Hindawi

Journal of Mathematics

Volume 2021, Article ID 9272335, 7 pages
https://doi.org/10.1155/2021/9272335

Research Article

Hindawi

Semi-I-Expandable Ideal Topological Spaces

Chawalit Boonpok

Mathematics and Applied Mathematics Research Unit, Department of Mathematics, Faculty of Science,
Mahasarakham University, Maha Sarakham 44150, Thailand

Correspondence should be addressed to Chawalit Boonpok; chawalit.b@msu.ac.th

Received 18 August 2021; Accepted 29 October 2021; Published 6 December 2021

Academic Editor: Carmelo Antonio Finocchiaro

Copyright © 2021 Chawalit Boonpok. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Our purpose is to introduce the notion of semi-I-expandable ideal topological spaces. Some properties of semi-I-locally finite
collections are investigated. In particular, several characterizations of semi-I-expandable ideal topological spaces are established.

1. Introduction

The concept of expandable spaces was first introduced by
Krajewski [1]. Moreover, Krajewski investigated the property
of expanding locally finite collection to open finite collection
and obtained some results relating this property to certain
topological covering properties. Smith et al. [2] introduced
various generalizations of the concept of expandability and
investigated several characterizations of expandability prop-
erties in terms of open covers. Al-Zoubi [3] introduced the
concept of s-expandable spaces as a variation of expandable
spaces and showed that an extremally disconnected semi-
regular space is s-expandable if and only if it is expandable.
Jiang and Sun [4] proved that every T,wN-space is ex-
pandable and discussed a characterization of s-expandability
for extremally disconnected spaces. Al-Zoubi [5] introduced
the class of S-paracompact spaces as a generalization of
paracompact spaces and investigated the relationships be-
tween S-paracompact spaces and other well-known spaces. Li
and Song [6] introduced and studied S-expandable spaces
which are a weaker form than S-paracompact spaces and
showed that s-expandability is equivalent to S-expandability
for extremally disconnected semiregular spaces. Kuratowski
[7] and Vaidyanathaswamy [8] introduced and studied the
concept of ideal topological spaces. Jankovi¢ and Hamlett [9]
developed the study in logical, systematic fashion and offered
some new results, improvements of known results, and some
applications. In 2002, Hatir and Noiri [10] introduced the
notions of semi-I-open sets, a-I-open sets, and f3-I-open sets

via idealization and using these sets obtained new decom-
position of continuity. In 2005, Hatir and Noiri [11] inves-
tigated some properties of semi-I-open sets and semi-
I-continuous functions defined in [10] and introduced new
functions via ideals, namely, semi-I-open functions and semi-
I-closed functions. A¢ikgoz et al. [12] introduced the notion of
I-submaximal ideal topological spaces and proved that every
submaximal space is an I-submaximal ideal topological space.
In 2009, Ekici and Noiri [13] introduced the notion of
% -extremally disconnected ideal topological spaces and
showed that # -extremally disconnectedness and extremally
disconnectedness are equivalent to a codense ideal. In 2010,
Ekici and Noiri [14] investigated several characterizations of
I-submaximal ideal topological spaces and proved that semi-
I-open sets and AB,-sets are equivalent to I-submaximality
and * -extremally disconnectedness. In 2012, Ekici and Noiri
[15] introduced the notion of * -hyperconnected ideal to-
pological spaces and investigated some properties of
* -hyperconnected ideal topological spaces by utilizing
semi”-I-open sets and the semi*-I-closure operator. In [16],
the author investigated further characterizations of
* -hyperconnected ideal topological spaces and studied the
concept of 0-I-irreducible ideal topological spaces.

