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For different premodular, which is a generalization of modular, defined by weighted Orlicz sequence space and its prequasi
operator ideal, we have examined the existence of a fixed point for both Kannan contraction and nonexpansive mappings acting
on these spaces. Some numerous numerical experiments and practical applications are presented to support our results.

1. Introduction

The spaces of all, bounded, r-absolutely summable, and null
sequences of real numbers will be denoted throughout the
article by R”", 7, Z,, and c,, respectively, where Z" is the
set of nonnegative integers.

Definition 1. [1, 2] An Orlicz function is a function
M: [0,00) — [0, 00), which is continuous and strictly in-
creasing  with M(0)=0, M(v)>0 for v>0, and
M (v) — 00, as v —> 0o.

Definition 2. An Orlicz function M is said to satisfy
A,-condition for every values of v>0, if there is k>0, such
that M (2v)<kM (v). The A,-condition is equivalent to
M (lv) <kIM (v) for every values of I >1 and v.

Lindentrauss and Tzafriri [3] utilized the idea of a convex
Orlicz function to define Orlicz sequence space:

oy = {v eR”: p (wv) < cofor some w > 0}, where p (v)

_ i ()

(1)

(Zpp 1) is a Banach space with the Luxemburg norm:

vl = inf{w>0: p<£>sl}. 2)

Every Orlicz sequence space contains a subspace that is
isomorphic to ¢, or £,, for some 1<r<oo ([4], Theorem
4.a.9). The space of all bounded linear operators from a
Banach space X into a Banach space %) will be denoted by
RB(X,Y) and if X=9, we write RB(X).
e, =1{0,0,...,1,0,0,...}, while 1 lies in the x place, with
xeZ".

Definition 3. [5] An s-number function is a mapping from
B(X,9) into [0, 00)% which transforms every map
H e B(%,9) to (s, (H))}, satisfying the next conditions:
() |Hll = sy (H)>s, (H)>s,(H)> --- >0, for every
He B(%X,9),
(ii) sy oy (Hy + Hy) <5, (H)) + s, (H,),  for
H,,H, € B(%X,9), and y, x € £",
(iii) ideal property: s, (UTH) <|Ul|ls, (T)IH]|, for every
He B(X),%X), TeRB(X,Y) and U € B(D,D,)
where X, and %), are any two Banach spaces,

every
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(iv) for He B(%X,9) and
sy (wH) = |wls, (H),

(v) rank property: If rank (H) <x, then s, (H) =0, for
all H e #(X,9),

(vi) norming property: s, (I,)=0 or s (I,) =1,
where I, explains the unit map on the x-dimensional
Hilbert space £73.

weR, we have

The xth approximation number, a, (W), is defined as
a,(H)=inf{||[H-Y|: Y € B (X,9) andrank (Y) < x}.
(3)

Notations 1. 'The sets Sy, Sy (%X, 9), S;EP, and S;f}p (%,9) (cf.
[6]) are defined as follows:

Sw = {Sw (X,9)}, where S, (%X,9)

={H € B(X,9): ((s.(H))2, € W}Also
SW = {SWF (X,9)}, where S (X, 9)

={H € 3(%,9): ((a(H)L, € W}

(4)

Fixed point theory, Banach space geometry, normal
series theory, ideal transformations, and approximation
theory are all examples of ideal operator theorems and
summability. Faried and Bakery [6] established the concept
of a prequasi operator ideal that encapsulates the quasi
operator ideal. Bakery and Abou Elmatty investigated the
sufficient (but not necessary) conditions on #(y,r) that
allowed S,(, ;) to build a simple Banach prequasi operator
ideal in [7]. For varied weights and powers, the prequasi
operator ideal S;Pp’r) was once rigorously contained and
small prequasi operator ideal. Several mathematicians were
able to investigate many extensions for contraction maps
defined on the space or on the space itself thanks to the
Banach fixed point theorem [8]. Kannan [9] investigated an
example of a class of operators that perform the same fixed
point actions as contractions but are not continuous.
Kannan operators in modular vector spaces have only been
described by Ghoncheh [10]. He demonstrated the existence
of a Kannan mapping fixed point in complete modular
spaces with Fatou property. For more details on Kannan’s
fixed point theorems and modular vector spaces (see
[11-14]). Bakery and Mohamed [15] introduced the concept
of the prequasi norm on #") with variable exponent in
(0, 1]. They looked at the Fatou property of different pre-
quasi norms on £+, as well as the sufficient requirements
on ) with the definite prequasi norm to construct
prequasi Banach and closed space. They also demonstrated
the existence of a fixed point of Kannan prequasi norm
contraction maps on #") and the prequasi Banach op-
erator ideal constructed by ") and s-numbers. Recently,
Reich and Zaslavski [16] showed the existence of a unique
fixed point for nonlinear contractive self-mappings of a
nonbounded closed subset of a Banach space. They extended
this conclusion to contractive mappings, which map into a
Banach space a closed subset of the space. For nonexpansive
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mappings defined by an intersection of a finite number of
closed bounded and convex nonempty subsets in Banach
spaces, Dehici and Redjel [17] obtained certain fixed point
results. According to Bendahmane and Bendoukha [18], a
(p,q)-metric space is a generalization of the metric and
S-metric spaces. They equipped them a Hausdorff topology
and specified several fundamental features. Several well-
known findings from fixed point theory are generalized to
these new spaces. The paper is structured as follows: we
present conditions on the weighted Orlicz sequence space
(¢) (A)),» under definite prequasi norm of y to construct
prequasi Banach and closed sequence space in Section 3. The
Fatou property of £,, (1) has been investigated for various
prequasi norms. In Section 4, the existence of fixed point for
Kannan p-contraction mapping acting on (£,(1)),
equipped with different prequasi norms are presented.
Several numerical experiments are shown to demonstrate
our results. In Section 5, the conditions for which the space
(y (/1))” satisfies the property (R) and has the y-normal
structure property are presented. The existence of a fixed
point of Kannan prequasi norm nonexpansive mapping on
(¢ (1)), has been given. In Section 6, we explain the ex-
istence of a fixed point of Kannan prequasi norm contraction
mapping in the prequasi Banach operator ideal S, ), In
Section 7, we give some applications to the existence of
solutions of summable equations.

2. Definitions and Preliminaries

Here and after, the space of all functions y: Y — [0, 00) is
[0, 00)Y, Ois the zero vector of Y, [x/2] is the integral part of
x/2, F is the space of finite sequences, and 9 is the class of
each bounded linear mapping between any two Banach
spaces. Nakano [19] introduced the concept of modular
vector spaces.

Definition 4. Let Y be a vector space. A function u € [0, 00]"
is called modular if the following conditions hold:

W) IfBeY, =0 u(Bf) =0 and u(f) =0,
(i) if B € Y and |w| = 1, then pu(wpf) = u(fB),
(iii) assume  BoneY  and  w € [0,1], then
plwp+ (1= @) <u(p) +p(n).

The concept of premodular vector spaces, which is more
general than modular vector spaces.

Definition 5. [6] The linear space of sequences Y is said to be
a special space of sequences (sss), if:

(1) {ex}xez* ey,
(2) Y is solid, i.e., for f= (B,) €e RZ, = (1,) € Y and
1Bl <In,l, for all x € ¥, then f €Y,

(3) If (BL)32 €Y, then (Bryn)ey €Y.

Definition 6. [6] A subclass Y, of Y is called a premodular
(sss), if we have u € [0,00)" that satisfies the following
conditions:
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(i) When BeY, B=0ou(f) =0,
(ii) For every B €Y and w € R, then there is B>1 with

p(wp) < Blwlu (B),

(iii) p(B+m) <J(u(B) +u(n)), forall B,n €Y, holds for
some J > 1,

(iv) If x € Z" and |B, | <In,|, then u((B,)) <pu((n,)),

(v) For some Jo=1, we have

p((B)) <u((Brepay)) < Jou ((B)),

(vi) F = Y,

(vii) There exists ¢>0 such that

Y (w,0,0,0,...)>¢lw|x(1,0,0,0,...), for all w € R.

