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This study suggests a new optimal family of exponential-type estimators for estimating population mean in stratified random
sampling. These estimators are based on the traditional and nontraditional measures of auxiliary information. Expressions for the
bias, mean square error, and minimum mean square error of the proposed estimators are derived up to first order of ap-
proximation. It is observed that proposed estimators perform better than the traditional estimators (unbiased, combined ratio,
and combined regression) and other recent estimators. A real dataset is used to highlight the applicability of proposed estimators.
In addition, a simulation study is carried out to assess the performance of new family as compared to other estimators.

1. Introduction

Nowadays, it is common practice to use the auxiliary/ancillary
information to boost the efficiency of estimators in survey
sampling. Most of the researchers only deal with the traditional
information of auxiliary variable(s) such as standard deviation,
coefficient of variation, coefficient of skewness, coefficient of
kurtosis, and coefficient of correlation. Having edge of this
traditional information, many authors have been trying to
explore new optimal estimators and families of estimators for
estimating population mean under stratified random sampling.
Stratified random sampling has often proved needful in im-
proving the precision of estimators over simple random
sampling, for instance, see works of Kadilar and Cingi [1, 2],
Koyuncu and Kadilar [3, 4], Singh and Vishwakarma [5-7],
Shabbir and Gupta [8], Haq and Shabbir [9], Singh and Solanki
[10], Yadav et al. [11], Solanki and Singh [10, 12], Javed et al.
[13], and Javed and Irfan [14].

The motivation behind this article is to utilize the non-
traditional information as well as the traditional information of
the auxiliary variable to progress the estimation of population

mean in stratified random sampling. This idea is initiated first
time in this article under stratified random sampling.
Nontraditional information includes quartile deviation,
midrange, interquartile range, quartile average, decile mean,
tri-mean, Hodges-Lehmann estimator, and L-moments of an
auxiliary variable. L-moments are determined by linear
combinations of the expected values of the order statistics (for
detail, check the works of Hosking [15] and Shahzad et al. [16]).
Furthermore, efficiency of the estimators is uncertain in the
occurrence of the extreme values in the dataset. Some of the
above nontraditional measures such as decile mean, Hodg-
es-Lehmann estimator, and tri-mean are robust measures.
Utilizing these measures, we can well cope with the extreme
values/outliers in the dataset. In addition, L-moments also are
used to reduce the negative effect of outliers on the estimators.
Rest of the article is organized in the following way.
Section 2 presents the useful notations. Section 3 gives
comprehensive detail of existing families of estimators.
Section 4 suggests a new optimal family of estimators for
estimating population mean using traditional and nontra-
ditional measures of auxiliary variable. Expressions for the
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bias, mean squared error (MSE) and minimum MSE of this
family are derived up to first degree of approximation in the
same section. A real dataset is used in Section 5 to check the
potential of new estimators as compared to existing ones. In
Section 6, the performance of suggested family is evaluated
by carrying out a simulation study using the same dataset
used in Section 5. Section 7 contains the final discussion.

2. Useful Notations

Let us consider a finite population U ={U,U,,Us,...,Uy} of
size N, and it can be stratified into L homogenous strata with h"
stratum contalmng N, (h=1,2,...,L) units subject to the
restriction that Y% i Np=N.A sample of size ny, is drawn under
simple random sampling without replacement (SRSWOR) from
h stratum such that Y_ 1, =n. Consider the N, pairs of
observations (yy;,xy;),i = 1,2,3,..., N, made from A" stratum
for the study and auxiliary Varlables, respectlvely

Furthermore, let Y=Y, =Y, ,W,Y,andy, = ¥;_,
W, 7, be the populatlon and sample means of y, respec-
tively, where Y, = Zl F il N7 = 2ty (ypilmy), and W, =
(N,/N) are the population mean, sample mean, and the
weight of " stratum, respectively. Following the same lines,
XXy X, and X, can be defined for the auxiliary variable x.

To derive the expressions for the bias, mean square error
(MSE), and minimum mean square error of the existing and
proposed estimators, we consider the following relative error
terms along with their expectations as

*<1 \

(0 y st

Y
(1)

such that

S
Coefficient of VaraiationC,;, = Yih,

h
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From (2), we can write as below:
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Some other formulas for #™ stratum, under stratified

random sampling are listed below:

=3
Nzgl (i = X)

Coefficient of Skewness 3, =

(N-1)(N -2,
N(N+DYY (x4 - Xh)4 3(N-1)°

Coefficient of kurtosis 3, =

(N-1)(N-2)(N-3)s}, (N-2)(N-3)

Quartile deviationQD,, = w,
Midrange MR, w,
Interquartile range QR ;, = Q;;, — Qyj,
Quartile average QA,, Q3h ; th
_ Qup +2Qy, + Q3h’

Tri — mean TM,,,

. (%int Xk .
Hodge — Lehmann HL ;, = Medlan<f>, 1<jh<kh<N,

(5)
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where Q,;,Q,, andQ; are the first, second, and third
quartiles, respectively, x ;) is the minimum value, and x ) is
the maximum value of the data.

3. Some Existing Estimators/Classes
of Estimators

This section gives a brief introduction of some well-known
estimators/classes of estimators from the literature.

3.1. Usual Estimators. In stratified random sampling usual
unbiased Y, combined ratio Y - and combined regression
Y creg estimators and their MSEs are detailed below:

N L
ot = Z Wi Vh
h=1

= (X
YCR = Vst ? >
st
L 2
thl Wh¢hsyxh

Yereg = [T + 0(X ~ %) ], with b = SA=L TR0
CReg [yst ( st)] Zﬁ:l W;21¢hsih

MSE(?SJ = Var<?st) =YV,
MSE<?CR> =Y’ (Voo + Voo = 2Vy),

= 2
MSE<YCReg> =Y Vzo(l _Pft)’
(6)

where p; = Zﬁ:l Wipysn = Zi:l W%z(phsyxh/ \,Zﬁ:l Wiﬁbhsih
\/Zi:l Wf,‘/’hsih =Vi/\Vo Ve

Bahl and Tuteja [17] suggested ratio and product ex-
ponential-type estimators for population mean under
stratified random sampling as

= _ X-%
Yirre = ysteXP(X _St), (7)
+Xx
= X, - X
Y ex st 2 ), 8
BT,Pe = Vst P(xst + X) (8)

Average of (7) and (8) can be written as

N 7st 7 B Est Est B Y
Y ==qexp| = +expl ——=|¢»
BhAve T { p<X+%sz) p(fst +X>}
MSE<?BT,Re) s ?Z<Vzo + - Vu)r
= — \%
MSE(YBT,PE) = Y2<V20 + % + Vu).

