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Complex fuzzy sets (CFSs), as an important extension of fuzzy sets, have been investigated in the literature. Operators of CFSs are
of high importance. In addition, a—migrativity for various fuzzy operations on [0, 1] has been well discussed, where « is a real
number and & € [0, 1]. Thus, this paper studies a—migrativity for binary functions on the unit circle of the complex plane O, where
« is a complex number and « € O. In particular, we show that a binary function is a—migrativity for all « € O if and only if it is
a—migrativity for all a € [0,1]UO, where O is the boundary point subset of O. Finally, we discuss the relationship between
migrativity and rotational invariance of binary operators on O.

1. Introduction

Complex fuzzy sets (CFSs) were introduced by Ramot et al.
[1, 2], whose membership degree is a complex number on
the unit disc of the complex plane O, where O = {a € C
a| < 1}. Operations are of high importance in the theory of
CEFSs. Various concepts and properties have been developed
for complex fuzzy operations. Dick [3] introduced the ro-
tational invariance of operators of CFSs. Dai [4, 5] gener-
alized Dick’s works on rotational invariance and order
induced by algebraic product operation. Zhang et al. [6]
studied operation properties and §-equalities of CFSs. Dick,
Yager, and Yazdanbahksh [7] gave some complex fuzzy
operations based on Pythagorean fuzzy operations, which
was developed by Liu et al. [8]. Then Dick [9] considered
complex fuzzy S-implications. Hu et al. [10-13] discussed
orthogonality preserving operators and parallelity preserv-
ing operators of CFSs.

The a-migrativity [14] as an important property of bi-
nary fuzzy operators has been discussed in the cases of
overlap/grouping functions [15, 16], uninorms [17-22],
triangular subnorm [23], t-norms [24], nullnorm [25],
copulas [26, 27], and aggregation functions [28-30]. In the
aforementioned migrative functions, their research domain
is limited to real numbers on [0, 1]. For example, a binary

function f:I*> — I is migrative if f(ax,y)= f (4, av)
holds for all y,v € I and « € I, where I = [0, 1].

This paper focuses on the a-migrativity of complex fuzzy
binary operations, i.e., functions f: 0> — O, where a € O
is a complex number. Moreover, since a CFS is composed of
a magnitude term and a phase term, we consider magnitude-
migrativity and phase-migrativity, which respectively limits
a € Iand & € O, where O is the boundary point subset of O,
ie, O={aecClal =1}

As far as we know, migrativity including magnitude-
migrativity and phase-migrativity of complex fuzzy opera-
tions have not been studied yet. Moreover, we note that
phase-migrativity and rotational invariance [3, 4] of com-
plex fuzzy operations are similar with respect to angle ro-
tation operations. It is essential to straighten out the
relationship between phase-migrativity and rotational in-
variance for complex fuzzy operations.

This article is structured as follows: in Section 2, we
introduce the concepts of migrativity, magnitude-migra-
tivity, and phase-migrativity for complex fuzzy binary op-
erations. In Section 3, we give characterizations of these
migrativity properties of complex fuzzy binary operations.
In Section 4, the relationship between rotational invariance
and migrativity is studied. In Section 5, concluding remarks
are given.


mailto:ssdai@stu.xmu.edu.cn
https://orcid.org/0000-0001-6065-8742
https://orcid.org/0000-0003-2283-9459
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/1813717

2. Migrativity
Definition 1. Consider a fixed point « € O, a binary oper-
ation f: O — O is said to be a—migrative if

flau,v) = f(p,av), forally,v e O. (1)

Note that a— migrativity refers to a fixed complex
number a. This can be generalized as follows:

Definition 2. A binary operation f: O* — O is said to be
migrative if and only if (briefly, iff)
flaw,v) = f(u,av), forally,v € Oanda € O. (2)

A complex vector includes the amplitude term and the
phase part. So, we introduce the following concepts:

Definition 3. A binary operation f: O* — O is said to be
amplitude-migrative iff

fru,v) = f(u,rv), forally,v e Oandr el (3)

Definition 4. A binary operation f: O* — O is said to be
phase-migrative if and only if

f(ejgy, v) = f(/,l, ejev),
where j = +/-1.

