O
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Theorem 7. For odd m, mC,U (2m —2)K,UP,U2mK,

possesses S - (a,0) - EAMT labeling having
a= (43m +5)/2.
Proof. With m taken odd, consider

Ay =mC,U (2m -2)K,UP,U2mK,, having vertex-edge
connections:

V(&) ={xdoxbi i€ [LmlfU{yazii € [Lm]}ufl; 1<i<2m)
Ufgmpiie [L,2(m-DI}u{t:ie [1,4]}
E(A,) ={yix), yixy: 1<i<m}u{zix), zxy: i € [1,m]}
U{pigii € [1,2(m - D]} u{tt,,: 1<i<3}.
(31)

Here, we have p=10m and q=6m+ 1. A labeling
function f: V(A,) — {1,2,...,10m} is being defined as
follows:

odd

1
5(7m+i): ie[1,m];ie N,

1
3 (6m+i): ie[2,m—1];ie N,

falxh) =5m—(i-1: 1<i<m,

Mme ie{l,...,mhieN%
fa(yi) =1

"‘Lf’fm“: Pe{2,. . m—1}ie N

'”wfm“; iefl,.. . mhieN
fa(z) =1

M+H_ i€f{2,...,m—1}ieN"",

fa(p) =irie[1,2(m=-1)],

((15m —i+ 2
f: ie[l,m];ie NOdd;

16m—i+2
%s i€ [2,m—1];i e N,
fa(q:) =1
2lm—i+2

22 a3 N

20m—i+2 i )
2 im+1,..,2m-1DY

even
N

i€

11

[(2m—-1:i=1;
19m+3 |
1i=2
J 2
2m:i=3; (32)

fa(t;)

| Im+ 1 i=4
i+6m: 1<i<m;

f4(li)=‘

i+7m:i€ [m+1,2m].

The edge-sums’ set constituted by the scheme f, gen-
erates a sequence consisting of consecutive integer
(11m+3)/2, 11m+5)/2,..., (23m + 3)/2. Lemma 1 im-
plies that f, extends to an S — (a,0) — EAMT labeling of A,
with a = (43m + 5)/2. O

Theorem 8. For odd m, mC,US, U ((5m—-1)/2)K,
possesses an S — (a,0) — EAMT labeling with a = 2(9m + 1).

Proof. Consider the graph A; =mC,U US, , U ((5m~
1)/2)K, with vertex-edge connections as follows:

V(As) :{xg,x;: i€ [l,m]} Uiz, yi i € [1,m]}

Ulsit; i€ [l,m]}u{li: ie [1,5'”2_ 1”U{C},
E(As) :{yixil’yix;: i€ [Lm]}U{zix"l,z,-xg: ie [l,m]}

Ufct; i e [Lm]}udt,,s;: i€ [1,m]}.
(33)

Then, p = (17m +1)/2 and g = 6m. Again, a labeling
f5: V(A;) — {1,2,..., (17m + 1)/2} is being defined as
follows:

1
SGmi: iefl,.. mbie Nodd.

1
3 (4m+i): i€ [2,m—1];ie NV

fo(x3) =4m—(i-1):ie[1,m],

HZT””I: iefl,...,m}ie N
fs()’i):‘ _
%- €2 m—1kie N
% i€ [l,m];iENOdd;
fs(z) =1 '
7”9’;”1: i€ [2,m—1];ieN",
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FIGURE 1: An S — (126,0) — EAMT and S — (96,0) — EAMT labeling of the pancyclic graphs (a)UP3, and (b)UPg.

()

FIGURE 2: An S - (117,0) - EAMT and S — (84,0) — EAMT labeling of the pancyclic graphs (a)UPf3 and (b)UP?.

3
1 14 12 15 13 Z . Z > <
5 6 10
25 24 23 2
18 21
16 19 17 20
33 48
00000000
b * b b b 31 32 33 34 35 36 37 38
00000000
39 40 41 42 43 44 45 46

FIGURE 3: An S - (107,0) — EAMT labeling of the graph 5C, U2K, ; U 16K.
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11 14 12 15
13 10— 0@3 @0—048 g3
20— @4 T@— @50 @34
05 24 23 22 @35
18 21 3@—0@37 S@—@47
16 19 17 20 [ X3!
1—039 0—0Y gun
® o o—© 43
26 29 27 30 28 > 010 4 : 4
Y
FIGURE 4: An S - (109, 0) - EAMT labeling of the graph 5C, U 10K, U 10K.
7 0 8 Ll 2 1 30 2 31 3 32
[ @ ® @ @ L
14 21 20 19 18 17 4 42 5 43 6 44
12 15 13 16 ® @ @ ® L o
o 000 00 06 000 00
® b4 b b A 27 28 29 33 34 35 36 37 38 39 40 41
FIGURE 5: An S — (95,0) — EAMT labeling of the graph 5C, U2P; U 12K.
1@g——@38 P
20—+ 9
11 14 12 15 13 032
39— @37 @33
@34
s 25 24 23 22 0 10——@39 ¥ @35
16 19 17 20 S@—@36 @1l
6O @48 :ﬁ
26 29 27 30 28 TO—@50 . @4
8 @——@47 @4
FIGURE 6: An S — (109,0) — EAMT labeling of the graph 5C, U8K, UP, U10K,.
@ 26
@27