Example 1. The function u(B) = (3 ez VIB)’ is a pre-

modular (not a modular) on the vector space ¢5. As for every
B,y € £y5, one has

(3)-(3.

Definition 7. [15] Suppose Y is a (sss). The function
u € [0, 00)! is said to be prequasi norm on Y, if it holds the
settings (i), (ii), and (iii) of Definition 6.

Byt 1y

2

5
> <8(uB) +u(n). ()

Theorem 1. [15] Let Y be a premodular (sss), then it is
prequasi normed (sss).

Theorem 2. [15] Y is a prequasi normed (sss), when it is
quasi-normed (sss).

Definition 8. [20]

(i) The prequasi norm y on X, is said to be y-convex,
when p(wf+ (1 - w)n) <wu () + (1 —w)u(y), for
all w € [0,1] and B,y € X,,.

(i) {By}rez+S(X), is p-convergent to B € (X),, if and
only if, lim,_,  u(B, — B) = 0. If the p-limit exists,
hence it is unique.

(iii) {By}reg S (X), s
#(By=By) =0.

(iv) ® c (X), is p-closed, if for every p-converging
{By}icqr € @ to B, then B € .

(v) d c (X)ﬂ is y-bounded, if
v, (@) = sup{u (B -1n): B,n € B} <c0.

(vi) The u-ball of radius r>0 and center 3, for every
B € (X),, is defined as

B, (Br) ={n € (X),: u(B-n<rh (6)

u-Cauchy, if lim

x,h—00

(vii) A prequasi norm y on X satisfies the Fatou property,
if for every sequence {n*}c(X), with
lim, o, u(n* —n)=0and any p € (X),, we have
p (B =) < sup,inf, u(f—1m%).

Recall that the p-balls are u-closed under the Fatou
property.

Definition 9. [21] A subclass & of 9 is called an operator
ideal, if every vector € (%,9)=9n%(X,%)) holds the
following conditions:

(i) I, € &, where y indicates Banach space of one

imension.
(ii) The space & (X,9) is linear over R.
(iii) If He B(X,, %), TeZ%(X,9), and

VeB,Y,) then VTH € T (%X,,%9),), where X,
and 9), are normed spaces.

Recall that the quasi operator ideals are a special case of
the prequasi operator ideals.

Definition 10. [6] A function Y € [0, 00)? is said to be a
prequasi norm on the ideal & if the following conditions

verify:
(1) Suppose H € €(%,9), Y(H)>0 and Y(H) =0, if
and only if, H = 0,
(2) there exists D>1 such that Y (wH) < D|w|Y (H), for
every He G (%,9) and w € R,

(3) we have J=>1 so that
Y(H, +H,)<J[Y(H,)+Y(H,)] for all
H,H, € 9(%,9),

(4) we get w>1 so that if H € (X, %), T € T(X,9),
andV € B(9,9,), then Y (VTH) < w|V|[Y (T)||H].

Theorem 3. [15] The function Y (H) = u(s,(H))2, is a
prequasi norm on Sy , when Y, is a premodular (sss).

Theorem 4. [6] If Y is a quasi norm on the ideal &, then Y is
a prequasi norm on the ideal <.

Lemma 1. [22, 23] Assume M: (0,00) — [0,00) is a
continuous  function and  strictly  increasing  with

lim, ,,M(x)=0, and if the functions M/ (x) and
In (M (e*)) are convex on [0, 00), then

M“<§/\XM(ﬁx+nx)>sM‘l<§AxM(ﬁx)>
+M1<§AxM(f1x)>-

Ao Bty € [0,00), for all x € Z* and Y204, = 1.

(7)

3. Main Results

3.1. Properties of Different Prequasi Norms. In this section,
we have studied some topological structures and the Fatou
property of the weighted Orlicz sequence space, £, (), for
various prequasi norms.

Lemma 2. If M is a concave Orlicz function, then
M(x+ y)<M(x)+ M(y), for all x,y € [0, 00).

Proof. It is easy so omitted. O



Theorem 5. (£(1)),, where u(p) =372, A,M(IB,|), for
eachf e £ (), is apremodular (sss), 1fM zsa concave Orlicz
function or convex Orlicz function satisfying A,-condition.

Proof. Suppose M is a convex Orlicz function satisfying
A,-condition. First, we must demonstrate that £,, (1) is a

(sss):
1)

(i) Let B, t € £, (A). As M is a strictly increasing and
convex function satisfying A,-condition, we get

() = iMM(iﬂy +1,))
y=0

A[S (s ) Sa,0(0n )]

=§(#(ﬁ)+#(n))<oo,

this implies  + 1 € £, (A).
(ii) Suppose w € R and 8 € &), (A). Since M satisfies
A,-condition, we have

u(wp) = i AyM('w[SyD
y=0
N (9)
<Kol Y AyM(|ﬁy|> < Dlawlu(p) < co.
y=0

So wf € ), (A). Therefore, from conditions 1 (i)
and (ii), one has ¢, (1) is linear. We have
e, € £ (), for every y € Z7, as

(2) Let |B,I<In,l, for every y € Z" and 5 €y ().
Since M is a nondecreasing function, then

w @ =3 1,m(]5,))
y=0

- (10)
a0} - bt
y=0
one has € £,,(A).
(3) Assume (/3y) €y (h), we get
()= 28]
(11)

Szyz_;.))‘yMOﬁyD =2u((8,)) <o,

then (B,5) € £3;(1). Second, to prove that the
functional p on ¢, (1) is a premodular:

(i) Obviously, () >0 and u(B) = 0= = 0.

(ii) There are D =max{l,k} >1 with
u(wp) <Dlw|u(p), for every p e (1) and
w € R.
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with
every

(iii) There  exists ] = max{l,k/2}>1
uB+m<] @B +ulm),  for
By € €h(A).

(iv) Follows the proof part (2).

(v) Follows from the proof part (3) that J, =2>1.

(vi) Obviously, F = £,, ().

(vii) There exists 0 < ¢< M, (|w])/|w|M, (1), for w #0
or ¢>0, for w=0 so that y(w,0,0,0,...)
>¢lwl|u(1,0,0,0,...).

If M is a concave Orlicz function. By applying Lemma 2
and the parallel proof follows. O

Theorem 6. If M is a concave Orlicz function or convex
Orlicz function satisfying A,-condition, then (£, ()L)) is a
prequasi Banach (sss), where u(f) = Zy 20 yM(I[SyI) for
each € £, (M).

Proof. Suppose M is a convex Orlicz function satisfying
A,-condition. By using Theorem 5, the space (£, (A))H is a
premodular (sss). From Theorem 1, the space (¢, (/\)) isa
prequasi normed (sss). To prove that (£, (/1)) isa prequa51
Banach (sss), let " = (8 ) be a Cauchy sequence in
(Zum (/1)) Therefore, for aﬁ é e (0, 1), we have that for every
r,t =1y, we get

w(B ) = Y 0,m(|g,
y=0

Hence, for r,t>r, and y € Z*, one has Iﬁy ﬁyl <e
Then (ﬁ )isa Cauchy sequence in R, for fixed y € Z*. This
gives hmt_,ooﬁ /3()), for constant y e Z". Therefore,
u(B - B° <e, for all r >r,. To investigate that f° € £,; (1),
one has () =pu(B - f +p)<] (B -
+1(B") <00, so B € £), (). This implies that (£ (1)), is a
prequasi Banach (sss). If M is a concave Orlicz function. By
applying Lemma 2 and the parallel proof follows. O

ty><e. (12)

Theorem 7. If M is a concave Orlicz function or convex
Orlicz function satisfying A,-condition, then (£, (1)), is a
prequasi closed (sss), wherey(ﬁ) = Zy o J,M(|ﬁy|) for every
BetyQ).

