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In this paper, we deal with the existence and uniqueness of solution for ψ-Hilfer Langevin fractional pantograph differential
equation and inclusion; these types of pantograph equations are a special class of delay differential equations. The existence
and uniqueness results are obtained by making use of the Krasnoselskii fixed-point theorem and Banach contraction principle,
and for the inclusion version, we use the Martelli fixed-point theorem to get the existence result. In the end, we are giving an
example to illustrate our results.

1. Introduction

Over the past few years, fractional differential equations
have attracted the interest of many mathematicians due to
their ability to describe several complex problems in differ-
ent scientific and engineering fields such as physics, biology,
chemistry, and control theory (for more details, see [1–14]).

With the recent outstanding development in fractional
differential equations, the Langevin equation has been con-
sidered a part of fractional calculus, and its form is mðd2xÞ
/dt2 = λðdx/dtÞ + ηðtÞ, introduced by Paul Langevin in
1908. The Langevin equation is an effective tool that can
describe processes as regards time evolution of the velocity
of the Brownian motion [15–19] and also describe the evolu-
tion of physical phenomena in fluctuating environments [8]
(for more details see, for example, [2, 20, 21]).

There are diverse definitions of fractional integrals and
derivatives, the famous definitions are the Riemann-
Liouville and the Caputo fractional derivatives. Hilfer [3]
introduced the generalization of these derivatives under
the name of Hilfer fractional derivative of order α and
parameter β ∈ ½0, 1�.

The authors in [14] have investigated the existence and
uniqueness of solution for an initial value problem of Lange-
vin equation involving two fractional orders, as follows:

Dβ Dα + λð Þx tð Þ = f t, x tð Þð Þ, 0 ≤ t ≤ 1, 0 < α ≤ 1, 1 ≤ β ≤ 2,
x 0ð Þ = x 1ð Þ = 0,D2αx 1ð Þ + λDαx 1ð Þ = 0:

(

ð1Þ

where Dα is is the Caputo fractional derivative of order α,
f : ½0, 1� ×ℝ⟶ℝ is a given continuous function, and λ is
a real number.

Motivated by the mentioned work and the new research
going on in this direction, we study a new and a challenging
case of fractional derivative called the ψ-Hilfer derivative
[22]; this brand of fractional derivative generalizes the
well-known fractional derivatives (Riemman-Liouville,
Caputo, ψ-Riemman-Liouville, Hilfer-Hadamard, and Katu-
gampola derivative), for different values of function ψ and
parameter β; these values are described in what follows.

In this paper, we study the existence and uniqueness
results of the solutions for the following problem:

HD
α1,β1;ψ HDα2,β2;ψ + μ

� �
x tð Þ = f t, x tð Þ, x λtð Þð Þ, a ≤ t ≤ b

x að Þ = 0, x bð Þ = 〠
n

i=1
ωi I

σi ;ψ xð Þð Þ ηið Þ:

8>><
>>:

ð2Þ
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where HDα j ,β j;ψ, j = 1, 2 are the ψ-Hilfer fractional deriva-
tive of order αj, 0 < αj < 1 and parameter βj, 0 ≤ βj ≤ 1, j
= 1, 2, μ ∈ℝ∗, 0 < λ < 1, a ≥ 0, Iσi ;ψ, are the ψ-Riemann-
Liouville fractional integral of order σi > 0, ωi ∈ℝ∗, i = 1,
⋯, n, a < η1::⋯ < ηn < b, and f : ½a, b� ×ℝ2 ⟶ℝ is a
continuous function.

We also will study the multivalued version of the
problem (2) by considering the following problem:

HDα1,β1;ψ HDα2,β2;ψ + μ
� �

x tð Þ ∈ F t, x tð Þ, x λtð Þð Þ, a ≤ t ≤ b

x að Þ = 0, x bð Þ = 〠
n

i=1
ωi I

σi ;ψ xð Þð Þ ηið Þ:

8>><
>>:

ð3Þ

where F : ½a, b� ×ℝ2 ⟶P ðℝÞ is a multivalued map
(P ðℝÞ is the family of all nonempty subjects of ℝ).

