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*e purpose of this research is to provide a systematic review of a new type of extended beta function and hypergeometric function
using a confluent hypergeometric function, as well as to examine various belongings and formulas of the new type of extended beta
function, such as integral representations, derivative formulas, transformation formulas, and summation formulas. In addition,
we also investigate extended Riemann–Liouville (R-L) fractional integral operator with associated properties. Furthermore, we
develop new beta distribution and present graphically the relation between moment generating function and ℓ.

1. Introduction

Special functions, often denoted by series, emerge as a result
of solving various problems in classical physics. Typically,
these problems demand the flow of electromagnetic,
acoustic, or thermal energy. It has developed into a vital
resource for the particular and specialized roles played by
scientists and engineers these days. *ese characteristics are
critical in a variety of domains, including physical science,
mathematics, and engineering. *e Gaussian hyper-
geometric function 2F1 is among most important special
functions. *e hypergeometric function 2F1 and its nu-
merous generalizations have been investigated by many
researchers who have provided a notably large number of
their formula properties (see, e.g., [1–7]). Over the last
decades, many researchers have established the generaliza-
tions of the classical gamma and beta functions and provided
a number of intriguing and useful properties for the ex-
tended functions (see, e.g., [8–16]).

We begin with recalling some definitions of extended
beta functions.

Chaudhary and Zubair [2] extended the classical gamma
function as follows:

Γϱ(x) � 
∞

0
ℓx− 1

e
(− ℓ− (ϱ/ℓ))dℓ, (1)

where Re(ϱ)> 0,Re(x)> 0 .
Subsequently, in 1997, Chaudhary et al. [17] developed

the beta function extension

Bϱ(x, y) � 
1

0
ℓx− 1

(1 − ℓ)y− 1
e

(− ϱ/ℓ(1− ℓ))dℓ, (2)

where Re(ϱ)> 0,Re(x)> 0,Re(y)> 0 .
Further, Chaudhary et al. [3] used the extended beta

function (2) to present the following extension of the
hypergeometric function:

Fϱ(a
�
, b

�

; c
�
; ϑ) � 

∞

n�0

(a
�
)nBϱ(b

�

+ n, c
�

− b
�

)

B(b
�

, c
�

− b
�

)

ϑn

n!
, (3)

where Re(ϱ)≥ 0; |ϑ|< 1; min(Re(a
′
),Re(c
′
)>Re(b

′
)>

0)} and

φϱ(b
�

; c
�
; ϑ) � 

∞

n�0

Bϱ(b
�

+ n, c
�

− b
�

)

B(b
�

, c
�

− b
�

)

ϑn

n!
, (4)
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where Re(ϱ)≥ 0; |ϑ|< 1;Re(c
′
)>Re(b

′
)> 0 .

*e Pochhammer symbol (σ)n is defined (for σ, n ∈ C),
in terms of the familiar gamma function Γ, by (see, e.g., [17],
p. 2 and p. 5)

(σ)n ≔
Γ(σ + n)

Γ(σ)
, (σ + n) ∈ C\Z

−
0

�
1 n � 0

σ(σ + 1) . . . (σ + n − 1) n ∈ N

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(5)

Here, let C, Z−
0 , and N denote the sets of complex

numbers, nonpositive integers, and positive integers,
respectively.

Ozergin et al. [11] described the generalization of the
beta function such as

B
(σ,δ)
ϱ (x, y) � 

1

0
ℓx− 1

(1 − ℓ)y− 1
1F1 σ; δ;

− ϱ
ℓ(1 − ℓ)

 dℓ.

(6)

Chand et al. [18] recently described the latest extension
of the beta function as follows:

B
MC
κ (x, y) � 

1

0
ℓx− 1

(1 − ℓ)y− 1
e
κℓ(1− ℓ)dℓ, (7)

where Re(x)> 0,Re(y)> 0, κ ∈ C; |κ|<K  and {K ∈ R+

and not greater than 2.033 5}.
In this paper, we aim to introduce and investigate ex-

tended beta function, extended hypergeometric function,
and extended confluent hypergeometric function. To do this,
we have divided the paper into three portions. *e first part

discusses the introductory segment that has been docu-
mented by many researchers. In the second part, we gain
Mellin transformations, summation relationships, beta
distributions, integral representations of hypergeometric
and confluent hypergeometric functions, differentiation
formulas, and transformation formulas incorporating this
new extended beta function. In the last part, we develop a
novel property-rich extension of the fractional derivative
Riemann–Liouville operator.