This paper is organized as follows: in Section 3, we introduce
the concept of semi-I-locally finite collections. Moreover, some
properties of semi-I-locally finite collections are discussed. In
Section 4, we introduce the concept of semi-I-expandable ideal
topological spaces. In particular, some characterizations of
semi-I-expandable ideal topological spaces are investigated.
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2. Preliminaries

We begin with some definitions and known results which will
be used throughout this paper. In the present paper, spaces
(X,7) and (Y, 0) (or simply X and Y) always mean topo-
logical spaces on which no separation axioms are assumed
unless explicitly stated. In a topological space (X, ), the
closure and the interior of any subset A of X will be denoted
by Cl1(A) and Int (A), respectively. A nonempty collection I of
subsets of a set X is said to be an ideal on X if I satisfies the
following two properties: (i) A €I and BCcA= B € [; (ii)
Aeland Be = AUB €I For a topological space (X, 1)
with an ideal I on X, a set operator (.)*: P(X) — P(X)
where P (X) is the set of all subsets of X, called a local function
[7] of A with respect to I, and 7 is defined as follows: for
AcX, A*'(L1)={xeX|Gn A ¢IforeveryG € 7(x)}
where

T(x) ={G e 1| x € G}. (1)

A Kuratowski closure operator Cl*(.) for a topology
7* (I, 7), which is called the * -topology and is finer than 7, is
defined by CI* (A) = AU A* [9]. We shall simply write A*
for A* (I, 7) and 7* for 7* (I, 7). A basis B(I, ) for t* can be
described as follows: B(I,7)={V-I'|V € randI' €1}.
However, B(I, 7) is not always a topology [9]. A subset A of
an ideal topological space (X,7,I) is called = -closed
(t*-closed) [9] if A*C A. The interior of a subset A in
(X, 7* (I, 7)) is denoted by Int* (A).

A subset A of an ideal topological space (X, 7,I) is called
semi-I-open  [10]  (resp., semi*-I-open [15]) if
ACCl" (Int(A)) (resp., ACCl*(Int(A))). By sIO(X,7)
(resp., s*I0 (X, 1)), we denote the family of all semi-I-open
(resp., semi”-I-open) sets of an ideal topological space
(X,7,I). The complement of a semi-I-open (resp.,
semi*-I-open) set is called semi-I-closed [11] (resp.,
semi*-I-closed [15]).

Lemma 1 (see [11]). Let (X, 7,I) be an ideal topological
space and A, B subsets of X.

(1) If U, € sIO(X, 1) for each a € A, then U{U,: a €
A} € sSIO(X, 7).
(2) If A € sIO(X, 1) and B € 7, then ANB € sIO(X, 7).

The semi-I-closure (resp., semi*-I-closure) of a subset A
of an ideal topological space (X, 7,I), denoted by sCl; (A)
(resp., s*Cl; (A)), is defined by the intersection of all semi-
I-closed (resp., semi*-I-closed) sets of X containing A [15].

Lemma 2 (see [15]). For a subset A of an ideal topological
space (X, 1,1), the following properties hold:

(1) sCI; (A) = AuInt® (CI(A)).

(2) s*Cli(A) = AuInt(CI* (A)).
3. Semi-I-Locally Finite Collections

Recall that a collection C = {C, |y € T't of subsets of a to-
pological space (X, 7) is said to be locally finite [17] if, for
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each x € X, there exists an open set U of X containing x and
U intersects C, at most for finitely many y.

Definition 1. A collection C = {Cyly € F} of subsets of an
ideal topological space (X, 1,I) is said to be semi-I-locally
finite if, for each x € X, there exists a semi-I-open set U of X
containing x and U intersects C,, at most for finitely many y.

Definition 2. An ideal topological space (X, 7,1) is said to be
semi-I-regular if, for each semi-I-closed set F and each point
x ¢ F, there exist disjoint semi-I-open sets U and V such that
xeUand FCV.

Lemma 3. An ideal topological space (X,t,1) is semi-
I-regular if and only if, for each semi-I-open set U and for each
x €U, there exists a semi-l-open set V such that
x e VCsCl(V)cU.

Lemma 4 (see [11]). A subset A of an ideal topological space
(X, 1,1) is semi-I-open if and only if there exists U € T such
that UC Ac CI* (U).

Definition 3 (see [13]). An ideal topological space (X, 7,1) is
said to be = -extremally disconnected if the * -closure of
every open subset U of X is open.

Lemma 5. For an ideal topological space (X, 7,1), the fol-
lowing properties are equivalent:

(1) (X,1,1) is = -extremally disconnected.
(2) s*Cl,(U) = CI" (U) for each U € sIO(X, 7).
(3) s*Cl (U) is = -closed for each U € sIO(X, 1).