The novelty of this paper and its challenges are that it
collects and generalizes the types of fractional derivative,
for different values of function ψ and parameter βi, i = 1, 2
such as follows:

(i) If ψðxÞ = x and βi = 1, then the problems (2) and (3)
reduce to the Caputo-type

(ii) If ψðxÞ = x and βi = 0, then the problems (2) and (3)
reduce to the Riemman-Liouville-type

(iii) If βi = 0, then the problems (2) and (3) reduce to the
ψ-Riemman-Liouville-type

(iv) If ψðxÞ = x, then the problems (2) and (3) reduce to
the Hilfer-type

(v) If ψðxÞ = log ðxÞ, then the problems (2) and (3)
reduce to the Hilfer-Hadamard-type

(vi) If ψðxÞ = xρ, then the problems (2) and (3) reduce to
Katugampola-type

This paper is structured as follows: In the second section,
we will present some auxiliary lemmas, some basic defini-
tions, and theorems which are needed throughout this
paper. In the third section, we discuss the existence and
uniqueness results for the first problem, by using Krasno-
selskii’s fixed-point theorem and Banach’s contraction prin-
ciple. In the fourth section, we deal with the existence results
for the inclusion version, by making use of Martelli’s fixed-
point theorem, which is applicable to completely continuous
operators. Finally, in the last part, we give an example to
support our study.

2. Preliminaries and Notations

2.1. Fractional Calculus. In this section, we introduce some
definitions, lemmas, and useful notations that will be used
throughout this paper.

Let C = Cð½a, b�,ℝÞ denote the Banach space of all con-
tinuous functions from ½a, b� into ℝ with the norm defined

by k f k = supt∈½a,b�fj f ðtÞjg. We denote by ACnð½a, b�,ℝÞ the
n-times absolutely continuous functions given by

ACn a, b½ �,ℝð Þ = f : a, b½ �⟶ℝ ; f n−1ð Þ ∈ AC a, b½ �,ℝð Þ
n o

:

ð4Þ

Definition 2.1 [23]. Let ða, bÞ, −∞≤ a < b≤+∞, be a finite or
infinite interval of the half-axis ð0, +∞Þ and α > 0. In addi-
tion, let ψðtÞ be a positive increasing function on ða, b�,
which has a continuous derivative ψ′ðtÞ on ða, bÞ. The ψ-
Riemann-Liouville fractional integral of a function f with
respect to another function ψ on ½a, b� is defined by

Iα;ψa+ f tð Þ = 1
Γ αð Þ

ðt
a
ψ′ tð Þ ψ tð Þ − ψ sð Þð Þα−1 f sð Þds, ð5Þ

where Γð:Þ represents the Gamma function.

Definition 2.2 [23]. Let ψ′ðtÞ ≠ 0 and α > 0, n ∈ℕ. The
Riemann-Liouville derivative of a function f with respect
to another function ψ of order α, correspondent to the
Riemann-Liouville is defined by

Dα;ψ
a+ f tð Þ = 1

ψ′ tð Þ
d
dt

 !n

In−α;ψa+ f tð Þ,

= 1
Γ n − αð Þ

1
ψ′ tð Þ

d
dt

 !n

Á
ðt
a
ψ′ tð Þ ψ tð Þ − ψ sð Þð Þn−α−1 f sð Þds,

ð6Þ

where n − 1 < α < n, n = ½α� + 1, and ½α� denote the integer
part of the real number α.

Definition 2.3 [23]. Let n − 1 < α < n with n ∈ℕ, ½a, b� is the
interval such that −∞≤ a < b≤+∞ and f , ψ ∈ Cnð½a, b�,ℝÞ
are two functions such that ψ is increasing and ψ′ðtÞ ≠ 0
for all t ∈ ½a, b�. The ψ-Hilfer fractional derivative of a func-
tion f of order α and type 0 ≤ β ≤ 1 is defined by

HDα,β;ψ
a+ f tð Þ = Iβ n−αð Þ;ψ

a+
1

ψ′ tð Þ
d
dt

 !n

I 1−βð Þ n−αð Þ;ψ
a+ f tð Þ

= Iγ−α;ψa+ Dγ;ψ
a+ f tð Þ,

ð7Þ

where n − 1 < α < n, n = ½α� + 1, and ½α� denote the integer
part of the real number α, with γ = α + βðn − αÞ.

Lemma 2.4 [23]. Let α, β > 0. Then we have the following
semigroup property given by

Iα;ψa+ I
β;ψ
a+ f tð Þ = Iα+β;ψa+ f tð Þ, t > a: ð8Þ
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Proposition 2.5 [23, 24]. Let a ≥ 0, υ > 0, and t > a. Then, ψ
-fractional integral and derivative of a power function are
given by

(i) Iα;ψa+ ðψðsÞ − ψðaÞÞυ−1ðtÞ = ðΓðυÞ/Γðυ + αÞÞ
ðψðsÞ − ψðaÞÞυ+α−1ðtÞ

(ii) HDα;ψ
a+ ðψðsÞ − ψðaÞÞυ−1ðtÞ = ðΓðυÞ/Γðυ + αÞÞ

ðψðsÞ − ψðaÞÞυ−α−1ðtÞ, n − 1 < α < n,υ > n

Lemma 2.6 [23]. If f ∈ Cnð½a, b�,ℝÞ, n − 1 < α < n, 0 ≤ β ≤ 1,
and γ = α + βðn − αÞ, then