2. New Extended Beta Function and
Its Properties

In this segment, we propose new generalization of classical
beta function as follows:

B
MC
σ,δ;κ(x, y) � 

1

0
ℓx− 1

(1 − ℓ)y− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ,

(8)

where {Re(σ)> 0,Re(δ)> 0, κ ∈ C, |κ|<K; K ∈ R+ and less
than 2.0335}.

If κ � 0 and σ � δ, then equation (8) reduces to classical
beta function.

2.1. Main Result

2.1.1. Melline Transform Representation of the New Gener-
alisation of Beta Function

Theorem 1. If Re(x − τ)> 0,Re (y − τ)> 0,Re(σ)>
Re(δ)>Re(τ)> 0, κ ∈ C and |κ|<K; K ∈ R+ and less than
2.0335, then


∞

0
κτ− 1

B
MC
σ,δ;κ(x, y)dκ � (− 1)

τ Γ(τ)Γ(δ)Γ(σ − δ)

Γ(σ)Γ(δ − τ)
 B(x − τ, y − τ). (9)

Proof. Taking the left hand side and using equation (8), we
have


∞

0
κτ− 1

B
MC
σ,δ;κ(x, y)dκ � 

∞

0
κτ− 1


1

0
ℓx− 1

(1 − ℓ)y− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ dκ. (10)

Now, interchanging the order of integration of equation
(10) and forming uniform convergence, we have
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� 
1

0
ℓx− 1

(1 − ℓ)y− 1

∞

0
κτ− 1

1F1(σ; δ; κℓ(1 − ℓ))dκ dℓ.

(11)

Substituting κℓ(1 − ℓ) � − ς in the above expression, we
get

� 
1

0
ℓx− 1

(1 − ℓ)y− 1

∞

0

− ς
ℓ(1 − ℓ)

 

τ− 1

1F1(σ; δ; − ς)
− dς

ℓ(1 − ℓ)
dℓ

� 
1

0
ℓx− τ− 1

(1 − ℓ)y− τ− 1
(− 1)

τ

∞

0
(ς)τ− 1

1F1(σ; δ; − ς)dςdℓ.

(12)

Using result (page no. 821, [5]), we obtain

� (− 1)
τ Γ(τ)Γ(δ)Γ(σ − δ)

Γ(σ)Γ(δ − τ)
 B(x − τ, y − τ). (13)

□

Theorem 2. For the new generalized beta function, we have
the subsequent integral representation of new classical beta
function. IfRe(x)> 0,Re(y)> 0,Re(σ)>Re(δ)> 0, κ ∈ C,
and |κ|<K; K ∈ R+ and less than 2.0335, then

B
MC
σ,δ;κ(x, y) � 2

(π/2)

0
cos2x− 1 θ sin2y− 1 θ 1F1 σ; δ; κ cos2 θ sin2 θ dθ, (14)

B
MC
σ,δ;κ(x, y) � 

∞

0

ςx− 1

(1 + ς)x+y1F1 σ; δ;
κς

(1 + ς)2
 dς, (15)

B
MC
σ,δ;κ(x, y) � 

∞

0

ςy− 1

(1 + ς)x+y 1F1 σ; δ;
κς

(1 + ς)2
 dς, (16)

B
MC
σ,δ;κ(x, y) �

1
2


∞

0

ςx− 1
+ ςy− 1

(1 + ς)x+y 1F1 σ; δ;
κς

(1 + ς)2
 dς , (17)

B
MC
σ,δ;κ(x, y) � (c

′
− a
′
)
1− x− y


a
′
′

c
′
′
(ς − a
′
)
x− 1

(c
′

− ς)y− 1
1F1 σ; δ;

κ(ς − a
′
)(c
′

− ς)

(c
′

− a
′
)
2

⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎠dς, (18)

B
MC
σ,δ;κ(x, y) � 21− x− y


1

− 1
(1 + ς)x− 1

(1 − ς)y− 1
1F1 σ; δ;

κ 1 − ς2 

4
⎛⎝ ⎞⎠dς, (19)

B
MC
σ,δ;κ(x, y) � 21− x− y


∞

− ∞
e

(x− y)ℓ
1F1 σ; δ;

κ
4 cosh2 ℓ

 
1

(cosh ℓ)x+y dℓ. (20)

Proof: Equations (14) and (15) can be easily obtained by
substituting ℓ � cos2 θ and ℓ � (ς/(1 + ς)) in equation (8).
Equation (16) can be obtained by interchanging x and y;
equation (17) can be obtained by adding equations (15) and
(16) with some simplifications. Equation (18) can be
achieved by putting ℓ � ((ς − a

′
)/(c
′

− a
′
)) in equation (8),

and replacing a
′

� − 1, c
′

� 1 in equation (18), we get equation
(19) and finally for the result given in equation (20), it can be
obtained by putting ς � tanh(ℓ) and using tanh(ℓ) � ((eℓ −

e− ℓ)/(eℓ + e− ℓ)) in equation (19).