Note that phase-migrativity means a-migrativity for all
a€O.

forally,y e Oandf e R, (4)

Theorem 1. A binary operation f: O> — O is migrative
iff, for all v € I and 0 € R, it holds that

£(w) = f(me™) }
f ) = £ (o)

(5)

Proof. (=) Trivial.

(&) For any « € O, denote a =7, - e/% where r, € L
Then f(au,v) = f(r,-euv)=f (efepr,-v)=f (4
e .rv) = f(uav). O

For a complex fuzzy binary function f, as shown in
Figure 1(a) and 1(b), if it is phase-migrative, then we have
B, = B, for any 6 and inputs y,» € O.

A binary operation is migrative if and only if it is am-
plitude-migrative and phase-migrative. From this result, we
have the following result: O

Corollary 1. Let f: O* — O be a binary operation. Then
the following statements are equivalent.

1) f(ou,v) = f(u,av), for all y,v € O and a € O;
2) f(ou,v) = f(u,av), for all u,v € O and a € TUO.

Note that f is a—migrative for all « € O if and only if it is
a—migrative for all &« € U O. This is very interesting because
TUO is a proper subset of O, i.e., (IUO) & O, and the size of
1U O is much smaller than that of O. Obviously, in the above
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corollary, IUO could be replaced by other subsets, such as
[-1,0]UO.

Example 1. The operations f,, f,, f3: 0> — O are re-
spectively defined by

filpv) =p-v,
Fa(pv) =lul -, (6)
f3(w) =lul-p-».

Obviously, f, is migrative. Interestingly, for all r € I, we
have f, (ru,v) = f, (u,rv). Thus f, is amplitude-migrative.
Similarly, for all 6 € R, we have f;(e/%u,v) = f;(u,e/%).
Thus, f; is phase-migrative. But f, is not phase-migrative,
f5 is not amplitude-migrative, thus, they are not migrative.

3. Characterization of Migrativity

One of the important results of migrative real-valued
functions is the following theorem:

Theorem 2 (see [28]). A binary operation f: 1> — 1 is
migrative iff there exists a function g: 1 — I such that
fu,v) =g(xy) for all y,v el

This result is not true for amplitude-migrative (or phase-
migrative) functions (see Example 1), but it is true for
migrative complex-valued functions.

Theorem 3. A binary operation f: O* — O is migrative iff
there exists a function f: O — O such that f (u,v) = g(xy)
for all y,v € O.

Proof. (&) If g exists, then f (aw,v) = g(auv) = f (4, av).

(=) If f is migrative, then
fv)=f(u-1,v) = f(1,uv), thus, g(uv) = f(L,uv) is
the function.

In this way, the function g is the migrative generator of
the migrative binary operation f.

The following result is immediate: O

Theorem 4. Let f: O° — O be a migrative binary oper-
ation. Then

(1) f(1,1)=1ifand only of g(1) = 1;
(2) £(0,0) =0 if and only of g(0) = 0;

Example 2. We give some migrative functions and their
migrative generators.

(1) The migrative generator of f (u,v) = uv is g(u) = u;

(2) The migrative generator of f(u,v)=|uv| s
g = lul;

(3) The migrative generator of f(u,v)=1—|uv| is
g =1 lul.

Moreover, we have the following results.
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FIGURE 1: Phase-migrative function (a) f (y- e? v) and (b) fuv- el?).

Theorem 5. Let f: O — O be a migrative function. Then
f is commutative, i.e., f(u,v) = f (v, ).

Proof. If f is migrative, then f (4, v) = f(u-1,v) = f(1,uv)
=f(v-Lu) = f(vu) forall y,v € O.

This result is not true for amplitude-migrative (or phase-
migrative) functions (see Example 1). The following result is
true even for amplitude-migrative (or phase-migrative)
functions. O

Theorem 6. If a binary operation f: 0> — O is ampli-
tude-migrative (or phase-migrative), then for all u,v € O,

1) f(=p=v) = f (@)
2) f(=uv) = f(u,—).