Iα;ψa+
HDα,β;ψ

a+ f
� �

tð Þ = f tð Þ − 〠
n

k=1

ψ tð Þ − ψ að Þð Þγ−k
Γ γ − k + 1ð Þ f n−k½ �

ψ I 1−βð Þ n−αð Þ;ψ
a+ f að Þ,

ð9Þ

for all t ∈ ½a, b�, where f ½n−k�ψ f ðtÞ≔ ðð1/ψ′ðtÞÞðd/dtÞÞn f ðtÞ:

Lemma 2.7. Let a ≥ 0, 0 < αi < 1, i = 1, 2, and h ∈ Cð½a, b�,ℝÞ.
The function x is a solution of the problem:

HDα1 ,β1 ;ψ HDα2 ,β2 ;ψ + μ
� �

x tð Þ = h tð Þ, a ≤ t ≤ b,

x að Þ = 0, x bð Þ = 〠
n

i=1
ωi I

σi ;ψ xð Þð Þ ηið Þ, a < ηi < b, i = 1,⋯, n,

8>><
>>:

ð10Þ

if and only if

x tð Þ = Iα1+α2 ;ψh tð Þ − μIα2 ;ψx tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1À Á
/ΔΓ γ1 + α2ð Þ

Á Iα1+α2 ;ψh bð Þ − μIα2 ;ψx bð Þ − 〠
n

i=1
ωiI

α1+α2+σi ;ψh ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
" #

,

ð11Þ

where

Δ = 〠
n

i=1
ωi

ψ ηið Þ − ψ að Þð Þγ1+α2+σi−1
Γ γ1 + α2 + σið Þ −

ψ bð Þ − ψ að Þð Þγ1+α2−1
Γ γ1 + α2ð Þ ≠ 0:

ð12Þ

Proof. The problem (10) can be written as

Iγ1−α1;ψHDγ1;ψ HDα2,β2;ψ + μ
� �

x tð Þ = h tð Þ: ð13Þ

Applying the ψ-Riemann-Liouville fractional integral of
order α1 to both sides, we obtain the following by using
Lemma 2.6

HDα2,β2;ψx tð Þ + μx tð Þ = Iα1;ψh tð Þ + d0
Γ γ1ð Þ ψ tð Þ − ψ að Þð Þð γ1−1,

ð14Þ

where d0 is constant and γ1 = α1 + β1 − α1β1. Next, applying
the ψ-Riemann-Liouville fractional integral of order α2 to
both sides of (14), we get by using Lemma 2.6:

x tð Þ = Iα1+α2;ψh tð Þ − μIα2;ψx tð Þ
+ d0
Γ γ1 + α2ð Þ ψ tð Þ − ψ að Þð Þγ1+α2−1À

+ d1
Γ γ2ð Þ ψ tð Þ − ψ að Þð Þγ2−1À

:

ð15Þ

From using the boundary condition xðaÞ = 0 in (15), we
obtain that d1 = 0. We get

x tð Þ = Iα1+α2;ψh tð Þ − μIα2;ψx tð Þ + d0
Γ γ1 + α2ð Þ ψ tð Þ − ψ að Þð Þγ1+α2−1À

:

ð16Þ

From using the boundary condition xðbÞ =∑n
i=1

ωiðIσi ;ψðxÞÞðηiÞ, in (15), we find

d0 =
1
Δ

Iα1+α2;ψh bð Þ − μIα2;ψx bð Þ − 〠
n

i=1
ωiI

α1+α2+σi ;ψh ηið Þ
"

+ μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
:

ð17Þ

Substituting the value of ðd0Þ in (16), we obtain the
solution (11). The converse follows by direct computation.

2.2. Multivalued Analysis. For a normed space ðX, k:kÞ,
we define

P Xð Þ = Y ⊂ X : Y ≠∅f g,
P b,c,cl Xð Þ = Y ⊂ X : Y is bounded, convex and closedf g:

ð18Þ

For more details of multivalued analysis, see ([2, 3]).

Definition 2.8. A multivalued map F : ½a, b� ×ℝ⟶P ðℝÞ is
said to be Carathéodory if

(i) t⟶ Fðt, xÞ is measurable for each x ∈ℝ

(ii) x⟶ Fðt, xÞ is upper semicontinuous for almost all
t ∈ ½a, b�

Furthermore, a Carathéodory function F is called L1-
Carathéodory if:

(iii) For each ρ > 0, there exists φρ ∈ L
1ð½a, b� ;ℝÞ such

that
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F t, xð Þk k = sup vj j: v ∈ F t, xð Þf g ≤ φρ tð Þ, ð19Þ

for all x ∈ℝ with kxk ≤ ρ and for a.e. t ∈ ½a, b�.

