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Rough sets are a key tool to model uncertainty and vagueness using upper and lower approximations without predefined functions
and additional suppositions. Rough graphs cannot be studied more effectively when the inexact and approximate relations among
more than two objects are to be discussed. In this research paper, the notion of a rough set is applied to hypergraphs to introduce
the novel concept of rough hypergraphs based on rough relations. The notions of isomorphism, conformality, linearity, duality,
associativity, commutativity, distributivity, Helly property, and intersecting families are illustrated in rough hypergraphs. The
formulae of 2-section, L2-section, covering, coloring, rank, and antirank are established for certain types of rough hypergraphs.
The relations among certain types of products of rough hypergraphs are studied in detail.

1. Introduction

In graphical networks, usually pairwise relations are dis-
cussed missing some information that more than two objects
may satisfy common characteristics. Hypergraphs intro-
duced by Berge [1] as a generalization of graphs tackle the
difficulty to study relations and common characteristics of
any set of objects. A lot of work has been done on hyper-
graphs due to their applications in various domains of bi-
ological and computer sciences including properties and
algorithms of the Cartesian product of hypergraphs [2], the
direct product of hypergraphs [3], and hamiltonicity of
certain products of hypergraphs [4]. Hammack et al. [5]
studied distance measures, isometries, factorization, chro-
maticity, and various other properties of graph products
which is a strong framework to generalize all the results for
hypergraphs.

Hypergraphs are the key tool to study real-world
problems in a more generalized and efficient way as com-
pared to graphs and their extensions but are unable to study
uncertainty and vagueness occurring in data and incomplete
information. Kaufmann [6] extended the concept of
hypergraphs to fuzzy hypergraphs by applying fuzzy sets [7]
on hypergraphs. Lee-Kwang and Lee [8] proved that there

are some flaws in Kaufmann’s definition of a fuzzy hyper-
graph and redefined that concept. Radhamani and Radhika
[9] added fuzzy relations in fuzzy hypergraphs and initiated
the edited concept of fuzzy hypergraphs with certain iso-
morphism properties. Researchers are continuously working
on the properties of fuzzy hypergraphs and their extensions
including Hebbian structures of fuzzy hypergraphs [10],
fuzzy coloring in fuzzy hypergraphs [11], transversals of
fuzzy hypergraphs [12], certain properties of fuzzy hyper-
graphs [13], intuitionistic fuzzy hypergraphs [14, 15], bipolar
fuzzy hypergraphs [16], various extensions of hypergraphs to
deal with uncertainty [17], m—polar fuzzy hypergraphs
[18, 19], and bipolar fuzzy soft hypergraphs [20].

All the existing approaches of hypergraphs based on
fuzzy sets and their extensions can be applied using
membership functions and parameterization tools. But, in
some situations, when we have no additional information,
membership functions, or parametric properties, the
existing models based on hypergraphs are difficult to apply.
Rough sets, introduced by Pawlak [21], are a key tool to
handle such situations and study uncertain information
without membership functions using upper and lower ap-
proximations. Rough sets are becoming a wide domain of
research to study hybrid models based on graphs, relations,
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decision making problems, and fuzzy models, for instance,
rough relations [22], rough graphs [23], rough fuzzy di-
graphs [24], fuzzy rough graphs [25], hybrid models based
on rough sets, soft sets, and graphs [26], soft rough sets and
rough soft sets [27], soft rough fuzzy sets [28], fuzzy sets
combined with rough sets [29], rough set approximations for
big data systems [30], hypergroups based on upper and
lower approximations [31], modeling similarities in rough
set theories [32], properties of certain types of rough rela-
tions [33], image classification based on rough sets [34],
fuzzy rough feature selection based on graphs [35], risk
minimization based in rough sets [36], fuzzy FCA (formal
concept analysis) based on rough sets [37], applications of
rough sets to graphs [38], [2-hypergraphs [39], vertex rough
graphs [40], FCA based on hypergraphs and rough sets [41],
weak chromatic number of random hypergraphs [42],
properties of totally balanced hypergraphs [43], Boolean
operators based on rough sets [44], boundary optimization
for rough sets [45] and connection between hypergroups,
rough sets and hypergraphs [46], domination based rough
sets [47], relationships between rough sets and topologies
[48], planarity of product graphs in bipolar fuzzy envi-
ronment [49], bipolar soft sets based on rough multipolar
fuzzy approximations [50], and bipolar soft sets under rough
Pythagorean fuzzy environment [51].

L.1. Motivation and Contribution. The motives of the present
study are summarized as follows:

(1) Graph theory has a wide range of applications in
different domains to study pairwise relations among
objects. But, in graphical models, usually certain
information is ignored that two or more objects may
satisfy common properties or characteristics.
Hypergraph theory as a generalization of graph
theory tackles this difficulty to study common
characteristics of any collection of objects in a more
efficient way.

(2) In a hypergraph, binary values 0 and 1 are used to
identify whether certain objects satisfy a common
characteristic or not. Hypergraphs cannot study
uncertain properties or partial belongingness of
objects and their relations. Fuzzy hypergraphs and
their extensions have been applied successfully to
deal with uncertain information in hypergraphical
models. But, all these existing approaches are based
on additional suppositions and membership func-
tions to compute the vagueness of objects. Rough sets
are a power tool to discuss uncertainty using upper
and lower approximations without any additional
assumptions and predefined functions. Rough
hypergraphs as an extension of hypergraphs can
study incomplete information in hypergraphical
models using given information, that is, no need for
additional assumptions, which is the main focus of
the present study.

(3) Various hypergraphical structures have applications
for map learning, link prediction, information
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entropy, etc. Hypergraphs are usually used to rep-
resent relations among social objects. Rough
hypergraphs can be used to cope with uncertain
relations among objects in social networks without
suppositions of arbitrary membership values and
functions unlike fuzzy hypergraphs and their ex-
tensions. Rough hypergraphs can be used in decision
analysis for the grouping of different teams, storage
of incompatible and flammable substances, and
route-finding problems using distance measures.

The main contribution of this research paper is as
follows:

(1) This study proposes the novel concept of rough
hypergraph using rough relations. A rough hyper-
graph is constructed on a set using equivalence
relations.

(2) The properties of isomorphism, conformality, line-
arity, duality, associativity, commutativity, distrib-
utivity, Helly property, and intersecting families in
rough hypergraphs are studied in detail.

(3) Certain operations on rough hypergraphs are dis-
cussed. The formulae for 2-section, L2-section,
covering, coloring, rank, and antirank are established
using approximation techniques.

1.2. Framework of the Paper. This paper is organized as
follows:

(1) Section 1 is based on the literature review and
motives of the given study

(2) Section 2 contains basic ideas, definitions, and ter-
minologies from already existing articles that are
used in the paper

(3) Section 3 is the main focus of this research paper
which contains novel concepts of certain types of
rough hypergraphs and their interesting properties

2. Preliminaries

A hypergraph [1] on a nonempty set Q is written as a pair
H = (Q,D), where D={D,,D,,...,D,} is a family of
nonempty subsets of Q such that U;_; D, = Q.

Definition 1 (see [21]). An approximation space on T is a
pair (Q, @), where ¢ is defined as an equivalence (EQ) re-
lation on T. For any subset A € Q, the upper approximation
@A and lower approximation ¢ A of A in (Q, ¢) are defined
as

pA={d eQlld],nA+2},
9pA={deQlld],cAl

Here, [d], = {g € Ql(d, g) € ¢} is known as EQ class of
d € T, and the pair (9 A, 9A) is called a rough set.

(1)

Definition 2 (see [23]). A rough digraph on a nonvoid set Q
is a 3-tuple & = (Q, A, v D) such that
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(1) ¢ is an EQ relation on the vertex set Q
(2) For AcQ, pA = (EA’ @A) is a rough set on Q
(3) v D is an EQ relation on any M cQ x Q

(4) For DCAx A, y D = (yD, yD) is a rough relation
on gA = (¢A, pA) N

The rough digraph is also represented by the pair
U = (U U), where U = (pA,yD) and U = (9A,yD) are
digraphs. If D is an irreflexive and symmetric relation, % and
% are simple graphs and % is a rough graph on Q.

3. Rough Hypergraphs

In this section, the notion of a rough hypergraph is intro-
duced with certain interesting properties of isomorphism,
linearity, duality, and rough line graphs. We have discussed
the 2-section, L2-section, rank, antirank, covering, and
coloring of certain operations of rough hypergraphs.

Definition 3. Let ¢ be an EQ relation on Q and for A € Q; let
(¢ A,9A) be a rough set on Q. Let ¢ be an EQ relation on
M < P (Q)~{D}, the power set of Q, such that for each
d;, g, € U}, there exist d,, g, € U, ift (U,,U,) € y.