6 9 7 10 8
1 39 @30
31
20 19 18 17 2 5 40 ‘32
13 16 1@
11 14 12 15 3 28 1 @3
@3
4 43
21 24 2 25 23 @35

@29

@36
@37
@38

FIGURE 7: An S - (92,0) — EAMT labeling of the graph 5C,US,; U12K.

13
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fs(t) =i 1<i<mg

21+ 15m+1 .
fs(si)zf:lﬁlﬁm;
1lm+1
C) = >
fo 5 (34)
. . m-—1
i+ 5m: i€ [1,7];
1.
f5(h) , C pm+l5m—1
i+5m+1: ze[ , ]
2 2

The edge-sums’ set constituted by the scheme f, gen-
erates a sequence consisting of consecutive integer
(7m+3)/2, (7m +5)/2,..., (19m + 1)/2. Under the shadow
of Lemma 1, f constitutes to an S — (a,0) — EAMT labeling
of A, admitting a =2(9m + 1).

The following results are direct consequences of Lemma
2, from Theorems 4-8. O

Theorem 9. For odd m, the graph mC,U2K,, U ((7m —
3)/2)K, admits an S — (15m + 3,2) — EAMT labeling.

Theorem 10. For odd m, the graph mC,U2mP,U2mK,
admits an S — ((31m + 5)/2,2) — EAMT labeling.

Theorem 11. For odd m, the graph mC,U2P, ., U ((5m —
1)/2)K, admits an S — (12m + 6,2) — EAMT labeling.

Theorem 12. For odd m, mC,U (2m —2)P,UP,U2mK,
admits an S — ((31m + 5)/2,2) — EAMT labeling.

Theorem 13. For odd m, mC,US, , U ((5m-1)/2)K,
admits an S — (12m + 3,2) — EAMT labeling.

2.3. Examples and Proposed Open Problems. An
S—(126,0) - EAMT labeling of the graph UP! is being
presented in Figure 1(a), corresponding to the parameters
t = 3 and n = 14. Furthermore, Figure 1(b) presents an S —
(96,0) — EAMT labeling of UP!, corresponding to t = 4 and
n = 8. Here, it can be observed that the value of the magic
constant is perfect as per our depiction in Theorem 1.

Figures 2(a) and 2(b) illustrate Theorem 2 by providing
S-(117,0) - EAMT and S — (84, 0) — EAMT labeling of the
graph UP!,.

Figures 3-7 are the illustrations of Theorems 4-8, re-
spectively, for particular values of the parameters involved.

The open problems related to Section 2.2 are as follows:

(i) For even m, determine any S — (a,0) - EAMT la-

beling of mC,U2K,,, U (7m - 3/2)K,

(ii) For even m, determine any S — (a,0) - EAMT la-
beling of mC, U2mK, U2mK,

(iii) For even m, determine any S — (a,0) - EAMT la-
beling of mC,U2P,,,, U ((5m —1)/2)K,

(iv) For even m, determine any S — (a,0) - EAMT la-
beling of mC,U (2m - 2)K, U P, U2mK,
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(v) For even m, determine any S — (a,0) - EAMT la-
beling of mC,US U ((5m-1)/2)K,

m—1,m

3. Conclusion

In this article,

(i) We have obtained S- (a,0)—EAMT and
S - (a',2) - EAMT labeling of a pancyclic class of
graphs, namely, Usmanian pancyclic graph, deno-
ted by UP..

(ii) We  have  exhibited the existence of
S—(a,0) —EAMT and S - (a/,2) — EAMT labeling
on disjoint copies of C, with various trees. Spe-
cifically, mC,U2K, U (7m-3/2)K,, mC,U2m
K,u2mK,, mC,U2P, U (5m-1/2) K,;, mC,
U(@2m-2)K,uP,u2mK, and mC,US, |,
U (5m—1/2)K,, whereas C, itself is not
S — (a,0) - EAMT. These obtained results open a
new direction for researchers to derive S — (a,0) —
EAMT labeling of disjoint copies of C,.

(iii) A few open problems have also been proposed for
future work in this area.
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