Proof. Here we only give the proof of (1). If f is amplitude-
migrative, then

f =) = f(u, (1) (=1)») = f (4, v), (7)

for all y,v € O.
If f is phase-migrative, then

=) = f(7we™) = f(pee™) = fwr), ®)
for all y,v € O. U

Corollary 2. Ifa binary operation f: O* — O is migrative,
then f(—u,—v) = f (4, ) for all u,v € O.

Theorem 7. A binary operation f: O* — O is phase-
migrative iff it is the convex sum of a finite family of phase-
migrative functions.

Proof. (=) f is the convex sum of itself.

(=) Let f(uwv) =Y wf;(uv) with Y7 w; and
w; e LIt f; (i =12,...,n) is amplitude-migrative, then for
any e, felun)=Y, wfi(e ) =YL wf,
(4, e/%) = f (u,e/%v) for all y,v € O.

Similarly, we have the following results. O

Theorem 8. A binary operation f: O* — O is amplitude-
migrative iff it is the convex sum of a finite family of am-
plitude-migrative functions.

Corollary 3. A binary operation f: O* — O is migrative iff
it is the convex sum of a finite family of migrative functions.

4. Migrativity and Rotational Invariance

Now we consider the relation between migrativity and ro-
tational invariance [3, 4].

Definition 5. (see [3]). Let f: 0> — Obea binary func-
tion, then f is rotationally invariant if

f(y-ejg,v-ejg) = f(uv)-e, 9)
for any 0 € R and p,v € O.

Dick’s concept of rotational invariance was generalized
as follows:

Definition 6. (see [4]). Let f: O* — O be a binary func-
tion, then f is h-rotationally invariant if, for a function
hR? — R,

f(/l . ejel,v . 6192) = f(wv)- e]'h(Gl,Oz),

for any 0,,0, € R and p,v € O.

(10)

Theorem 9. A binary operation f: O* — O is h-rota-
tionally invariant iff it is the convex sum of a finite family of
h-rotationally invariant functions.

Proof. (=) f is the convex sum of itself.

(<) Let f(uv) =YY" wf;(uv) with Y w; and
w; € L If f; (i =12,...,n) is h-rotationally invariant, then
for any 0,6, € R, f(e/y,e®v) =" w,f;(e/rp,el%v) =
Y w; f (u0)e 000 = f (u,)emO8) for all u,v e O.
O O

Corollary 4. A binary operation f: O> — O is rotationally
invariant iff it is the convex sum of a finite family of rota-
tionally invariant functions.

First, for binary operations, there is no direct relation
between migrativity and Dick’s rotational invariance [3]. For
example, f (4,v) = uv is migrative but not rotational in-
variance. f (¢, v) = (4 + v)/2 is rotational invariance but not
migrative.

Theorem 10. Let f: O* — O be a migrative binary op-
eration and g: O — O be its migrative generator, then g is
rotationally invariant iff

f(‘u_eﬁl,v.ej@z) :f(‘[/l,v)'ej(61+62)) (11)
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FIGURE 2: Relations between complex-valued migrativity of complex fuzzy operations, amplitude migrativity of complex fuzzy operations,
phase valued migrativity of complex fuzzy operations, rotational invariance of complex fuzzy operations, and the migrativity of fuzzy

operations.

for any 0,,0, € R and p,v € O.

Proof. (=) g is rotationally invariant, ie, g(u-e/) =g
(u)-e® for any 6OeR and puveO. Then
f(‘u . ejel,'y . efez) =g (‘u Lelfy. ejez) = ¢/ (61+0,) g(!,w) =
el (01+6;) f (‘u) V).

(&) If f satisfies equation (11), then for any 6 € R and
ueo, we have
glu-e®) = f(Lu-e®) = f(1L,p)- e = g(u) .

Moreover, we consider the relation between phase-
migrativity and conditional rotational invariance [4]. O

Theorem 11. A binary operation f: O* — O satisfies

f(‘u 6191 V- e] 2) f([l 1/) 61(6 +6)

for any 6,,0, € R and u,v € O. Then it is phase-migrative.
But the converse is not true.