Let D C 9 (A)~{D} be a family of nonempty subsets of
A; then the upper and lower approximations ¥D and yD are
defined as o

yD ={V e #|[V],nD+z},

(2)
yD ={V e.«|[V],<D}.
The pair (yD, ¥D) is known as a rough relation on Q. If
yD € P (¢A), the power set of pA, then (yD, D) is a rough
relation on (pA, 9A). B o

Definition 4. A rough hypergraph on a nonempty set Q is a
triplet (Q, A, wD) such that

(1) ¢ is an EQ relation on vertex set Q

(2) For ACQ, (fA, @A) is a rough set on Q

(3) v is an EQ relation on ./ € % (Q)~{J}, that is, the
family of nonempty subsets of Q

(4) For D€ (AN}, (yD,yD) is a rough relation on
(QA, @A); that is, ZDTQ g’(fA)

The rough hypergraph on Q is also denoted by the pair
R = (R, R), where £ = (pA,yD) and X = (9A, yD) are
hypergraphs. o

Example 1. Let 9 bean EQrelationon Q = {o,d, t, g, y, h} as
given in Figure 1. Let A = {o,t, g,d, h}, then¢p A = {o, h,d, t},
and @A ={o,d,t,g,y,h}. Let y be an EQ relation on
M < P(Q)~{D} as shown in Figure 2.

Let D = {{o,g,h},{o,t,d, y},{o,t,d, g}}, then clearly
yD = {{{o.t.d y} {o,t,d g}}, and ¥ D={{o.g.h},
{o, y,h}, {0, g, y,h}, {o,t,d, g}, {o,t,d, y}}.  The  rough
hypergraph on Q is shown in Figure 3.

{d, g
{o} d,y} {0, d}
{t) g} {0, f}
fo,
K4 {t. yt
{d. gy, h}
, d,
fo.t,d,g} o i} » {d.g h}
0, d,
{0, 1, d, y} g {d, y, 1}
o {o.t, g} {t.gh
{0, t,)’} {t’)’) h}
{t.g » h}
{o,g h} {0.d, g, h} {gh}
{o, y, b} {0, £, y, h} {, h}

F1GURE 2: Approximation space (A, ).

F1GUure 3: Rough hypergraph ((2 A,KD), (pA,yD)).

Definition 5. 'The degree of a vertex k in a rough hypergraph
R = (R, R) is the sum of degrees of vertex k in both
hypergraphs % = (y A,yD) and X% = (yA,yD). It is
denoted as deg(k) = (1/2)(deg (k) + deg(k)), where
d& (k) and gg(k) denote the Ember of hyperedges in-

cident to k in & (k) and X (k), respectively.

The maximum degree of a rough hypergraph is denoted
by A () and computed as the sum of maximum degrees in
X and &, respectively; that is, A(R) = (1/2)(A(R) +
A(R)) = (1/2) (maxkepdﬁ (k) + max;pdeg (k)).



The minimum degree of a rough hypergraph is denoted
by 8 (%) and computed as the sum of minimum degrees in
R and R, respectively; that s, 0(R) = (1/2)
(8(R) +8(R)) = (1/2) (max;p deg (k) + mlnkepdeg(k))

Definition 6. The rank of a rough hypergraph is denoted
by (%) and defined as the sum of ranks of £ and R;
that is, 7 (%) = (1/2) (r (&) + r (X)) = (1/2) (maxg, WD|E|+

maxgeyplEl).

The antirank of a rough hypergraph is denoted by
s(%) and defined as the sum of antiranks of & and &;
that is, sR) =s(R) +s(R) = (1/2) (max, pming, wD|E|+
m1nEewD|E|)

A rough hypergraph is called a uniform rough hyper-
graph if r(R) = s(%). A uniform rough hypergraph is
known as a p- uniform rough hypergraph if
r(R)=r(R)=p

Note that a rough hypergraph for which r(£)<2 and
r(R)<2isa rough graph. A 2-uniform rough hypergraph is
a rough graph.

Definition 7. A rough  hypergraph % = ((¢ A,
vD), (§A,yD)) is called a partial rough hypergraph of a
rough hypergraph & = ((¢ B,y F), (9B, yF)) if p AC ¢ B,
yD< yF, pACYB, and yD CyF. It is written as £ S.

A partial rough hypergraph & = ((¢ A, wD), (¢A, ¥D))
is called induced if ¥ F and ¥F contain all hyperedges of §
which has vertices from ¢ B and @B, respectively.

Definition 8. A rough hyperpath of length g between ver-
tices g and k, denoted by k, — -k, in a rough hypergraph
R = ((p A, yD), (9A,yD)) is a sequence of distinct vertices
and hy};ereages ko> Dy, ki Dysky, Dy, ..., Dy 15 kg, Dy kg
in both % = (9 A,yD) and % = (pA,yD). If k, = kq, then
the rough hyperpath is known as a rough hypercycle.

Definition 9. The distance dg, (k, g) between any two ver-
tices k and g of a rough hypergraph % is defined as the sum
of lengths of shortest hyperpaths connecting k and g in both
R and K; that is, dg (k, g) = (1/2)(dg (k, 9) + dz (k, 9)).

Definition 10. Let #, and &, be two rough hypergraphs on
Q, and Q,, respectively. A homomorphism from %, into
R, is a mapping f: Q; — Q, if there exist homomor-
phisms f: Q, — Q, and f: Q, — Q,; that is,

1) If 7LD) is a hyperedge in %,, then D is a hyperedge

in %,

(2) If (D) is a hyperedge in &, , then D is a hyperedge

e -

A homomorphism which is a one-to-one correspon-
dence between Q, and Q, is called an isomorphism. In this
case, we say that the rough hypergraphs &%, and %, are
isomorphic to each other and write as #, = %,.
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Definition 11. The 2-section [R], = ([Z],, (R],) =
((g A, [ED_]z)’ (9A, [yD];)) of a rough hypergraph
R = (R, R) is a rough graph with the same vertex set as in
Z and two vertices are adjacent in [£], and [X], if they
belong to the same hyperedge in X and X, respectively.

The L2-section [#], = (21,5, [#lz,) = (94, [yD),,
L), (¢A, [yD],, L)) of a rough hypergraph % = (£, R) is
the 2-section of % with a pair of mappings L = (L, L), where
L: [yD], — wD and L: [yD], — ¥D are such that

L(kg) ={E € yDlk, g € E},

(3)
L(kg) ={E € yDIk,g € E}.
In other words, the L2-section is a labeled 2-section of a
rough hypergraph. As compared to 2-section, L2-section
provides additional information to trace back the edges of
[2], which are associated with the hyperedges of %. Thus,
the original rough hypergraph can be easily constructed
from the L2-section. The inverse [%];} is the rough
hypergraph whose L2-section is [&];, with yD =
Ukgelypp,L(kg) and YD = U e, L (kg)-

Example 2. Consider a rough hypergraph % shown in
Figure 4. The 2-section [#], of & is given in Figure 4 with
dashed lines and L2-section [#];, is given in Figure 5.

Remark 1. Let & be a rough hypergraph; then, Definition 11
directly follows that

O (R =2
(2) [[%]El]z = [9?]2

Lemma 1. Let R, and R, be two isomorphic rough
hypergraphs; then, [#,], = [&,], and [R,], = [%,] 1,

Proof. Let R, = ((9A,,yD,), (pA,,¥yD,)) and %, =
((p Ay, wD,), (9A,, ¥D,)) be two rough hypergraphs, then
Fil = (9 Ay, [yDi]), (9A,, [yD,],)),  and  [R,], =
((p Ay, [yD, 1), (9A,, [yD;],)). The vertex set of &; and
(R ]2 is the same for j = 1,2. Let kg € [yD]y; then, there
exists E € yD; such that {k,g}< E. Since &, =R,
therefore f: &, — R, is an isomorphism and f (E) is a
hyperedge in %, such that {f(k), f(g)} € f(E), hence,
f(k)f(g) in an edge in [#,], and so [R#,], = [R,],.

Let [Z,]1, = (9 Ay, [yD, 15, L)), (9Ay, [yD, I L)) and
[(Z]1= (¢ Ay [1//D2]2,L2) (9A,, [¥D,],, L,)). It remains
to show that the labeling functions L, = (L;,L,) and L, =
(Ly,L,) are equal. Clearly, for any kg, € [yD,],
Ly ={Eilk, g, € Ei} = {f(B)f (k). f(9) € f(B)} =L
Similarly, L, = L,. Hence, the labeling functions L, and L,
are equal and [%#,]}, = [%,],- O

Definition 12. Let X be a rough hypergraph on Q; then,
the distance between any two vertices k and g is defined as

dg (k,g) = [dg,_,(k 9) +d(k g)], (4)
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FIGURE  4:  2-section of the rough  hypergraph
(¢ A,y D), (pA, yD)).
g E, t 8 E, t
.—\ ________ /. /’\_ ________ ’
\\ // e ,/ \\ //
\ /
E2 N //l Ez /// E, /’ E,
N / \ /
v Sk NS
¢ L .
J’ y

FIGURE 5: L2-section of rough hypergraph ((¢ A, y D), (9A,yD)).

where dg(k,g) and d(k,g) are lengths of shortest
hyperpaths between k and g in X and X, respectively.