Proof. Let M be a convex Orlicz function satistying
A,-condition. According to Theorem 5, the space (£, (A))#
is a premodular (sss). From Theorem 1, the space (£, (A))H
is a prequasi normed (sss). To prove that (£,;()), is a
prequasi closed (sss) suppose f” = (8 ) o € (Zm (/1)) and
lim,  u(f" —B° =0, hence for all = ¢ (0,1), one has
ro € Z7 so that for every r >r,, we have

WF-B)= Y am(fg-Bl)<e a3
y=0

Therefore, for r>r, and y € Z™, one has |/3 ﬁ [<e.
Hence, (f)) is a convergent sequence in R, for constant
yeZ". So, hmrﬁooﬁ /3 for constant y € Z ™. Finally to
show that ﬁ €y (/\) one has
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w(B) = u(B° ~ B+ ) <T(u(B ~ ) +u(f))<co.  (14)

Hence, HTML translation failed. This implies that
(. (/\))IA is a prequasi closed (sss). If M is a concave Orlicz
function, by applying Lemma 2 and the parallel proof
follows. O

Theorem 8. If M is a convex Orlicz function satisfying
A,-condition and In(M (e*)) is convex, then the function

u(B-n) =

M1<§0AyM<|ﬁy - 17y|)> <

<sup; infu(f~1").

Hence, u satisfies the Fatou property. O
Theorem 9. If M is a concave Orlicz function, then the
Sfunction () = Zy oAy M (1B, ) holds the Fatou property, for
all B e €, (Q).

Proof. Suppose  {r’}c(£) (X)), so that lim,
y(qb — 1) = 0. As the space (), (/1))[4 is a prequasi closed

space; hence, 1 € (£, (/\))H. As M is continuous, concave
and M (0) = 0. Therefore, for every € (£, (/\))V, one has

u(B=n) = EAyM(Iﬂy -ny|) < EMM(I/% )

# 2 0, M ([ = n,|) < sup; inf u(B ).
y=0 =

(16)

0 k[
pB—m = ;OlyMﬂﬁy - ny|) <> LZOAyMOﬁy -

Therefore, u does not hold the Fatou property. O

Example 2. For every 8 € ¢, (A), the function y () = In(1 +
Zy 2o (e‘ﬁy — 1)) is a prequasi norm, not quasi, and not a
norm.

Example 3. For __all ey (1), the function
u(p) = (Zy 2o yw“ﬁy” is a prequasi norm, quasi norm, and

not a norm.

Example 4. The function u(p)= 1nf{x> 0: Zy SoA M
(IB,1/x) <1} is a prequasi norm, a quasi norm, and a norm
on €y ().

M1<§)AyM<|ﬁy - ;f;|>> +

u(p)=m" (Zy ~o Ay M (I, 1)) verifies the Fatou property, for
all B e fM A).

Proof. Assume that {7°}<(#);(1)), such that lim, ., u
(17b —1) =0. As the space (£, ()L)) is a prequasi closed
space, one hast € (¢, (/1))”. Hence, t%r everyf € (£ (A))M,
from Lemma 1, we have

M <§0AyM<|ql; - 11y|>>

(15)

Hence, u satisfies the Fatou property. O

Theorem 10. The function u(ff) =Y _0/\ M(Iﬁy ) does not
satisfy the Fatou property, for all € 7 M ()L) if M is a strictly
convex Orlicz function satisfying A,-condition.

Proof. Since M is a strictly convex Orlicz function satisfying
A,-condition, then there exists k>2 such that
2M (u) < M (2u) < kM (u), for all u > 0. Let the conditions be
fulfilled and {#°}< (¢, (1)), with lim,__, (7" = 17) = 0. As
the space (£,,(1)), is a prequasi closed space; hence,
n€ (£ (1), Since M is continuous, then for any
Be @y ()L))H, we have

)+ Sua(lh-n)|Sw sy o

4. Kannan u-Contraction Operator

We now define Kannan y-Lipschitzian mapping acting on
(m (/1))”. The sufficient conditions for a fixed point of
Kannan contraction mapping on (7, (A))M under various
prequasi norms are investigated.

Definition 11. An operator H: (£, (/1))” — (Cy ()L))” is
called a Kannan u-Lipschitzian, if there exists v>0, so that

p(HB - Hn) <v(u(HP - ) + u(Hn = n)), (18)

for every B, € (£ (A))#.

(1) The operator H is said to be Kannan y-contraction,
when v € [0,1/2).



(2) The operator H is said to be Kannan u-non-
expansive, whenever » = 1/2.

A vector f € (), (A))M is called a fixed point of H, when
H(p) =B

Theorem 11. If M is a convex Orlicz function satisfying
A,-condition  and  In(M (e¥)) is  convex, and
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H: (¢ (A))# — (Zy (A))H is Kannan y-contraction map-

ping,  where u(p) = 1(Zy 0 yM(lﬁyl)) for all
B € ¢y (A); hence, H has a unique fixed point.

Proof. Assume that 8 € ¢,; (), one has H'f3 € £, (). Since
H is a Kannan p-contraction mapping, we have

‘u(Hm/i—Ht/)’)Sv(y(Hmﬁ—Htﬁ) +‘u(Htﬁ_Ht—1/)))):>

H(Htﬂﬁ_Htﬂ)STvv#(Htﬁ_Ht_lﬁ)S<Tvv>2y(Ht_lﬁ_Ht_2ﬁ)S S(l

Therefore, for every t,v € Z* with v>t, then we get

u(H'B- H'B) <v(u(H'p-H'"'B) + u(H'B - H''B))

o (755) () Jrose-m
(20)

So, {H'B} is a Cauchy sequence in (7, (1), As the
space (¢ (1)), is prequasi Banach space. Therefore, there is
n € (£ (), such that lim, ,, H'B=17. To prove that
Hn = 1. As u holds the Fatou property, we obtain

. t+1 t
u(Hn = ) < sup, inf u(H'"'f ~ H'p)

) At (19)
j) u(HB = ).

hence Hy = #. Hence, # is a fixed point of H. To prove the
uniqueness of the fixed point. For different fixed points
Gne (Cy (1)), of H. We have that

Ul - <u(H{-Hn) <v(u(H{ =) +u(Hn—-1n)) =0.
(22)

Therefore, { = 7. O

Corollary 1. Let M be a convex Orlicz function satisfying
A,-condition  and In(M(e*)) be convex, and
H: (Zy (A)) — (Zy (A)) be Kannan u-contraction
mapping, wzth u(p) = l(zy 2oA M (IBD)), for every
B ety (A), then H has a unique fixed point { such that
U(H'B =) < (v/1 - ) u(HB - ).

(21)
. v\
< supp %1215 (Tv> u(HB - p) =0, Proof. From Theorem 11, there is a unique fixed point { of
H. Hence, one has
_ v \!
W(H'B=C) = u(H'B = HO) <o(u(H'B~ HB) 4 w(HL - 0) =o(1— ) w(HB-P) (23)
O
Theorem 12. Suppose M is a concave Orlicz function, and (i) H is u-sequentially continuous at a point

H: (¢ (/\)) — (£ (X)), is Kannan u-contraction map-

ping, where‘u(ﬁ) = X020 A M (IB, 1), forall B € £, (A); hence,
H has a unique fixed point.

Proof. It is easy so omitted. O

Definition 13. Assume (£, (/\)) is a pr-quasi normed (sss),
H: (Zy (/1)) — (Zy ()L)) and( € (Zy (A)) The operator
H is called y- sequentzally continuous at ¢, zfand only if, when
lim,_u(B,—0) =0, thenlim,  u(HB, - H() =

Theorem 14. Let M be a strictly convex Orlicz function
satisfying A, condztzon, and H: (£ ()L)) — (Zy (A))H,

where u(B) = Y52, M(|/3y|) for every f3 e €y (A). The el-
ementn € (€ A)) is the unique fixed point of H, if the next
conditions are satisﬁed:

(i) H is Kannan y-contraction mapping,

ne (@y))w

(iii) There exists f € (€, (A)) such that the sequence of
iterates {H'B} has a subsequence {H'»B} converging
to 1.

