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Metric dimension is an effective tool to study different distance-based problems in the field of telecommunication, robotics,
computer networking, integer programming, chemistry, and electrical networking. In this paper, we study the latest form of
metric dimension called fractional metric dimension of some connected networks such as circular diagonal ladder, double sun

flower, and double path networks.

1. Introduction

The resolving or locating sets were first introduced by Slater,
and he called order of the minimum resolving set as location
number [1]. By following the idea of locating sets, Melter and
Harary defined the term metric dimension (MD). Moreover,
they gave a characterization of the MD of trees [2]. Chartrand
et al. computed MD of the path and unicyclic networks, and
they also characterized all those connected networks of order g
having MD 1, q — 1, and g — 2. Furthermore, they proposed the
solution of integer programming problem (IPP) with the help of
MD under certain conditions [3]. Constant MD of cycle-related
networks was computed by Murtaza et al. [4]. It was also
observed that problem to find MD of a connected network is
NP-hard [5]. Locating sets have applications in network dis-
covery [6], coin weighting, robot navigation, pattern recognition
[7], and joints in networks [8]. Some interesting results of
different invariants of MD can be seen in [9-12], and recently,
Dalal et al. computed edge MD of some Toeplitz networks [13].

Currie and Oellermann found integral as well as
nonintegral solutions of IPP by using the idea of frac-
tional metric dimension (FMD) [14]. Fahr et al. presented
an optimal solution of the IPP by using concept of FMD
[15]. Later Arguman and Matthew calculated FMD of
some important networks and also defined specific
computational criteria to compute FMD of some con-
nected networks [16, 17]. FMD of vertex transitive and

hierarchical product of networks was computed by Feng
et al. Moreover, they also established bounds of FMD of
Cartesian product of networks [18,19]. For the study of
FMD of corona product, lexicographic product, and
unicyclic and generalized sunlet networks, see [20-22].
Later on Al Khalidi et al. designed computational criteria
to compute bounds of FMD of connected networks [23].
Furthermore, Javaid et al. characterized all those con-
nected networks with FMD being exactly 1 [24] and
bounds of FMD for metal organic compounds calculated
by Moshin et al. [25]. Recently, in 2021, Hassan et al.
computed the L-F metric dimension of generalized gear
networks in the form of exact value and bounds.
Moreover, they also proved that all these networks re-
main unbounded when their order approaches to infinity
[26]. In this dissertation, we have computed exact value of
FMD of connected networks such as double sunflower
network, circular diagonal network, and double path
network.

The article is organized as follows: Section 2 consists of
the preliminaries, Section 3 deals with the main results, and
Section 4 contains the conclusion.

2. Preliminaries

network  where
vertex set and

Let T be a simple undirected

V(T)={a1,a2,a3,...,aq} is the
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E(T) = {61,62,63,...,€q} is the edge set, respectively. A
network whose vertices are ordered in a way that two
vertices are adjacent if and only if they are consecutive in the
list is called path network. For any two vertices {a, b}V (T),
the distance between any two vertices a and b denoted by
d(a,b) is the number of edges between them. A network is
connected if there exists a path between any two vertices. For
turther study about these preliminary concepts, see [27].

For Z = {xl,xz,x3, . ,xq}gV('I]') and yeV(T), a
representation of the vertex y with respect to Z is
r(Y2) = (r(y, %), 7 (3, %,), 7 (9, X%3), .., 7 (9, x,). If each
y € V(T) possesses unique representation with Z, then set Z
becomes resolving set having g elements of T and the order
of minimum resolving set is called MD of T defined as
dim (T) = min{|Z|: Z isresolving set of T}.