(12)

Proof. For any 0eR and v €0,
feuv) = f(u)-e = f(ueb). Moreover,
f(4,v) = (uv)* is phase-migrative but does not satisfy
equation (12). O

Corollary 5. A binary operation f: 0> — O satisfies
f(/’t e]l’,y) f(ﬂ)y) e]l
f(#” e] 2) f(!’l’v) er

for any 0,,0, € R and p,v € O. Then it is phase-migrative.
But the converse is not true.

(13)

Proof. Because equation (12) is equivalent to equation
(13), 0

Theorem 12. Let f: O’ — O be a commutative binary
operation, if it satisfies f (e/u,v) = f (u,v) - e/ for all 0 € R
and y,v € O. Then

(1) it is phase-migrative;

(2) it is h—rotationally invariant, where h(0,,0,) =

0, +0,.
Proof
(1) For any 0 € R and y, v € O, we have f (4, ngv) =f
(e*v,u) = f(ru) - e = f(u,9)- e = f(u-e ).

(2) Forany6,,0, € Rand y,v € O, we have f (u- e/, v.
ejez) = f(‘u, V- ej92) el = f('y . 6102)[4) Lol = f
(fy)#) . ej01 . ejez = f(#) '1/) . ej(91+02)'

We give a binary operation f without commutativity,
f (4, v) = plv| satisfies f(e/Ou,v) = f (1, v) - €% for all 0 € R
and p,v € O. But it is neither commutative nor phase-
migrative. Moreover, it is h'—rotationally invariant, where
h'(6,,6,) =6,

The relations between complex-valued migrativity of
complex fuzzy operations, amplitude migrativity of complex
fuzzy operations, phase valued migrativity of complex fuzzy
operations, rotational invariance of complex fuzzy opera-
tions, and the migrativity of fuzzy operations are shown in
Figure 2. O

Theorem 13. Let f: O° — O be a commutative binary
operation, if it satisfies f (ru,v) =rf(u,v) for all r € I and
u,v € O. Then

(1) it is amplitude-migrative;

(2) it satisfies f (rp,1,v) =11y f (@, V). for all ri,r, €1
and p,v € O.

Proof. For any r € I and y,» € O, we have
@ flpry)=flvnp=r-fOhu =r-f(uv)
U V).

Q) flrippryy)=ri-fluryy)=r - flrymp)=ry-1y
fp) =riry- f ().

= f(r
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We observe that it is homogeneous of order 2, ie.,
fGru,rv) =12 f (u,v) when r| =r,.

We give a binary operation f without commutativity,
f(p,v)=u-v-|v satisties f(ru,v) =r- f(u,v) forall r eI
and y,v € O. But it is neither commutative nor amplitude-
migrative. Moreover, it is homogeneous of order 3, i.e,

flrwry) =1 f (7). O

Corollary 6. Let f: O — O be a commutative binary
operation, if it satisfies f (ap,v) =a- f(u,v) for all a € O
and p,v € O. Then it is migrative

Theorem 14. If a binary operation f: 0> — O is
h—rotationally invariant where h,(0,,0,) =k(0,,0,) for
some k>0. Then f is phase-migrative,

Proof. For any 0 € R and y,v € O, we have f (u- el v) =
£ () -e* = f(u,v- el for some k> 0. O

Theorem 15. If a binary operation f: O* — O satisfies

f ) = (rp - 1) f () for all ry,ry €1, all p,v € O,
and some k>0. Then f is amplitude-migrative.

Proof. For any rel and pveO, we have
f (ru,v) =% f (u,v) = f (u, rv) for some k> 0. O

Corollary 7. If a binary operation f: O* — O satisfies

S oy ap7) = (o -ocz)kf(y, v) for all a,a,€O, all
u,v € O, and some k>0. Then f is migrative.

5. Conclusions

In this paper, we study the migrative binary complex fuzzy
operators

S lau,v) = f (4, av),

for three cases a € I, a € O, and a € O. Interestingly, this
equation holds for all & € O if and only if it holds for all
a € IUO (see Theorem 1). Note that the size of IU O is much
smaller than that of O. Then we give the relationship among
phase-migrativity, amplitude-migrativity, migrativity, and
rotational invariance for complex fuzzy operations (see
Figure 1). We show that phase-migrativity is a special case of
conditional rotational invariance (see Theorem 12).