Proof

(1) = (2): Suppose that (X,7,I) is a = -extremally
disconnected space. Let U be a semi-I-open set. Since U
is semi-I-open, Cl* (U) = Cl* (Int(U)) and, by Lemma
2 (2),
s"Cl (U) =U ulnt(Cl" (U))
= U UuInt(Cl" (Int(U)))
=UUCl* (Int(U))
= Cl" (Int(U)) = CI" (U).

(2)

(2) = (3): This is obvious.

(3)==(1): Let U be an open set. Then, U is
semi-I-open. By (3) and Lemma 2 (2),

Int(Cl" (U)) = UuInt(Cl" (U))
= s"Cl (U)
= CI" (s*ClL (1)) (3)
= CI* (UuInt(CI* (U)))
= CI* (Int (CI* (U))) = CI* (U),

and hence Cl* (U) is open. Thus, (X,7,I) is * -extremally
disconnected. O
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Theorem 1. Let (X,1,I) be a = -extremally disconnected
semi-I-regular space. Then, the collection C = {Cyly € F} of
subsets of X is semi-1-locally finite if and only if C is locally
finite.

Proof. We need to show only necessity. Suppose that C is
semi-I-locally finite. For each x € X, there exists a semi-
I-open set U containing x, and U intersects at most finitely
many members of C. Since (X, 7,1) is semi-I-regular, there
exists a semi-I-open set V such that x € V sCL (V) cU.
Since V is semi-I-open, by Lemma 4, there exists an open set
W  such that WcVcCl*(W). Since (X,7,I) is
* -extremally disconnected, by Lemma 5,
Cl* (W) = CI* (V) = s*Cl; (V) is an open set containing x.
Since s*Cl; (V) €sCl; (V), CI* (W) intersects at most finitely
many members of C. Thus, C is locally finite. O

Theorem 2. Let C = {Cyly € F} be a collection of subsets of
an ideal topological space (X, 1,1). Then,
(1) C is semi-I-locally finite if and only if {SCZI (oM]
y € I'} is semi-I-locally finite.
(2) If C is semi-l-locally finite, then U, sCl(C,)=

sCl (U ,e,C,).
(3) If Cis semi-I-locally finite and D, € C, for eachy € I',
then
D={D,lyer}, (4)

is also semi-I-locally finite.
Proof. The proof is obvious. O

Definition 4 (see [18]). A subset D of an ideal topological
space (X, 7,1) is called =*-dense if Cl* (D) = X.

Definition 5 (see [12]). An ideal topological space (X, 7,1I) is
called I-submaximal if every = -dense subset of X is open.

Theorem 3. Let (X, 1,1) be an I-submaximal = -extremally
disconnected space. Then, every semi-I-locally finite collection
C= {Cyly € Fi of subsets of X is locally finite.

Proof. 1t follows from Corollary 17 of [14]. O

Definition 6 (see [11]). A function f: (X, 7,I) — (Y, 0,])
is said to be I-irresolute if f~! (V) is semi-I-open in (X, 7,1)
for every semi-J-open set V of (Y,0,]).

Theorem 4. Let f: (X, 7,I) — (Y, 0,]) be an l-irresolute
function. If C = {Cyly € F} is a semi-J-locally finite collection
in (Y,o0,]), then

(G er}, (5)

is a semi-I-locally finite collection in (X, 1,1).

Proof. The proof is obvious. O

Definition 7. An ideal topological space (X, 7,1) is said to be
semi-I-compact if every cover of X by semi-I-open sets has a
finite subcover.

Definition 8. A function f: (X, 7,I) — (Y, 0,]) is said to
be semi- (I, ])-closed if f (F) is semi-J-closed in (Y, 0,]) for
every semi-I-closed set F of (X, 7,1I).

Lemma 6. A function f: (X,7,1) — (Y,0,]) is semi-
(I,))-closed if and only if, for each y € Y and every semi-
I-open set U in (X, t,1) which contains f~1(y), there exists a
semi-J-open subset V. of (Y,0,]) such that y eV and
fH(Vv)cu.

Proof. Suppose that f is semi- (I,])-closed. Let y € Y and U
be any semi-I-open set in (X, 7,1) such that f~!(y) cU. Put
V =Y - f(X -U). Then, V is semi-J-open in (Y, 0,]) such
that y € V and f~'(V)cU.

