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The sum-connectivity index of a graph G is defined as the sum of weights 1/1/d,, + d,, over all edges uv of G, where d,, and d,, are
the degrees of the vertices 1 and v in graph G, respectively. In this paper, we give a sharp lower bound on the sum-connectivity

index unicyclic graphs of order #>7 and diameter D(G) > 5.

1. Introduction and Preliminaries

Let G be a simple graph with a vertex set V = V (G) and edge
set E(G). The integers n = n(G) = |V (G)| and m = m(G) =
|E (G)| are the order and the size of the graph G, respectively.
The open neighborhood of vertex v is Ng(v) =N (v) =
{u € V(G)luv € E(G)}, and the degree of vis dg(v) =d, =
IN'(v)]. A pendant vertex is a vertex of degree one. The
distance between two vertices is the number of edges in the
shortest path connecting them, and the diameter D (G) of G
is the distance between any two furthest vertices in G. A
diametral path is the shortest path in G connecting two
vertices whose distance is D(G). A unicyclic graph is a
connected graph containing exactly one cycle. A subgraph
G' of a graph G is a graph whose set of vertices is a subset of
V (G), and set of edges is a subset of E (G).

A topological index is a numeric number associated with
a molecular graph that correlates certain physicochemical
properties of chemical compounds. The topological indices
are useful in the prediction of physicochemical properties
and the bioactivity of the chemical compounds [1-3]. Also,
topological indices invariants are used for Quantitative
Structure-Activity Relationship (QSAR) and Quantitative
Structure-Property Relationship (QSPR) studies. It was
demonstrated that the sum-connectivity index is well cor-
related with a variety of physicochemical properties of

alkanes, such as boiling point and enthalpy of formation. The
sum-connectivity index is certainly the most widely applied
in chemistry and pharmacology, in particular for designing
quantitative structure-property and structure-activity rela-
tions. The sum-connectivity index is proposed to quanti-
tatively characterize the degree of molecular branching.

Topological indices have been used and have been shown
to give a high degree of predictability of pharmaceutical
properties. The sum-connectivity index of a graph G was
proposed in [4] defined as follows:

1
SCI(G) = - )
MEZ@ .+ d, (1)

The applications of the sum-connectivity index have
been investigated in [5, 6]. Some basic mathematical
properties of the sum-connectivity index have been estab-
lished in [4-8].

In [4], it was shown that for a graph G with n> 5 vertices
and without isolated vertices, SCI(G)>n-1/4/n with
equality if and only if G is the star. For n = 4, this is not true
since, for the union of two copies of the path on two vertices,
its sum-connectivity index is V2, less than 3/2. In [7],
minimum sum-connectivity indices of trees and unicyclic
graphs of a given matching number are characterized; in [8],
sum-connectivity index of molecular trees are characterized;
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and in [4], some of the lower and upper bounds for the sum-
connectivity index of trees are obtained (see recent bounds
[9-13]). We all know that the sum-connectivity index is one
of the most important and practical indices and therefore
has been considered by many researchers. In this paper, we
will address one of the unresolved issues for the sum-
connectivity index. In fact, we investigate the relationship
between the sum-connectivity index and diameter of the
graph, which is one of the important parameters in graph
theory and we get new results. In other words, in this paper,
we solve the problem of the relationship between the di-
ameter of a graph and the sum-connectivity index for the
unicyclic graph.

2. Main Results

We begin with the following lemma that we will need for
obtaining our main results.

SCI(G) - SCI(G') >

. y
A+l

We know that the sum-connectivity index of the path uv

is at least 1/+/d (1) + 1. Note that

1 1 1 1
VA 1 d@ VA d@ -1 Vd@ 1 vaw
(3)
for every w € N (u){u'}; hence, we have
SCI(G) —SCI(G’)zﬁud(u) - 1)(%— @)
(4)
Therefore, we get SCI(G) > SCI(G"). O

By Lemma 1, it follows that for any unicyclic graph G, if
U is a diametral path of G, then there is a unicyclic graph
G' ¢ G containing only pendant vertices of U, where
D(G') = D(G) and SCI(G') < SCI(G).

Here, we obtain a sharp bound on the sum-connectivity
index of any unicyclic graph of diameter at least 5.