*roughout the paper, we consider the condition
Re(σ)>Re(δ)> 0, κ ∈ C, and |κ|<K; K ∈ R+ and less than
2.033 5.

2.1.2. Summation Relation

Theorem 3. Ce new generalized beta function: if
Re(x)> 0,Re(y)> 0, then we have the subsequent func-
tional relation:
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B
MC
σ,δ;κ(x, y + 1) + B

MC
σ,δ;κ(x + 1, y) � B

MC
σ,δ;κ(x, y). (21)

Proof: Taking the left hand side of equation (21), we get

B
MC
σ,δ;κ(x, y + 1) + B

MC
σ,δ;κ(x + 1, y)

� 
1

0
ℓx− 1

(1 − ℓ)y+1− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ

+ 
1

0
ℓx+1− 1

(1 − ℓ)y− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ

� 
1

0
ℓx− 1

(1 − ℓ)y
+ ℓx

(1 − ℓ)y− 1
 1F1(σ; δ; κℓ(1 − ℓ))dℓ

� 
1

0
ℓx− 1

(1 − ℓ)y− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ,

(22)

which is a required result.

Remark 1. If we choose κ � 0 and σ � δ, in the above
equation (21), then it will convert into the classical beta
function.

Theorem 4. If Re(x)> 0,Re(y)> 0, then we have the
subsequent summation relation:

B
MC
σ,δ;κ(x, 1 − y) � 

∞

n�0

(y)n

n!
B
MC
σ,δ;κ(x + n, 1). (23)

Proof. We start with the left hand side of equation (23) with
the help of equation (8),

B
MC
σ,δ;κ(x, 1 − y) � 

1

0
ℓx− 1

(1 − ℓ)1− y− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ

� 
1

0
ℓx− 1

(1 − ℓ)− y
1F1(σ; δ; κℓ(1 − ℓ))dℓ.

(24)

Using the binomial expansion (1 − ℓ)− y � 
∞
n�0

((y)nℓn/n!), |ℓ|< 1 in the above expression, and switching
the order of summation and integration, we attain

B
MC
σ,δ;κ(x, 1 − y) � 

∞

n�0

(y)n

n!

1

0
ℓx+n− 1

1F1(σ; δ; κℓ(1 − ℓ))dℓ

� 

∞

n�0

(y)n

n!
B
MC
σ,δ;κ(x + n, 1).

(25)

Theorem 5. If Re(x)> 0,Re(y)> 0, we have the subse-
quent summation relation:

B
MC
σ,δ;κ(x, y) � 

∞

n�0
B
MC
σ,δ;κ(x + n, 1 + y). (26)

Proof: Considering the binomial series expansion,

(1 − ℓ)y− 1
� (1 − ℓ)y

(1 − ℓ)− 1

� (1 − ℓ)y


∞

n�0
ℓn

, |ℓ|< 1,
(27)

using the above result in equation (8) and interchanging the
summation and integration, then we have

B
MC
σ,δ;κ(x, y) � 

1

0
ℓx+n− 1

(1 − ℓ)y+1− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ

� 
∞

n�0
B

MC
σ,δ;κ(x + n, y + 1).

(28)

2.1.3. Ce Beta Distribution of Extended Beta Function
BMC
σ,δ;κ(x, y). *e specification of the new generalized beta

function is the beta distribution in statistics. We are now
describing new generalized beta distributions

f(ℓ) �
1

B
MC
σ,δ;κ(x, y)

ℓx− 1
(1 − ℓ)y− 1

1F1 (σ; δ; κℓ(1 − ℓ))0< ℓ < 10otherwise . (29)

*e generalized beta distribution is with parameters x

and y such that − ∞< x<∞, − ∞<y<∞ and
Re(σ)> 0,Re(δ)> 0, |κ|<K; K ∈ R+ and less than 2.0335
will be applied to a random variable X with a probability
density function (pdf) assumed by f(ℓ).