Conversely, let F be any semi-I-closed subset of X. For
each y €Y — f(F), then f~'(y)cX—F =U. Therefore,
there exists a semi-J-open subset v, of (Y,0,]) such that
yeV, and f1(V,))CU. Put V=U{V, lyeY-f(F}.
Then, V is semi-J-open in (Y,0,]) such that y € V and
f1(V)cU. Thus, f(F) is semi-J-closed in (Y,0,]). O

Theorem 5. Let f: (X,7,I) — (Y,0,]) be a semi-
(L ))-closed function such that f~1(y) is semi-I-compact in
(X,7,0).IfC= {Cyly € F} is a semi-I-locally finite collection
in (X,7,1), then f(C)= {f(Cy)Iy € F} is a semi-J-locally
finite collection in (Y, 0,]).

Proof. For each x € f~'(y), there exists a semi-I-open set
U, in (X, 1,]I) containing x such that U, intersects at most
finitely many members of C. Thus, {U,|x € f'(y)} is a
semi-I-open cover of f~'(y) and so there exist a finite
number of points x,%,,...,x, of f'(y) such that
f Yy cur,U, =U. f is semi- (I,])-closed, so by Lemma
6 there exists a semi-J-open set V of Y containing y such that
f1(V)cU. Thus, V intersects at most finitely many
members of f(C) and hence f (C) is semi-J-locally finite in
(Y,0,]). O

4. Semi-I-Expandable Ideal Topological Spaces

Recall that a topological space (X, 7) is said to be expandable
[1] if, for every locally finite collection C = {Cyly el } of
subsets of X, there exists a locally finite collection
G= {Gyly € I‘} of open subsets of X such that C, €G, for
each y eI

Definition 9. An ideal topological space (X, 7,1) is said to be
semi-I-expandable (resp., w,-semi-I-expandable) if, for ev-
ery semi-I-locally finite collection C = {Cyly € F} (resp.,
IT| < w,) of subsets of X, there exists a locally finite collection
G= {Gyly € F} of open subsets of X such that C, €G, for
each y eI



Now, we have the following characterizations of semi-
I-expandable ideal topological spaces in terms of coverings.

Theorem 6. An ideal topological space (X,7,1) is semi-
I-expandable if every semi-I-open cover of X has a locally
finite open refinement.

Proof. Let C = {Cyly € F} be a semi-I-locally finite collec-
tion of semi-I-closed subsets of X. Let I be any finite subset
of'andlet V) = X - U {Cylyqﬁl}, A € Ty. Then, V), is semi-
I-open for each A €Iy and V), intersects at most finitely
many members of C for each A€l The family
V = {V,IA € Ty} isa cover of X. For each x € X, there exists a
semi-I-open subset V. of X such that V intersects at most
many members of C, say C,),C,)--->C,(,- By as-
sumption V has a locally finite open refinement
W= {Wglg el Put U, = u{W' e WW'nC, # @} for
each y € I. Then, C,CU, and U, is open for each y € T.
Now, it suffices to show that U = {Uyly € F} is locally finite.
Let x € X. Then, there exists an open set G, which contains x
and intersects only finite many members of W. Thus,
G,NU,+ifand onlyif G,NWg# D and WsNC, + D for
some f3 € (). Since W is a refinement of V, W is contained in
some V), which intersects only finite many C,. Thus, U is
locally finite. This shows that (X,7,I) is semi-
I-expandable. U

Theorem 7. Let (X,7,1) be a = -extremally disconnected
space. Then, (X, 1,1) is semi-I-expandable if every semi-
I-open cover U of X has a locally finite semi-I-open refinement
V.

Proof. Let C = {Cyly € F} be a semi-I-locally finite collec-
tion of semi-I-closed subsets of X. As in the proof of
Theorem 6, we construct a locally finite semi-I-open col-

lection U = {Uyly € 1"} of subsets of X such that C, U, for
each y € I. Since U, is semi-I-open in (X, 7,I) for each
y € T, we choose V,er such that v,cU,c crr (Vy). Since
(X,7,1) is *-extremally disconnected, the collection V =
{Cl* (Vy)ly € F} is open locally finite in (X, 7,I) and
C,cU, cCl (V,) for each y € I. Thus, (X,7,I) is semi-
I-expandable. O

Theorem 8. Let (X, 7,1) be a *-extremally disconnected
space. Then, (X, 1,1) is wy-semi-I-expandable if and only if
every countable semi-I-open cover U of X has a locally finite
semi-I-open refinement V.