A vertex ¢ € V(T) resolves pair of vertices (a,b) if
distance from a to c is not equal to distance from c to b. For a
pair {a, b}cV (T), the resolving neighbourhood set is defined
as R{a,b} ={ceV(T): d(a,c)+d(b,c)}. A function
¢: V(T) — [0,1] is called resolving function if
¢ (Rf{a,b})>1 for each H(a,b) of T, where
¢ (R{a,b}) = Y ccar(ap®(x). Then, FMD is defined as
dim 1 (T) = min\{|¢|: ¢ is minimal resolving function of T\}.

3. Main Results

In this particular section, we present main result to compute
exact value of FMD of different connected networks such as
circular diagonal ladder networks, double sunflower net-
works, and double path networks.

3.1. Fractional Metric Dimension of Double Sunflower
Network. For 1<i<gq, the double sunflower [DSDF]q is a
network of order 3q and size 5q, which is obtained from the
sunflower network by adding a new vertex c¢; on each edge
a,a;,, and adding edges b;c; for each i (see Figure 1) [28].

Lemma 1. Let [DSF], with q>3 be a double sunflower
network. Then,

(@) |Z (bic)| =2 and UL R (bic,)| = 3q.
(b) | (bic)| <|% (x, y)| and |R(x,y)N UL R (b))l

> | R (bic;)|, where R (x, y) denotes all other possible
resolving neighbourhood sets of [DSF],,.

Proof. Let a;, b;, and ¢; be the vertices of [DSF],, where
1<i<q, g+ 1=1(modgq), and we have the following.

(@) & (bic;) = {b;,¢;} with |R(bic;)| =2 and |UL R
(bic)| = 3q.

(b) Z(ap,) = VIDSF], - {c}, #(bag.,) =V (DSE),
~{ci},  R(ac) =V(DSE), - {b;}, R(ca.,)=V
(DSF), — {b,}, % (aici,,) = V(DSF),, R(ayb,,)
— V(DSE),, ®(byb,) =V (DSF), - (a0}, 1=
1(mod?2) and i<z. Z(b;,b,) =V (DSF), ~{ciupn}s
i=1(mod2) and i<u. H(b,c,) = V[DSF]q—
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Figure 1: Double sunflower network [DSF]q.

{ai1201p} i=0(mod2) and i<z. Z(b,c,)=V
[DSE], = {Cisup}, i=1(mod2) and i<z. R (b,
¢,) = VIDSF], — {a;y,s12}, i =0(mod2) and i<z.
R (bi) Cu) = V[DSF]q - {ai+u+1/2}’ i=0 (mod 2) and
i<z. %(b,a,)=VIDSFl,. Z(b,a,)= V[DSF],
R (a;,b;,,) = VIDSF],, %(a,c;) =V [DSF],.

It can be observed from Table 1 that | (b;c;)|<
|R (x, y)| and |Z(x,y)N UL R (bic;)>|R (bc;)|, where
R (x, y) are the other RN sets. O

Theorem 1. Let [DSF], with q>3 be a double sunflower
network. Then, dimg, [DSF], = q.

Proof. For different vertices of [DSF],, we have following
cases. O

Case 1. For q = 3, the possible RN sets are shown in Table 2.

From above RN sets, the RN sets |Z (b))l =2,
| R (bic;)| < | R (x, y)| and R (x, y) are the other RN sets,
where 1<i<3. Furthermore, |U} , % (bi;)|=6 and
| % (x, y) U, % (bic;)| >2. Hence, there exists a constant
function ¥: V(DSF); — [0,1] defined by ¥ (v)=1/2,
Vv e U7 R (byc;), which shows that ¥ is a resolving
function. In order to show that ¥ is a minimal resolving
function, consider ¥': V (DSF); — [0,1], where |¥' (v)],
<|¥ ()], and hence ¥' (£ (b;c;)) < 1 which means ¥’ is not a

resolving function. Consequently,
6
1
dimp, [DSF], = ) = =3. (1)

i=1 2

Case 2. For 1<i<qand g>5, by Lemma 1, |% (b;c;)| = 2,
and |UL % (bic;)| =2q and | (x.y)N UL R(bic)|>2,

Vx, y € V[DSF] g Hence, there exists a function
v V(DSF)q — [0, 1] defined by ¥ (v) = 1/2:
1 n
— Wre vLﬁJlg%(b,»c,-),
Y(v) = (2)

0, otherwsie,
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TaBLE 1: Order of each RN set of [DSF]q.