If υ is any real number, then

E X
υ

(  �
B
MC
σ,δ;κ(x + υ, y)

B
MC
σ,δ;κ(x, y)

, (30)

and for υ � 1, mean of the distribution is

μ � E(X) �
B
MC
σ,δ;κ(x + 1, y)

B
MC
σ,δ;κ(x, y)

, (31)
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and variance of the distribution is

σ2 � E X
2

  − E(X)
2

�
B
MC
σ,δ;κ(x + 2, y)

B
MC
σ,δ: κ(x, y)

−
BMC
σ,δ: κ(x + 1, y)

BMC
σ,δ;κ(x, y)

⎧⎨

⎩

⎫⎬

⎭

2

�
B
MC
σ,δ;κ(x, y)B

MC
σ,δ;κ(x + 2, y) − B

MC
σ,δ;κ(x + 1, y) 

2

B
MC
σ,δ;κ(x, y) 

2 .

(32)

*e moment generating function of the distribution is

Mx(ℓ) � 
∞

n�0

ℓn

n!
E X

n
( 

�
1

B
MC
σ,δ: κ(x, y)



∞

n�0
B

MC
σ,δ: κ(x + n, y)

ℓn

n!
,

(33)

and cumulative frequency distribution of f(ℓ) can be
expressed as

F(x) �
B
MC
σ,δ: κ,ϑ(x, y)

B
MC
σ,δ: κ(x, y)

, (34)

where

B
MC
σ,δ;κ,ϑ(x, y) � 

ϑ

0
ℓx− 1

(1 − ℓ)y− 1
1F1(σ; δ; κℓ(1 − ℓ))dℓ,

Re(σ)> 0,Re(δ)> 0, κ ∈ C, |κ|<K; K ∈ R+
, − ∞<x<∞, − ∞<y<∞ ,

(35)

which is the new extended incomplete beta function, for
κ � 0, x, y> 0, equation (35) convergence, and

BMC
σ,δ;0,ϑ(x, y) � Bϑ(x, y), where Bϑ(x, y) is the incomplete

beta function (page no. 960, [5]) demarcated by


ϑ

0
ℓx− 1

(1 − ℓ)y− 1dℓ � Bϑ(x, y) � B
MC
σ,δ;0,ϑ(x, y) �

ϑx

x 2F1(x; 1 − y; x + 1; ϑ). (36)

It is also given by the series

� ϑx


∞

n�0

(1 − y)nϑ
n

n!(x + n)
, (37)

where (1 − y)n is the Pochhammer symbol. It is to be
noted that the problem of stating BMC

σ,δ;κ,ϑ(x, y) in the form
of other special functions leftovers open. Apparently, this
distribution should be convenient in extending the
statistical results for variables that are strictly positive to
deal with those variables that can take large negative
values arbitrarily.

2.2. Graphical Representation between Mx and ℓ.
Figure 1 describes the graphical form of equation (33) by
using different values of κ within the range (− 2, 2) and some
fixed values of x, y, σ, δ. We can see that the graph is de-
creasing in nature. *e different values between Mx(ℓ) and
ℓ, κ are given in Table 1.

2.2.1. Generalised Gauss Hypergeometric and Confluent
Hypergeometric Function. Here, we define the generalized
hypergeometric function and confluent hypergeometric
function with the help of new generalization of classical beta
function given in equation (8).

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) � 

∞

n�0
(a
′
)n

B
MC
σ,δ;κ(b
′

+ n, c
′

− b
′
)

B(b
′
, c
′

− b
′
)

ϑn

n!
, (38)

φMC
σ,δ;κ(b
′
; c
′
; ϑ) � 

∞

n�0

B
MC
σ,δ;κ(b
′

+ n, c
′

− b
′
)

B(b
′
, c
′

− b
′
)

ϑn

n!
, (39)

where |ϑ|< 1,Re(a
′
)> 0,Re(c

′
)>Re(b

′
)> 0 , then

F
MC
σ,σ;κ(a
′
, b
′
; c
′
; ϑ) � F

MC
κ (a
′
, b
′
; c
′
; ϑ),

F
MC
σ,σ;0(a
′
, b
′
; c
′
; ϑ) � 2F1(a

′
, b
′
; c
′
; ϑ),

φMC
σ,σ;κ(b
′
; c
′
; ϑ) � φMC

κ (b
′
; c
′
; ϑ),

φMC
σ,σ;0(b
′
; c
′
; ϑ) � 1φ1(b

′
; c
′
; ϑ).