Proof. It follows from Theorem 7.

Conversely, let (X, 7,I) be w,-semi-I-expandable and let
U = {U,|In € N} be a countable semi-I-open cover of X. For
each n, put W, = U, _,U, . Then,

W ={W,|n e N} (6)

is an increasing semi-I-open cover of X, and hence the
collection
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C={C,=X-W,lneN} (7)

is semi-I-locally finite in (X, 7,1). Therefore, there exists a
locally finite collection G = {G,|n € N} of open subsets of
(X, 1,1) such that C, c G, for each n. Now, for each n € N,
put V,=U,- U, .,(X-G,). Then, by Lemma 1, V,, is
semi-I-open in (X, 7,I) and V,, CU,, for each n. Finally, since
G is locally finite, it is easy to show that the collection V =
{V,In € N} is a locally finite refinement of U. O

Theorem 9. Let f: (X,7,I) — (Y, 0,]) be an IL-irresolute
(L ))-closed surjection and f~' (y) be compact foreach y € Y.
If (X,1,1) is semi-I-expandable, then (Y,0,]) is semi-
J-expandable.

Proof. Let C = {Cyly € 1"} be a semi-J-locally finite collec-
tion in (Y,0,]). By Theorem 4, the collection f~!'(C) =
{f‘l (Cy)ly € F} is semi-I-locally finite in (X, 7,I), and so
there exists a locally finite collection G = {Gyly € F} of open
subsets of X such that f~! (C,) <G, foreachy € I.PutV, =
Y - f(X-G,)foreachy €T.lItis easy to see that V,, is open
and F, cV, for each y € I'. Finally, we show that the col-
lection V = {Vyly € F} of subsets of Y is locally finite. Let
y €Y. For each x € f!(y), there exists an open set U,
containing x such that U, intersects at most finitely many
members of G. Therefore, the collection {U,|x € f~! ()} is
an open cover of f~!'(y), and so there exist a finite number
of points xy,%,...,x, of f1(y) such that
e UiL,U, =U. Since f is (I,])-closed, there exists
an open set V, containing y and fH(V)cU. Since
f! (V,)€G, for each y €T and G is locally finite in
(X,7,1), V, intersects at most finitely many members of V
which means that V is locally finite in (Y, 0,]). Thus, (Y, 0,])
is semi-J-expandable. O

Theorem 10. Let f: (X,7,I) — (Y, 0,]) be a continuous
semi-(1,])-closed surjection and let f~'(y) be semi-I-com-
pact in (X,1,1) for each y €Y. If (Y,0,]) is semi-J-ex-
pandable, then (X, 1,1) is semi-I-expandable.

Proof. Let C = {Cy € y} be a semi-I-locally finite collection
of subsets of (X, ,I). By Theorem 5, {f(C],)Iy € F} is a
semi-J-locally finite collection in (Y, ¢,]). Then, there exists
a locally finite collection G = {Gyly € F} of open subsets of
(Y,0,]) such that f(Cy) €gq, for each y eT. Then,
C,sfUfC)SF (G, and {f1(G)lyeT} is an
open locally finite collection in (X, 7,I). Thus, (X, 7,1) is
semi-I-expandable. O

Theorem 11. For an ideal topological space (X, 7,1), the
following properties are equivalent:
(1) (X,1,1) is semi-I-expandable.

(2) (X, 7,1) is expandable and every semi-I-locally finite
collection of X is locally finite.
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Proof

(1) = (2): Let (X, 1,I) be semi-I-expandable and C =
{Cy|y € F} a semi-I-locally finite collection of subsets of
X. Then, there exists a locally finite collection
G= {Gyly € F} of open subsets of X such that C, G,

for each y € I'. Observe that local finiteness of G implies
that the family C must have been locally finite.