Order Comparison
| (a;b)| =3g-1 2<3g-1
|2 (ba;, )] =39 -1 2<3g-1
| (a;c;)| =3q—1 2<3g-1
|2 (bja;, )] =39 -1 2<3g-1
| (a;,¢i00)| =3q 2<3q
| (a;, ¢l =3q 2<3q
|Z (a;, b)) = 3q 2<3q
Iﬂ(bi,aq)l =3q 2<3q
|Z (a;,¢;1)| =3q 2<3q
|Z (b;,b,)| =3g—-1 2<3g-1
Igi(aq,ci)l =3q 2<3g
|% (b, b,)| =3q-1 2<3g-1
|2 (b, b,)| =3q-1 2<3gq-1
|Z (b;,c,)| =3g-1 2<3g-1
| (b a,)| = 3q 2<3q

TaBLE 2: RN sets and the elements of [DSF];.

Rz = R(by,cy)
R4 = R (ay,a3)

V[DSF a,,bs, ¢35,
V[DSF]; —{a,, bz, 6h

RN set Elements
R, = R(ay,a,) V [DSF]; - {as, by, ¢, },
Ry = R (ay,a3) V [DSE]; - {ay, b3, ¢3},
Ry =R (ay,c,) V [DSF]s,
Ry = R(a;,by) V [DSF,,
Rs =R (b, by) V [DSF]; - {a,, b5, ¢35},
Re = R (b, by) V [DSF]; - {as, by, ¢, },
Ry =R (by,c,) V [DSF]; - {a,, b5, ¢35},
Ry =R (b, c3) V[DSF]; - {a,, b,, ¢, },
Ry = R (by,a5) [DSF]3,
R = R (by,b3) V[DSFl; - {a;, b, c,}
R, =R (b,b;) V[DSF]; - {a,,b,,¢,},
R, = R (b, b;) V[DSF]; - {as, by, ¢, },
—{ay, by, 5}
}
}

Ri5 = R(ay¢;)
Ri6 = R (ay,by)
Ri; = R(as,¢;)
Ris = R(bs,c5)
R = R (b, ¢y)
Ry = R(cy5¢5)
Ry = R(c15¢,)
Ry = R(aby)
Ry = R(ayb,)
Ry = R (asbs)
Rys = R(byay)
Roe = R (byas)
Ryy = R(bsa;)
Rarg = R(ac;)
Rag = R (ayc,)
Ry = R (asc;)
Ry = R(c1a,)
Ry = R (cya3)
Rz = R(c3ay)
Ry = R(bicy)
Rs5 = R (bycy)
Rs6 = R (bscs)

V[DSF]; —{a,,b,,¢,},
V [DSF];,
V [DSF].,
V [DSF]; - {as, by, ¢, },
V[DSF]; - {a,,b,,¢,},
V [DSF]; —{a;,b,, ¢ 2},
V[DSF]; - {a,, b5, ¢35},

V[DSF]3 AN
V[DSF]; - {cz},
V[DSF]; - {cs},
V[DSF]; - {c,},
V[DSF]; - {c,},
V[DSF; - {e;}
V[DSF]; - {b,},
V[DSF]; - {b,},
V[DSF]; - {bs},
V[DSFl; - {b,},
V[DSF]; - {b,},
V[DSF]; - {bs},

{b1,c,},

{by 2}

{bs, s}

such that ¥ (£ (x, ¥)) > 1 which shows that ¥ is a resolving
function. In order to show that ¥ is a minimal resolving
function, consider that there exists another resolving

function ¥': V (DSF), — [0,1] such that [¥' (v)| <|¥ (v)],

and hence ¥' (% (x, y)) = 1 which means ¥ is not a resolving
function. Consequently,

2q
1
dimp, [DSF], = ZE =q (3)

i=1

3.2. Fractional Metric Dimension of Circular Diagonal Ladder
Network. A circular diagonal ladder [CDL] q of size 5q and
order 2q is obtained from a prism network D, by adding
some double crossing edges a;b;,, and a;,,b; (see Figure 2)
(for more information about these networks, see [28]).