(40)

2.2.2. Integral Representation of Gauss and Confluent
Hypergeometric Function by Using New Generalization of
Beta Function

Theorem 6. If |arg(1 − ϑ)|< π, Re(a
′
)> 0,Re(c

′
)>

Re(b
′
)> 0, then for the new generalized Gauss hypergeometric

function FMC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ), we have the subsequent integral

representation demarcated as
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F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)


1

0
ℓb
′
− 1

(1 − ℓ)c
′
− b
′
− 1

1F1(σ; δ; κℓ(1 − ℓ))(1 − ϑℓ)− a
′
dℓ, (41)

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)


∞

0
ςb
′
− 1

(1 + ς)a
′
− c
′

1F1 σ; δ;
κς

(1 + ς)2
 (1 + ς(1 − ϑ))

− a
′
dς, (42)

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) �

2

B(b
′
, c
′

− b
′
)


(π/2)

0
sin2b
′
− 1 θ cos2c

′
− 2b
′
− 1 θ 1 − ϑ sin2 θ 

− a
′

1F1 σ; δ; κ sin2 θ cos2 θ dθ. (43)

Proof: Considering the left hand side of equation (41) by
means of equations (38) and (8), we yield

-1000 -500 500 1000

-200

-400

-600

400

200

M.G.F

k = -0.2

k = -2
k = -1.4
k = -0.8

k = 0.4
k = 1
k = 1.6

t

Figure 1: Curve between ℓ and M.G.F with different value of κ with different values with some suitable assumption
x � 4, y � 5, σ � 2, δ � 3; |κ|< 2.0335.

Table 1: Tabular representation of Mx(ℓ) and ℓ, κ.

ℓ↓ Mx(ℓ)
κ⟶ − 2 − 1.4 − 0.8 − 0.2 0.4 1.0 1.6

− 1000 190.189 210.91 236.212 261.006 313.452 372.309 460.187
− 700 144.256 159.945 179.103 197.876 237.586 282.15 348.687
− 400 89.435 7 99.1201 110.946 122.534 147.046 174.555 215.627
− 100 24.855 4 27.467 6 30.657 3 33.783 40.394 8 47.814 7 58.8931
200 − 50.420 4 − 56.050 7 − 62.925 7 − 69.662 7 − 83.913 6 − 99.906 3 − 123.784
500 − 137.396 − 152.548 − 171.061 − 189.182 − 227.536 − 270.677 − 334.84
800 − 237.147 − 263.219 − 295.057 − 326.254 − 326.254 − 466.309 − 576.884
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F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)



∞

n�0
(a
′
)n 

1

0
ℓb
′
+n− 1

(1 − ℓ)c
′
− b
′
− 1

1F1(σ; δ; κℓ(1 − ℓ))
ϑn

n!
dℓ. (44)

Changing the order of integration and summation with
some simplifications, we attain the right hand side of
equation (41).

Further, putting ς � (ℓ/(1 − ℓ)) in (41), we get

�
1

B(b
′
, c
′

− b
′
)


∞

0
ςb
′
− 1

(1 + ς)a
′
− c
′

1F1 σ; δ;
κς

(1 + ς)2
 (1 + ς(1 − ϑ))

− a
′
dς. (45)

Again, if we choose ℓ � sin2 θ in equation (41), we have

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) �

2

B(b
′
, c
′

− b
′
)


(π/2)

0
sin2b
′
− 1 θ cos2c

′
− 2b
′
− 1 θ 1 − ϑ sin2 θ 

− a
′

1F1 σ; δ; κ sin2 θ cos2 θ dθ. (46)

Remark 2. By choosing ϑ � 1 in equation (41), we have the
subsequent relation between new generalization of Gauss
hypergeometric function

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; 1) �

1

B(b
′
, c
′

− b
′
)


1

0
ℓb
′
− 1

(1 − ℓ)c
′
− a
′
− b
′
− 1

1F1(σ; δ; κℓ(1 − ℓ))dℓ

�
1

B(b
′
, c
′

− b
′
)

B
MC
σ,δ;κ(b
′
, c
′

− a
′

− b
′
).

(47)

Theorem 7. If Re(c
′
)>Re(b

′
)> 0, then new generalization

of confluent hypergeometric function φMC
σ,δ;κ(b
′
; c
′
; ϑ) is defined

as follows:

φMC
σ,δ;κ(b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)


1

0
ℓb
′
− 1

(1 − ℓ)c
′
− b
′
− 1 exp(ϑℓ) 1F1(σ; δ; κℓ(1 − ℓ))dℓ, (48)

φMC
σ,δ;κ(b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)


∞

0
ςb
′
− 1

(1 + ς)− c
′
exp

κς
1 + ς

 1F1 σ; δ;
κς

(1 + ς)2
 dς, (49)

φMC
σ,δ;κ(b
′
; c
′
; ϑ) �

2

B(b
′
, c
′

− b
′
)