Theorem 2. Let G be any unicyclic graph of diameter
D(G) =5. Then,

1
SCI(C,) = ——
() WGEZ(:Q) Vd(u) +d(v)
SCI(P) = Z !
webpy V(@) +d(v)

W\ {u'}
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We denote ¢ (G) as the number of pendant vertices in a
graph G.

Lemma 1. Let G be any unicyclic graph and U be a diametral
path of G. If G contains a pendant vertex v not in U, then there
is a unicyclic graph G' C G not containing v, such that
D(G)=D(G'),t(G") =t(G) - 1, and SCI(G') < SCI(G).

Proof. Let U be a diametral path of G and v € V(G) be a
pendant vertex not in U. We denote by u the closest vertex to
vwhich is not of degree 2. Let G’ be a subgraph of G obtained
by the removal of the path connecting u and v from G. Let v/’
be the neighbor of u on the u — v path (if the path has only
one edge, then u' =v). Clearly, G’ is a unicyclic graph,
D(G') = D(G), and t(G') = t(G) — 1. Furthermore,

1 1
<Vd<u>+d(w) 'Vd(u)+d(w>—1)' @
D(G) 5 1
SCI(G) > NSV 2. (5)

Proof. We will complete the proof by considering the
following four cases.

Case 1. If G does not contain any pendant vertex, then
G is the cycle either with 2 D(G) or 2 D(G) + 1 ver-
tices, which implies that

SCI(G)ZZD(G)(%) - p(6)>2@
(6)

I

+\/§+\/§ .

Case 2. If G contains one pendant vertex, then G
consists of the cycle C, of length >3 and the path P
having s > 1 edges, where C, N P consists of one vertex
which has degree 3 in G. This degree will be included in
the computation of SCI(C,) and SCI(P). We have
SCI(G) = SCI(C,) + SCI(P), where

1 1 r 25
:""Z)ﬁ”(f)zz 5 b
(7)
PPN 1_sx/§\/§1
SRRV RV, RV R B S
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If s>2 and SCI(P) = 1/2 if s = 1. So, SCI(P) > s/2 for
every s> 1, and the equality holds if s = 1.

If r >4, then D(G) < (r/2) + s and

SCI(G)25+£+5-1
275 2
A Gl O
=275 2 4
_D@) r 25 | (8)
2 4 s
D(G) 245
P
2 5
M_f_i*_i_z
2 W5 V3T
If r =3, then D(G) =s+1 and
SCI(G)2§+&+£—1,
275 2
3 245 D(G) 1
2ot ——————
27 5 2 2
9)
D@, 245
T2 5
DG 5 1
2 W5 3

Case 3. 1f G contains 2 pendant vertices, then G consists
of the cycle C, of length r > 3 and two paths X and X,
having s, >1 and s,>1 edges, respectively. We can
assume that C, N X, consists of one vertex and X, is
attached either to an internal vertex of X, or to a vertex
of C,.

Case 31. If X, nX,=¢, then we have
SCI(G) = SCI(C,) + SCI(X,) + SCI(X,). For i = 1,2,

1
SCI(X;) = —_—
(X3) WeEZ(XI)\/d(u)+d(v)
1 1 1 s 3 45

=—+—+—
5

:(si—z)ﬁ+%+%_3 3

9)]

- L
(10)

When s;>2 and SCI(X;) = 1/2 if s; = 1. If X; and X,
are attached to nonadjacent vertices of C,, then

1
° (Cr) i uve%@y)m
(11)
1 1 r 445
= (7’—4)\/14'4(\/5) :5+?—2.

If X, and X, are attached to adjacent vertices of C,,
then

1
SCI(C,) = Z()W

3 1 ) 1 1
C-IEt (W)+%

(12)

If s; =s, =1, then D(G) < (1/2) + 2 and

45 11
scr@zi+ 5 1L
27 s 272

2D(G)+¥—3 (13)

E+i+i_2
2 W5 V3T

So, we can assume that s, or s, is at least 2. We have
SCI(X,) + SCI(X,) = (5,/2) + (s,/2) + (V/3/3) + (\/5
/5) — 1 (the equality holds if s, or s, is 1).