(2) = (1): It follows directly from the definition of
semi-I-expandability. d

Theorem 12. Let (X, 7,1) be an ideal topological space. If, for
every semi-I-locally finite collection C, there exists a locally
finite open cover U of X such that each element of U meets
only finitely many elements of C, then (X,t,1) is semi-
I-expandable.

Proof. Let C = {Cyly € F} be a semi-I-locally finite collec-
tion of subsets of X and U = {U,|d €V} the locally finite
open cover of X such that each element of U intersects only
finitely many elements of C. Put W, = U{U;s € UlUsN
C,#3}, y €. Clearly, C,cW, and W, is open for each
y € I'. We claim that

W ={w,lyer} (8)

is locally finite. For each x € X, since U is locally finite, there
exists an open neighborhood N, of x which meets only
finitely many members of U. Then,

N, NW, +2 9)

if and only if N,NUs# & and UsNC, # & for some § €V.
Since Uy meets only finitely many members of C, N, in-
tersects only finite many members of W. Thus, W is locally
finite and hence (X, 7,I) is semi-I-expandable. |

Corollary 1. Let (X, 1,1I) be a * -extremally disconnected
space. If, for every semi-I-locally finite collection C, there exists
a locally finite semi-I-open cover U of X such that each el-
ement of U meets only finitely many elements of C, then
(X, 1,1) is semi-I-expandable.

Definition 10. A collection C of subsets of an ideal topo-
logical space (X, 7,I) is said to be o-semi-I-locally finite if
C = UR,C,, where each C, is semi-I-locally finite.

Theorem 13. Let (X, 1,I) be a * -extremally disconnected
space. Then, (X, 1,1) is semi-I-expandable if and only if every
semi-I-open cover of X with a g-semi-I-locally finite refine-
ment has a locally finite semi-I-open refinement.

Proof. Suppose that every semi-I-open cover of X with a
o-semi-I-locally finite refinement has a locally finite semi-
I-open refinement. Let C = {Cyly € F} be a semi-I-locally
finite collection of semi-I-closed subsets of X. Define

B, ={QcTl|Qf =n}, (10)

for each neN, U, = {X = UG, l1Q € Bn}, U, = {X-
U,erCy ). Then, U = U2, U, is a semi-I-open cover of X. For
each U’ € U, U’ intersects only finitely many members of C.
Now define G,, = {x € X|ord (x,C) = n}, for eachn € N and
Vo =U,. For each n, let V, = {(ﬂyegcy) NG,Q € Bn}.
Since C is semi-I-locally finite, V = UV, is a o-semi-
I-locally refinement of U. Hence, U has a locally finite semi-
I-open refinement W. Thus, each element of W meets only
finitely many members of C; by Corollary 1, (X, 7,1) is semi-
I-expandable.

Conversely, let (X,7,I) be a semi-I-expandable and
* -extremally disconnected space. Let U = {U,|A € Q} be a
semi-I-open cover of X with a o-semi-I-locally finite re-
finement L = U L,, where L, = {L(y’n)h/ € l"n} is semi-
I-locally finite for each n. We will prove that U has a locally
finite semi-I-open refinement. Since (X, 7,1I) is semi-I-ex-
pandable, for each #, there exists a locally finite open col-
lection {G(Wl)ly € Fn} such that L, €G,, for each
y €T, Since L is a refinement of U, for any L, ) € L, there
exists A(y,n) € Q such that L, ) CU) (. For each n e N
and Yy € l"n, let W(y,n) = G(y,n) n U)L(y,n)’
W, = {W(W)h/ € Fn}. It follows from Lemma 1 that W =
UX, W, is a o-locally finite semi-I-open refinement of U.
PutS§, = U {W(y,n)ly € l"n} for each n € N. By the definition
of semi-I-open sets, S, is semi-I-open, and hence {S,|n € N}
is a countable semi-I-open cover of X. Since (X, 7,I) is semi-
I-expandable, (X, 7,1) is w,-semi-I-expandable. By Theorem
8, there exists a locally finite semi-I-open refinement
{V,In € N}, and we may assume that V,CS,. Since V,, is
semi-I-open for each n, there exists an open set G,, such that
G,<V,cCl"(G,). Since (X,7,1) is * -extremally discon-
nected, {Cl" (G,))|n € N} is a locally finite collection of open
subsets of X. Let G = {Cl* (G)NW(,nly €T, ne N}. It is
easy to check that G is a locally finite semi-I-open refinement
of U. O

P1)

Lemma 7 (see [19]). Let (X, t,I) be an ideal topological
space, ACUCX and Uer If A is semi-ly-open in
(U, TIU>I|U)’ then A is semi-I-open in (X, 1,I).