(π/2)

0
sin2b
′
− 1 θ cos2c

′
− 2b
′
− 1 θ exp ϑ sin2 θ  1F1 σ; δ; κ sin2 θ cos2 θ dθ. (50)

Proof: Considering the left hand side of (48), by using
equation (39) and equation (8), we yield
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φMC
σ,δ;κ(b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)



∞

n�0

1

0
ℓb
′
+n− 1

(1 − ℓ)c
′
− b
′
− 1

1F1(σ; δ; κℓ(1 − ℓ))
ϑn

n!
dℓ. (51)

Changing the order of integration and summation, we
obtain the required result (48). By replacing ℓ � (ς/1 + ς)
and ℓ � sin2 θ separately in equation (48) and simplifying
it, we obtain equations (49) and (50). □

2.2.3. Differentiation Formulas on New Extension of Beta
Function. To represent the new generalization of Gauss
hypergeometric function and confluent hypergeometric
function, we use the following conditions:

B(b
′
, c
′

− b
′
) �

c
′

b
′
B(b
′

+ 1, c
′

− b
′
),

(a
′
)n+1 � a
′
(a
′

+ 1)n.

(52)

Theorem 8. If Re(a
′
)> 0,Re(c

′
)>Re(b

′
)> 0, then we have

the following differential formula:

dn

dϑn F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ)  �

(a
′
)n(b
′
)n

(c
′
)n

F
MC
σ,δ;κ(a
′

+ n, b
′

+ n; c
′

+ n; ϑ).

(53)

Proof: Taking the derivative of FMC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) with respect

to ϑ, we have

d
dϑ

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ)  � 

∞

n�0
(a
′
)n

B
MC
σ,δ;κ(b
′

+ n, c
′

− b
′
)

B(b
′
, c
′

− b
′
)

d
dϑ

ϑn

n!
 

� 
∞

n�1
(a
′
)n

B
MC
σ,δ;κ(b
′

+ n, c
′

− b
′
)

B(b
′
, c
′

− b
′
)

ϑn− 1

(n − 1)!
.

(54)

Replacing n⟶ n + 1 in the above equation (54), then it
will reduce to

d
dϑ

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ)  �

a
′
b
′

c
′



∞

n�0
(a
′

+ 1)n

B
MC
σ,δ;κ(b
′

+ n + 1, c
′

− b
′
)

B(b
′

+ 1, c
′

− b
′
)

ϑn

n!
 

�
a
′
b
′

c
′

F
MC
σ,δ;κ(a + 1
′

, b + 1
′

; c + 1
′

; ϑ).

(55)

Recursive application of this technique provides us the
general form of equation (53).

Theorem 9. For confluent hypergeometric function, we have
the following differential formula:

dn

dϑn φMC
σ,δ;κ(b
′
; c
′
; ϑ)  �

(b
′
)n

(c
′
)n

φMC
σ,δ;κ(b
′

+ n; c
′

+ n; ϑ). (56)

Proof: Proof is same as in the above theorem.

2.2.4. Transformation Formula on New Extension of Beta
Function

Theorem 10. For the new generalization of Gauss hyper-

geometric function with the condition |ϑ|< π;Re(c
′
)
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>Re(b
′
)> 0}, we have the subsequent transformation

formula:

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) � (1 − ϑ)

− a
′
F
MC
σ,δ;κ a
′
, c
′

− b
′
; b
′
;

ϑ
ϑ − 1

 , (57)

F
MC
σ,δ;κ a
′
, b
′
; c
′
; 1 −

1
ϑ

  � (ϑ)
a
′
F
MC
σ,δ;κ(a
′
, c
′

− b
′
; b
′
; 1 − ϑ), (58)

F
MC
σ,δ;κ a
′
, b
′
; c
′
;

ϑ
1 + ϑ

  � (1 + ϑ)
a
′
F
MC
σ,δ;κ(a
′
, c
′

− b
′
; b
′
; ϑ). (59)

Proof: Using the expression,

[1 − ϑ(1 − ℓ)]− a
′

� (1 − ϑ)
− a
′
1 +

ϑ
1 − ϑ

ℓ 

− a
′

, (60)

and replacing ℓ⟶ 1 − ℓ in equation (41), we obtain

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) �

1

B(b
′
, c
′

− b
′
)


1

0
ℓb
′
− 1

(1 − ℓ)c
′
− b
′
− 1

[1 − ϑ(1 − ℓ)]− a
′

1F1(σ; δ; κℓ(1 − ℓ))dℓ

�
(1 − ϑ)

− a
′

B(b
′
, c
′

− b
′
)


1

0
t
b
′
− 1

(1 − ℓ)c
′
− b
′
− 1 1 −

ϑ
ϑ − 1

ℓ 

− a
′

1F1(σ; δ; κℓ(1 − ℓ))dℓ.