Lemma 2. Let X be a rough hypergraph on Q; then, for any
k: g € Q d@ (k3 g) = d[‘%]2 (k: g)

Proof. If k and g are in different connected components in
R or R, or both, then clearly k and g are in different
components in [#], or [Q%]2 In this case, & = & = co.
Assume that % is a connected rough hypergraph; then, £
and Z are both connected hypergraphs and so is [%],. Let
k,E,k\,E,,...,k._,,E g be the shortest hyperpath in &
between vertices k and g. Then, by the construction of [£],,
there exists a hyperwalk in k,e, ki€ ...k, 1 ek, =gin
[Z],. Letk, f ki frse o kps f , g be the shortest path in

R. Clearly s> p. Thus, correspondmg to every f ;€ [yDl,,
there exists F j€yD such that i ; CF; and so a hyperwalk of

length p in R A  contradiction,  hence
dz(k, g) = d@]z (k, g). Similarly, d-; (k, g) = d@]z (k,g). It
clearly follows that dg (k, g) = d g, (k, g).

We now study certain products of rough hypergraphs. In
each product, the vertex set is the Cartesian product of the
sets of vertices of all rough hypergraphs. The adjacency of
edges is based on the adjacency properties defined in the
product. Let #,®@%, denote any product of two rough
hypergraphs %, and %,. For any rough hypergraph &, if
there exists another rough hypergraph % such that
RSU = R, then % is called the unit element. Note that %
must be a hypergraph with a single vertex and no loops. A
rough hypergraph % is called prime if whenever
R = R,0R,, then either %, =% or R, = %. O

Definition 13. Let & be a rough hypergraph on Q. The
rough line graph of X is a rough graph
L(ZR) = (L(A),L(A)) such that

(1) L(7) = (¢ A, wDy), where ¢ A; = yD. That is, the
hyperedge set of # = (¢ A, yD) is the vertex set of
L(R). For any E, E, € yD, if E,NE,+Q, then
E.E; € yD;. N

(2) L(7) = (¢A,,y¥D,), where 9A; = ¥D. That is, the
hyperedge set of & = (pA,yD) is the vertex set of
L(R). For any E, E; € yD, if E;NE,+QJ, then
E.E, € ¥D;.

Example 3. The rough line graph L (%) of Figure 3 is shown
with dashed lines in Figure 6.

Definition 14. A rough hypergraph 2 is called connected if
R and X are both connected hypergraphs.

Lemma 3. A rough hypergraph R is connected if and only if
L(R) is a connected rough graph.

Definition 15, A rough  hypergraph % = ((¢ A,
yD), (9A,¥D)) is called linear if Z = (pA, yD) and d %=
(@A, yD) are linear hypergraphs, that is,

(1) For any two hyperedges E;

(@) E,CEj=i=j
(b) [E;NE;l<1

E.E; € yD,

(2) For any two hyperedges E;, E; € yD,

(a)ECE =i=j
(b) |E; ﬂE|<1

Theorem 1. Any nontrivial simple rough graph is a rough
line graph of a linear rough hypergraph.

Proof. Let & = ((¢ C, ¥ B), (¢C, yB)) be a rough graph on
Q. Assume, without loss of generality, that % is a connected
rough graph without multiple edges. A rough hypergraph
R = ((a, ), (@, p)) can be constructed from % as follows:

(1) The vertex set of & is the edge set of &, that is, o =
yBandw=yB

(2) Let Q = {ky, k,, ..., k,,}, then,

(a) If E; is the collection of those edges of (¢ C, v B)
which has k; as incidence vertex, then E; € fisa
hyperedge in (a,f); that is, E; = {kikj €y
Blk;€Q, j=123,..}

(b) If E; is the collection of those edges of (¢C, y¥B)
which has k; as incidence vertex, then E; € fisa
hyperedge in (@, f); that is, E; = {Jk,»k 7
Blk;€Q, j=123,..}

It remains to show that & is linear. Let E; and E y be two
hyperedges in (&, p) such that E;NE; = {e,, ¢,}; that is, both
the edges e, and e, have two common vertices. Since
(¢ C, v B) has no multiple edges, therefore e, = e,. Hence,
(@, B) is a linear hypergraph proving that % is a linear rough
hypergraph. O



FIGURE 6: Rough line graph L(%).

Theorem 2. For any rough hypergraph R, L(R) = [R"],.

Proof. Let % = ((¢ A, yD), (9A,¥D)) be a rough hyper-
graph on Q = {k},k;,....k,} and yD ={E,,E,,..., E,},
YD ={E,E,, ..., E,}. The hyperedge set of &% is the vertex
set of L(X) which is also the vertex set of [%"],. Let
{X,,X,,...,X,} be the hyperedge set of £* such that

X, = {Ej | k; € Ej};then, {ElEjIEZ,Ej € Xi} is the edge set of
L(Z) and [Z"],. Thus, L(R) = [#"],. On the same ar-
gument, L(%) = [# |,. Hence, L(R) = [%*],. O

Lemma 4. For any rough hypergraph X,

(1) R =R

2) If R, = R,, then R} = R,

The proof of Lemma 4 is a direct consequence of Defi-
nitions 10 and 28.

Theorem 3. For any rough hypergraph R, L(R*) = [R],.

Proof. By Theorem 2 and Lemma 4,

[B], = L(R).

[£],

O m

Theorem 4. If # = ((¢ A, yD), (pA,yD)) is a linear rough
hypergraph, then R* = ((¢p A*,w D*), (pA*,yD")) is also
linear. -

Proof. Since & is linear, therefore (¢ A, yD) and (9A, yD)
are linear hypergraphs. On the contrary, suppose that
(¢ A*,y D) is not linear. Then, there exist hyperedges X
and X; in (QA*>ZD*) such that |X; ﬂﬁjI =2. Let
X;NnX; = {E, E}. Definition 28 implies that E, and E; have
two common vertices k;, k;, thatis, k;, k; € E,and k;, k; € E..
It denies the linearity of . Thus, 7" is linear. Following
similar arguments, the linearity of ?* can be proved. Hence,
F is a linear rough hypergraph. O

3.1. Cartesian Product. In this subsection, we introduce the
concept of Cartesian product in rough hypergraphs and
study its 2-section, L2-section, distance, covering, and
coloring of the Cartesian product of rough hypergraphs.
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Definition 16. Let R, = (&%,,%,) and R,= (R,, &,) be
two rough hypergraphs. The Cartesian product of %, and
R, is a rough hypergraph % 0%, = (%,0%,, Z,0R,)
which is defined as

(1) Z,0%, = (9 A, x 9 A, yD,0yD,)

(@) pA; X9 A, = {(kl,kz)lkl € QAl,k2 € QAz}
(b) yD,OyD, = {{k;} xE,[k, € ¢ A}, E, € yD,}
U{E;x {k,}IE, € YDy, ky € ¢ Ay}
(2) Z\0%, = (§A; X §A,, yD,OYD,)
(@) 9A; x 9A; = {(ky, ky)k) € PA,, k; € A, }
(b) yD,OyD, = {{k;} x E;]k; €9 A}, E, € yD}
U{E, x {k,}|E, € YDy, k; € 9A,}

In short, #,0%, and %,0%, are the Cartesian
products of lower approximate hypergraphs &#,, %, and
upper approximate hypergraphs %,, %,, respectively. Just
like the Cartesian product of hypergraphs, the Cartesian
product of rough hypergraphs is associative, distributive
with respect to the disjoint union, commutative, and a unit
as a trivial rough hypergraph with a single vertex. That is, for
any rough hypergraphs %, %, #,, and &5, the following
properties hold:

(1) Z,0(R,0%;) = (R,0R,)0R,

(2) 2,0, = X,0%,

(3) Z,0(R,UR;) = (R,0R,)U (R,0%,)

(4) ROU = R, where % is a single vertex rough

hypergraph without loops

Theorem 5. Let R, and K, be two rough hypergraphs; then,
@r (21'1%2) = max{r (‘%_1)) r(R,), (r(R)+
r(R,)/2), (r(R,) +r(%,)/2)}

(2) s(%,0%,) = min{s(R,),s(%,),
(s(R)) +s(R,)/2), (s(R,) +s(X,)/2)}

Proof.  Since, by Definition 16, %,0%, = (£,0%,,
R,0R,), we first need to compute r(%,0%,) and
r(R,0%,). By Definition 6,

r(#,0%,) = max |E|

Eéleszz
= max{]{kl} X E, |k, € PALE, € sz}
U{|E, x{I,}|IE, € yD,,k, € 9 A}

(5)
= max{|E,||E, € yD,} U{|E,|IE, € yD,}

=WX{§E%J£1'@E%JE2|}

=7 (%,0%,) = max{r (&,),r (X,)}.