(9)

3.2. Koyuncu and Kadilar [3]. To estimate the population
mean under stratified random sampling, a family of ratio
estimators was introduced by Koyuncu and Kadilar [3] as
below:

a X +b, g

10
Y(astyst + bst) + (1 - (a X+ bst) ( )

YK = yst

where y and g are suitable constants and a , ( #0) and b, are
either real numbers or functions of known parameters of the
auxiliary variable such as coefficient of skewness, coeflicient
of kurtosis, coefficient of variation, and coefficient of
correlation.

_Up to the first order of approximation, the bias and MSE
of Yy are given by

Bias(?K) (g (g +

= =2
MSE<YK) =Y (Voo + V' Voo - 29y1V 1)),

Do

Y Vi~ ngu),

X
where = il

At( = V11 the minimum MSEY is gi
IYMopt = v the minimum K is given as,
02

MSEmm( ) = YZVZO(I - P?t)
(11)

3.3. Koyuncu and Kadilar [4]. Koyuncu and Kadilar [4]
considered the ratio estimator of Gupta and Shabbir [18] and
suggested an improved estimator defined as below:

a,X +bg, )

(12)
stxst + bst

§KK =07 +6,(X - st)](

where 0, and 0, are suitably chosen weights.
Given below are the expressions, up to first degree of
approximation, for the bias and MSE of Y g, respectively:

Bias(?KK> =-Y + X1n0,Vy, + ?61(1 + 7V — 11V11),
(13)

MSE(?KK) = ¥* 1 X0, (~277 + X0,)V,, - 276,
AY + 1 (Yn-2X0,)V, + (=Y + X0,)V 1}

+ ?29§(1 +30° Vi -4V, + Vzo)-
(14)

The suitable weights of 8, and 6, are given by



4
9. = (_1 + ’72V02)V02
1~ >
’72V§2 + V%l =V (1+Vy)
9. = Y{Vu + '7(’12V§2 ~ Vi + Vo (-1 -1V + Vzo))}
, =

7{’72‘/32 + Vﬁ -V (1+ Vzo)}
(15)

Inserting the above weights of 8, and 0, in (14), we get
the minimum MSE of Yy as

Yz(‘l + ’72V02)(_V%1 + Vozvzo)

(16)
22 2
NV + Vi =V (1+Vy)

MSE, i, <?KK> =
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3.4. Shabbir and Gupta [8]. Given below is a ratio-type
estimator suggested by Shabbir and Gupta [8] in stratified
random sampling:

= — A-a
Voo = 075 + 6, (X —xst)]exp(_ _) (a7)
A+ay

where 0; and 0, are the constants to be determined. Also, we
consider that

ap = xp; + NX,
ast = Est + NX’ (18)
A=(1+N)X.

Expressions for the bias and the MSE of ?SG, respec-
tively, are given below:

Bias(ic) _40+ N){-2(1+ N)Y + X0,V,} + 763{.:>V02 +4(1+N)(2+2N - Vu)}, (19)
8(1+N)
2 2 2 Y] =2 vi
= — Y'Vv,0, 3YV,0, -_ 2Y'v,0; Y'V.,0
MSE<Y5G> =Y (6, - 1) +—12 23 LYV ,6 - 173 A
(I+N) 4(1+N) (I+N)  (1+N) (20)
XYV,0, — 2XYV 0560, —
= -2XYV,0,0, + ——————+ X' V,0,.
(1+N) 1Vt + (1+N) + 024
The suitable weights of 8; and 6, are given as
~ Vi {8(1+N)* =Vl
P8+ NV Ve (14 Vy))
(21)
0 Y[Ve, +4(1+ NP (2+2N -V )V +(1+ NV -V, +4(1+ N) (Vy - 1)}]
o 8X(1+ N’ {-V7i, + Vg, (1+ Vo)) '
Putting weights of 05 and 6, in (20), we have minimum
MSE of Yg; as
21,3 4172 2,2 2 2 2
= Y |V, +64(1+ N)'V{; +16(1 + N)'V,V,, —16(1 + N)*'V,iV]; +4(1 + N)*V
MSEmin<YSG> = [ 02 ( )V ( ) ViV ( ) 02{ 11 ( ) 20}]. (22)

64(1+N)H{V3, = Voo (1+ Vy)}
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3.5. Haq and Shabbir [9]. Haq and Shabbir [9] proposed two
exponential ratio-type families of estimators detailed below:

= — a,X+b
Yis =05V + 06 (X — %) |ex o LR —1)
e [ e 6( t)] p(y(ast‘xst + bst) + (1 - y) (astX + bst)
= — a,X+b
Yo =[0,74 + 05 (X —%,)]ex d LA - ) 23
H2 [ e 8( t)] p(y(astxst + bst) + (1 - Y) (astX + bst) ( )
X (l) astY + bst + Y(astyst + bst) +(1- Y) (astY + bst) ’
2 Y(astfst + bst) + (1 - y) (asty + bst) astY + bst ’
where 05, 6, 0,, and 0 are the suitable constants. _ Given_below are the expressions for bias and MSE of
Y 11 and Yy, respectively:
e N TV,
BlaS(YHSl) =-Y + XyOVp, +0:( Y + —5 - YyVi, |,
(24)
~ 7, 2
Bias(V ) = ¥ + Xy,Vi, + 97(Y + % Yy, )
MSE(?H51) = V2 + X0, (<27 y + X0V oy + Y05 (<27 + y(=3Ty + 4X0,)V oy + 2 (Ty — X0V ;) 05
25
+Y 01+ 4y Vo, — 4yV ) + Vi),
MSE(?HSZ) = Y2 1 X0, (<27 y + X0V, + Y0,{-2F + y (=57 y + 4X8,)Vy, + 2 (Ty — X0V} o6
26
+ 720§(1 + 6y Vi, — 4yV | + VZO),
where ¥ = yy and # is defined earlier. The weights of 05, 6, 0,, and 8 are determined as below:
B V02(2 - V/ZVoz)
5= ) >
2{_V11 + Voo (1 + Vzo)}
0. = ?{2‘//3‘/32 =2V (Fl+yV) =9V 2+ 9V - szo)}
6 — — >
2X{-V3, + Vi (1 + Vi)
(27)
0 V02(2 + 1//2V02)
7 =

2{-Vi) + Voo (1+ 297V, + Vi )}

B ?{2‘//3‘/32 2V (C1+ V) + 9V (-2 + 9V + 2V20)}
’ 2X{-V3, + V(1 + 297V, + Vg )} '
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By substituting values of 05 and 6, in (25) and 0, and 6, in
(26), we get minimum MSE of Y 5, and Y ,, respectively:

Y’ [4V%1 + Voz{‘//4véz - 4‘//2V§1 + 4(_1 + Wzvoz)vzo}]

MSEmin<?H51> = ’
4{Vf1 Vo (1 + Vzo)}
(28)
= ~ Y [4Vf1 + V02{91//4V§2 — 4’V + 4(—1 + wZVOZ)VZO}]
MSEmin YHSZ = 2 2 .
4V =V (1+29°V, + Vy )}
3.6. Singh and Solanki [19]. Singh and Solanki [19] proposed
a family of estimators as given below:
— < 8 < B
= b 1- X+b ! X+b :
Yoo = [egyst{y(aszxst +by) +£ ) (agX + st)} + eloyst{ _ (agX +bgy) _ } :|’ (29)
(astX + bst) Y(astxst + bst) +(1- Y) (astX + bst)
where §; and §, are suitable scalars and 6, and 0,, are the For ratio-type, product-type, and ratio-cum-product-
constants to be determined to make the MSE minimum.  type estimators suitable values are (6, =0,6,=1,y=1), (6, =
Assuming different values of §,,d,, and y proposed family 0, §,=-1,y=1), and (§; =1,8, =1,y =1), respectively.
Y g5; reduces to the ratio-type Y gg g, product-type Y g p, and For bias and MSE of Y, we consider the expressions
ratio-cum-product-type Y g zp estimators. given below:
. = — 6,(6; -1 6, (6, +1
Blas<Y551> = Y[39{1 +y0nVy + %yzf’lzvoz} + 910‘[1 —y0,nVi + %Yzﬂzvoz]’ - 1]’ (30)
MSE(?SSI) = V7 [1+ B3A, + 6% A, +20,0,0A; — 20,4, — 26,,A; ], (31)
where
A= [1 + Voo +4y8inVyy + 8, (28, - 1)Y2’12V02]’
Ay = [1 + Vo = 4y,nVy +8,(26; + 1)7’2’12\/02]’
' v’
Ay =14V +2y(8 - 8)nVy +<T> (0, =8,)(8, =8, = 1)V, |5
i (32)
[ -1
Ay =|1+y0,1Vy + 1 ))’2 Zvoz])
1
As = 1=y0nVy, + 2% +1) 2 2Voz]-
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The weights of 0y and 0, are determined as below:

= _ A, A2 —2A,ALA. + A2A
MSEmin<Y >5Y21— 204 T s TS,
_ A2A4 B A5A3 51 [ AzAl - A§

9~ 2 0

A,A, - A (34)

(33)
AlAS - A4A3
0= ———223,
AA, - A

3.7. Solanki and Singh [10]. Given below is the class of es-
Substituting the above weights in (31), we get the  timators suggested by Solanki and Singh [10]:
minimum MSE as given by

< B < —
= X+b : 0 X+by)- +b
YSSZ — 911751?[ — st st _ :| + 91275teXP[ 4{(ast_ st) (ast_xst st)}] , (35)
Y(astxst + bst) * (1 - Y) (astX + bst) (astX + bst) + (astxst + bst)
where 0,, and 0,, are the feasible weights to be found such (iv) Product-product-type  exponential  estimators
that the MSE is minimal. Here, y = 1; §; and &, being the Y¢opp for (6, =-1, 8, =-1)
constants take values (0, 1, —1) for obtaining different es- (v) Ratio-product-type exponential estimators Y gq,zp
timators like for (8,=1, 8, =-1)
(i) Ratio-type exponential estimators ?SSZR for (vi) Product-ratio-type exponential estimators ?sssz
(6,=0,0,=1) for (6;=-1,8,=1)
(ii) Product-type exponential estimators Yqp for For bias and MSE of Y,, we consider the expressions
(6;=0,0,=-1) _ given below:
(iii) Ratio-ratio-type exponential estimators Y g,z for
(6,=1,0,=1)
= — 0 Vv [ Vv
Bias(Ym)zY 041+ 20y (8 + 1) =220 ) L+ 0,41+ 24y (o, +2) a2 )b -1, (36)
2 Vo 8 Vo
MSE(?SSZ) =Y’[1+ 6B, + 6B, +26,,0,,B, - 26,,B, — 20,,B;), (37)
where

B, = [1 + Vo t V2’72(25§ + 53)\/02 - 4V53’7V11]’

B, = :1 + Voo + MVOZ - 26411V11],
5 - :1 Vo <n2 [(2y8; + 54)28+ 2(2y%8; +8,)] )Vm a2y, 4 8V | -
B, = :1 + ﬂz(aig 264)V02 6;’7V11]




The suitable weights of 0,, and 0,, are as below:

B,B, — BsB;
611 I —
B,B, - B; (39
39
B, B; - B,B;
0 =—"—>~
B,B, - B;

Substituting these suitable weights in (37), we have the
minimum MSE as given by

s\ O ~* —x
= _(X\° O6( X — %
Y3 = [913y5t(§_:t> exp { (7

(Xa+%5)

st

where 0,;and 0,, are the suitably chosen weights to get
minimum MSE. X, =Y W,(a, X, +b,)
and X, = Y5_, W, (a,X, +by,), a, (#0),by, are real number
to parameters related to auxiliary variate x. Here, J, &g, 65,
and Jg being the constants take values (-1, 0, 1) for obtaining
different classes of estimators Y g;;:

(i) Yggap, for 85 = —1,0, = 1, 8, = 1, and 8 = 1

(013 + 0, - 1)Y

Bias(?m) =
t2 014

+—=
2X

st h=1

where t; = (205 +).t, = (20, + &), andty; = S ,/S3,
andR* = (Y/X,)):

_ t,01;

5 *
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B,B; - 2B,B;Bs + BB,

(40)
B,B, - B:

MSE ;i <?ssz) =Y [ 1

3.8. Solanki and Singh [12]. Recently, Solanki and Singh [12]
defined an improved estimation given as

) (=N [a(F -XG)
+914)’st<X—;> exp W , (41)

(ii) Ygp» for 85 = —1,8, = 1,8, = 1, and 8 = 0
(iii) Yg, for 05 = +1,0, = 1,0, = 1, and 8 = 1

For bias and MSE of ?553, we consider the expressions
given below:

L
t,—2 N
Z Wi¢hahs;2ch{t3 + ( 14 )ahR }

st h=1

; (42)

L
t,—2
- Z WZﬁbhahSih{ts (6=2) 24 )ahR*]’