Lemma 2. If [CDL], with q>4 is a circular diagonal ladder
network, then

(a) | R (a;b;)| =2 and IU?:lg?(a,-b,»)l =2q.
(b) 1R (ab)| <R (x, )| and |R (x,y)N UL R (a;b))]

> | % (a;b;)|, where X (x, y) are all the other possible
resolving neighbourhood sets.

Proof. Consider inner (a;) and outer (b;) vertices of
(CDL),,  respectively, ~where g+1=1(modg),u=
(Imod2), z = (0mod2), and we have

(a) gi’(a 2) ={a;, b; } with  |Z%(a;b)| =2  and
luL %(a b)| =

(b) Z(bib;,,) =V ( [CDL]q —{apai. b, R(aag,,) =
(CDL), ~ {b.b;,},  #(ba,,) = V[CDL], {a, L
bi+1}’ R (biai+1) - [CDL {bz+1’ } X (az’az+2)
=V (CDL)n_ { Ais1> bz+1’ an+21+2/2’ bn+21+2/2} R (bz’ b )
=V [CDL]q, ( u+z) V[CDL ] {a2u+z/2’ qu
+2/2, a2u+q/2’ b2u+q/2} R (bw bu+z) =V (CDL)q - {
Dovvz/2> b2u+z/2’ a2u+q/2’ b2u+q/2}’ R (au’ az) =V
[CDL],, % (ay,a, ,) = VICDL], - {a, b, a,,
bynbs A (by,b, ) = VICDL], = {a,, b, a.5. b, }-

It can be observed from Table 3 that
|2 (a;b)| < | % (x, y)|, Vx, y € V[CDL]q. O

Theorem 2. Let [CDL], with q>4 be a circular diagonal
ladder network. Then,

dimg, [CDL], = g. (4)

Proof. For different vertices of [CDL] o We have the fol-
lowing cases. O

Case 1. In this case, we compute FMD of [CDL] q with the
help of Table 4.

For 1<i<4, |%(ab)| =2 and | (a;b)|<|Z% (x, y)I|
where % (x, y) are the other RN sets of [CDL],. Further-
more, |UL, % (a;b)| =V (CDL,). Hence, we define a
function ¥: V(CDL,) — [0, 1] such that ¥ (x) = 1/2 for
each v € V[CDL], and ¥ (x, y)>1 Vx, yV (CDL,); there-
fore, ¥ is a RF. To show that ¥ is a minimal RF, we take



FiGure 2: Circular diagonal ladder [CDL] 7

TaBLE 3: RN sets and the elements of [CDL] 7

Order of each RN set of [CDL] q Comparison
| (a;a;,,) =2q-2 2<2q-2
| (bb;1) =2q -2 2<2n-2
| (bja;_)| =29 -2 2<2q-2
| (bja; )| =2q-2 2<2q-2
|%(a,,a,.,)=29-4 2<2q-4
|2 (b,,b,. )| =2q-1 2<2q-4
|# (a,,a.)| =29 2<2q
|# (ay,a, ) =29 -4 2<2q-4
| R (by,b, )| = 2q -4 2<29-4
another RF such that |¥'(x,y)|<|¥(x, y); then,
V' (x, y) < 1. Consequently,
|
dimj, [CDL], = ZE =4 (5)