Proof. Since M is a strictly convex Orlicz function satisfying
A,-condition, then there exists k>2 such that
2M (u) < M (2u) < kM (u), for all u > 0. Let the conditions be
verified. If # is not a fixed point of H, then H# # 7. By the
conditions (ii) and (iii), we have

lim y(HP/)’ 11)=

t*>oo

lim y(HtP“/S Hn)

t—»oo

(24)

As the operator H is Kannan y-contraction, one can see
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0<u(Hn-1n)

2 2

<—u(H""'p - Hy)

Since t,, — 00, this gives a contradiction. Hence, 7 is a
fixed point of H. To prove that the uniqueness of the fixed
point 7. For different fixed points #,{ € (£,,(1)), of H.
Therefore, one has

(= <u(Hy-HO<v(u(Hn-n)+u(H{-{) =0

(26)
So, 1 ={(. O
Example 15. Assume H: (), (/\)) — (Zy ()L)) where

M(t) =t +t and p(p)= zyo ALMB,D), for all
pey ) and
P
E’ Au(ﬂ) € [0’1))
H(p) = (27)
LRSS

As for each B, 8, € (£); (), with p(B,), u(B,) € [0, 1),
one has

conm o B () o)

5 (B, = B) + w(EHp, = £,).

(28)

Forall B,, 3, € (£); (1)), with (), 4 (B,) € [1,00), one
has

.“(Hﬁ1 - Hﬁz) = .“(fé _f(z)) < \4/11_9 <M<1§(ffl> * M(f?))

5 (HB, = B) + w(Hp, - ).

(29)

For all B,,5, € (fM()L))#
u(B,) € [1,00), we obtain

u(HB, - HB,) = M('fé fé) \/I—H<lz§1>+ v11—9#<lz§2>
1 ( (178, (198,
"17<”< 18 )”’(20))

= By) +u(HB, = By)).

with p(B,) € [0,1) and

== (u(HB,

V17
(30)
Hence, the operator H is Kannan u-contraction. As p

verifies the Fatou property. From Theorem 11, the operator
H has a unique fixed point 6 € (£, ()L))H.

_ ‘bl((Hﬂ _Htp+1ﬂ) +(Htpﬁ— ;7) +(Htp+lﬂ—Htpﬁ))

7
P ) N1 (25)
P
+—u(H'"B-1) +E”(1 —~ v) u(HB - p).
Assume {ﬁ(")}g(fM (A)), is such that lim, , u
(BY - B9) =0, where
B e (£, (1), with u(B”) = 1.
As the prequasi norm y is continuous, one can see
(62] (©)
i, 18 -15) - 1 o767
[7
(31)

(i)

Therefore, H is not p-sequentially continuous at f(©.
Hence, the operator H is not continuous at 8(©.,

Let u(B) = (X7 AyM(IﬁyI)]4, for all B € £, (A).

As for all B, B, € (£ (1)), with u(B,),u(B,) € [0, 1),
one has

oo ) 42) o)

_ % (u(HB, - B,) +u(HB, - B))-
(32)

. Forall B;, 3, € (£); (1)), with (), u(B,) € [1,00), one
as

i) =o{ )< () 1))

- % (u(HP, - B) + u(HB, - B,))-

(33)

For all B,B, € (£ (A),
#(B,) € [1,00), we get

(B B 17,\ . 8 (196,
u(Hpy — Hp;) = (1_8_%) 17”( 18 )+E”< 20 >

) A2)

with u(f;) € [0,1) and

8
17 (u(HB, = By1) + u(HB, = B,))-
(34)
So, the operator H is Kannan p-contraction and H' (f8) =
{ 8" u(p) € [0,1)
20" u(p) € [1,00)

Clearly, H is y-sequentially continuous at 8 € (£,;(1))
and {H'f} contains a subsequence {H'rf} converging to 6.
From Theorem 14, then 6 € (£, (/\))M is the unique fixed
point of H.



Example 5. Assume H: (£,;())) (Zy (L), where

—_—> w
M(t)=t* and u(p) = \/Zy 2o Ay M (B, D), for all € &\ ()

and
[Z;’ #(/3)6 [0)1)3
H(p) = (35)
B

5 u(B) € [1,00).

As for each B, 8, € (£); (1)), with u(B,), (B,) € [0, 1),
one has

o3-S 2]
- % (u(HPy = By) + u(HB, = B)).

(36)

Forall B, 3, € (£ (N)), with (), u(B,) € [1,00), 0ne

has _%)Si(y(‘fl)W(?))

weip, - 1) = o
= le (u(HB,

=B1) +u(HB, = B)):
(37)

For all B,,B, € (£ (N),
#(B,) € [1,00), we get

onm-o85) ()49

)

(u(HB, -

with p(f,) € [0,1) and

By) +u(HB, = Bs))-

U)I»—t

Hence, the operator H is Kannan u-contraction. As y
satisfies the Fatou property. From Theorem 11, the operator
H has one fixed pomt 0¢ (y ()L))

Suppose {ﬁ 4 }C(f M), is SO that
lim, (B - g0y =0, where,

[3(0 € (Zy (/1)) with u (8 ©y = 1. As the prequasi norm

u is continuous, one can see

lim ‘u(Hﬁ(y Hﬁ(o)z lim y(ﬁ(y ﬁ(0)>
y—00

y—00 5

(ﬁ‘°)>o

Therefore, H is not p-sequentially contlnuous at .
Hence, the map H is not continuous at [3

Let u(B) = Zy—O yM(Iﬂ ), for every f3 € z,”M Q).

As for each 5,3, € (£ (A)) with u (8,), 4 (B,) € [0,1),
one has

(39)
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)=o) <22 e 2))
= 2 (u(HB, ~ B,) + (HB, - £.))

(40)

Forall B, B, € (£ (1), with (Bt (B,) € [1,00), one

has _%)S%(ﬂ(%)W(%ﬁz))

u(HP, - Hp,) = P‘(%
= < (g,

- By) +u(HB, - B,)).
(41)

For all B,B, € (£y ()L))H
u(f3,) € [1,00), we obtain

u(HB, - HB,) = M(il ﬁ;) 9#(3f‘> +%#<%ﬁ2>

W)

(u(HB, -

with u(B,) € [0,1) and

Bi) +u(HB, = B2)).

\OIN

So, the operator H is Kannan pu-contraction and.
t

e = | B w® o

) <lﬁ/5t u(B) € [1,00)

Obviously, H is u-sequentially continuous at
0 € (£ (1), and {H'B} has a subsequence {H'’f} con-
verging to 0. From Theorem 14, then 6 € (£, ()L))[4 is the
unique fixed point of H.

Example 16. Suppose H: (£ (1), —

M(t) =N/t ++/t and u(B) =
p ey A) and

(fM(/\)) where
(ZyO yM(IﬁyI)) for every

(1 1
5B Boe (o)
H(B) = - 1i7e0, B, = % (43)
1 1
\ 1—860 BO € <1—7, OO)

As for each 5,1 € (£, (/1))# with f3,,7, € (—00,1/17),
one has

u(HB - Hn) = (118 (/50_’70>ﬁ1_’71’/32_’72>--~))
178 17t
=17 (”( 18) ”(ﬁ)) (4

< (= ) + (i = ).
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For every B, 11 € (£); (1)), with By, 7, € (1/17,00), then
for all € >0 one has

u(HB - Hn) =0<e(u(HP - P) +u(Hny —n)). (45)

For every B,n € (£ (1), with B, € (—00,1/17) and
o € (1/17,00), we get

i - ) =u{ 5 ) < () = e -

18 18
(46)

<= (= ) + (i = ).

Hence, the operator H is Kannan y-contraction. Evi-
dently, H is y-sequentially continuous at 1/17¢, € (£, (1)),
and we have e (£ ()L)) with S, € (-00,1/17) under
{H!B} = {Y_ 1/18"%, + 1/18tﬂ} contains a subsequence

{H%B} = {Zn:l 1/18"%, + 1/18tpﬁ} converging to 1/17e,.