(61)

Hence,

F
MC
σ,δ;κ(a
′
, b
′
; c
′
; ϑ) � (1 − ϑ)

− a
′
F
MC
σ,δ;κ a
′
, c
′

− b
′
; b
′
;

ϑ
ϑ − 1

 . (62)

Replacing ϑ⟶ 1 − (1/ϑ) in equation (57), we obtain
the result given in equation (58), and again replacing ϑ by
(ϑ/(1 + ϑ)) in equation (57), we get equation (59).

3. New Extension of Riemann–Liouville (R-L)
Fractional Derivative Operator

In the past years, different kinds of extensions of R-L
fractional operators were performed by many authors (see
[19–22]). Here, we announce novel extension of R-L frac-
tional derivative operator using new type of extended beta

function and this function is also reducible into classical
Riemann–Liouville fractional derivative operator with cer-
tain conditions.

*e classical Riemann fractional derivative of f(ϑ) of
order ξ defined demarcated by

D
ξ
ϑf(ϑ) �

1
Γ(− ξ)


ϑ

0
(ϑ − ℓ)− ξ− 1

f(ℓ)dℓ, Re(ξ)> 0{ },

(63)

where the path of integration is a line from 0 to ϑ in the
complex ℓ − plane when Re(ξ)≥ 0.

Let n ∈ N be the smallest integer greater thanRe(ξ) and
n − 1≤Re(ξ)< n. *en,

D
ξ,n
ϑ f(ϑ) �

dn

dϑn D
ξ− n
ϑ f(ϑ)  �

dn

dϑn

1
Γ(n − ξ)


ϑ

0
(ϑ − ℓ)n− ξ− 1

f(ℓ)dℓ . (64)

Here, we defined new definition of extended Rie-
mann–Liouville (R-L) fractional derivative of f(ϑ) of order
ξ which is given b

y

D
MC;ξ
σ,δ;κ f(ϑ) �

1
Γ(− ξ)


ϑ

0
(ϑ − ℓ)− ξ− 1

f(ℓ)) 1F1 σ; δ;
κℓ(ϑ − ℓ)

ϑ2
 dℓ, (65)

where {Re(σ)> 0,Re(δ)> 0,Re(ξ)> 0; |κ|<K; K ∈ R+

and less than 2.0335} and for
n − 1≤Re(ξ)< n, n ∈ N, |κ|<K; K ∈ R+ and less than
2.0335, Re(σ)> 0,Re(δ)> 0, then
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D
MC;ξ
σ,δ;κ f(ϑ) �

dn

dϑn

1
Γ(n − ξ)


ϑ

0
(ϑ − ℓ)n− ξ− 1

f(ℓ) 1F1 σ; δ;
κℓ(ϑ − ℓ)

ϑ2
 dℓ . (66)

If we put κ � 0 in the above equations (65) and (66), then
it will become the classical Riemann–Liouville (R-L) frac-
tional derivative equations (63) and (64).

Theorem 11. Let n − 1≤Re(ξ)< n, for some n ∈ N, |κ|<K

and Re(ξ)<Re(μ). Cen, we have

D
MC;ξ
σ,δ;κ ϑμ  �

B
MC
σ,δ;κ(μ + 1, − ξ)

Γ(− ξ)
ϑ(μ− ξ)

. (67)

Proof: We have from equation (65),

D
MC;ξ
σ,δ: κ ϑμ  �

1
Γ(− ξ)


ϑ

0
(ϑ − ℓ)− ξ− 1ℓμ 1F1 σ; δ;

κℓ(ϑ − ℓ)
ϑ2

 dℓ,

(68)

and putting ℓ � ϑς in the above equation, then we have

D
MC;ξ
σ,δ;κ ϑμ  �

ϑ− ξ+μ

Γ(− ξ)

1

0
(1 − ς)− ξ− 1ςμ 1F1(σ; δ; κς(1 − ς))dς �

B
MC
σ,δ: κ(μ + 1, − ξ)

Γ(− ξ)
ϑ(μ− ξ)

. (69)