i=1

Case 2. For q=5, | % (a;b;)| =2 and | (a;b;)| <| R (x, y)I
where % (x,y) are the other RN sets of [C DL]q. Fur-
thermore, IUiz:ql%(aibi)I = V[CDL]q. Hence, we define a
function ¥: V(CDL,;) — [0,1] such that ¥ (x) = 1/2 for
each v e V[CDL], and ¥(x,y)>1 Vx,y e V[CDL],;
therefore, ¥ is a RF. To show that ¥ is a minimal RF, we take
another RF such that [¥'(x,y)|<|¥ (x,y); then,
V' (x,y) <1 which shows that ¥ is a minimal resolving
function. Consequently,
2q 1
dimg, [CDL], = ZE =q. (6)

i=1

3.3. EMD of Double Path Network. In this section, our aim is
to compute FMD of double path network. The double path
network P? is obtained from path network P, by taking two
copies of P_ by taking every vertex a; in one copy with the
open neighbourhood N (a;) of the correspondence vertex of
its second copy. Furthermore, |V ( [P;]| =2q and |E[Pf1]| =
2q + 6 (for details, see Figure 3) [29].
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Lemma 3. Let Pé with q >3 be a double path network. Then,
(@) | % (a;b)| =2 and UL, % (a;,b;) = V[Pé].
(b) |2 (a;,b)| <R (x, y)| and |R(x,y)n UL, R (a;,

b))l =2, where R (x, y) are all the possible resolving
neighbourhood sets of P,

Proof. Let a;, b; be the vertices of Pé, where 1<i<gq,
q = 1(mod?2), j = 0(mod?2), p = 0(mod?2), and
g+ 1=1(modgq).
(a) Since % (a;b;) = {a, b},
UL, % (a;b))| = V[Pl =2q.
(b) (b)) =V (P~ {biagrGisgn),  R(apag) =
V(P) = {Brega irgn}s R(b1by) =V (PY) = {bisgi,
ai+q/2}, @(aj,aq) = V(P,ZZ) - {af+P/2’aj+P/2}’ %(b]‘,
by) = V(P - {bj+p/2’bj+p/2}"%(“j’bp) = V(P -
{aj+p,2, bi.pnt- Now with the help of Table 5, we

|%#(a;,b;)| =2 and

compare the cardinalities of each RN set.

From Table 5, it is observed that | % (a;, b;)| < |2 (x, y)I.
Since U%,R(a,b;) = V[Pfi], |Z(x, y)N UL R
(a,b)]=2. O

Theorem 3. Let [Pé] be a double path network with q> 3.
Then,

dimp, [P;] =q. (7)

Proof. For different vertices of Pé, we have the following
cases. O

Case 1. In this case, we compute all the RN sets of [Pé] and
their cardinalities with the help of Table 6.

Since | (e)] = | (a,,b))| = 1% (a3, b,)| = | % (a5,by)| =
| % (a),a3)| =% (by,b;)| =2 and |2 (e)| <|% (x, )| of [P3],
U2, % (e;)|=6 and | % (x,y)N|JX (e)|>2. Furthermore,
the RN sets % (e) are not pairwise disjoint. Hence, we define
a function ¥: V ((P%) — [0,1] such that ¥ (v) = 1/2 for each
veV[P3] and ¥ (x,y)>1 Vx, yV [P3]; therefore, V¥ is a RF.
To show that ¥ is a minimal RF, we take another RF such
that [¥' (x, y)|<|¥ (x, y)|; then, |¥ (x, y)|<1. Hence, ¥ is a
minimal RF. Consequently,

Ma

dimp, [P3] = ) ;=3 (8)

1

Il
—

Case 2. For q>4, by Lemma 3, |Z(a;b;)| =2 and
UL, % (a;,b)| = |V[Pé]| where the elements of % (a b;) are
pairwise disjoint. Hence, we define a constant function
¥: V((P?) — [0,1] such that ¥(v)=1/2 for each
Ve V[qu] and ¥ (x, y) > 1 Vx, yV [P3]; therefore, ¥ is a RF.
To show that ¥ is a minimal RF, we take another RF such
that [¥' (x, )| < [¥ (x, y)|; then, ¥’ (x, y) <1 which shows
that ¥ is a minimal resolving function, Vx,y € V[P3].
Consequently,
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TaBLE 4: Cardinality of each RN set.