Note that this paper focused on binary complex fuzzy
operators. Future research should consider the migrativity of
n-dimensional complex fuzzy aggregation operators. Nat-
urally, other properties of complex fuzzy operators are
possible topics for future consideration.

In [31], Yager and Abbasov used complex numbers of
the form r - /% as Pythagorean membership grades, where
r € [0,1] and 6 € [0, 77/2]. These complex numbers are called
7 — i numbers, which belong to the upper-right quadrant of
the unit disk in the complex plane. Viewed in this way,
studying the migrativity of Pythagorean fuzzy operators is a
special case of migrativity of complex fuzzy operators by
limiting the domain to 7 —i numbers. Obviously, a more
detailed discussion of the migrativity of Pythagorean fuzzy

Yu,v € O, (14)

aggregation operators [32], Pythagorean t-norm [33], will be
both necessary and interesting.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research was funded by the National Science Foun-
dation of China (Grant nos. 62006168 and 62101375) and the
Zhejiang Provincial Natural Science Foundation of China
(Grant nos. LQ21A010001 and LQ21F020001).

References

[1] D. Ramot, R. Milo, M. Friedman, and A. Kandel, “Complex
fuzzy sets,” IEEE Transactions on Fuzzy Systems, vol. 10, no. 2,
pp. 171-186, 2002.

[2] D. Ramot, M. Friedman, G. Langholz, and A. Kandel,
“Complex fuzzy logic,” IEEE Transactions on Fuzzy Systems,
vol. 11, no. 4, pp. 450-461, 2003.

[3] S. Dick, “Toward complex fuzzy logic,” IEEE Transactions on
Fuzzy Systems, vol. 13, no. 3, pp. 405-414, 2005.

[4] S. Dai, “A generalization of rotational invariance for complex
fuzzy operations,” IEEE Transactions on Fuzzy Systems,
vol. 29, no. 5, pp. 1152-1159, 2021.

[5] S. Dai, “On partial orders in complex fuzzy logic,” IEEE
Transactions on Fuzzy Systems, vol. 29, no. 3, pp. 698-701,
2021.

[6] G.Zhang, T.S. Dillon, K. y. Cai, J]. Ma, and J. Lu, “Operation
properties and §-equalities of complex fuzzy sets d-equalities
of complex fuzzy sets,” International Journal of Approximate
Reasoning, vol. 50, no. 8, pp. 1227-1249, 2009.

[7] S. Dick, R. R. Yager, and O. Yazdanbakhsh, “On pythagorean
and complex fuzzy set operations,” IEEE Transactions on
Fuzzy Systems, vol. 24, no. 5, pp. 1009-1021, 2016.

[8] L.Liuand X. Zhang, “Comment on pythagorean and complex
fuzzy set operations,” IEEE Transactions on Fuzzy Systems,
vol. 26, no. 6, pp. 3902-3904, 2018.

[9] S. Dick, “On complex fuzzy S-implications,” IEEE Transac-
tions on Emerging Topics in Computational Intelligence,
pp. 1-7, 2020.

[10] L.Bi, B. Hu, S. Li, and S. Dai, “The parallelity of complex fuzzy
sets and parallelity preserving operators,” Journal of Intelligent
& Fuzzy Systems, vol. 34, no. 6, pp. 4173-4180, 2018.

[11] B. Hu, L. Bi, and S. Dai, “The orthogonality between complex
fuzzy sets and its application to signal detection,” Symmetry,
vol. 9, no. 9, p. 175, 2017.

[12] B. Hu, L. Bi, S. Dai, and S. Li, “The approximate parallelity of
complex fuzzy sets,” Journal of Intelligent & Fuzzy Systems,
vol. 35, no. 6, pp. 6343-6351, 2018.

[13] B. Hu, L. Bi, and S. Dai, “Approximate orthogonality of
complex fuzzy sets and approximately orthogonality pre-
serving operators,” Journal of Intelligent & Fuzzy Systems,
vol. 37, no. 4, pp. 5025-5030, 2019.

[14] F. Durante and P. Sarkoci, “A note on the convex combi-
nations of triangular norms,” Fuzzy Sets and Systems, vol. 159,
no. 1, pp. 77-80, 2008.