MSE(?m) =Y [1+63,C, + 60,C, +20,,0,,C, - 20,,C, - 20,,Cs], (43)
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where
3 2 * tl (tl + 1) 2 p*2
Cr=1+= ) Wi, 1S}, —26,a,R’S,  + AR St
h=1
- 2 ( ) 2 p*2
Cy=1+=5 ) Wi, {Sh, + 2L,a,R"S + 22— S AR St
h=1
1 & —t)(t,—t;=2) , .
Cy=1+— ijgbh{ S+ (6 —t)ayR'S, , + (t2 1)(82 ! )aiR Zsih}, (44)
h=1
tl o 2 * (tl +2) 2 p*2
Ci=l-% Y Wi iR @S, - aRSy, 1
h=1
( ) 2 %2
Cs=1 +22_ ZWhgbh{R @S, + ~————ap RSy, ¢
= [ C,C:-2C,CiCs+CiC
Given below are the weights of 6,;and6,, for mini- MSEmin(Ysss> =Y [1 - Cé ’ Csz 210 (46)
2%1 T V3

mizing the MSE:

C,C, - CsC,
O =—"""—25>
C,C, -C:
(45)
CiCs - CiCy
914 - A 2
C,C, - C?

Thus, the minimum MSE by putting the above values of
6,3 and 0, in (43) is given by

4. Suggested Family of Estimators

Following the lines of Shabbir et al. [20], a generalized es-
timator for the estimation of population mean is proposed
using some traditional and nontraditional measures of an
auxiliary variable. For more details of these nontraditional
measures, see the works of Hettmansperger and McKean
[21], Wang et al. [22], and Irfan et al. [23-26]:

Yp = |Vpraw 015 (X — %) + 91675t]exp(a$t_4+$t - 1)> (47)

where 0,5 and 0,4 are the suitably chosen weights and
ay(#0) and b, are either real numbers or functions of
known parameters of the auxiliary variable such as standard
deviation S, coefficient of skewness f;,, coefficient of
kurtosis f3,,, coeflicient of variation C,, coefficient of
correlation pg, quartile deviation QD,,, midrange MR,
interquartile range QR,,, quartile average QA ., tri-mean
TM,, and Hodge-Lehmann estimator HL

_ -1
?P:{Y(lT_F(O){exp<—%<l+ﬁ) >+exp<%<l+%) >]’_615Y(1+616?(1+CO)

ast xst + bst

Remark 1. Many more estimators can be generated by
placing different available parameters of auxiliary variable in
place of a, and b,,. Some of them are presented in Table 1.

Using (1), the suggested class of estimators Y can be
rewritten as

(48)

.exp(—r](1 (1+ 11(1)_1) x{%(z +2n0, + 112(%)(1 + 11{1)_1} .

As defined earlier, 7 = a,X/a X + by,.

Expanding the right-hand side of (48), up to first order of
approximation and subtracting Y from both sides, we obtain
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TABLE 1: Some members of the proposed family.
. =()

Estimator Y, agy by
=~(1)

1 p 1 0
=~(2)

2 P 1 Pst = Zi:l Whph
=)

3 P 1 stt = Zﬁzl thxh
=4

4 P stt = zﬁ:l Wthh ﬁszt = Zi:l Whﬁth
=(5)

5 P ﬁlxst = Zi:l Whﬁlxh stt = Zﬁzl thxh
=~(6)

6 P ﬁlxst = zﬁ:l Wh/jlxh Pst = Zi:l Whph
=(7)

7 P 1 Boxst = Zﬁ:l Wish
=~(8)

8 P 1 ﬁlxst = Zi:l Whﬁlxh
=(9) L

9 P Tstt = thl WhTMxh 1
=(10)

10 P Tstt = Zﬁ=1 WhTMxh QRxst = Zﬁ:l WhQRxh
=(11)

11 P QAxst = Zizl WhQAxh stt = Zﬁ:l Wthh
=~(12)

12 P HLxst = Zﬁ=1 WhHLxh Pst = Z%:l Whph
=(13) L L

13 P HLxst = Zh:l WhHLxh QRxst = Zh:l WhQRxh
~(14)

14 1(’15) MRxst = Zﬁ:l WhMRxh QRxst = Zﬁ:l WhQRxh
15 7P MRxst = Zi:l WhMRxh Qstt = Zﬁ:l WhQth
B (I i
Yp-Y=Y(+ 8 015XC1 + 016 + 016Y (o — Y () — Y {0y + 6,5nX )

(49)
= - 3 95,0 0 25752 | 252
= 0161mY {y = O161mY (o1 + X Y+ 591577 Y3 +n7Y(.
Up to first order of approximation, the bias and the MSE
are given by
- 1+ 207" 5Y7°V
Bias(YP> = Y[VOZ(T”) - qul] + Xn,sVo, + 616(Y sl Yqul), (50)

MSE(?P> =V gV + YV = 2V 0V, + X0V, + 2X V0,5V, — 2XY6,5V ),

574 < < 2% e T 1 72 2 2
+Y0,514X10,5V s — 2X0,5V 1, + 7YV, — 65TV, +2Y V0 + T WVop+Y 0161+ 61°Voy — 47V, + V.

(51)

By minimizing (51), suitable weights of 0, and 0,4 are

obtained as below:

B ?{2’1‘732(’72 + 1/4) +2V (L=0Vy) =0V (2 -1V = 2Vy) - 1/4‘/11‘/02}

15—

016 =

>

2X{-VE + Voo(1+ 207V, + Vi )}
(52)

23 = V(31 Vg + 2V + Vip/4)

2=V + V(1 +20°Voy + Vi) }
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Putting the optimal weights of 0,5 and 8, in (51), we
have the minimum MSE given by

11

. (53)

MSE i, ( Yy

5. Application to a Dataset

To examine the performance of the proposed class of esti-
mators, we considered a real data of Turkey (2007) used by
Koyuncu and Kadilar [3] given in Table 2. In this data, let y
be the number of teachers (study variable) and x be the
number of students (auxiliary variable) which are recorded
for primary and secondary schools at 6 regions for N = 923
districts. A total sample of size n = 180 is selected through
Neyman allocation from 6 strata. (source: Ministry of Ed-
ucation, Republic of Turkey). ~ ~

We have computed MSE_; (Yi),MSE .. (Yxx)

MSEmin (YSG)’ MSEmin (YHSI)’A MSEmin (YHSZ)’ MSEmin
(Ygs1)» MSE,;, (Ygg,), MSE, ;. (Yo3), and MSE, (Y ) for

the population dataset given in Table 2 and are reported in
Tables 3 and 4.

5.1. Important Findings

(i) The values of MSE of usual unbiased, combined
ratio, and combined regression estimators in
stratified random sampling are computed as given
below:

MSE(i) = 2229.2662,
MSE(?CR) = 216.4168, (54)

MSE(?CReg> = 194.2832.