Similarly, r (%,0%,) = max{r(@l),r(gz)}. Hence,
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r(%,0%,) = % {max{r (2,),r(&,)} + max(Z, ), r(Z%,)}

= max{r(ﬁl) +7(R,) 1(R) +1(Fy) v(R)) +1(R,) 1(Ry) +1(R) }

2 ’ 2 ’ 2 ’ 2 (6)
R R,) r(R R
= maler(e%O)f(gZz)sr(_l) ;- T’( 2),7’(_2) ; r( 1) }
By Definition 6, the antirank of #,0%, is given as Similarly, s(%,0%,) = min{s (@Q,s(@z)}. Hence,
SO =, min |
= min{|{k,} x E,|lk, € ¢ A, E, € yD,}
U{lEl x{k,}|IE, € yD,,k, € QAZ}
. (7)
= min{|E, ||E, € yD,}U{|E,|IE, € yD,}
= min{;eliﬂ%JElI’E_z‘Eizr}JJEzl}
=s(£,0%,) = min{s(£,),s(%,)}-
1 —_ —
s(R,0%,) = 3 {min{s(@l), s(£,)} + min s(%l), s(%z)}
— min s(%) + S(QJ s(%,) + 5(§2) s(2) + 5(§2) s(&,) + 5(§1)
B 2 ’ 2 ’ 2 ’ 2 (8)

s(R) + (%) () +s(@1)}.

= min{s(%l),s(%z), 5 ) >

Lemma 5. Let R, and R, be two rough hypergraphs, then  of hyperedges of [#,0%,], and [#,],0[X,], is the same.
[(2,0%,], = [#,1,0(%,],. By Definition 16, [#,0%,], = ([#,0%,],, [%,0%,],),
where  [£,0%,], = (9 A; x 9 Ay, [yD,0yD,],)  and

Proof. Since the vertex set of %; and [%,], is the same for F.0F1 = (GA. X A [UD.0TD h
i=1,2, therefore the vertex set of [%,0%,], and [F10%,], = (§A; X §A,. [¥DIOYD,]y). So, we have

[2,],0[%#,], is the same. It only needs to show that the set

[ZDlmﬂDz]z ={(xvxz)()’1))’2)|{(x1>x2)> (yy2)}CE € EDlmﬂDz}
={(x1,x2)(x1,y2)|y1 = X1 {%2 yo} CE, € sz}
U {(xl’xz)()’pxz)b’z =xp{xp M} CE € EDJ 9)
={(x1,x2) (x1, y5)Ix; € PAL XY, € [sz]z}U{(xpxz) (y1> %)%, € [yDl]z, X, € fAz}

= [EDID ﬂDz]z = [EDILD [KDZ]z‘
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As the vertex set [#,0%,], and [%#,],0(%,], is also
same, so [%,0%,],=[%,1,0(%,],. Similarly, [Z#,
O%,], = [#,,00%,],. Hence, [%,0%,],=I[%,],0
[Z,],. O
Definition  17. Let  [R,], = (9 Ay, [yD115 Ly), (9Ay,
[vD,1 Ly)) and [Z,]12= (9 Ay, [yD,],, Ly),

(9A,, [¥D,]5, L,)) be L2-sections of two hypergraphs %,
and %,. The Cartesian product of L2-sections is a rough
hypergraph with a labeling function L,0L, = (L,O
L,, L,0L,), where L,0L,: [yD;], X [yD,], — yD,0yD,
and L,0L,: [yD,], x [¥D,], — ¥D,0yD, are defined as

Ly 0L, ({k} x{l, 92}) ={{ki} X B |E; € Ly (I, 9,)}
L, 0L, ({11, 91} x{ky}) ={E; x{k,}IE, € L, (I, g,)} (10)
L, 0L, ({k } x{l, g2}) ={{k} X E,|E, € L, (1,9,)}
L,0L, ({1, 91} x{ky}) ={E, x{k,}IE, € L, (I,g,)}.

Lemma 6. Let R, and R, be two rough hypergraphs, then

(k1o k),

L((ky,k,) (K1, 9,)) =

Journal of Mathematics

1) (R, 0R,]1, = [0 [R]10
2) [%,0R,)1; = [R5 0%,
Proof
1) It is clear from Lemma 7 that

[2,0%,], = [#,],0(%,],. It only needs to prove
that the labeling function of [#,0%,];, and the
function L,0L, of Definition 17 are the same.
Let [%,0%,]1, = (9 Ay x ¢ Ay, [yD,0yD, ]y, L),
(9 A, x @A, [yD,0yD,],, L)) be the L2-section of
%,0%R, with a labeling function L = (L, L), where
L: [yD,0vyD,], — yD,0yD, and L: [yD,O
vD,], — wD,0yD, are mappings. It is to be
shown that L((k,k;) (g, 9,)) = Li0OL,  ((k,ky)
(91>92)) and L((ky,k;) (g1, 95)) = LiOL, ((ky,ky)
(91> 9,))- By Definitions 11 and 17,

{ (k. g2)} € E € yD, DKDz}

{{k x Eyl{(k1,k,), (k1> g2)} S {ki} ¥ E, € EDﬂijz}
{{k } x E;l{ky g5} €E, € WD}

={

{ki} x E5|E, € Ly (k,g,)}

= L((ky, ky) (k1> 95))

= L,0L, (k. ky) (K1, g2))-

(11)
:>L((k1:k2)(g1:k ) ={E|{(k1,k2), (91-k)} CE € ﬂDl‘:'sz}
={ H(ki k2), (915 ko)) CEp x{k,} € EDlusz}
={ l{ki, g1} CE; € V/D}

= L((ky,k,) (91,k,

Thus, L((k},k;)(g1>92)) = LiOL, ((ky, k,) (g1 92))s
for each (k;,k,)(g;,9,) € [lwD,0yD,],. Similarly,
L =L,0L,. Hence, L = L,0L, which clearly proves
[, D% ]L2 = [%,]1,0 [‘%2]&

(2) For any rough hypergraph %, [9?]2; = (%A, L) is the
rough hypergraph with a labeling function. The
proof of part 2 is clear from part 1 and Remark 1.
Using Remark 1, [%,0%,];) = (%,0%,,L). By
proof of part 1, (%,0%,,L) = (%,0%,,L,0L,) =
(%,,L,)0 (%,,L,) = [%,],0(R,]13. O O

Theorem 6. Let %, and R, be two rough hypergraphs on Q,
and Q,; then, for any k|, g, € Q, and ky, g, € Q,,

dgzlmgi’z (k1> k3), (915 92)) = d% (ki g1) + d% (k3 92)-
(12)

{E; {k }|E €L (kig)}
= L,0L, (k. ky) (915 k2))-

Proof. The proof of this theorem is a direct consequence of
Proposition 5.1 of [5], Lemmas 2 and 6. Thus, for any two
rough hypergraphs &%, and %,,
dg,oa, (ki ko) (91> 92)) = d[z@lﬂ%z]z((kl’kZ)’ (91-92))
= d[ﬂl]zm[%]z((kl’kz)> (91,92))
=d[g,],(kg1) +d[g,), (ks g2)
=dg oa, (k1. k3), (91 92))

=dg, (k1> g1) + dg, (k3 92)-
(13)
Let & be a rough hypergraph. If there exist prime rough

hypergraphs R1> Ry Ry such that
R = R OR,0...0R,, then it is called PFD (prime factor
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decomposition) of % into q factors w.r.t the Cartesian
product. O

Remark 2. Every connected rough hypergraph has a unique
PED with respect to the Cartesian product.

The method to obtain a PFD of a rough hypergraph using
its L2-section is illustrated in Algorithm 1.

Definition 18. Let %, and %, be two rough hypergraphs on
Q, and Q,, respectively. A homomorphism from %, into
R, is a mapping f: Q; — Q, if there exist homomor-
phisms f: Q, — Q, and f: Q, — Q,; that is,

(1) If £ (D) is a hyperedge in &,, then D is a hyperedge

in %,

(2) If (D) is a hyperedge in &, , then D is a hyperedge

e -

A homomorphism which is a one-to-one correspon-
dence between Q, and Q, is called an isomorphism. In this
case, we say that the rough hypergraphs &%, and %, are
isomorphic to each other and write as %, = %,.

Deﬁmtzon 19. Let ((goA 1//D) (9pA,yD)) and

= ((p A, y/D ), (@A, WD )) be two rough hypergraphs
on Q and Q’, respectively. A surjective homomorphism
f: Q" —> Q is called a covering projection if

M If ' RI=1f"(B)l=p forallke g A Ee yD
@ If () =[F ' (B) = p, for all k € gA, E € yD

(3) E'NF' = &, foralldistinct E', F' € f~'(E),E € yD
(4) E'nF' = &, for all distinct E',F' € f~'(E), E € yD
The rough hypergraph %' is called a p-fold covering of

R, and % is called quotient rough hypergraph of %#'. If
p=2, % is called a double cover of Z.

Definition 20. Let # = ((¢ A, D), (pA,yD)) be a rough
hypergraph on Q. The sets S € ¢ A and SCQA are called
independent if they contain no hyperedge of % and %,
respectively. The cardinalities of the largest independent sets
are denoted by B(£) and (%) and are called the inde-
pendence number of & and &, respectively. The value
B(R) = (1/2) (B(RA) +ﬂ(§)) is called independence
number of %.

