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The purpose of this paper is to establish some common a-fuzzy fixed point theorems for a pair fuzzy mappings and obtain some

results of literature for multivalued mappings. For it, we define the notion of generalized

-contractions in the context of b-metric

spaces. As applications, we investigate the solutions of Volterra integral inclusions by our established results.

1. Introduction and Preliminaries

Among all the impressive and inspiring generalizations of
metric spaces, b-metric space has an integral place. Czerwik
[1] in 1993 extended the notion of metric space by intro-
ducing the conception of b-metric space in this way.

Definition 1. Let . A mapping dy:
called b-metric if it satisfies these assertions:

R, is

b, dy w; 0 w

b, dy w; d, o

b; dy wiv s d, w d, ;v
for all w; ;v , where s 1.

Then, ;dy; S is called a b-metric space. A standard
example of b-metric space which is not metric space is the
following:

R and dy: R defined by

dy 0;  jo i
for all w; withs 2.
Let Py, represent the class of all nonempty, boun-

ded, and closed subsets of . For ; ,; 5 Pg , we
define Hy: Py, P R by

Hy 2 maxd, 5 556 2 1;

where
& 10, supdyw w 2
D, w; 3 Dy fwg, ; infdy wv:iw ;v 5

Note that H,, is called the Hausdorff b-metric induced by
the b-metric d,. We recall the following properties from
[1-3].

(see [2]). Let 1dy; s be a b-metric space. For

any 1 4 3 Pg and any w; , we have the
following:
(i) Dy w; , dy wb foranyb

(i) 8, 1 2 Hy 1
(iii) Dy w;, , Hy 1 5, foranyw

(lV) Hb 1; 2 0

WHy, 2 Hy 5

vi)Hy, 17 5 sHy 172 Hy 5 3
(vii) Dy w; | S dy w d, ;.

Later on, many authors (see [4-7]) worked in this way.
Recently Jleli and Samet [8] gave the notion of -con-
tractions and proved a contemporary result for such con-
tractions in generalized metric spaces. Afterwards, Hancer
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et al. [9] revised the foregoing definitions by including a
broad condition ( ). Inspired by Jleli and Samet [8] and
Hancer et al. [9], Alamri et al. [10] initiated the above
notions in the context of b-metric spaces and introduced a
more general condition ( ;) along with above axioms.

Definition 2 (see [10]). We represent by s 1 the

family of all mappings : R 1; satisfying these
properties:
(Do 1 2
(,) for , R, lim, n 1 if and only if
lim, n 0
( ;) there exists h  0;1 and q 0; such that
lim /" oq
() inf inf for all 0; with
inf 0
( 5)forall , R such that s S
n N and some k 01, then
s "', Kforalln N

They supported this condition by the following non-
trivial example.

Exampled (see [10]). Let : 0; 1;

6 n e ™. Clearly, satisfies ( ,)-( 5). Here we show
only ( ). Assume that, foralln Nandsomek 0;1,we

be given by

have 8 s, 6 ., X which implies that
P k
e S ne n e n le ni ;
. dq
s, k et

This implies that
q
s &8 kP -

As@s, 6 ,,% 6 ,,.Alo 6 isnondecreas-
ing, so s, g, and s, ,; 0 implies
e¥ Sn a1 eSn 1 Therefore, (5) implies

S
q s"
S e "
S € L kP

ni1 esnlnl ni

a 9 a q

S"s o0 kp

sd wy; L a, o

sHb 1Wo o
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and hence ( ;) holds.

On the other side, Kumam et al. [11] utilized the concept
of b-metric space and obtained common «a- fuzzy fixed
points for fuzzy mappings under generalized rational con-
tractions. For more details in the direction of fixed point
results for fuzzy mappings, we refer [9-20] to the readers.

We need the following lemma of Czerwik [2].

(see [11]). Let 1dy;S be a b-metric space and
. ., CB , then w  |;

dy w; , Hy, 5 5

In this paper, we obtain common a-fuzzy fixed point
results for a pair of fuzzy mappings and establish some
theorems to generalize some results from the literature. We
solve the Volterra integral inclusions as application of our
established results.

2. Main Results
In this way, we state our main result.
Let  ;dy;S beacomplete b-metric space with

1 such that dy, is continuous. Assume that
and for each w; , there exist

coefficient S

o2

a wia 01 such that
e w2 P . If there exist s and
2
k 0,1 such that
H - d “
S b 1@ 4 LW 2 o« N p W, )
for all w, withHy 0, o 2 « 0, then
. 1 2
there exists such that w 19 4
1
20 o , @
Proof.
Let w, , then by assumption there exists
a  w 0;1 such that 190 &, CB . Let
w, 100 « w, - For this w;, there exists & | w, 0;1
1
such that L0, , Lo P . By Lemma 2, ( ;) and