(ii) It is obvious from Table 3 that MSEs of Koyuncu
and Kadilar [3] class of estimators Y round about
the value of MSE (Y og).

(iii) value of MSE (Y cge,) is less than MSE(Y ) and
MSE,.. (Yx).

(iv) It is observed from Tables 3 and 4 that the MSEs of
Koyuncu and Kadilar [4] class of estimators Y g,
Shabbir and Gupta [8] class of estimators Y, Haq
and Shabbir [9] classes of estimators Y g, i = 1,2,
and Singh and Solanki [10, 12] classes of estimators
Ysspj =1,2,3, are less than the MSE of combined
regression estimator Y cpe.

(v) Again, from Tables 3 and 4, it is valuable to
mention that the proposed family of estimators
Y, have the least MSEs as compared to all other
classes of estimators against different values of a,
and by,.

9, I8 Voo VO« 12) V(1 ) 11693 (1 Vo0 1)V
- Vi = Voo (1+27° Voo + Vo )|

6. Simulation Study

In this section, we carried out a simulation study using R

statistical software to evaluate the behavior of proposed
=(i) = = = =
estimators Y, in comparison with Yy, Ycp, Yepep Yo
Yiio Yoo Y st Y sas Yssi> Yssor and Y. Real population
presented in Table 3 is used for the simulation study. Three
different sample sizes n = 180, 250, and 350 are taken from
this population on the basis of proportional allocation.
The following steps summarize the procedure of finding
the average MSE of an estimator.

Step 1: select a bivariate stratified sample of size n using
simple random sampling without replacement from the
bivariate stratified normal population

Step 2: use sample data from Step 1 to find the MSE of
all the estimators under the study

Step 3: repeat Step 1 and Step 2 10,000 times and obtain
10,000 values for MSEs

Step 4: Average of 10,000 values obtained in Step 3 are
the MSE of each estimator

6.1. Findings. MSEs of Y, Ycg, andYcp,, for different
sample sizes are under Table 5.

MSEs of the other estimators under the study are pre-
sented in Tables 6-11, and the following important con-
siderations are made from them.

(i) It pis quite obvious that the MSE values of
Y,,i=1,2,3,...,15, as compared to the MSEs of
all other estimators are minimum under different
sample sizes taken from the population. It proves
that all the proposed estimators are more efficient.

(ii) It is also shown that, by increasing the sample size
selected from the population, the MSEs decrease.

7. Discussion

In this study, we proposed a new optimal family of esti-
mators for estimating population mean under stratified
random sampling. Bias, MSE, and minimum MSE of this
family of estimators are derived up to first degree of ap-
proximation. The proposed family is compared with some
well-known estimators/classes of estimators under stratified
random sampling such as the works of Koyuncu and Kadilar
[3, 4], Shabbir and Gupta [8], Haq and Shabbir [9], Singh
and Solanki [19], and Solanki and Singh [10, 12]. It is nu-
merically inferred that the proposed family behaves optimal
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TaBLE 2: Data statistics.
K™ stratum
Values
1 2 3 4 5 6
N, 127 117 103 170 205 201
ny 31 21 29 38 22 39
Kh 703.74 413.00 573.17 424.66 267.03 393.84
Xy, 20804.59 9211.79 14309.3 9478.85 5569.95 12997.59
Syh 883.835 644.922 1033.467 810.585 403.654 711.723
Sen 30486.751 15180.769 27549.697 18218.931 8497.776 23094.141
Syxh 25237153.52 9747942.85 28294397.04 14523885.53 3393591.75 15864573.97
Cp 1.465 1.648 1.925 1.922 1.526 1.777
Ph 0.936 0.996 0.994 0.983 0.989 0.965
ﬁlh(x) 4.593 18.543 15.446 10.162 21.947 23.114
Buno 2.164 3.867 3.748 3121 4.084 4411
QD,,, 12736.8 3023.5 5698.75 2742.25 2025.5 5545.5
MR, 77193.5 54644 85780.5 56386.5 34057 89530.5
QR 25473.5 6047 11397.5 5484.5 4051 11091
QA,, 15489.3 5104.5 7704.25 3899.25 3468.5 8105.5
TM,, 10853.1 4705.75 5994.13 3321.38 3137.75 7116.25
HL,, 7913.75 4883.25 7124.5 3899.5 3173.25 8074
TABLE 3: Minimum MSEs of different estimators based on real data.
Ast by Yy Yk Y6 Y st Yus: Ysir Ygsip Ysirp Yp
1 0 216.4168 194.0826 194.0852 183.4821 115.8697 193.4183 175.9254 192.8467 102.9573
1 Zizl Wpn 216.3768 194.0826 194.0852 183.4853 115.8949 193.4192 175.9254 192.8484 102.9843
1 Zi:l W,.Cu 216.3470 194.0826 194.0852 183.4877 1159136 193.4198 175.9254 192.8496 103.0045
YL oW,.Co SE W,B,. 2160228 194.0826 194.0852 1835136 1161178 1934264 1759254 192.8633 103.2247
YL Wi YL W,C. 2163976 1940826 194.0852 183.4836 1158818 193.4187 1759254 192.8475 102.9702
Zﬁ:l WiBixh Zﬁzl W o 216.4058 194.0826 194.0852 183.4830 115.8766 193.4186 175.9254 192.8472 102.9647
1 Zﬁzl Whﬁth 215.7475 194.0826 194.0852 183.5357 116.2921 193.4320 175.9254 192.8749 103.4126
1 Zﬁ:l Whﬁlxh 216.2676 194.0826 194.0852 183.4940 115.9635 193.4214 175.9254 192.8530 103.0583
Zﬁ:l W, TM,, 1 216.4168 194.0826 194.0852 183.4821 115.8697 193.4183 175.9254 192.8467 102.9573
YL W, TM,, Y W,QR, 2163449 194.0826 194.0852 183.4878 1159149 193.4198 1759254 192.8497 103.0059
YL W,QA, YR WS, 2163012 1940826 1940852 1834913 1159423 1934207 1759254 192.8516 103.0355
Zi:l W,HL,, Zizl Wpn 216.4168 194.0826 194.0852 183.4821 115.8697 193.4183 175.9254 192.8467 102.9573
ZLI W,HL,, Zﬁ:l W,QR,;, 2163457 194.0826 194.0852 183.4878 1159144 193.4198 1759254 192.8497 103.0054
Zﬁ:l W, MR, Zﬁ:l W,QR,;, 2164105 194.0826 194.0852 183.4826 115.8737 193.4185 1759254 192.8470 102.9615
Zﬁ:l W, MR, Zﬁ:l W,QD,, 2164136 194.0826 194.0852 183.4823 115.8717 193.4184 175.9254 192.8468 102.9594
Bold values indicate minimum MSE.
TaBLE 4: Minimum MSEs of different estimators based on real data.
st by Yssor Yssop Yoorr  Yssopr Yssorp  Yssopr Yssnn Yss Y33 Yp
1 0 194.1562 185.5207 193.6484 143.7752 193.6484 191.9754 108.8591 143.7752 172.0985 102.9573
1 Zﬁ:l W.pn 194.1560 185.5200 193.6489 143.7805 193.6489 191.9743 108.8704 143.7804 172.1103 102.9843
1 Zﬁ:l W,C,, 194.1558 185.5195 193.6492 143.7844 193.6492 191.9735 108.8793 143.7844 172.1196 103.0045
YL W,Con YL W,Bp 1941539 1855141 193.6532 143.8273 193.6532 191.9647 107.0285 1327917 161.5885 103.2247
YE WBia Y, W,C, 1941561 1855203 193.6486 1437777 193.1521 191.9749 178.5658 214.5583 231.1787 102.9702
YE W.Bia  YE Wup, 1941562 1855205 193.6485 143.7767 193.1515 191.9751 1785631 214.5571 2311754 102.9647
1 YL W,B 1941522 1855095 193.6566 143.8638 193.6566 191.9571 109.0538 143.8638 1723019 103.4126
1 L: w 194.1554 185.5182 193.6502 143.7949 193.1561 191.9714 108.9023 143.7949 172.1437 103.0583
h=1 "V hP1xh
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TasLE 4: Continued.
st bst YSSZR Ysszp YSSZRR Ysszpp ?SSZRP ?sssz 75331 7ssaz 73533 YP
Zﬁ:l W, TM,, 1 194.1562 185.5207 193.6484 143.7752 193.1515 191.9754 676.9615 703.3570 656.1403 102.9573
YE W, TM,, Y- W,QR,, 1941558 185.5195 193.6493 1437847 193.1537 191.9735 676.9765 7033632 6561786 103.0059
Y W,QA, YL W,S, 1941556 185.5187 193.6498 1437904 193155 191.9723 8201003 844.5858 772.9658 103.0355
Zi:l W,HL,, Zﬁzl Wpn 194.1562 185.5207 193.6484 143.7752 193.1515 191.9754 476.1121 506.1138 486.5211 102.9573
Z£:1 W,HL,, ZﬁZIWhQRxh 194.1558 185.5195 193.6493 143.7846 193.1537 191.9735 476.1289 506.1211 486.5537 103.0054
Zﬁzl W, MR, ZﬁZIWhQRxh 194.1562 185.5206 193.6485 143.7761 193.1517 191.9753 383.5274 415.2221 407.5903 102.9615
YL W,MR,, Y W,QD,, 1941562 1855206 193.6484 143.7756 193.1516 191.9753 383.5266 415.2217 407.5889 102.9594
Bold values indicate minimum MSE.
TABLE 5: MSEs of it,?CR, and ?CReg for different sample sizes.