If r>4, then D(G) < (1/2) + s, + s, and

SCI(G)25+%_2+S_1+5_2 [ D5
2 5 2 2 5
Sl P (14)
2 4 3
D(G) e £_2
If r = 3, then D(G)<s, +s, + 1 and
SCI(G)Z§+%—2+S_1+S_2 £ £_1
2 5 2 2 3 5
2 5 3 5
=@+@+g_l

Case 3.2. X, N X, is nonempty, and there is a diametral
path containing both pendant vertices of G.

Let U be the diametral path containing both pendant
vertices of G. Then, U< X, UX,. One of the internal
vertices, say x, of U is of degree 3 or 4 in graph G. If x is
adjacent to a pendant vertex of U, then



1
sV = ) I +d0)

uveE (U)

1 1 1 1 (16)
AT

_D©G) V3 V5 6
) 3 5 6

=(D(G)-3)—=
3
2

If x is not adjacent to a pendant vertex of U, then

SCI(U) > D(GZ) 4 2;/_ zéf
(17)
2 3 6

Note that G contains also the cycle C,, where one of the
vertices is of degree 3 or 4 in G. We have

1
SCH(E) = uv%@,) Vaw) +d()
o 1 1 3 2\/6_ (18)
—(r 2)ﬁ+2<%)25+T 1
126
"2 6

which implies that
SCI(G) = SCI(U) + SCI(C,)

D(G) v_ V5 V6 3 1 26
>——4+—+—+———+-+ ,
2 375 6 22 6
D@ V3 V5 V6 _

2 35 2
w+i+i_2

2 W5 V3T

(19)

Case 3.3. X, N X, is nonempty and there is a diametral
path containing only one pendant vertex of G. Then, we
denote this diametral path with U containing only one
pendant vertex of G. Since the other pendant vertex is
not in U, by Lemma 1, there is a unicyclic graph G'
having one pendant vertex, such that D(G') = D(G)
and SCI(G) > SCI(G'), and we know that SCI(G') >
(D(G)/2) + (5/V/5) + (1/+/3) - 2.

Case 4. If G contains at least 3 pendant vertices.

Let U be a diametral path of G. Clearly, this path contains
at most 2 pendant vertices of G. Since G contains m >3
pendant vertices, we have at least m — 2 pendant vertices not
in U. By Lemma 1, there is a unicyclic graph G’ € G having
only the pendant vertices of U (at most 2 vertices), such that
D(G')=D(G),t(G')=t(G)-1 and SCI(G)>SCI(G').
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From the previous cases, it follows that SCI(G')>
(D(G)12) + (5/4/5) + (1//3) - 2.

It is easy to show that the bound SCI(G) > (D (G)/2) +
(5/+/5) + (1/4/3) — 2 is best possible because of the graph
H, where V(H) = {u, vo,vl,vz,...,vD(H)} and E(H) =
{vovl, ViVas -+ o> VD (E)-1VD (H)» YV1s uv3} has the sum-con-
nectivity index

1 1 1
SCI(H) =(D(H) - 4)ﬁ+ 5(%) +%,
(20)
_b#H) 5 1
2 V5 3 T
The proof is completed. O

Now, we obtain lower bounds on the sum-connectivity
index for unicyclic graphs of small diameter.

Theorem 3. Let G be an unicyclic graph of diameter D (G).
Then,

(i) If D(G) = 2, then SCI(G) =1 + 2+/5/5
(ii) If D(G) = 3, then SCI(G) 22+/5/5 + V6/6 + 1
(iii) If D(G) = 4, then SCI(G) > 1 + 41/5/5

Proof. We can see that the proof of Theorem 2 holds for

D(G)=3 and D(G) =4 except for Case 3.1, where
sp=8,=1
Let D(G) = 4. We have SCI(G) 2D (G) + (1 +4+/5/5) —

3 (as presented in the proof of Theorem 2), which is
(1 + 4+/5/5). From the other cases, we obtain SCI(G) > (D
(G)/2) + (5/V5)+ (1/V3) =2) = (V5 + (1/¥3))> (1 +4
\/5/5), which implies that SCI(G) > (1 + 4+/5/5).