[15] J. Qiao and B. Q. Hu, “On generalized migrativity property for
overlap functions,” Fuzzy Sets and Systems, vol. 357,
pp. 91-116, 2019.

[16] H. Zhou and X. Yan, “Migrativity properties of overlap
functions over uninorms,” Fuzzy Sets System, vol. 403, 2021.

[17] J. Qiao and B. Q. Hu, “On the migrativity of uninorms and
nullnorms over overlap and grouping functions,” Fuzzy Sets
and Systems, vol. 346, pp. 1-54, 2018.

[18] Y. Su, H. W. Liu, J. V. Riera, D. Ruiz-Aguilera, and J. Torrens,
“The migrativity equation for uninorms revisited,” Fuzzy Sets
and Systems, vol. 323, pp. 56-78, 2017.

[19] Y. Su, W. Zong, and H. W. Liu, “Migrativity property for
uninorms,” Fuzzy Sets and Systems, vol. 287, pp. 213-226,
2016.

[20] Y. Su, W. Zong, H. W. Liu, and P. Xue, “Migrativity property
for uninorms and semi t-operators,” Information Sciences,
vol. 325, pp. 455-465, 2015.

[21] Y. Su, W. Zong, H. W. Liu, and F. Zhang, “On migrativity
property for uninorms,” Information Sciences, vol. 300,
pp. 114-123, 2015.

[22] M. Mas, M. Monserrat, D. Ruiz-Aguilera, and J. Torrens, “An
extension of the migrative property for uninorms,” Infor-
mation Sciences, vol. 246, pp- 191-198, 2013.

[23] L. Wu and Y. Ouyang, “On the migrativity of triangular
subnorms,” Fuzzy Sets and Systems, vol. 226, pp. 89-98, 2013.

[24] Y. Ouyang, “Generalizing the migrativity of continuous
t-norms,” Fuzzy Sets and Systems, vol. 211, pp. 73-83, 2013.

[25] W. Zong and H. W. Liu, “Migrative property for nullnorms,”
International Journal of Uncertain Fuzziness Knowledge Based
System, vol. 22, no. 5, pp. 749-759, 2014.

[26] F. Durante, J. Fernandez-Sanchez, and J. J. Quesada-Molina,
“On the «-migrativity of multivariate semi-copulas
a-migrativity of multivariate semi-copulas,” Information
Sciences, vol. 187, pp. 216-223, 2012.

[27] R. Mesiar, H. Bustince, and J. Fernandez, “On the a-migra-
tivity of semicopulas, quasi-copulas, and copulas,” Informa-
tive Science, vol. 180, 2010.

[28] H. Bustince, J. Montero, and R. Mesiar, “Migrativity of ag-
gregation functions,” Fuzzy Sets and Systems, vol. 160, no. 6,
pp. 766-77710, 2009.

[29] H. Bustince, B. De Baets, J. Fernandez, R. Mesiar, and
J. Montero, “A generalization of the migrativity property of
aggregation functions,” Information Sciences, vol. 191,
pp. 76-85, 2012.

[30] C. Lopez-Molina, B. De Baets, H. Bustince, E. Indurdin,
A. Stupnanovd, and R. Mesiar, “Bimigrativity of binary ag-
gregation functions,” Information Sciences, vol. 274,
pp. 225-235, 2014

[31] R. R. Yager and A. M. Abbasov, “Pythagorean membership
grades, complex numbers, and decision making,” Interna-
tional Journal of Intelligent Systems, vol. 28, no. 5, pp. 436-
452, 2013.

[32] L. Wang and H. Garg, “Algorithm for multiple attribute
decision-making with interactive archimedean norm opera-
tions under pythagorean fuzzy uncertainty,” International
Journal of Computational Intelligence Systems, vol. 14, no. 1,
pp. 503-527, 2020.

[33] T. Nan, H. Zhang, and Y. He, “Pythagorean fuzzy full im-
plication multiple I method and corresponding applications,”
Journal of Intelligent ¢ Fuzzy Systems, vol. 41, no. 1,
pp. 1741-1755, 2021.

Journal of Mathematics