MSE(Y,,) MSE (Y z) MSE (?CReg)
n =180 2234.0170 208.6489 191.4028
n =250 1600.3790 155.6986 136.6418
n =350 971.9409 95.6147 84.1167

TABLE 6: Minimum MSEs of different estimators based on the simulation study (n = 180).
st by Yi Yk Y Vst Yis Ysir Ysip Ysirp Yp
1 0 208.7024 182.4218 182.4243 171.9060 104.0812 181.7569 163.3593 181.1334 91.1038
1 Zizl Wpn 208.9233 182.8256 182.8281 172.3738 105.0166 182.1669 163.8692 181.5503 92.1283
1 Zﬁzl W,.C 208.1726  182.0508 182.0533 171.5916 104.1605 181.3923 163.0362 180.7751 91.2563
YL oW,.Co SE W,By 2061250 1803394 180.3419 169.9015 102.4944 179.6982 161.1364 179.0981  89.5657
YL Wb SE W,C, 2072181 1816087 181.6112 1712167 104.2205 180.9596 162.6734 1803525  91.4022
Zﬁ:l WBixh Zi:l Wipn 208.0968 181.9132 181.9157 171.4806 104.2386 181.2527 163.0222 180.6335 91.3737
1 Yk W,B,.. 207.6863 1815076 181.5100 171.1143 104.1185 180.8584 162.5738 180.2520 91.2628
1 Y W, 2089447 182.9924 182.9949 172.5532 1053055 182.3371 164.0466 181.7253 92.4328
25:1 W, TM,, 1 208.6489 182.8849 182.8874 172.3985 104.8140 182.2277 163.8243 181.6142 91.8843
Zﬁzl W, TM,, Zﬁzl W,QR,;, 2089039 182.8772 182.8797 172.4226 105.0771 182.2188 163.9184 181.6032  92.1900
Z}€=1 W,QA,, Z£=1thxh 209.1184 182.5700 182.5725 172.0577 104.2553 181.9039 163.516 181.2788 91.2757
Zﬁzl W,HL,, Z£=1 Wips 208.7805 182.6141 182.6166 172.1151 104.4292 181.9516 163.5377 181.3314 91.4787
Zﬁ:l W,HL,, Zﬁ=1 W,QR,;, 207.4471 181.8892 181.8914 173.1457 117.5424 181.6167 162.7754 181.3831 105.7468
Zﬁ:l W, MR, Zﬁzl W,QR,;, 208.2513 181.6575 181.66 171.1876  103.6541 180.9891 162.7212 180.3609 90.7320
Zﬁ:l W, MR, ZﬁZIWhQth 207.2467 181.1462 181.1487 170.6938 103.2264 180.4891 162.1121 179.8724 90.3161
Bold values indicate minimum MSE.
TABLE 7: Minimum MSEs of different estimators based on the simulation study (n = 180).