(8), we have

e 2% 4 g dy wo; @,
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Thus,
sd wq; d ; k.
Wi 2@ g b Wo, @y -
From ( ,), we know that
sd w;;  ,w _— inf sd, w;;y
y W01y,
2
Thus from (10), we get
Sdb (4.)2; 1W2 o, w SHb
Thus,
d . d . k.
SUp @3y 1@y 4, b WiWy
From ( ,), we know that
sdy wy w3 inf sdy, w,Y
! y 10y 4 L @
Thus from (15), we get
inf sdy, w,y d, w;;w,
y 1902 4 L@

Then, from (17), there exists w; 10y o o, (Obvi-
1

ously, w; w,) such that
sdp w,; ws dy, w;;w, k.
n . n1 ) -k
sdy, wyywy,; h s dy w, jw, T h
for all n N. Thus,
s"dy wn; @y dy wg; @, “
foralln N. Since , so letting n in (25), we get

. n . .
nhm s'dy, wpy o, 4 I:

This implies

. n . .
nhm sdy, wyw,; O

by ( ,).By( ;),thereexists0 r landq O0; so that
n
s'dy wp; 1
lim ] O n 1 . q:
n S db Wn; Wy 1
Suppose that q . For this case, let g,  q/2 0. By
definition of the limit, there exists n, N so that

W .
21tx2a)1'

inf
y 20y , @

sdy w,;y dy wp; @,

Then, from (12), there exists w, 201 o o, (obvi-
2

ously, w, w,) such that
sdp w;;w, dp, wy; w, k.
For this w,, there exists « w, 0;1 such that

192 ¢ o, P .By Lemma 2, ( 1), and (8), we have

d . k.
19 a w b Wi, Wy

So, continuing in the same way, we construct w, in
such that

Won 1 1900 & ay,
Won 2 200 1@ wy
Sdy @50 1; @0 2 Ay Wi @ “
sdy @50 23 @0 3 dy Wy 15 W 2 ¥
for alln N. From (20) and (21), we get
sdy, w,; w, 4 dy, w, 1w, k.
for all n N. It follows by (22) and property ( 5) that

_k

s'dy wyiwp,  h §"'dy wy e 0

which further implies that
2 n
" 2dy @y giwp gy dy w0,

n
s'dy wywy 1 .
. 4 qa 6

s'dy wp;wp
for all n n,. This implies that

n
sdy, wyw 1 q .
rprems el SR Y

n .
S db Wn, Wp 1
for all N ny. Then

ns'dy, wjw,;  gn sdy wyw,, 1;
foralln ng, whereg,  1/¢, . Now we assume that q
Letg, 0.From the definition of the limit, there exists n,
such that

Sndb Wn, Wy g 1
r 1

S
’ s'd, wy; @,

for all N ny, which implies



ns'd, ww,; ' gn  s'dy wy 1;

for all N ny, where ¢; 1/, . Hence, in all cases, there

exists ¢; 0 and n, N such that
ns'd, w w,; ' ¢n §dy wyw,, 1;

for all N n,. Hence by (25) and (34), we obtain
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Thus lim, n'Y"s"d, w,;w, ,
that P, ,s"dy w,;w,; is convergent. Thus w, 1is a
Cauchy sequence in . Since ;dy; s is a complete
b-metric space, so there exists a w such that

0 which implies

lim w, o:
n

Now, we prove that w 20w w We suppose on

ns'd, wiw,, © ¢n dy wy; @, "o the contrary that w 29« w , then there existn, N
and nw, 0 of w, suchthatdy wy, 7 ,w , , 0 for
. . 2
Taking the limit n , we get all n,  ny. Now, using (8) with @ w,,,  and w , we
obtain
lim n s'dy wyiw,, O
dy i, 11 2@ «, w sdy Wy, 11 2@ 4 L
L] H . l . -k.
sH, h la)znk'm1 | 29 o e W oh doyse 0
Ask 0;1,s0by( ;)sowe obtain for all w; , then there exists w such that
w 0 o, o, -
dy @y 17 2@ «, 0 dy Wy
Example 2. Let 0;1;2g and d,: R, by
Letting n , we have )
0, ifw ;
dy w; L0 |, o 0:
I . .
Hence, w L0 . , .- Likewise, one can straight- 6 ffo ande; f0;1g,
forwardly —prove that w W & o - Thus, dy ;
1
w 1w LI 2w «, w0 " 1. . . A
Note: From now to onwards, we consider d, as con- bX ifw  andw; f0; 2;
tinuous functional and ;dy;s as complete b-metric
space. - .
P 1, ifw and w; f1,; 2g:

The following cogollary follows from Theorem 1 by

considering # e 7 forn O.
Let ; , , and for each
w; ) Ta LW 0;1 such that
Wa w2 o« P JIfFYk 051 such that
SHb lwalw; 2 a, kdb w,
for all w; , then there exists w such that
w lw «,w Zw @, w "
Let : , and for each w; ,
there exist a w.a 0;1 such that
Wy o o P Ifthereexistsk 0,1 such
that
sHy, w, . " kd, w; ;

It is easy to see that  ;d is a complete b-metric space

with coeflicient $ 3/2 . Define
1
%—; ify O
2
0 7 L 7 =
0 ifp 1,2
go; ify 02
2
"BL gy
2 T
Define a: 0;1 bya w 1/2 for all w