Definition 21. Let R = ((¢p A, yD), (9A,yD)) be a rough
hypergraph on Q. The subsets T € ¢ A and T C @A are called
covers of & and R, respectively, if TNE #@ and
TNE#J,foreachE € yDandE € ¥D. The cardinalities of
minimal covers are denoted by 7(Z£) and 7(%) and are
called covering numbers of & and %, respectively. The
average value 7(%) = (1/2) (t(R) + 1(R)) is called cov-
ering number of X.

Definition 22. Let R = ((¢ A, yD), (pA,yD)) be a rough
hypergraph on Q. The fractional covers of & and X are,
respectively, the mappings f: ¢ A— R"U{0} and
f: A — R*U{0} such that

9
Y f(k) =1, foreach E € yD,
keE o
L _ (14)
Z f(k) =1, foreachE € yD.
keE
The value 7*(%)= (1/2)(m1nfzkwAf (k) + min

ZkE(PA f (k)) is called fractional covering number (FC
number) of .

Definition 23. Let R = ((¢ A, D), (pA,yD)) be a rough
hypergraph on Q. The subsets M € wD and M CyD are
called matching if every pair of hyperedges from M and M
are mutually disjoint. The cardinalities of maximal match-
ings are denoted by () and v (%) and are called matching
numbers of Z and X, respectively. The matching number of
P is computed as v(&) = (1/2) (v(R) + v(R))

Definition 24. Let # = ((¢ A, yD), (pA,yD)) be a rough
hypergraph on Q. The minimum number of mutually dis-
joint hyperedges whose union is the sets of vertices ¢ A and
QA is called the partition number of # and %, respectively,
denoted by p(R) and p (R). The  value
p(R) = (1/2) (p(R) + p(R)) is called the partition number
of R. If such partitions do not exist, then p (%) =

We now study certain products of rough hypergraphs. In
each product, the vertex set is the Cartesian product of the
sets of vertices of all rough hypergraphs. The adjacency of
edges is based on the adjacency properties defined in the
product. Let #,®%, denote any product of two rough
hypergraphs %, and %,. For any rough hypergraph 2, if
there exists another rough hypergraph % such that
R®U = R, then U is called the unit element. Note that %
must be a hypergraph with a single vertex and no loops.

Definition 25. A rough hypergraph % = (%, %) is called
conformal if # and & are both conformal hypergraphs.
That is, corresponding to each clique of 2-section [#£], (and
[Z),), there is a hyperedge in £ (and R).

Definition 26. Let R = (&, %) be a rough hypergraph. The
collection of all hyperedges in & (and Z) containing a
common vertex k is called a star of % (and %), denoted by
R (k) (and Z (k)). The pair & (k) = (X (k), % (k)) is called
a rough star of &. The subsets E € wD and E C yD are
called intersecting families of % and % if every pair of
hyperedges of E and E have nonempty intersection. The pair
(E, E) is called a rough intersecting family of &#. A rough
hypergraph & is said to satisty Helly property if each rough
intersecting family in % is a rough star.

Definition 27. Let &, and R, be p,-fold and p,-fold
coverings of rough hypergraphs %, and %, via covering

projections f, = (f,f)) and f, = (f,, f5), respectively;

then, the Cartesian product fLNH=f=
f0f, = (f Elf f10f,) is defined as
M) f ki ky) = (f (ky)s £, (Ky)), for all

(ki ky) € goA ><<pA2
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(1) Given a connected rough hypergraph # = ((¢ A, v D), 9A, yD)
(2) Compute the L2-section [Z], = ((¢ A, [y D1,), (9A, [¥D],)) of #
(3) Using the Algorithm of Imrich and Peterin [52], decompose the labeled graphs (¢ A, [y D],) and (@A, [yD],) into prime factors

factors.
(4) Merge the factors if necessary

w.r.t the Cartesian product. That is, the edges of (¢ A, [y D],) and (@A, [yD],) are colored w.r.t the copies of corresponding prime

(5) Compute [2]," using the labeled and the PFD of % is obtained such that the colored copies are the prime factors

ALGORITHM 1: Method to compute PFD of a rough hypergraph.

(2) 7(k1,k2) = (71 (kl),f2 (k,)), for all
(k1>k2) € ¢A1 X ¢A2

(3) fki}xE) = f, (k) x f,(E,), for all k, € 9 A,
E, € sz

@) £k} xEy) = 1 (k) x £, (Ey),
E, € ¢D,

(5) f(E, x{k}) = f,(E)) x [, (ky), for all E; € ¢ D,
k, € 9 A

(6) 7(E1 x {k,}) = 71 (E)) x 72 (k3),
k, € A,

for all k; € pA,,

for all E; € ¢D,,

Theorem 7. Let %', and &', be p,-fold and p,-fold cov-
erings of rough hypergraphs R, and R, via covering pro-
jections f and f,, respectively; then, ®' \OR', is a p, p,-fold
covering of R,0R, via covering projection f,Of,.

Proof. 'The mapping f = f,0f, is given in Definition 27.
We first need to show that f = (f, f) is a surjective ho-
momorphism. Let {k;} x E', be a hyperedge in %',0%',;
then, f ({k)} x E',) = £ (k) x f, (E',). Since f,and f are
homomorphisms, therefore L (k) € QAZI and iz (E',)isa
hyperedge in %#,. Thus, il (k)) x iz (E',) is a hyperedge in
R, OR,. Similarly, f(E', x {k,}) is a hyperedge #,0%,
and f ({k{} x E',); f(E'; x {k;}) are hyperedges in %,0%,
showing that f is a homomorphism. The surjectivity of
Jf,0f,and f,0f, is obvious from the surjectivity of St

fl,andf2

Let (ky,k,) € 9 Ay x ¢ A, be a vertex in #,0Z,; then,

[ koks) ={(kL k) | f, (K] = Ky, f, (K3) = ks f

:LII (ki ky) = f_l (k) Xf_l (k,)
:>|f (ks ko) 'f (k) XI (k) = pipy
(15)
Similarly,
7 k)| =[F0 )| [ (k)| = pupr (16)

Consider a hyperedge {k;} x E, in #,0%,; then,

f 7 k) x By) ={(kl k)1, (K1) = Ky, f, (K3) € By}

={f (k) x £, (k)If, (k3) € Eo}
=f, ) <[, (E)
=>|f XEz)i l Il(k1)|x|i;1(ﬁz)|:P1P2-
(17)
Similarly,
If 1 E x| = ED| £ (k)] = P
|f ({ky ><Ez|:‘f (Esz})l:Ple-
(18)

Let {k,} x E, be a hyperedge in #,0%, such that {k;} x
E'y {ki} x ' ei;l({kl}xﬁz) and {ki} xE', 0
{k{} x F', # @. It follows that E', N F', # &, a contradiction.

Similarly, we can prove the other cases. Hence, f = (f, f)is
covering projection and %' 0%, is a p, p,-fold covering of
R,0R,. O O

Theorem 8. Let R, and K, be two rough hypergraphs; then,
R,0R, is conformal if and only if R, and R, are conformall.

Proof. Let R, and R, be two conformal rough hyper-
graphs. Let & = (£, %) be a rough clique in [#,0%,]5
then, by Lemma 7, there are two possibilities. O

Case 1. There exists a rough clique £, = (&£, Z,)in [%,],
such that & =%, x{x,}, for some x,€e yD,, and
& =%, x{x,}, for some %, € ¥D,. Since £ is a rough
clique, therefore, &, is also a rough clique. As &, is a
conformal rough hypergraph, therefore there exist hyper-
edges E; and E, corresponding to £, and Z; in %, and %,.
Thus, (E, x{gz,E x {x,) is a rough hyperedge corre-
sponding to &, showing that #,0%, is a conformal rough
hypergraph.

Case 2. There exists a rough clique Z, = (£, %,) in [%,],
such that & ={x;}x%,, for some x, € yD;, and
Z =1{x,} x Z,, for some X, € yD;. This case can be proved
along the same lines as Case 1. Hence, %#,0%, is a con-
formal rough hypergraph.

Conversely, let #,0%, be a conformal rough hyper-
graph. Let &, and £, be rough cliques in &, and %,,
respectively. By Lemma 7, & = & ,0%, is a rough clique in
[%,0%,],. Since Z,0%, is a conformal rough hypergraph,
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therefore, there exists a rough hyperedge E = (E,E) in
RO, corresponding to . By Lemma 7, there exist rough
hyperedges E, and E, in &, and %, such that E = E,00E,.
Clearly, E, and E, correspond to in &, and &,, respectively,
proving that #,0%, are conformal rough hypergraphs. O

Theorem 9. Let R, and R, be two rough hypergraphs; then,
R\OR, has the Helly property iff R, and R, have the Helly

property.