At by Yssor Yssop Ysorr  Ysop Yssore  Yssopr Vs Y53 Y533 Yp
1 0 182.3466 173.2652 182.0005 130.4476 181.4683 179.9313 94.73656 130.4476 160.545 91.1038
1 Zizlwhph 182.7497 173.7173 182.4081 131.1713 181.8815 180.3422 95.68471 131.166 161.1143 92.1283
1 Zﬁ:l W,C,, 1819698 172.9086 181.6336 130.2683 181.1066 179.5505 94.70196 130.261 160.3244 91.2563
Zﬁ:l W,.Cu zﬁ:lwhﬁm 180.2450 171.0819 179.9328 128.2003 179.4204 177.7797 92.33457 128.1317 158.6125 89.5657
Zﬁ:l WBixh Zﬁ:l W,C,, 181.5270 172.4999 181.1971 130.0811 180.6785 179.112 94.72428 130.0791 160.0748 91.4022
ZLI WiuBixh Zi:l Wi 181.8389 172.8398 181.4947 130.4089 180.9661 179.4442 95.01959 130.4074 160.221 91.3737
1 Zﬁ:l W, B, 181.4267 172.4007 181.0958 129.978 180.5776 179.0127 94.42132 129.8881 159.7761 91.2628
1 Zﬁ:l W, B 1829171 173.8882 182.5766 131.3816 182.0538 180.5082 95.89918 131.3617 161.3055 92.4328
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TaBLe 7: Continued.
st by ?SSZR Ysszp ?SSZRR Ysszpp YSSZRP ?sssz 73531 ?sssz Yss33 YP
Zﬁ:l W, TM,, 1 182.8072 173.7227 182.4678 130.9729 181.9436 180.3827 95.33219 130.9729 161.1424 91.8843
Zﬁ:l W, TM,, 25:1 W,QR,, 182.8017 173.7682 182.4597 131.2176 181.9338 180.3930 95.71564 131.208 161.1659 92.1900
Zﬁzl W,QA,, zﬁzlwhsxh 182.4934 173.4168 182.1482 130.6215 181.6146 180.0789 94.8953 130.6059 160.6594 91.2757
Zi:l W,HL,, Zizl Wp, 182.5333 173.444 182.1942 130.6498 181.6645 180.1084 94.9620 130.6483 160.8088 91.4787
Z£:1 W,HL,, Zﬁ:l W,QR,, 181.6013 172.2849 181.7109 132.9205 181.5076 178.6688 94.22969 129.8961 160.2185 105.7468
Zizl W, MR, Zi:l W,QR,, 181.5821 172.5648 181.2344 129.9974 180.6984 179.1876 94.48528 129.9965 159.8306 90.7320
Zﬁzl W,MR,, ZﬁZIWhQth 181.0637 171.9921 180.7301 129.3164 180.2037 178.6427 93.73929 129.316 159.4238 90.3161
Bold values indicate minimum MSE.
TaBLE 8: Minimum MSEs of different estimators based on the simulation study (n = 250).

At by Yi Y Yy Yisi Yis Ysir Ysip Ysirp Yp

1 0 155.6986 130.9425 130.9435 125.1831 87.54561 130.5094 121.2922 130.0932 80.3467
1 Zi:lwhph 155.6335 130.9868 130.9878 125.2404 87.70134 130.5545 121.3769 130.14 80.5204
1 Zﬁ:lwhcxh 155.188 130.6177 130.6186 124.8729  87.3303  130.1873 120.9742 129.7744 80.1478
yE w,c., YL W,B 1552285 1307593 130.7602 125.0268 87.56625 130.3357 1210766 129.9308  80.3851
Zﬁ:l WiBixn Zﬁzlwhcxh 155.3389 130.8714 130.8724 125.1137 87.48645 130.4407 121.2061 130.0281 80.2890
Yk Wi YE W.p, 1556699 131.0058 131.0068 125244 87.60117 130572 121.3724 130.1561  80.4011
1 Zﬁ;lwh/sm 155.0061 130.2404 130.2413 124.5235 87.1653  129.8145 120.6219 129.4065 79.9985
1 Zﬁzlwhﬁuh 155.2016 130.5104 130.5113 124.7728 87.28445 130.0795 120.8933 129.6659 80.1095
Zﬁ:l W, TM,, 1 155.5360 131.0069 131.0078 125.2573 87.69095 130.5764 121.3634 130.1638 80.5060
Zﬁ:l W, TM,, th:l W,QR,, 155.8067 131.277 131.278  125.5701 88.33712 130.8469 121.7497 130.4349 81.2152
Zﬁzl W,QA,, zﬁzlwhsxh 154.6152  130.1677 130.1686 124.4597 87.16355 129.7406 120.5834 129.3311 80.0265
Zﬁzl W,HL,, Zﬁzlwhph 155.7181 130.6542 130.6551 124.9063 87.34791 130.2172 121.0742 129.7966 80.1639
Zﬁzl W,HL,, Zﬁ:l W,QR,, 155.0446 130.6161 130.6169 125.8356 95.03376 130.4127 120.9906 130.2424 88.5004
Zﬁzl W,MR,, Zﬁ:l W,QR,, 1558021 131.0947 131.0957 125.365 87.96272 130.6616 121.5326 130.2458 80.8098
Zﬁ:l W, MR, Zi‘:l W,QD,;, 154.8427 130.0278 130.0287 124.2956 86.82202 129.5947 120.4377 129178  79.6540
Bold values indicate minimum MSE.

TABLE 9: Minimum MSEs of different estimators based on the simulation study (n = 250).

st by Ysor Ysop Ysorr  Yssorr Yssorp  Yssarr Vst Vs Yisss Yp

1 0 130.9376 126.3729 130.671 104.1672 130.317 129.8108 85.72231 104.1672 118.2598 80.3467
1 Zﬁ:lwhph 130.9843 126.4391 130.7156 104.3089 130.3628 129.8644 85.91894 104.3061 118.3264 80.5204
1 Zizlwhcxh 130.612 126.0493 130.3477 103.8761 129.9964 129.4838 85.45359 103.8723 117.9719 80.1478
YE W,Co Sk Wby, 130751 1261653 130.4933 103.9616 1301484 129.61 8545669 103.9258 118.1125 80.3851
Zﬁ:l WBixh Zﬁzlthxh 130.8666 126.2933 130.6011 104.0666 130.2499 129.7363 85.6053 104.0656 118.207 80.2890
Zﬁzl WiBixh Zﬁzlwhph 131.0036 126.4477 130.7337 104.2572 130.3797 129.8818 85.81913 104.2564 118.3116 80.4011
1 Z£=1Wh[32xh 130.2341 125.6814 129.9731 103.5868 129.6259 129.1058 85.13934 103.5396 117.5702 79.9985
1 Zﬁﬂwhﬁlxh 130.5056 125.9563 130.2402 103.8306 129.8883 129.382 85.4301 103.8202 117.8577 80.1095
Zﬁ:l W, TM,, 1 131.0025 126.4398 130.7368 104.2592 130.3856 129.8752 85.83846 104.2592 118.3623 80.5060
Zﬁ:l W, TM,, ZLI W,QR,, 131.2748 126.7694 131.0072 104.829 130.6564 130.1634 86.59144 104.824 118.7145 81.2152
ZI{:=1 W,QA,, Z,g:lWthh 130.162 125.6269 129.8997 103.5951 129.5513 129.0399 85.28246 103.587 117.5998 80.0265
Zﬁzl W,HL,, Zﬁzlwhph 130.6518 126.1239 130.3805 104.0301 130.0228 129.54 85.66646 104.0293 117.9576 80.1639
Zﬁ:l W,HL,, Zﬁ:l W,QR,, 130.5198 125.8475 130.4821 105.5124 130.3329 129.135 85.57302 103.9372 118.0266 88.5004