From Theorem 14, the map H has a unique fixed point
1/17ey € (€ (/\))M. Observe that H is not continuous at

1/17e, € (£ (/\))M.
Ifu(p) = Zy€z+AyM(|ﬁy|), for every 3 € £, (A). As for

all ﬁsrl € (fM (/\))/" Wlth ﬁO’ ’10 €

P‘(Hﬁ_HW):#(lls (Bo = 110 By = ’71»/;2_’72)~~~))
< (+(58) (%)) @)

34—17(ﬂ(Hﬁ—ﬁ)+#(H’7—77))-

(—00, 1/17), one has

For each f,1 € (¢, (),
for all >0 we get

u(HP - Hn) =0<e(u(HP - P) +u(Hn—1n)). (48)

For every B,n € (£ (A))# with S, € (-00,1/17) and
1o € (1/17,00), this gives
178

i - )= u{ 5 ) < (7 ) = grsmCrip-p

—4—17(#(H/3—/3)+u(Hf7—f1)).

with 8,7, € (1/17,00), then

(49)

So, the operator H is Kannan y-contraction. As y sat-
isfies the Fatou property. From Theorem 11, the operator H
holds one fixed point 1/17¢, € (£, (A))H.

Example 6. Assume H: (fM(/l)) — (fM(/l)) , where
M()=t*+2t and u(p)= Z A,M(IB,D), for every
B ey (A) and

9
s+ Boe(-oog)

H) =1 ter Bo=go (50)
o hefio)

As for each B, 1 € (£, (1)), with By, 77y € (=00, 1/5), one
has

u(HB - Hn) = .“(é (Bo = o> B = 11> B2 = ’72’-“))

@)

sg (u(HB = p) +u(Hv - 1)).

Suppose 3,11 € (£ (/1))# with S, 1, € (1/5,00), then for
any € >0 we obtain

u(HB - Hn) =0<e(u(HP - P) +u(Hn-n)). (52)

Assume fB,n € (£ (1),
1o € (1/5,00), one can see

wttp - ) = B) <2 F) = Juetp -

Sé(ﬂ(Hﬁ—ﬁ)w(HW—n)).

with S, € (-00,1/5) and

(53)

Hence, the operator H is Kannan y-contraction. Clearly,
H is p-sequentially continuous at 1/5¢; € (£, (1)), and
there exists e () (/\))V with B, € (-00,1/5) under
{H'p} = {2231/6”61 + 1/6tﬁ} contains a subsequence

{H"B} = {Z;’;l 1/6"%, + 1/6tﬂﬁ} converging to 1/5e;. From

Theorem 14, the operator H holds a unique fixed point
1/5e; € (£ (1)),. Observe that H is not continuous at
1/5e, € (£, (),

If M(5)=# and u(B) = [T A, M(IB,D. for every

B ety Q).
Since for all B,y € (£ (A))H with S, %, € (-00,1/5),
one has

u(HB - Hn) = ﬂ(é (Bo = 10> B = 11182 = 125 - - ))
@) e

<2 (u(HB - )+ u(Hy - ),

If B, e (£ V), with By, 7, €
€>0 one has

(1/5,00), then for all
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u(HB - Hn) = 0<e(u(HB - p) +u(Hn - n)). (55)
Assume f,n € (£ ()L))H

1o € (1/5,00), we get
BY_1 (5B)_1

u(HB - Hn) = u e (Hﬁ B

Sé(#(Hﬁ—ﬁ)+#(H’7—’7))-

with 3, € (-00,1/5) and

(56)

So, the operator H is Kannan y-contraction. As y sat-
isfies the Fatou property. From Theorem 11, the operator H
contains one fixed point 1/5e; € (£, (1)),

5. Kannan Nonexpansive Operator

We have presented in this section the uniform convexity of
the space (), (A))H, where

£y 1) :{u cR7 . o (wu) <oo,forsomew>0}, (57)

and o (u) = Y72 A, M (|u,|), under the Luxemburg norm

p(u) :inf{w>0: g(%)sl}. (58)

Definition 12.
(1) The continuous function M is called strictly convex

(SC), if

v+t\ M)+ M(t)
M( 2 >< 2 (9)

>

for all v,t € [0,00) and v #¢.

(2) [24] The following statements are equivalent:

(i) M is a uniformly convex function on [0, 00).
(ii) For any € >0 and u, > 0, there exists a number

6 € (0,1) such that for all u, v, and
[t — v| > e max {|ul, |v|]} > eu, imply

1-6
M(”;V>ST (M () + M(v)), (60)

<t o)< o)<

n—-00

n— 0o n—:=ao

Then  lim, . o(x,+y,/2b)=1. This implies
lim, |, pu(x,+y,/2)=b.Butlim, ,  u(x,-y,) =€ >0,
this gives a contradiction. O

Theorem 18. The space £ (1) is uniformly convex, if M is a
uniformly convex Orlicz function satisfying A,-condition.

(

Journal of Mathematics

if u>u,.

(iii) For any u;>0 and a € (0,1), there exists a
number 6 € (0, 1) such that

it u>u,.

(3) [25] A normed space (X,u) is said to be strictly
convex if for any u,ve X and b>0 satisfying
pu(u)<b, p(v)<b, and p(u-v)>0 imply
u(u+v/2)<b.

(4) [26] A normed space (X, p) is said to be uniformly
convex if for any b>0 and € >0, there exists § >0
such that for all u, v € X satisfying py (1) <b, u(v)<b
and p(u—v)>e imply p(u+v/2)<b-6.

Theorem 17. Iflim, | p(x,) =b,lim, pu(y,) =band
lim, | u(x,+y,/2)=0b imply lim, | pu(x,-y,) =0,
forall {x,},{y,} ¢ €3 (A) and b >0, then ¢, (A) is uniformly
convex, where M is a convex Orlicz function satisfying
A,-condition.

Proof. Let the conditions be satisfied and #,;(1) is not
uniformly convex, then there exists ¢€,>0 and
{x.} {y.} € €y (1) such that u(x,)<b, u(y,)<b, u(x, -
y,) =€, we get u(x,+ y,/2)>b-1/n, for some b>0. To
prove that lim, ., pu(x,) =b, let lim,_,  p(x,) =b, <b
and lim,_, p(y,) =b. Since M is satistying A,-condition,
we have lim, . o(x,/b;)=1 and lim, , o(x,/b) =1
Hence,

. Xt Ya) b Xy
Jim (%) <5y Jim, 9<b1)

(61)

This is equivalent to lim, . u(x,+ y,/2) <b. This

contradicts lim, . p(x,+ y,/2)>b, S0
lim, , o(x,)=b. Similarly, we can prove that
lim,_ . o(y,)b. Also since
Xt Yn) 1 Vn )) _

)< (m o) + o)) - (62)

Proof. Assume the settings are satisfied, lim,,_, . p(x,) = b,
lim, , u(y,) =0b, and lim,_, u(x, + y,/2) = b, we will
prove that lim, | pu(x, — y,) = 0. For any € € (0,1/2), let
us choose 1 > 0 such that M (2u,) < €. Since M is uniformly
convex, then there exists &€ (0,1) such that
[u — v| > e max {|u], [v|} > eu,, imply
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M

2

For each n € Z7, put

G,=1ieZ"
E,=1ieZ":
F,=1ie Z":

V(@)
b

x, (i)

b

>

x, (1) = y,, (i)

b

x, (1) = y,, (i)

b

< €max

———

x, (1)

(” hl V) 31;—5 (M (1) + M (v)).

¥, (i)

x, (1)

¥, ()

x, () =y, (i)
Y wf fr5 20

icE,

)

11
Then we deduce
(63) . .
() mm). o
i€G,
and thus
} <u}
} zeuo}.
(64)
%, D] + 7, ()]
<2e ; M(T
(66)

(

i€Z”*

Hence, we get

0t (xa) ;#(yn) ~ #<xn ; yn>

_ ZiEZ+M(|‘xn (1)/b|) + ZiEZ+M (yn (l)/b)
2

|x, (i) + v, ()|
N zianM(|xn (i)/b|) + Yier, M (3, (D)/b)

5o

i€Z* 2b

2
|x, (i) + y, ()| (67)
- ZiEF,‘M(lxn (i)/b|) + Yier, M (, (D)/b)
B 2
_1%5 [ > M(|x, ()ib]) + Y M(yn(i)/b)]
ieF, i€F,
9 M(|x, (D)b]) + Yy M(y,D)/b)|.
2
i€F, i€F,
Since u, and e are  arbitrary, then

lim, , o(x,—y,/2b)=0. As M verifies A,-condition.
Therefore, lim,_ . p(x, — y,) = 0. From Theorem 17, the
proof follows.