Definition 28. The dual of a rough hypergraph
R = (A, yD), (9A,yD)) is a rough hypergraph
R" = ((p A",y D*), (pA*,yD")), where

(1) The hyperedge set yD of & is the vertex set of Z*,
that is, p A* = yD = {E|, E,, ..., E,}

(2) The edge set D of R is the vertex set of Z*, that is,
9A* =yD = {E,,E,,...,E,}

(3) If |9 Al =m, then yD* = {K,,K,,...,K,,} is the
hyperedge set of %#* such that K; = {Ejlk,- € Ej}, that
is, K; is the collection of those hyperedges of &
which share the common vertex k;

(4) If [gAl =n, then yD* ={K,K,,...,K,} is the
hyperedge set of 2" such that K; = {Fﬂki € Ej}, that
is, K; is the collection of those hyperedges of %
which share the common vertices k;

Remark 3. Let %, and &, be two rough hypergraphs; then,
(%,0%,)" may not be equal to Z;0%;. Since, for any two
hypergraphs H, and H,, (H,0H,)" is not equal to h{OH;
in general, therefore, the equality also does not hold in the
case of rough hypergraphs because a rough hypergraph
contains two hypergraphs as upper and lower approxima-
tions. We discuss this fact using an example of two
hypergraphs shown in Figures 7 and 8.

It is easy to check that H,OH, has nine edges and so
(H,0OH,)" has nine vertices. But, H{OH; has three vertices.
The vertex sets of (H,0H,)" and H{OH are not equal and
it proves our claim.

3.2. Square Product. In this subsection, we introduce the
concept of square product in rough hypergraphs and discuss
its associativity, commutativity, distributivity, 2-section,
rank, and antirank properties.

Definition 29. Let R, «+ R, * --- « K, be any product of
rough hypergraphs and V (%;) denotes the vertex set of %,
for any 1<i<r. The mapping p;= (p,p;): V(& *
Ry x oo x R)— V(R;) is called the projection of
Ry * Ry* -+ xR, onto ith factor K;, where p: R, *
Rk ok R, — Ryand P Ry Ry k- % R, — R
are the projection mappings defined as

p.(kpky . iky) = By (kykys . k) = k

forallk; € Q;, 1<i<r.

i

(19)

11

FiGure 7: Hypergraph H,.

[ ]
Figure 8: Hypergraph H,.

Definition 30. Let %, = (%,,%,) and R, = (R,, R,) be
two rough hypergraphs. The square product of %, and %, is
a rough hypergraph %, x R, = (B, x By, By X R,)
which is defined as

(1) By x Ry = (9 A; x ¢ Ay, yD, X yD,)

@) A x9A, ={(k;,k,)lk, € pAky € 9 A,
(b) yD, x yD, = {E, x E,|E, € yD,,E, € yD,}

(2) Z\0R, = (9A, X §A,, yD,0YD,)

(@) PA, x9A; = {(ki, ky)lk, € ALk, € 9A, }
(b) YD, x YD, = {E, x E,|E, € YD, E, € YD}

In short, #, x X, and R, x R, are the square products
of lower approximate hypergraphs %,, %, and upper ap-
proximate hypergraphs %,, %,, respectively. Just like the
square product of hypergraphs, the square product of rough
hypergraphs is associative, distributive with respect to the
disjoint union, commutative, and a unit % as a trivial
hypergraph with a single vertex such that % = %. That is, for
any rough hypergraphs &, %,, #,, and &5, the following
properties hold:

(1) By x (RBy x Rs) = (R x Ry) x Rs
Q) Ry x Ry = Ry x R,
(3) Ry x (RyUR) = (Ry x By) U (Ry x Ry)

(4) R x U = R, where U is a single vertex hypergraph
without loops

(5) The projections p;: V(R, x R,) — (X%,) and
P V(£ X R,) — V(R,) are homomorphisms

Definition 31. Let & be a rough hypergraph; then, % is
called an r-uniform rough hypergraph if 2 and & are both
r-uniform hypergraphs; that is, for each E € yD and
EeyD, |E|=|E| =r. N
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Lemma 7. Let R, and R, be two r-uniform rough hyper-
graphs; then, [ R, X R,], = [R], X [R,],.

Proof. Since the vertex set of &; and [%;], is the same for

i = 1,2, therefore, the vertex set of [%#; x &,], and [#,], X
[%,], is the same. It only needs to show that the set of

[vD, xyD,], =

Journal of Mathematics

hyperedges of [#, x R,], and [R#,], x [&,], is the same.
By Definition 30, [#, x R&,], = ([&) X R, ], [ R, x R,],),
where  [R, X R,], = (9 Ay X 9 Ay, [yD x yD,];)  and
(R, x R,), = (PA, X 9A,, [¥D, x ¥D,],). As R, and &,
are r-uniform rough hypergraphs, so we have

(x1%) (V1 y2){(x15%2), (1, ¥2)} € E € yDy % WDz}

(20)

(x15%5) (1 )11y € [WD ] » X2 € [sz]z}

=|yD, waz]

As the vertex set [#, x &,], and [£#, ], X [A,], is also
the same, so [R; xR,], = [%,], % [£,],. Similarly,
[R, x R,], = [R,], % [#,],. Hence, [R, x R,], = [R#,],
x[R,],. O

Theorem 10. Let R, and R, be two rough hypergraphs;
then,

(1) r (R, x R,) = max
12), (r(&,) +1(%,)/2)}

(2) (R, x R,) = max{s(R,),s(R,), (s(R,) +
s(R,)/2), (s(R,) +s(X)/2)}

= max{r (R,), r(R,), (r(R,) +r(X,)

{
{(xl’xz (x> y2){x1, 1} CE; € yDy, {x3, 2} CE, € yD,, |E| —|E2|}
=
v

=[yD, ], x[yD,],

Proof. Since, by  Definition 30, %, xR, =
(R X Ry, R, x R,), we first need to compute r (£, x &)
and 7 (%, x %2) By Definition 6,

r(#, xR,)= max |E
(_1 _2) EeyDlxyDzl_l

= max{E|p, (E) = E, € yDy, p,(E) = E, € yD,}

= max{ max |E | max |E |j»
Eey/Dl Eeu/D

=1 (R, x Ry) = max{r (&), (£,)}-

(21)
Similarly, r (%, x %,) = max{r (%)), r(@z)}. Hence,

(R, xR,) = %{max{r (£,),7(£,)} + max r(@l),r(ﬁz)}

_ () +1(R,) r(R) +1(R,) 1(R,) +1(Ry) +(Ry) + (%)
= max B > , 2 X 3 (22)
R,)+1(% R +r(R
ﬂr(@lX@z):max{r((%l))r((%z))r(—l)zr( 2)’1’(_2)21’( 1)}
Using Definition 6, the antirank of %, x %, is given as

(S x ) = gezlgli?@z'ﬂ

= min{|Ellp, () = E, € yDy, py (E) = E, € yD,}

(23)
= max{ min |E I min IE |}
Eeu/D EG‘//D

=5(R) x R,) = max{s(&,),s(%,)}.
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Similarly, S(R, X R,) = max{s (@J,s(@z)}. Hence,

s(R, xR,) =

=s(R X R,) = max]’s(,@l),s(% ),

13
1{max{ (2,),5(Z,)} +maxs(§1),s(§2)}
- {s(@1)+s(§ ) s(Z )+s( 2) s(&) + (@2) 5(9‘22)+s(§1)}
= max 5 ) , 2 > 5 (24)
s(@)+s( 2) s(&,) + (%1)}
) 5 .
O

3.3. Direct Product. In this section, we introduce the ex-
tension of the concept of the square product to direct
product of rough hypergraphs and discuss its associativity,
commutativity, distributivity, 2-section, rank, and antirank
properties.

Definition 32. Let R, = = (R,,%,) and %2 = (R,, #,) be
two rough hypergraphs The direct product X of %, and %,
is a rough hypergraph R;x R, = (B, x R,, R, x R,)
which is defined as

1 21§ R, = (fAl XQAPﬂDl; KDZ)

(@) A, x9A, =k[(k1,k2)|k1 € A,k € pA}
(b) KDIX yD, = EIP] (E) € KDI)PZ (E)QEZ
€ yD,JU{E|p, (E)<E, € yD;, p,(E) € yD,}

(2) R, x R, = (9A, X §A,, YD, x ¥D,)

(a) PA; x @A, = {(k;, ky)Ik; € 9A k; € 9A,}
(b) yD,x yD, = {E|p, (E) € yDy, p,
(E) CE,yD,}U{E|p, (E)<E, €
yDy, p, (E) € yD,}

In short, #,x &, and %, x R, are the MRP direct
products of lower approximate hypergraphs &#,, %, and
upper approximate hypergraphs %, %,, respectively. Just
like the MRP direct product of hypergraphs, the MRP direct
product of rough hypergraphs is associative, right distrib-
utive with respect to the disjoint union, commutative, and a

(xpxz)()’pyz
(%1, %2) (¥1> 2

) =1 )
) =1 )

unit % as a trivial hypergraph with a single vertex such that
U = . That is, for any rough hypergraphs %, %, %,, and
R, the following properties hold:
(1) B x (Ryx RB3) = (Rx Ry)x Ry
(2) Bix Ry = Ryx R,
(3) B X (R URs) = (B X By)U (R X Ry)
(4) Rx U = R, where  is a single vertex hypergraph
without loops
(5) The projections p;: V(%;x R,) — (X;) and
P2 V(R X R,) — V(R,) may not be weak
homomorphisms