Journal of Mathematics

TaBLE 9: Continued.
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g bst

YSSZR

YSSZP

YSSZRR

YSSZPP

YSSZRP

YSSZPR

YSSSI

YSSSZ

YSSS3

Yy

SEoW.MR,, Y, W,QR, 131.0921

126.571

130.8231 104.5418 130.4693 129.9783 86.23798 104.5414
YL W,MR, YL W,QD,, 1300233 1254884 129.7565 103.4035 129.4021 128.9063 85.05503 103.4033

118.4748 80.8098
117.3831 79.6540

Bold values indicate minimum MSE.

TaBLE 10: Minimum MSEs of different estimators based on the simulation study (n = 350).

st by Yi Yix Y Yysi Yis Ysir Ysip Ysire Yp
1 0 95.6147 80.9165 80.9167  78.7783  64.7223  80.7549  77.4339  80.6023  62.0382
1 Zi:l Wi 95.7970 81.1781 81.1783 79.0419 65.0101 81.0168 77.7030  80.8649  62.3304
1 Zi:l W,.Cu 95.8381 81.2087 81.2089 79.0722  65.0369  81.0475 77.7319  80.8957  62.3564
Yk W,Cu, Sk W,By 959324 813256 813258 791991 652374 811666  77.8540  81.0173  62.5658
Y WiBi Y W,C, 954390 80.8880 80.8883 787582  64.7632  80.7277  77.4170  80.5766  62.0907
Yk WiB Sk W, 955746 809982  80.9984  78.8672  64.8656  80.8375  77.5279  80.6861  62.1920
1 Sk W,By 954697 809304 809306 788167 649358  80.7731  77.4707  80.6256  62.2776
1 Yk W,BL. 952259  80.7899  80.7901  78.6602  64.6624  80.6310  77.3026  80.4815  61.9877
Zﬁ=1 W, TM,, 1 95.4491 80.9784  80.9786  78.8435 64.8153 80.8183 77.4931 80.6676  62.1367
YE W, TM,, YE W,QR, 954708 80.9427 809429 788079 647784  80.7825 77.4580 80.6317  62.0986
YE OW,QA,  YE WS, 958493 812139  81.2141  79.0756  65.0261  81.0530  77.7292  80.9015  62.3421
Yr W,HL,, YE Wi, 952618  80.6549  80.6551  78.5217  64.4964  80.4942  77.1748  80.3426  61.8179
YL W,HL, Y W,QR, 953351 80.8718 80.8720 79.0984  67.6261 80.7971  77.4132  80.7369  65.1968
YE W,MR, Yr W,QR, 953490 80.7720 80.7722 78.6452 64.6708 80.6114 773103  80.4601  62.0023
Zﬁ=1 W, MR, ZLI W,QD,, 95.4295  80.9228  80.9230 78.7999  64.8580  80.7628 77.4671 80.6122 62.1960
Bold values indicate minimum MSE.
TaBLE 11: Minimum MSEs of different estimators based on the simulation study (n = 350).

st by Yssor Ysop Ysore  Yssorp Yssrp Vssorr Vst Vs Yisss Yp
1 0 80.9234 79.2725 80.8145 71.2534 80.6842 80.5234 64.6608 71.2534 76.1766 62.0382
1 Zi:lwhph 81.1856 79.5382 81.0763 71.5339 80.9464 80.7866 64.9508 71.5329 76.4450 62.3304
1 Zﬁ:l W,.Cy 81.2162 79.5679 81.1069 71.5607 80.9771 80.8169 64.9747 71.5593 76.4743 62.3564
Yk w,Cy, Yk W,.Bhs 813327 79.6859 81.2251 71.7037 81.0974 80.9320 651163 71.6908 76.5992 62.5658
Yk WBim YE W,C., 80.8951 79.2493 80.7868 71.2598 80.6576 80.4959 64.6915 71.2595 761724 62.0907
Yk WiBi Yk Wup, 810054 79.3602 80.8967 71.3700 80.7673 80.6066 64.8009 71.3698 76.2789 62.1920
1 YE WuBy 809370 79.2952 80.8309 71.3489 80.7047 80.5366 64.7841 713320 76.2272 62.2776
1 Y W,BL, 807961 79.1415 80.6895 71.1302 80.5617 80.3930 64.5396 711264 76.0767 61.9877
Zﬁ:l W, TM,, 1 80.9853 79.3323 80.8772 71.3154 80.7484 80.5837 64.7264 71.3154 76.2575 62.1367
YE W, TM,, Yr,W,QR, 809496 79.2969 80.8415 71.2807 80.7126 80.5483 64.6881 71.2788 762159 62.0986
Zﬁ:l W,QA,, Zi:l W,S,, 812212 79.5689 81.1123 71.5478 80.9828 80.8204 64.9479 71.5449 76.4741 62.3421
Zﬁ;l W,HL,, Zﬁ:l Wipn 80.6616 79.0115 80.5535 71.0028 80.4239 80.2613 64.4191 71.0025 75.9286 61.8179
Yk W,HL, Y5 ,W,QR, 80.8480 79.1645 80.8219 71.8426 80.7687 80.3565 64.7315 71.2769 761725 65.1968
Zﬁ;l W,MR,, Zﬁ:l W,QR,, 80.7793 79.1383 80.6707 71.1661 80.5413 80.3818 64.6116 71.1659 76.0604 62.0023
Zﬁ:l W, MR, Zﬁzl W,QD,;, 809301 79.2917 80.8218 71.3356 80.6930 80.5328 64.7949 71.3355 76.2251 62.1960

Bold values indicate minimum MSE.
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as compared to other estimators. A simulation study is also
carried out in support of efficient proposed estimators. So, to
get more enhanced results in practice under stratified
random sampling, our suggested family of estimators is
recommended.

The possible extensions of this work are to estimate the
(1) finite population mean using robust quantile regression
and L-moments characteristics of an auxiliary information
under stratified ranked set sampling, (2) finite population
parameters including median, variance, and proportions
using L-moments under different sampling designs, and (3)
population mean in the presence of nonsampling errors
using L-moments and calibration approach.

Data Availability

The data used to support the findings of this study are in-
cluded within the article.
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