Theorem 14. Let (X, 71,I) be a semi-I-expandable ideal to-
pological space. If U is clopen subset of (X,7,I), then
(U, 71> L) is semi-1;-expandable.

Proof. LetU be a clopen subset of a semi-I-expandable space
(X,7,1). Let C= {Cyly € 1"} be a semi-I-locally finite col-
lection of subsets of (U, 7y, I). Since U is clopen in
(X, 1,1), Cis semi-I-locally finite in (X, 7,I) for each x € X.
Then, either x € U or x ¢ U. If x € U, then there exists
V € sli;O(U, 1) containing x such that V intersects at
most finitely many members of C. Since U is open,
V € sI0(X, 1), by Lemma 7, and hence C is a semi-I-locally
finite collection in (X, 7,I). If x ¢ U, then X — U is semi-
I-open in (X, 7,I) containing x which intersects no member
of C. Thus, C is a semi-I-locally finite collection of the semi-



I-expandable ideal topological space (X, 7,1), so there exists
a locally finite collection of open subsets of (X, 7,1), say G =

{Gyly € F} such that C, € G, for each y € I. Now, consider

Gy = {GY NU|y € F}. Then, G is a locally finite collection of
open subsets of U such that C, cUNG, for each y € I'. Thus,
(U, 71> Liy) is semi-I;-expandable. O

Recall that a topological space (X, 1) is said to be par-
acompact [20] if every open cover of X has a locally finite
open refinement.

Definition 11. An ideal topological space (X, 7,1) is called
semi-I-paracompact if every open cover of X has a locally
finite semi-I-open refinement.

Theorem 15. Let (X,71,I) be a wy-semi-I-expandable
* -extremally disconnected space. Then, (X,t,1) is semi-
I-paracompact if every open cover of X has a o-locally finite
semi-I-open refinement.

Proof. Let U={U,|yeT } be an open cover and
V= {V(%n)ly eI, be a locally finite collection of semi-
I-open subsets of X. Let W, = U, V) for each n e N.
Then, W, is semi-I-open by the definition of semi-I-open
sets. {W,|n € N} is a countable semi-I-open cover of X and,
hence, by Theorem 8 {W,|n € N} has a locally finite semi-
I-open refinement H = {H,,|n € N}, and we may assume that
H,cW, for each n € N. Since H,, is semi-I-open for each #,
there exists an open set G, such that G,<H, < Cl" (G,).
Thus, {CI" (G,)In € N} is a locally finite collection of open
subsets since (X, 7,I)isa * -extremally disconnected space.
Therefore, G = {Cl* (G)NVymlyel,,ne N} is a locally
finite semi-I-open refinement of U by Lemma 1 (2). Thus,
(X, 1,1) is semi-I-paracompact. O

Definition 12. A function f: (X, 7,I) — (Y, 0,]) is said to
be semi- (I,])-open if f(G) is semi-J-open in (Y,0,]) for
every semi-I-open set G of (X, 1,]).

Theorem 16. Let f: (X,7,I) — (Y, 0,]) be a continuous,
semi-(1,])-open, and closed surjection such that f~'(y) is
compact for each y € Y. If (X, 1,1) is semi-I-paracompact,
then (Y,0,]) is semi-J-paracompact.