Lemma 8. Let &, and R, be two rough hypergraphs; then,
[%R( %2]2 = ([gZJZD [%2]2) ) ([9?1]2 X [%2]2)~

Proof. Since the vertex set of %; and [%,], is the same for
i = 1,2, therefore, the vertex set of [#,x &, ], and the union
of [#,],0[%,], and [R,], x [#,], is the same. It only
needs to show that the set of hyperedges of [%#,x %,], and
([£,1,0(£,1,) U ([#,], x [R,],) is the same. By Defini-
tion 32, [%,x R,],= ([Z,x RB,],, [R,x R,],), where
[#,X R,), = (pA X9 A, [YD1; yD,],) and (%1% R,
= (pA, X 9A,, [¥D,;x ¥D,],). So, we have

H(x1,%,), (y1-72)} € E € yD, XﬂDz}
{(x1,x5), (y1-2)} € E € yD, Xsz}

={(X1>xz)(ypyz)lx1 =y {x2 3, € p, (E) € yD,}

U{(x0 %) (21, y2){x i} S i (B) € wDy,x, = 3o

U {(xl’xz)(xl’)’z) | {x1, y1} € p1 (E) € yDy, {x,, 5} € py (E) € yD,, || =|E2|} (25)
={(x1,x2)(x1,y2)|x1,y1 € 9ALX, Y, € [KDZ]z}

X1 xz) X1 y2)|x1y1
X

{
{
[v

[WD1]2’x2’)’2 € fAz}
1%) (X1, ¥2) %1y € [‘/’D1] X2)2 € [EDZ]Z}
=[yDix ¥y, =([vD.],0[vDa],) u ([yDu], x [¥D.],).
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(#1010
(1.0

U ([£,]; x [#,],).

Thus, [#,x &,], =
= 21U ([@ Iy x [%2]2)-

Similarly, [gli @2] 2
Hence,
(R x R,], = ([#,],0(R,],) U ([#,], x

( £,
( R

[#,1)). O

Theorem 11. Let R, and R, be two rough hypergraphs;
then,
(1) r (R, x Ry) = max{r (R,),r(R,),
(r(£)) +1(R,)/2), (r(Ry) +r(R)/2)}
) 5(@1; R,) = min{s(%),s(%z), (s(&))+
s(£,)/2), (s(R,) + s(£,)/2)}

r(9‘21; 9?2)

Journal of Mathematics

Proof. Since, by  Definition 32, 7% R, =
(R x Ry, R X R,), we first need to compute r (R, x R,)
and r (% ,x R,). By Definition 6,
1’(21; 22) = max |E|

EeyD;x yD,

= max{|Ellp, (B) = E, € yDy, p,(E)<E, € yD,}
U{Ellpy (BYSE, € yDy, p, (E) = B, € yD,)

= max{ max |E | max |E2|]>
EeyD, E,eyD,

:>r($1>< @2) =maxr(%,),7(%,).
(26)
Similarly, r(@& @2) = max{r(@l), r(@z)}. Hence,

= % {max{r (Z,),7(£,)} + max r(@l), r(g?z)}

2

>

- {r(@l) + r(@l) r(R,) + f(gz) r(R,)+ Y(Ez) r(R,) + r(§1) }
= max , > > 5 (27)

:>r(!%1; @2)

Using Definition 6, the antirank of %, x %, is given as

s(#,x #,)= min |E|
EeyD,xyD,

=maX{r(921), (%,), )

r(%, )+r(9§22) r(@2)+r(9§f )}

2

= min{|E|lp, (E) = E, € yD,, p,(E)<E, € yD,}
U{|Ellp, (E)<E, € yD,,p,(E) = E, € yD,} (28)

—mm{ min |E | min lE |}

EewD

EEI{/D

:>5($1>< Qz) = min{s(£,),s(£,)}-

Similarly, s(# 2) max{s(% ), s(% )}. Hence,

(B x R,)

= % {min{s (£,),s(%#,)} + min s(@l), s(%z)}

) s(@2)+s(% ) s(%, )+s(

2 >

= min{ S(Ql) i S(gl

=>s(,%1§ 9?2) = min{s(@l), (%,), )

> P > ) (29)

) $(2) + (%, )}

s(R,) + 5(*% ) s(R,) + 5(§1) }

2
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3.4. Union and Intersection. In this subsection, we introduce
the concepts union of the intersection of rough hypergraphs
and study their properties.

Definition 33. Let R, = (%,,#,) and R, = (R,, R,) be
two rough hypergraphs. The union f %, and %, is a rough
hypergraph ~ #,UR, = (Z,UR,, R, UR,),  where
R UR, = (pAU@A,yD,UyD,) and R, UR,=
(A, UDA,, yD, UyD,).

The intersection f %, and %, is a rough hypergraph
RINRy = (BN Ry, RNR,), where R NR, =
(A N@A,yDNyD,) and X, NR, = (9A, NPA,,
wD,NyD,).

In short, Z,UZ, and &, N R, are the union and in-
tersection of lower approximate hypergraphs &%, and %,.
Similarly, for the upper approximate hypergraphs, just like
the union (intersection) of hypergraphs, the union (inter-
section) of rough hypergraphs is associative, commutative,
and distributive. That is, for any rough hypergraphs #,, %,,
and %, the following properties hold:

(1) B U (R, URA;) = (RUR,)UR,

(2) BN (RyNRs) = (B NRE,)N Ry

3) ZHUR, =R, UR,

4) BNR, =R,NR,

(5) B U(R,NR3) = (R UR,)N (R UR,)

(6) The projections p;: V(£ UR,) — (%,) and

P V(R UR,) — V(XR,) may not be weak
homomorphisms

(7) The projections p;: V(Z,NHK,) — (#;) and
Py V(R NR,) — V(X,) may not be weak
homomorphisms

Remark 4. Let R, = (R, R,) and &, = (&,, R,) be two
rough hypergraphs, then
1) [921 ng]z = [%1]2U [%2]2

(2) r (R, UR,) = max{r (R,),r(R,),
(r(R)) +1(R,)12), (r (R,) + 1 (R,)/2)}

(3) s(Z,UR,) = min{s(R)),s(R,), (s(X,) +
s(£)12), (s(R,) +s(R,)/2)}

4) (B UR) =RIUZR,

dgzlxgzz (k1. k3), (91>92))
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3.5. Strong Product. In this subsection, we introduce the
concept of a strong product using the Cartesian and square
product of rough hypergraphs. We illustrate the notions of
associativity, commutativity, distributivity, 2-section, dis-
tance, rank, and antirank properties of the strong product of
rough hypergraphs.

Definition 34. Let R, = (%, #,) and R, = (R,, R,) be
two rough hypergraphs. The strong product of %, and %, is
a rough hypergraph #,8%, = (R,RR,, R,RA,), where
RRRE, = (R,0R,)U (R X R,) = (QA1 X @ Ay, (ZD1
OyD,)U (yD, x¥D,)) and %,UR,= (%,0%,)U
(R, xR,) = (pA, x9A,, (yD,0yD,) U (yD, x yD,)). In
other words, the strong product of %, and %, is the union
of Cartesian product and square product of rough hyper-
graphs %, and %,.

In short, #,8%, and R,RAR, are the strong products of
lower approximate hypergraphs £,, %, and upper ap-
proximate hypergraphs %, %,, respectively. Just like the
strong product of hypergraphs, the strong product of rough
hypergraphs is associative, right distributive with respect to
the disjoint union, commutative, and a unit % as a trivial
hypergraph with a single vertex such that % = %. That is, for
any rough hypergraphs %, %,, %,, and %;, the following
properties hold:

(1) 2 \R(R,RR;) = (R BR,)RA 4

(2) R\ RR, = R,RR,

(3) B\ R(R,UR;) = (R BRR,) U (R, RR,)

(4) ARU = R, where U is a single vertex hypergraph
without loops

(5) The projections p;: V(R RRE,) — (%,) and
Py V(R ,RAE,) — V(£,) may not be weak
homomorphisms

(6) [Z\BR, ], = [R,],R[A,],

(7) (R 8R,) = max{r (%), (R,), (r (R,)+
r(R,)12), (r(R,) +r(R,)/2)}

(8) s(%#\8R,) = min{s(R)),s(R,),
(s(R)) +5(R,)12), (s(R,) +s(R,)/2)}

Theorem 12. Let R, and R, be two rough hypergraphs on
Q, and Q,; then, for any k;, g, € Q, and k,, g, € Q,,

= { dg, (k1> 91)> dg, (k5 92),

Proof. The proof of this theorem is a direct consequence of
Proposition 5.4 of [5], Lemma 2, and the result
[R\RR,], = [R,],&[R,],. Thus, for any two rough
hypergraphs %, and %,,

>

2

dg (ki,g,) + dz, (k2 92) dz (k1> 91) + dg, (ks> 95) } (30)
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A uz, (k1K) (91592)) = d g8, (ki K2), (91592))
=dg,1a(2,],(kk), (91, 92))
= m“{d[@llz(kv91)»d[22]z(kz)gz>}
=dg a9, (ki k), (919))

= max{al@l (k1> 91)s d@z (K, 92)}~
(31)

Similarly, dg 4 ((k;,k,), (91, 9,)) = max{dy (k;,g,),
d %, (ky, g5)}, and the result follows. O

3.6. Normal Product. In this subsection, we introduce the
concept of a normal product using the Cartesian and direct
product of rough hypergraphs. We elaborate on the notions
of associativity, commutativity, distributivity, 2-section,
distance, rank, and antirank properties of the normal
product of rough hypergraphs.