Here, we discuss the property (R) and the p-normal
structure property of the space (£, (1)), O

Definition 13. 'The space (Y), holds the property (R), if for all

decreasing sequence {®,} .o+ of p-closed and u-convex

2

X, (0)

b

V(@)
b

<2e.

- 2o()

nonempty subsets of (Y), so that sup,.o+d, (B, ®,) <00, for
some € (Y),; hence, we have N, 4+ @, #D.

2

i€Z*

Definition 14. The space (Y), holds the y-normal structure
property if for all nonempty p-bounded, u-convex, and
y-closed subset ® of (Y)/4 not decreased to one point, there
exists f € O with

sup,eq 4 (B —1) <v, (D) = sup{p(B-n): B.n e ®}<oco. (68)

Theorem 19. If M is a uniformly convex Orlicz function
satisfying A,-condition, then

(1) Assume @ is a nonempty u-closed and y-convex subset
of (€y (M), For B € (£, (X)), with

d, (B, ®) = inf{u (B - 1): n € O} <c0. (69)

Therefore, ~ we  have  one with

d, (B.®) = u(B- 9.
(2) (¢ (’\))/4 satisfies the property (R).

pecd

Proof. For (1), assume f8 ¢ @ as @ is y-closed. So, one has
D:=d,(B,®)>0. Therefore, there is 7, € ® so that
lim, 4 (B —n,) = D.To prove that {5} is a y-Cauchy. For
any two subsequences {ntu} and {’7%} c {n,}, we have
”(’Ytu+’1tb/2_[;)2D’ hmu—»oo."l(ﬁ_rlta)zD
lim, ., (B -1,) = D. Moreover,

M("It,Z 14, —ﬁ> _ H(”/tu -p My, -p

as and

1
+ <= (D+D)=D.
2 2 2 2

(70)
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Therefore, we have lim,, . u(n, +n,/2-p) =
Since the space (), (A))H is uniformly convex, we get
lim u(m,~B=(m,-B)) = Jim_u(m,—n,)=0

(71)

ab

Thus, {n,} is a y-Cauchy in @. Since @ is closed and the
space (7, (A))# is complete, then there exists ¢ € © with
u(B-¢)= d# (B, ®). Since the space (£, (/1))/4 is uniformly
convex, then it is (SC), which implies the uniqueness of ¢. To
show (2), for some t, € Z*, suppose 3 ¢ @, . f, Since (d
(B, D,))eq+ € € is increasing. Set hmtﬁood B, D,) =
when D > 0. Otherw1se, Be®, foreacht € Z*. From (1), we
have a unique 7, € ®,; with d, (B, ®,) = u(f-1,), for all
t € Z*. A consistent proof will show that {n,/2}p-converges to
some 1 € (€ (/1)) Since {CD } are y-convex, decreasing and
u-closed, we get 2;1 € Nyer O, O

Theorem 20. If M is a uniformly convex Orlicz function
satisfying A,-condition, then (£ (), has the p-normal
structure property.

Proof. Let the conditions are satisfied. Theorem 18 gives that
(. (/\))IA is uniformly convex. Assume @ is a y-bounded,
u-convex, and p-closed subset of (£, (A))H not decreased to
one point. Hence, vy((D) >0. Set D = U”(CD). Let B, e ®
with ##. Hence, u(f —#/2) > 0. For every ¢ € @, one has
u(B-¢)<D and u(y—-¢)<D. As ® is p-convex, then
B +1/2 € ®©. Hence,

y(¥—¢>=y<(ﬁ_¢);(ﬂ_¢)><a 72)

for every ¢ € ®. So

sup¢e¢y(/3;r’7 - ¢> <D=v, (D). (73)
O

Lemma 3. Let the space (£, (1)), verify the (R) property and
the u-quasi-normal property. Assume O is a nonempty
p-bounded, p-convex, and p-closed subset of (£ (1)),
Suppose H: ® — O is a Kannan y-nonexpansive mapping.
For x>0. If W, ={f € ®: u(f-H(B)) <x}+D. Set

o, = n{B,(tv): HW,) < B, (t}n . (74)

Then @, is a nonempty, y-convex, y-closed subset of ®
with H(®,) ¢ @, ¢ W andv, (d,)<x.

Proof. As H(W,) c ®,, this gives O, #+ &. Since the y-balls
are p-convex, and p-closed, then @, is a p-closed and
u-convex subset of ®. To prove that @, c W,. Assume
Bed,. If u(f-H(B)) =0, we have f§ € W,. Otherwise,
suppose u (S —H(p)) > 0. Set

t = sup{u(H () - H(B)): { € W, }. (75)

From the definition of t, then H(W ) ¢ %H(H(ﬁ),t).
Hence, @, ¢ 9%, (H (p),t), which implies y (- H () <t.
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Assume d>0. Hence, there is (€W, so that

t—d<u(H({)-H(p)). Then
u(B-H(P) -d<t-d<u(H()-H(p))

< WE-HE) +uC-HQO) (7

<3 (B~ H(B) + ).

Since d is arbitrarily positive, we have y(f — H(f)) <x,
then we have feW,. For H(W,) c®,, we get
H(D,) c HW,) c ©,, this indicates ®, is H-invariant.
Consequent to prove that v, (®,) <x. As
u(H(B) - H(n) S% (w(B-H(B) +uln-Hm)), (77)

For every fneW,. Let peW,. So
HW,)c B, (H (P), x). From the definition of ®_, one has
o, Cc%A, (H(B),x). Hence, H(f) € N new, By, (17, x). There-
fore, we have (1 — {) < x, for every 5, { € @, which implies
v, (®,) < x. This finishes the proof.

In this part, we give enough settings on (£, (1)) 4 SO that
the Kannan y— nonexpansive mapping defined on it con-
tains a fixed point. O

Theorem 21. Let (¢ (1)), hold the y-quasinormal property
and the (R) property. Assume @ is a nonempty, u-convex,
p-closed, and p-bounded subset of (£ (1)), If H: ® — @
is a Kannan y-nonexpansive mapping, then H has a fixed
point.

Proof. Let  x,=xy,+1/t, for all ¢>1, where
xo = inf{u (B - H(pB)): p € ®}. We have for each ¢t >1 that

={fe®:u(f-H(P)<x}+2. Suppose D,
explamed as in Lemma 3. Clearly, x} is a decreasing
sequence of nonempty u-bounded, y-closed, and u-convex
subsets of @. The property (R) gives that @, = N, D, # .
Let B € @, we have u(f-H(B))<x,, for every t>1. If
t — 00, one has u(f-H(P))<x, which implies
u(B—H(P)) = x,. Hence, W, #J. So x, = 0. Otherwise,
X, > 0 which investigates that H has no fixed point. Assume
@, as defined in Lemma 3. Since H has no fixed point and
CDx is H-invariant, hence @, holds more than one point,
which gives, v, (@, )>0. By "the y-quasinormal property,
one has f € d) w1th

14(/3—11)<vﬂ(

for every n € ®, . By Lemma 3, we have ®, c W, . By
definition of @, , then H(f) € W, c @, . Obviously, one
has

D, )<x (78)

u(B-H(B) <v,(

which contradicts the definition of x;,. So x, = 0 this implies
that any point in W, is a fixed point of H, i.e., H has a fixed
point in ®.

According to Theorem 19, Theorem 20, and Theorem 21,
we obtain the next corollary: O

D, )<xp (79)
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Corollary 2. If M is a uniformly convex Orlicz function
satisfying A,-condition. Assume © is a nonempty, y-convex,
p-closed, and p-bounded subset of (£,;(A),. Suppose
H: ® — © is a Kannan p-nonexpansive operator. Then H
holds a fixed point.

Example 7. Let H O — O with H(B)
_ B4 u(P) o),

BI5,  u(p) € [1,00),

where @ = {/36 €y (W) Py =Py =0}, where

0(B) = Y2, AIB.I% for every B € (£ (1)), As Example 5,
the operator H is Kannan p-contraction mapping. So it is
Kannan p-nonexpansive operator. Clearly, ® is a nonempty,
p-convex, y-closed and y-bounded subset of (£,,(1)),. By
Corollary 2, the operator H has a fixed point in .