Now we obtain that
fog, ifw 0;1

1 flg fw 2



Journal of Mathematics

For w;, , we get
Hy 1 a5 2 0p H,
. P
Taking # e fory Oand k  1/2. Then
1 1/2 1 1/4
sHy 0 o0 2 4 e 4 e 2 d, 0;2 k.
also
1 1/2
sHy, 1 150 2 1p e 4 P d, 1,2 %
for all w; . As aresult, all assertions of Theorem 6 hold

and there exists 0 such that 0

fixed point of

0 5, is an a-fuzzy

3. Set-Valued Results

Let G;;G,: X CB X . Suppose that
'k 0;1 such that
sH, G,w;G, dy w; ¥
for all w; Then there exists w such that
w G Guow.
Proof. Define a: 0;1 and ;
by
aw; ify Guo;
yw o ( ) .
0; ify G
a w; ifyp Gw;
o n ) .
0; ity Gy
Then
1% 4w ’7: 1w f a w lel
W e H 2@ N dw Gw
Thus, Theorem 4 can be applied to get w such that
w 9 4w W 4. G Guw: "
Let G: X CB X be multivalued mapping.

Assume that there exists K 0;1 such that
sH, Gw;G dy ; ¥
for all w; Then there exists w such that

v Go.

Remark 1. Ifs 1, then b-metric spaces turns into complete
metric space and we obtain some new results for fuzzy
mappings as well as multivalued mappings in metric spaces.

1
s 2 p H, fog; flg 3

4. Applications
Consider the Volterra integral inclusion
K
wx bhxrx ZFxtwrTrdr, k¥ 01;
0
where §: 0;1 001 R Xow R a given set-valued

mapping and h;w C 0;1 be such that § is given and w is
unknown function.

Now, for p 1, consider the b-metric d, on C 0;1
defined by
p
d, w; max jw K kj! max jw K 7
x 01 x 01

for all w; C 0;1.Then, C 0;1;d,;2P ! isa complete
b-metric space.
We will assume the following:

(a) For each w CO01, the mapping
3051 001 R X R is such that
I KTwT is lower semicontinuous in

0;1 0;1

(b) There exists I: 0;1 0; which is contin-
uous such that
iTene Fot P oltjer Tj
forallx;7  0;1, w; co1.

(c) There exists K 0;1 so that

K
ZO I T dT ?

Under the assumptions (a)-(c), the integral
inclusion (54) has a solution in C 0;1 .

Proof. Let C 0;1. Define : by
K
Wy o k Hhx ZFktwrtdr,
0
forall« 0;1. Letw be arbitrary, then there exists
O w 0;1. For §, ;7. 0;1 0;1 X R, it
follows from Michael’s selection theorem that there exists
jo K71 0;1 01 R such that j, x;7 J, 67T
for each x;v 0;1. It follows that § Rg fo

kT dr w, ,-Hence, w, , . It is a simple

matter to show that w , , is closed, and so details are



excluded (see also [17]). Moreover, since ) is continuous on

0;1,and §, «; T is continuous, their ranges are bounded.
This means that w, , is bounded. Thus,
w, , CB L H
Let wy; Wy , then there exists
@ w o w 0;1 such that @, , ,; @4 o
CB . Let Wy ¢ o be arbitrary such that

K
Lk bx Zod KTw T dr

0:1 holds. This means thatforallx;r  0;1, there
3«!1 ;T 3 xT,w; T such that

for k
exists jw1 KT

Swz KT u

Hence, by (a), U is lower semicontinuous. It follows that

Rij,, x7 U
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K
kb x Zj, xTdr
0

forx  0;1.Forall w;w, , it follows from (b) that

S KTw JF KT w, l7 w17 w7

It means that there exists z «; 1
p

Swz k, 7 such that

jo, 6T Z KT l7 w17 w71}
forallx;7 0;1.

Now, we can take the set-valued operator U defined by

l7 w17 w7

K
ok b ZFrtnw, T dr; k 01:
0

there exists a continuous operator )
jwz KT 01 0;1 R such that jwz Kt UxrT Thatis , W o w, and
K ., .
fore;r 0,1 .Then, , k B « Ro jo, 67T dr satisfies
that
p ©, . p
LK , K Z0 jo, €T o, K7 dT . 5
) . jo T 7P ZO|TdT de wy; W,y |
Zol T w, T wy, 7 dr max’ o1
for all ;7  0;1 . Thus, we obtain that Conflicts of Interest

1 , 2 Co
My, o, Kdy 0w,

Interchanging the roles of w, and w,, we obtain that

. 2 S
SHb Wy o w; ! Wy o w, k db Wy, Wy -
This implies that
r a
SHb Wy g N ; Wy w, k db Wy W, .
Taking exponential, we have
e sH, Oy o1 W24 4 ek dy w0, :

Taking the function s defined by ¢ e for
n 0, we get that the condition (8) is satisfied. Using the
result 6, we conclude that (54) has a solution. v
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