Definition 35. Let R, = (%, #,) and R, = (R,, R,) be
two rough hypergraphs. The strong product of %, and %, is
a rough hypergraph % ,R%, = (R,RXR,, R, RA,), where
R\RR, = (R,0X,)V (@1; R,) = (9141 X fAza (£D1D
yDy)U (yDyx yD,)) and  RRRE, = (R0 R,)U
(R,x R,) = (9A, x 9A,, (yD,0yD,)U (yD,x ¥D,)). In
other words, the strong product of %, and %, is the union
of Cartesian product and direct product of rough hyper-
graphs %, and %,.

In short, #,8%, and &#,R%, are the strong products of
lower approximate hypergraphs %£,,%, and upper ap-
proximate hypergraphs %,, %,, respectively. Just like the
strong product of hypergraphs, the strong product of rough
hypergraphs is associative, right distributive with respect to
the disjoint union, commutative, and a unit % as a trivial
hypergraph with a single vertex such that = %. That is, for
any rough hypergraphs %, %,, %,, and %5, the following
properties hold:

(1) R,1(R,RR;) = (RRR,)RR,

(2) RRR, = B,RR,

(3) B R(B,UR;) = (RRRE,) U (B,RR,)

(4) RR U = R, where U is a single vertex hypergraph
without loops

(5) The projections  p;: V(!%lé,%z) — (%,;) and
Py V(E,RAE,) — V(%,) may not be weak
homomorphisms

(6) [R\HR,], = [R1],R([R,);

(7) r(R,RR,) = max{r (&), o
r(Ry), (r(Ry) +1(R))2), (r(R,) +r(£,)/2)}

(8) s(#,®R,) = min{s(R,),s(R,),
(s(R)) + s(R,)/2), (s(R,) + s (£)/2)}

Theorem 13. Let %, and R, be two rough hypergraphs on
Q, and Q,, then for any k,, g, € Q, and k,, g, € Q,,
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dﬁlé% ((k1>k5), (91 92))
= {d% (k1> 91)d, (k2> 92)s

dg, (ki,g1) + dz (ks ) dz (ki, 91) +dg, (ks g5) }

2 2
(32)

Proof. The proof of this theorem is a direct consequence of
Proposition 5.4 of [5], Lemma 2 and the result
(%8R, ], = [#,],8[R,],. Thus, for any two rough
hypergraphs %, and %,. O

3.7. Lexicographic Product and Costrong Product. In this
subsection, we describe the properties of the lexicographic
product and costrong product of rough hypergraphs.

Definition 36. Let %, = (Z,,R,) and R, = (R,, R,) be
two rough hypergraphs. The lexicographic product © of %,
and &, is a rough hypergraph %,°%, = (#,°%,, %,°R,)
which is defined as

(1) R,°R, = (9 A x 9 Ay, yD°yD,)
@) A x @A, ={(k;,k,)lk, € pAky € 9 A,
(b) yD,°yD, = {Elp, (E) € yD,,  p,(E)CE, €
sz}U{{kl}X Eylk, € yD\,E, € yD,}
(2) Z,°F, = (PA, X §A,, YD, °YD,)

(a) ?Al X_¢A2 = {(k1>52)|k1_E ¢A_1)k2 € ¢é2} _
(b) yD,°yD, = {Elp, (E) € YDy, p,(E)<E, €
¥D,} U {{k,}x E,lk, € YDy, E, € yD,}

In short, #,°%, and &% ,°R, are the lexicographic
products of lower approximate hypergraphs &#,, %, and
upper approximate hypergraphs %, %,, respectively. Just
like the lexicographic product of hypergraphs, the lexico-
graphic product of rough hypergraphs is associative, right
distributive with respect to the disjoint union, noncom-
mutative, and a unit % (left identity) as a trivial hypergraph
with a single vertex such that % = %. That is, for any rough
hypergraphs &, %, &#,, and %;, the following properties
hold:

(1) R,°(R,°R3) = (R,°R,)° R,

(2) B° Ry = R,°R,

(3) R°(R,UR;) = (R°R,)U (R°R,)

(4) U°R = R, where U is a single vertex hypergraph
without loops

(5) RU =R

(6) The projections p,: V(£,°R,) — (&,) and
Py V(R °R,) — V(XR,) may not be weak
homomorphisms

(7) [R1°R, ], = [R1],°[R,],

(8) r(R,°R,) = max{r (%)), _
r(Ry), (r(R)) +1(R))2), (r(R,) +r(R,)/2)}
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(9) s(R,°R,) = min{s(ZX,), _
$(Ry), (s(R)) +5(R,)12), (s(Ry) +s(R))[2)}

Proof. 'The proof of this theorem is a direct consequence of

Proposition 5.4 of [5], Lemma 2, and the result

i d% (kpgl)’
dg, ez, (k1 k2), (91, 92)) = 1 d@ (k2> 92);
[ min{dg, (k> 92), 2},
r dg, (k1> 91)s
dz . (koK) (g1,9,)) = 1 @0, (R 92):
| min{d§2 (k2>92)72}a
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Theorem 14. Let R, and R, be two rough hypergraphs on
Q, and Q,; then, for any k,, g, € Q, and k,, g, € Q,,

itk, # gy,
ifk; = gy, deg(k,) = 0,
if ky = gy, deg (k) #0,

d@p@z (k1> k), (91 92)) = d[%@z]z((kl,kz), (91-92))

=dg,][2.),(k1, k), (915 92))

,d%

Z1

(k
:d@f@z ((kl’k2)> (91:92)) = dzz (k
{

Similarly for upper approximate hypergraphs, the result
follows. O

Definition 37. Let R, = (%, #,) and R, = (R,, R,) be
two rough hypergraphs. The costrong product * of %, and
R, is a rough hypergraph &, *R, = (R, *Ry, R, *R,)
which is defined as %, * %, = (R,°R,) U (R,°R,).

In short, #,°%, and #,°%, are the costrong products
of lower approximate hypergraphs %,, %, and upper ap-
proximate hypergraphs %, %,, respectively. Just like the
costrong product of hypergraphs, the costrong product of
rough hypergraphs is associative, right distributive with
respect to the disjoint union, commutative, and a unit % (left
identity) as a trivial hypergraph with a single vertex such that
U=%.

Remark 5. Let #, and &, be two rough hypergraphs, then
@) [R xR, = [R1hx [R,],
(2) 7’(%1*@2) = maX{TL@l), _
r(Ry), (r(R)) +1(R))2), (r(R,) +r(R,)12)}

(3) s(Z,*R,) = min{s(R)),s(R,), (s(X,) +
s(£,)/2), (s(R,) +s(R,)/2)}

a1,k g1),
=1 dg,(k; 9,),

| min{d&
»91)
292)
| min{dg, (kz,gz),Z}, ifk, = gy, deg(k;) #0.

ifk, # g, (33)

if k; = gy, deg (k) =0,

ifk, = gy, deg(k;) #0.
[R\RR,], = [R,],8[R,],. Thus, for any two rough
hypergraphs %, and %,,

itk # 9,

if ky = gy, deg(k,) = 0,

, (34)

(k2’92)>2} if ky = gy, deg(k;) #0,
itk # gy,
if ky = gy, deg(k,) =0,

3.8. Limitations of the Proposed Study. Apart from all the
benefits, rough hypergraphs also have some shortcomings
and disadvantages. Rough sets and hypergraphs are both
complex mathematical structures and are not simple to
apply for the given information. The computation of rough
relations using power sets is a lengthy and tricky task. There
are a lot of complicated calculations which make it difficult
to study hypergraphical structures using rough sets. The
calculation complexity not only increases time consumption
but also increases the probability of errors.

4. Conclusions and Future Directions

Rough models combined with other algebraic structures
retain the property to study uncertain and vague informa-
tion using approximation techniques. To discuss approxi-
mate relations among more than two objects, rough graphs
cannot give error-free results. In this research paper, the
notion of a rough set was applied to hypergraphs to in-
troduce the novel concept of rough hypergraphs. Certain
important properties of isomorphism, conformality, line-
arity, duality, associativity, commutativity, distributivity,
Helly property, and intersecting families of rough hyper-
graphs are illustrated in detail. The formulae of distance
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function, 2-section, L2-section, covering, coloring, rank, and
antirank of certain products of rough hypergraphs are
established in terms of corresponding rough hypergraphs.
This work can further be extended to (1) Dombi fuzzy rough
hypergraphs, (2) bipolar fuzzy rough hypergraphs, and (3)
picture fuzzy rough hypergraphs.
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