6. Kannan Y — Contraction Mappingon S, ),

For any two Banach spaces ¥ and %), we examine in this
section the existence of a fixed point of Kannan Y- con-
traction mapping on S W), where Y (Q)=M"!
(T2, M (Is, QD). for all '€ § s, 1, (%, 2).

Y@ =#((5,@)7%) = (5, @~ + Q) ) <t (s @))%y ) + (51 (Q52))
<u((l - al)y, )+ 26((s, (@)3%0)) <

Therefore, (s (Q))00 € (Cy (/\))H, this  implies
QeSi,m, (%Y. O

Theorem 23. If M is a convex Orlicz function satisfying
A,-condition and In (M (e*)) is convex, then (S(,/p ), Y)is
a  prequasi closed operator ideal,  where

Y(Q) = p((s, (Q)72):

Proof. As Theorem 5, the space (£, (A))y is a premodular
(sss).  Therefore, from Theorem 3, one has
Y(Q) =u ((s (Q));O ) is a prequasi norm on S(KM(A))
Assume Q, e Sy, (£:.9), for every reZ’ and
lim,_ | Y(Q, - )—6 Hence, there is ¢>0 and since

B(X,9)2S ¢, 0y, (%, Y), we get
Y(Q - Q) = ((5,(Q -~ Q)7 ) 245 (@ - @.0.0,0,...)

(bl <)
(82)
Hence (Q,),cy+ is convergent in AB(¥%X,9). ie,
lim,_, llQ, —Qll =0 and while (s (Q, ))°° € (fM(A))

forallr € Z*and (¢, ()L)) isa premodular (sss) Hence, we
have
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Theorem 22. If M is a convex Orlicz function satisfying
A,-condition and In (M (e*)) is convex, then (S(f W), ,Y)isa
prequasi Banach operator ideal," where

Y(Q) = (s, Q).

Proof. As Theorem 5, the space (£, (/\))H is a premodular
(sss).  Therefore, from  Theorem 3, one has

Y(Q)—‘u((s (Q)) ,) is a prequasi norm on S(fM(,\))
Suppose Q, €S, fM A)) (%,%) is a Cauchy sequence. As
B (X, Z))DS(KM(M) (%, 2)) one obtains

(@ -Q)=u((s, (@ -Q)7,)
>p(50(Q, = Q),0,0,0,...,) = M~ '(A]Q, - Q])-
(80)

Hence (Q, ),z is a Cauchy sequence in % (¥, 9)). Since
P (X,9) is a Banach space, so there is Q € % (X, %)) with

lim, _,llQ, —Qll = 0. Since (s,(Q, ))OO € (), for
every r € Z*. We have

(81)

Y@= (5, @)7,) =u((s, (@-2 + Q)7 )
< (spm(@-@))7% ) +a((sm (Q)52))  (83)
<u( (I - al)},) + 26(s, (Q)2)) <e

(5, ()2 € (£a (W),

we have then

QeSwu,w
JEX) 3

Definition 15. A prequasi norm Y on the ideal S, ),

where Y (Q) = u((s,(Q) 70) satisfies the Fatou property zf
for any  sequence Qy e:Z“*—S(fw(l)) (X 2)) with
limy_‘ooY(Qy -Q)=0 and any VesS, X,9), then

Y(V - Q) <sup, inf u(V - Q)).
jzy

Theorem 25. The prequasinorm Y(Q) =

(Zy oAy M (5,(Q)), for all Qe S, D), (%X,9) does not
satisfy the Fatou property, if M is a convex Orlicz function
satisfying A,-condition and In (M (e¥)) is convex.

Proof. Assume the settings are satisfied and

{Qliez Sy, (9 with  lim,_,Y(Q -Q) =
Since the space S(f (), is @ prequasi closed ideal, then,
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QeSy, ), (%,%9). Hence, for any V € S(,ﬁM(A)) (%X,9), we
have

(e

Y(V-Q=M (ZA M(s, (V- Q))) M‘<
y=0
SZsuptijrith_l<},Z_;))LyM(sy(V—Qj))>

Hence, Y does not satisfy the Fatou property. O

Definition 16. An operator P: S0, (%,9)
— S, ), (%,9) is called a Kannan Y- szschztzzan, if
there exists v> 0, so that for every Q. T € S, ), (%,9), we
have

Y (PQ - PT) < v(Y(PQ - Q) + Y (PT - T)). (85)

(1) If v € [0, 1/2), the operator P is said to be Kannan
Y-contraction.

(2) If v =1/2, the operator P is said to be Kannan
Y-nonexpansive.

Definition ~ 17. An  operator ~ P: S, ), (%,9) —
S, o, (X,9) is said to be Y- sequentlally contlnuous atV,
if and only if, when lim, | Y(Q,-V)=0, then
lim, ., Y(PQ,-PV)=0

Theorem 26. If M is a convex Orlicz function satisfying
A,-condition and In(M(e¥)) is conve, and

0<Y(PT-T)

<2Y(P''V - PT) + 4Y(P'V - T) + 4v<1 Y

Since f; — 0o, we have a contradiction. Hence, T is a
fixed point of P. To prove the uniqueness of the fixed point
T. Let we have two different fixed points
T,U €S, (m(x, 9)) of P. Therefore, one has

Y(T-U)<Y(PT - PU)

(88)
<v(Y(PT-T)+Y(PU-U)) =0.

Hence, T = U. O

Example 8. Assume P: S, (M)H(ae, 2) — S, 0, (X, 9),

where Y (Q) = Zy —ohy sy(Q),for everyQ e S, (A))M(x’g))
and

(ol -2) )

A,M

Journal of Mathematics

M1<§MM(SW,2”<QJ.-Q))>

"~ (84)
P S(KM(A (%,9) — S, ), ) (X,9). The point
TeS, (l" Q) is the umque fixed point of P, when the

followmg condztzons are satisfied:

(i) P is Kannan Y-contraction mapping,
(ii) P is Y-sequentially
TeSy, ), ), (X, D),
(iii) There exists V €S0 (% 9)) so that the sequence
of iterates {P'V} has a subsequence {P'iV} con-

verging to T.

continuous at a point

Proof. Let the conditions be verified. If T is not a fixed point
of P, then PT # T. From the conditions (ii) and (iii), we have

lim Y(Pth - T) =

t]»—n:)o

lim Y(Pff“v - PT) =0

t]-—>oo

(86)

Since P is Kannan Y-contraction mapping, one can see

X((PT- P+ (PV -T) (25 - )

(o1 (87)
- )’ Y (PV - V).
Q
%’ Y(Q) € [0> 1)3
P(Q) (89)
3—Q7, Y(Q) € [1,00).

As for every QI,QZESKM(M) with Y(Q,),Y(Q,)

€ [0,1), one has
V(550 = ( (50 (58)

-Q))-

Y (PQ,

—PQz) =

U‘lIl\J

(Y(PQ; - Q) + Y (PQ,

(90)
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For each Q;,Q, € S, ), with Y(Q,), Y (Q,) € [1,00),
we get
_ Q1 Qz 36Ql 36Q2 _1 _ _
v -0 1(%-2)< (1) 1(2)) oo -y o o
For each Q,Q, € N with Y(Q) € [0,1) and
Y (Q,) € [1,00), one can see g
L Q) _225Q,\ |1 (36Q,\ 2/ (25Q 36Q,
Y(PQ, - PQ,) = Y<26 37) S5Y< 26 ) " 3Y< 37 >S5<Y< 26 ) +Y< 37 )) (2)
2
=3 (Y(PQ, - Q) + Y(PQ, - Qy)).
Q Q) _V2/,/4Q 4Q
So, the operator Q is Kannan Y-contraction and P (Q) = Y(PQ, - PQ,) = Y<*1 - J) 4 ( (?) + Y(TZ»
{Q/26t, Y(Q) € [0,1), a
t
Q7. X(Q el ok - (X(PQ - Q) + Y(PQ, - Q).
Clearly, P is Y-sequentially continuous at the zero op-
erator @ € S, (95)

(), and {P'Q} has a subsequence {P'iQ}

converging to G) ‘From Theorem 27, the zero operator

®cS is the unique fixed point of P. Suppose with
@),

hmt_>OO (QW -QO) =0-b + Vb? - 4ac/2a, where

QO ¢ S OO, with Y(Q(O ) = 1. From the continuously of

the prequa51 norm Y, one has

lim Y(PQ" - PQ”) = lim Y(———)

t—00

So P is not Y-sequentially continuous at Q®. This
implies the operator P is not continuous at Q).