Let D(G) =3. We have SCI(G)>D(G) +4+5/5-3
(obtained in the proof of Theorem 2); Case 3.1 (if
s; =s, = 1) is not sufficient now, so we give a better bound
in this case. Since s; =s, = 1 and D(G) = 3, then P, and P,
must be attached to adjacent vertices of C,, which means that
SCI(C,) = r/2 + 2/5/5 + \/6/6 — 3/2 in the proof of Theo-
rem 2. Since r >3, we obtain

SCI(G) = SCI(C,) + SCI(X,) + SCI(X,)
_r 5 Ve 3 11 2V5 V6
"2 5 6 22 275 6
(21)

Let D(G) = 2. Except for C; and C,, the only unicyclic
graphs H of diameter 2 are formed by the cycle C;, where
s>1 pendant vertices are adjacent to one of the vertices of
Cs.Let V (Cs) = {v, v,, v3}. We can assume that the pendant
vertices U, u,, . .., U, are adjacent to v,. Then, U = v,v,u, is
a diametral path of H, and from Lemma 1, it follows that
there is a unicyclic graph H' € H, which contains only one
pendant vertex u; (the pendant vertex (the pendant vertex in
U)), where SCI(H) > SCI(H'). Since
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, 1 1 24/5
I(H)=2( —= 20— | =1+— 22
SCI(H") (\5) + (\/Z) t (22)
SCI(C,) =2 and SCI(C;) = 5/2, we obtain the bound

SCI(G) =1 + 2+/5/5. O

Corollary 4. Let G be any unicyclic graph of order at least 7
and diameter D(G) = 2. Then,
D DG 5 1

Proof. By Theorem 2, for D(G) >5 and any #, we have
SCI(G) = (D(G)/2) + (5//5) + (1/+/3) = 2). By Theorem
3, for D(G) =2 and any n, we have SCI(G)>1 + 2+/5/5,
which is greater than ((D(G)/2) + (5/+/5) + (1/4/3) - 2).1t
remains to prove Corollary 4 forn>7 and 3 <D (G) <4. The
proof of Theorem 2 holds also for D(G) = 3 and D(G) =
except for Case 3.1 where s; = s, = 1. We show that if n>7,
then SCI(G)= (D(G)/2) + (5/+/5) + (1/+/3) —2) also in
that case. If n>7 and p, = p, = 1, then G contains the cycle
Cy forr >5and SCI(C,) > /2 + 4+/5/5 — 2 (given in Case 3.1
in the proof of Theorem 2). Since SCI(X,) = SCI(X,) = 1/2,
we obtain
3 4\/’

)+SCI(X2)>2 s

(24)

which is greater than SCI(G)> ((D(G)/2) + (5//5) + (1/
v3)-2) for D(G) =3 and D(G) = 4. O

SCI(G) = SCI(C,) + SCI(X

Corollary 5. Let G be any unicyclic graph of order at least 7
and diameter D(G) = 2. Then,

SCI(G) (V3/3)++5 1

D(G) =~ n-2 2
(25)

SCI(G) —D(G)2?+ {EREEE
Proof. By Theorem 2, we have
SCI(G) = (D(G)/2) + (5/4/5) +1/4/3 -2 and since

D(G) <n -2 for any graph G except for the path, hence, by
the definition of sum-connectivity index, we have

SCI(G) L N 5 . 12

D(G) “2 V5D(G) V3D(G) D(GY

i, s 12
"2 \5(m-2) V3(n-2) D(G)
(26)
1 5 1

*2 " Bm-2 V-2

_(V33)++5 1
T on-2 2

Similarly, we obtain

5

SCI(G) - D<G>>£ N D(G) 22§+ﬁ-g-1.
(27)

O

3. Open Problem and Conclusion

In this paper, we investigate the relationship between the
sum-connectivity index and the diameter of a graph and
obtained a new lower bound for the sum-connectivity
index of unicyclic graphs. However, there are still open
and challenging problems for researchers, for example,
the problem on the relationship between the sum-con-
nectivity index and the diameter of bicyclic and tricyclic
graphs. Moreover, the relationship between other topo-
logical indices such as F-index and GA-index with the
diameter of unicyclic, bicyclic, and tricyclic graphs is still
open.
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