□
Theorem 12. Let n − 1≤Re(μ − ξ)< n<Re(μ), n ∈ N,

|ϑ|< 1, τ ∈ C, |κ|<K; K ∈ R+ and less than 2.0335,
Re(σ)> 0,Re(δ)> 0, then

D
MC;μ− ξ
σ,δ;κ ϑμ− 1

(1 − ϑ)
− τ

  �
ϑξ− 1

Γ(ξ − μ)

1

0
(ς)μ− 1

(1 − ςϑ)
− τ

(1 − ς)ξ− μ− 1
1F1(σ; δ; κς(1 − ς))dς. (70)

Proof: Taking the left hand side and using equation (65), we
have

�
1

Γ(− μ + ξ)

ϑ

0
(ϑ − ℓ)− μ+ξ− 1ℓμ− 1

(1 − ℓ)− τ
1F1 σ; δ;

κℓ(ϑ − ℓ)
ϑ2

 dℓ, (71)

and putting ℓ � ϑς, then it becomes

D
MC;λ− ξ
σ,δ;κ ϑμ− 1

(1 − ϑ)
− τ

  �
ϑξ− 1

Γ(ξ − μ)

1

0
(ς)μ− 1

(1 − ςϑ)
− τ

(1 − ς)ξ− μ− 1
1F1(σ; δ; κς(1 − ς))dς. (72)

3.1. Extended Riemann–Liouville (R-L) Derivative to a
Function f(ϑ) Analytic at the Origin

Theorem 13. Let function f(ϑ) be analytic at the origin with
its power series given by f(ϑ) � 

∞
n�0 a
′

n
ϑn, (|ϑ|< ρ) for some

ρ ∈ R+, then

D
MC;ξ
σ,δ;κ f(ϑ) � 

∞

n�0
a
′

n
D

MC;ξ
σ,δ;κ ϑn

 . (73)

Proof: By the definition of extended Riemann–Liouville (R-
L) derivative operator and using f(ϑ) � 

∞
n�0 a
′

n
ϑn in it, we

obtain

D
MC;ξ
σ,δ;κ f(ϑ) �

1
Γ(− ξ)


ϑ

0
(ϑ − ℓ)− ξ− 1



∞

n�0
(a
′
)nℓ

n
1F1 σ; δ;

κℓ(ϑ − ℓ)
ϑ2

 dℓ. (74)
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Changing the order of summation and integration, we
have

� 

∞

n�0
(a
′
)n

1
Γ(− ξ)


ϑ

0
(ϑ − ℓ)− ξ− 1ℓn

1F1 σ; δ;
κℓ(ϑ − ℓ)

ϑ2
 dℓ ,

� 
∞

n�0
(a
′
)nD

MC;ξ
σ,δ;κ ϑn

 .

(75)

Theorem 14. Let function f(ϑ) be analytic at the origin with
its power series expansion f(ϑ) � 

∞
n�0 a
′

n
ϑn, (|ϑ|< ρ) for

some ρ ∈ R+. Cen, we have

D
MC;ξ
σ,δ;κ ϑμ− 1

f(ϑ)  �
ϑμ− ξ− 1

Γ(− ξ)


∞

n�0
(a
′
)nϑ

n

1

0
ςμ+n− 1

(1 − ς)− ξ− 1
1F1(σ; δ; κς(1 − ς))dς. (76)

Proof. By using equation (73), in L.H.S. of the above
equation, we have

D
MC;ξ
σ,δ;κ ϑμ− 1

f(ϑ)  � 
∞

n�0
(a
′
)nD

MC;ξ
σ,δ;κ ϑμ− 1ϑn

 

� 
∞

n�0
(a
′
)n

1
Γ(− ξ)


ϑ

0
(ϑ − ℓ)− ξ− 1ℓμ+n− 1

1F1 σ; δ;
κℓ(ϑ − ℓ)

ϑ2
 dℓ,

(77)

and putting ℓ � ϑς, then

�
1
Γ(− ξ)


1

0
ϑ− ξ+μ− 1

(1 − ς)− ξ− 1ςμ− 1
1F1(σ; δ; κς(1 − ς)) 

∞

n�0
a
′

n
(ϑς)ndς. (78)

*e series given in equation (78), 
∞
n�0 a
′

n
(ϑς)n, is uni-

formly convergent in disc |ϑ|< ρ for 0≤ ς≤ 1 and the integral

1
0 |ςμ− 1(1 − ς)− ξ− 1

1F1(σ; δ; κς(1 − ς))|dς is convergent
provided that Re(μ)> 0,Re(ξ)< 0 and
κ ∈ C, |κ|<K; K ∈ R+ and less than 2.033 5. Now, inter-
changing the order of summation and integration, we get the
result given in equation (76).
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