Cardinality Comparison
R, =R (bb,) V[CDL], - {a;,a,},
R, = R (bybs) V[CDL], - {a,, a3},
R3 = R (bsb,) V[CDL], —{as,a,},
R, =R (b)) V[CDL], - {ay, a,},
Rs = R(a,a,) VICDL], - {b;,b,},
R = R (a,as3) VI[CDL], - {b,, b5},
R, = R(aa,) V[CDL], —{a,,a,},
Ry = R (agay) VI[CDL], - {b,, b},
Ry = R (a,b,) V[CDL], - {a,,b,},
R0 = R (aybs) VI[CDL], - {a;,b,},
R = R(asby) V[CDL], - {a,, b3},
R, =R (asb)) VI[CDL], - {a,, b5},
R; = R(ab,) VI[CDL], - {a,, b, },
Ry = R(ba,) VI[CDL], - {b,,a,},
Ri5 = R(by,as) VI[CDL], - {bs,a,},
Rig = R(bs,ay) V[CDL], - {by, a3},
Ri7 = R(by,ay) VI[CDL], - {by, a4},
Rig = R (ab,) {ay, b},

Ry = R (a,b,) {a2 b,

Ry = R (a3by) {as, b},

Ry = R(ab,) {as, b},

Ry = R(ay,as3) {ay, a3, by, b3},
Ry = R (ay,by) {ay,a3,b1,b5},
Ry = R (b, a3) {a),a3, by, b3},
Ros = R(by,by) {ay,a3,b,,b5},
Rays = R(aya,) {aya4,b,b,},
Ry = R (ay,by) {a,,a,,b,,b,}.

a a, a3 g2 g1 ay
b, b, b by, byt by
F1GURE 3: Double path network [Pé].
TaBLE 5: The possible resolving neighbourhood sets of Pé.

IQZ(ai,aq)|=2q—2 2<2q-2
| (a;,b,)| =2q -2 2<2qg-2
|# (b, by)] = 2q -2 2<2q-2
Iﬁ(aj,ap)|=2q—2 2<2q-2
|,%(bj,bp)|:2q—2 2<2q-2
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TaBLE 6: Cardinality of each RN set.
Cardinality Comparison
RN sets of [P;] Elements
R, =R (a;, b)) {a;, b},
R, = R (as,b;) {a3,b3},
Ry = R(ay,ay) V[P3],
Ry = R(ay,a3) {a), a3},
Rs = R (a;b,) V[P,
Re =R (ay,by) V[P3] - {by, a5},
R, = R(a,, b)) V[P,
Ry = R (ay,b,) {a2,b,},
Ry = R (ay,bs) V[P§],
‘%10 :g(a2>a3) V[P§]>
R, = R(as,by) {as, b},
Ry, = R(as, b,) V[P,
Ry = R (by,by) {61, b},
R4 = R(bb,) V[P3],
R15 = R (b,bs) V[P%].
2q 1
. 21 _
dimg, [Pq] = ZE =q. )

i=1

4. Conclusion

This paper deals with the latest invariant of metric dimension
called fractional metric dimension, and we have computed
exact value of fractional metric dimension of different con-
nected networks like double sunflower network, circular di-
agonal ladder network, and double path network. Furthermore,
it is also proved that the fractional metric dimension of these
networks depends on their order. Now, we close our discussion
with the following open problem.

Characterization of the connected works attaining the
exact value of fractional metric dimension is still an open
problem under the condition that the cardinality of the
minimum resolving neighborhood sets is greater than 2.
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