Example 9. Suppose P: Sz, oy (£,2) — S(z, o, (£, D),

where Y(Q) = Zy 2o y(s Q)% for every
Q€S m), (%) and
2 Y@en,
P(Q) = (94)
Q

o’ Y(Q) € [1,00).

As for each Q;,Q, €S, ), with Y(Q,),Y(Q,) €
[0,1), one can see

ForeveryQ;,Q, € Sz, ), with Y (Q,), Y (Q,) € [1,00),
this implies

w01 (G- $) 02 ()
V2
5

(Y(PQ, - Q) + Y (PQ, - Qy)).
(96)
For each Q,;,Q, € S, )
Y (Q,) € [1,00), one obtains

Y(PQ, - PQ,) = Y(Ql QZ)

) with Y (Q,) € [0,1) and

() I

4 \5 6
=T ((*) ()
g( (le Q1)+Y(PQ2_Q2))'

(97)

So, the operator Q is Kannan Y-contraction and.

ey - Q5L Y (Q e o),
PQ= {Q/6t, Y (Q) € [1,00).

Evidently, P is Y-sequentially continuous at the zero
operator © € S () and {P'Q} has a subsequence {P'/Q}
converging to ® From Theorem 27, the zero operator
® €S, 0 ) is the unique fixed point of P. Suppose
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Q )}CS(/ W), with lim,_, . Y(Q® -Q©®) =0, where
QWes (€3 ), with Y (Q©) = 1. From the continuously of
the prequasi norm Y, one has

() (0)
?-PQ") = lim Y(Q—Q)

t—00 5 6

©)
Q > 0.
30
So P is not Y-sequentially continuous at Q(*). Hence, the
operator P is not continuous at Q(®.

lim Y(PQ'
t—00
(98)

7. Applications on Summable Equations

We investigate here a solution to (101), which studied by
many authors (see [27-29]), in (£, (1)),

M < Y. Do y)(h(y.,) = k(1))

yeZ*

Journal of Mathematics

Be=1,+ Z D(x, y)h(y,ﬁy).

y=0

Suppose H: (£, ()L))ﬂ —

H(/))x)xez" = <

(99)

(Cy (/\))H constructed by

> . (100)
xeZ*

Theorem 27. If M is a convex Orlicz function satzsfytng
A,-condition and In(M (e*)) is convex, D: F SR,
h: Z*xR— R, r: Z" — R, and for all x € Z*, there
exists v € [0, 1/2), with

T+ Z D(x, y)h(y,ﬁy)

y=0

(101)
sM(ﬂ[M( re—PBe+ Y D(x ) f(3.B,) > +M< o1+ ). D) f(yn,) )}
y=0 y=0
then equatzon (101) hold a solution in (£, ()L)) where Proof. Suppose the setups are verified. We have
u(B) =M1 (X2 MB.D), for every B € €5 (D).
ﬂ(Hﬁ—Hn):M1< >, AM(|Hp, - Hn,| )> = < > A M( Y. DCy[h(r.8,)~h(y.n,)] >>
xeZ* xeZ* meZ*
<vM™! A M - D(x, y)h
ot ( S oo Sowmin)]))
+ vM1< Z /\xM< re—Hy+ OZO: D(x,y)h(y, r]y) >>
x€eZ" m=0
=v(u(HB ~ B) +u(Hn —1)).
. . . . (3x+6) ﬁ ! .
In view of Theorem 11, there exists a unique solution of Bi=e + Z (-1 (x2 N ) sin y, (103)
equation (101) in (£, ()L))H. O yi+
wherev>2andlet H: (£, (A))ﬂ — (Zy (/\))M is defined by
Example  10. For the space (£ ()L))H, where

(B = Y e |B,]* for all B e £,,(1). Assume the sum-

mable equations are defined as

H(ﬁx)xe:z’ = < (6 + Z (-1 <x2 +/3)/ i 1) Siﬂy> . (104)
xeZ*
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We have

4

Z G <x2 P ) (sin y — sin y)

<1 V'
=y sin y

By Theorem 27, the summable equations (105) have one

solution in (&), (/1))”.
> D@ y)(h(y.8,) -

o5
g

then equation (101) contains one solution in (£, (/\)) where

p(B) = Y20 M(IBD), for each B € £, (M)

Ty _Bx + Z D(x’y)h(y’ﬁy)
y=0

[; 4

—_ +
X2+ y* +

e

_(3x+6) /3 +Z( 1) (

every x € Z*,

h(y.n,))

)

rx_/';x+ ZD(x’y)f(y’ﬁy)

=0

<v

Y AM

xeZt

2. AM(HB, ~ Hi|)) =

xeZ*

Sv[ > AM

xeZ*
=v(u(HB - P) +u(Hn —n)).

u(HB - Hn) =

yeZ*

In view of Theorem 12, there exists a unique solution of

equation (101) in (£, ()L))‘u. O
Example 11. For  the  space (Zu (/\)) where
w(B) =Y e+ VIPil, for every f e £y (). Assume the sum-

mable equations

00
ﬁx _ e—(3x+6) + Z (_1)x+y<
y=0

elB:|
(108)

)

x2+y2+1

1/3

>v

<x2 el )(( 1)’ - (1))

elfl

Z(—)

|

1/3
+

IN

o0
e—(3x+6) _ﬁx + Z (_1)x+y<
y=0

xX2+y2+1

Theorem 30. If M

>+M

Proof. Suppose the setups are verified. One has

Y. Dxy)(r(y:B,) -

>+

17

(105)

(3x+6)

v 4

ot 1 i .
z( )(x2+y +1> s1nyj|

is a concave Orlicz function,

D: " —R hZ*'xXR—R, r: Z* — R, and for
there exists v € [0, 1/2), with

(106)
re—te+ Yy Dy f(y1,)

y=0

( )

h(y.ny))

)

re=1e+ ) DG yh(yin,)
y=0

> AM

xeZ*

/.

(Zum (/\))H is defined by

elB] >>
xeZ*

x2+y2+1
(109)

[

wherev>2andlet H: (¢, ()L))# —

0
e—(3x+6) + z (_1)x+y<
y=0

H (ﬁx)xefl‘*

It is easy to see that

(110)

el

Il

0
e—(3x+6) —n,+ Z (_l)x+y<
y=0

x2+y2+1
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By Theorem 30, the summable equation (105) has an
unique solution in (£, ()L))”.

Example 12. Given the sequence space (£, (A))W where

t(B) =\ e B 1% for all B e £y, (A). Consider the sum-

mable equations (110), with x>2 and v>2 and let
H: @ — @, where ® ={B € (£,,(1),: By = By =0}, de-
fined by

2

o el
z (-1) (m) (-1 -(-1))

1
<=
9{

By Theorem 27 and Corollary 2, the summable equation
(110) have a solution in ®.

—(3x+6) N x+y elﬁxl !
e B+ Y (1) ————
B Z 1) x2+y2+1
y=0

8. Conclusion

We explored the presence of a fixed point for both Kannan
contraction and nonexpansive mappings working on
various premodular, which is a generalization of modular,
defined by weighted Orlicz sequence space and its pre-
quasi operator ideal. Numerous numerical experiments
and practical applications are used to substantiate our
findings.
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—(3x+6) O Xty elﬁx | !
H(Bo)e2=| ¢ + ZO 1) m) :
r= x>2

(111)

Obviously, @ is a nonempty, y-convex, u-closed, and
u-bounded subset of (£, (A))H. It is easy to see that

(112)
|
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