Proof. Let U = {Uyly € F} be an open cover of (Y,0,]).
en,

) ={r(u,)lyer} (11)

is an open cover of the semi-I-paracompact space (X, ,I)
and so f~!(U) has a locally finite semi-I-open refinement,
say V = {V |a €V}. Since f is semi- (I, ])-open, the collec-
tion f (V) = {f (V,)|a €V} is a semi-J-open refinement of U.
Finally, we shall show that the collection f (V) is locally
finite in (Y, 0,]). Let y € Y. For each x € f!(y), there
exists an open set G, containing x such that G, intersects at
most finitely many members of V. The collection
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is an open cover of f~!(y), and therefore there exists a finite
subset K, of f~!(y) such that f~!(y) € U, G,. Since f is
closed, there exists an open set W, containing y such that
f1(W,)C U, kG, Then, f~'(W,) intersects at most
finitely many members of V. Therefore, W, intersects at

most finitely many members of f (V). Thus, f (V) is locally
finite in (Y, 0,]). O

5. Semi-I ( * )-Paracompact Subsets

We begin this section by introducing the concept of semi-
I( * )-paracompact subsets. In particular, some properties of
semi-I ( * )-paracompact subsets are discussed.

Definition 13. A subset A of an ideal topological space
(X, 7,1) is said to be semi-I( * )-paracompact set if every
cover A by open subsets of (X, 7,I) has a locally finite semi-
I-open refinement in (X, 7,1).

Recall that a subset A of an ideal topological space
(X, 1,1) is called Ig—closed [21]if A* CU, whenever U is open
and AcU.

Lemma 8 (see [22]). For a subset A of an ideal topological
space (X, 1,1), the following properties are equivalent:
(a) A is Ig—closed.
(b) CI" (A) U whenever ACU and U is open in X.
(c) For all x € CI" (A), CI({x})NA+@.
(d) CI* (A) — A contains no nonempty closed set.

(e) A* — A contains no nonempty closed set.

Theorem 17. Every 1 -closed subset of a semi-1-paracompact
space is semi-1( % )-paracompact.

Proof. Let (X, 1,]) be a semi-I-paracompact space and let A
be a I -closed subset of X. Let U = {Uyly € F} be any cover
of A by open subsets of X. Since AC U, U, and A is
I,-closed, by Lemma 8, Cl*(A)cu yerUy. For each
x ¢ Cl" (A), there exists an open set G, of X containing x
such that G,NA=@. Now, put U= {UYI)/ € 1"} U
{G,Ix ¢ CI" (A)}. Then, U, is an open cover of the semi-
I-paracompact space (X, 7,1). Let V.= {V; |1 €V} be alocally
finite semi-I-open refinement of U,. Then, for each A €V,
either V) cU, ) for some y (1) or V) € G,y for some x (1).
Put V= {1 €V|[V,<U, )} Then, V,={V A€V} is a
locally finite semi-I-open refinement of Uand AC U,y V).
Thus, A is semi-I( * )-paracompact. O

Theorem 18. Every open semi-1( * )-paracompact subset of
an ideal topological space (X, 1,1) is semi-I-paracompact.

Proof. Let U be an open semi-I( * )-paracompact subset of
an ideal topological space (X, 7,I). Let V = {Vyly € 1"} be
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any open cover of U by open subsets of the subspace
(U, 715 Liy)- Since U is open, V is a cover of U by open
subsets of X and so V has a locally finite semi-I-open re-
finement of W in (X, 7,1). Then, W'y = {W' nU|W' € W} is
a locally finite semi-I-open refinement of V in (U, 7y, ;iy)
and the result follows.

Theorem 19. Let U be a clopen subspace of an ideal topo-
logical space (X, 1,1). Then, U is semi-1( * )-paracompact if
and only if it is semi-I-paracompact.

Proof. It follows from Theorem 18.

Conversely, let V = {Vyly € F} be any open cover of U
by open subsets of (X, 7,1). Then, V, = {U nV,ly € F} is an
open cover of the semi-Ij;-paracompact subspace
(U, 71 L;y) and so Vj, has a locally finite semi-I-open re-
finement W in (U, 7y, I;y). By Lemma 7, W' € sIO (X, 1) for
every W' € W. To show that W is locally finite in (X, 7,1), let
x € X. If x € U, then there exists G, € 7y €T containing x
such that G, intersects at most finitely many members of W.
Otherwise, X —U 1is an open set containing x which in-
tersects no member of W. Therefore, W is locally finite in
(X,7,1) such that Uc U{W'|W' € W}. Thus, U is semi-
I( * )-paracompact. O

Corollary 2. Every clopen subspace of a semi-1-paracompact
space is semi-I-paracompact.
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