Theorem 2.9 (Krasnoselskii fixed-point theorem [25]). Let
M be a closed, bounded, convex, and nonempty subset of a
Banach space. Let A ,B be the operators such that

(i) Ax +By ∈M whenever x, y ∈M
(ii) A is compact and continuous

(iii) B is contraction mapping

Then there exists z ∈M such that z =Az +Bz.

Theorem 2.10 (Martelli fixed-point theorem [26]). Let X be
a Banach space and T : X⟶P b,c,clðXÞ be a completely con-
tinuous multivalued map. If the set Λ = fx ∈ X : θx ∈ TðxÞ,
θ > 1g is bounded, then T has a fixed point.

3. Existence and Uniqueness Results for
Problem (2)

In this section, we investigate the existence and uniqueness
results for the problem (2), for this to simplify the computa-
tions, we use the following notations:

Φ1 =
ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

Á ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

" #
,

ð20Þ

Φ2 = μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

Á ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

" #)
:

ð21Þ
In view of Lemma 2.7, we define the operator K : C

⟶C by

Kxð Þ tð Þ = Iα1+α2;ψ f t, x tð Þ, x λtð Þð Þ

− μIα2;ψx tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψ f b, x bð Þ, x λbð Þð Þ − μIα2;ψx bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψ f ηi, x ηið Þ, x ληið Þð Þ

+ μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
,

ð22Þ

where C = Cð½a, b�,ℝÞ denotes the Banach space of all
continuous functions from ½a, b� into ℝ with the norm kxk
≔ sup fjxðtÞj ; t ∈ ½a, b�g.
3.1. Existence Result via Krasnoselskii’s Fixed-Point Theorem

Theorem 3.1. Assume that
ðH1Þf : ½a, b� ×ℝ2 ⟶ℝ is a continuous function such

that j f ðt, x, yÞj ≤ ϕðtÞ, ∀ðt, x, yÞ ∈ ½a, b� ×ℝ2, with ϕ ∈ Cð½a,
b� ;ℝ+Þ

ðH2ÞΦ2 < 1, where Φ2 is given by (21)
Then there exists at least one solution for the problem (2)

on ½a, b�.

Proof. Let supt∈½a,b�jϕðtÞj = kϕk and Br = fx ∈C ; kxk ≤ rg,
where r ≥ ðkϕkΦ1Þ/ð1 −Φ2Þ, we will show that the operator
K defined by (22) satisfies the conditions of Krasnoselskii’s
fixed-point theorem, for that we split the operator K into
the sum of two operators K1 and K2 defined, on the closed
ball, by

K1xð Þ tð Þ = Iα1+α2 f t, x tð Þ, x λtð Þð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2 f b, x bð Þ, x λbð Þð Þ − 〠
n

i=1
ωiI

α1+α2+σi f ηi, x ηið Þ, x ληið Þð Þ
" #

,

K2xð Þ tð Þ = −μIα2x tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á −μIα2x bð Þ + μ〠
n

i=1
ωiI

α2+σi x ηið Þ
" #

:

ð23Þ

For every x, y ∈Br , we have

K1xð Þ tð Þ + K2yð Þ tð Þj j
≤ Iα1+α2 f t, x tð Þ, x λtð Þð Þj j + μj jIα2 y tð Þj j

+ ψ tð Þ − ψ að Þð Þγ1+α2−1
Δj jΓ γ1 + α2ð Þ × Iα1+α2 f b, x bð Þ, x λbð Þð Þj j

"

+ 〠
n

i=1
ωij jIα1+α2+σi f ηi, x ηið Þ, x ληið Þð Þj j + μj jIα2 y bð Þj j

+ μj j〠
n

i=1
ωij jIα2+σi y ηið Þj j

#
,

≤ ϕk k ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

" #)

+ yk k μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

" #)
,

≤ ϕk kΦ1 + rΦ2, ≤ r,
ð24Þ

then kK1x +K2yk ≤ r, which implies thatK1x +K2y ∈Br.
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Since f is continuous, then the operator K1 is continu-
ous, and it is uniformly bounded on Br as

K1xk k ≤Φ1 ϕk k: ð25Þ

Next, we prove that the operator K1 is compact, for
that setting supðt,x,yÞ∈½a,b�×Br

j f ðt, x, yÞj = �f <∞, and let τ1,
τ2 ∈ ½a, b�, τ1 < τ2; we obtain

K1xð Þ τ2ð Þ − K1xð Þ τ1ð Þj j

= Iα1+α2 f τ2, x τ2ð Þ, x λτ2ð Þð Þ + ψ τ2ð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

����
× Iα1+α2 f b, x bð Þ, x λbð Þð Þ − 〠

n

i=1
ωiI

α1+α2+σi f ηi, x ηið Þ, x ληið Þð Þ
" #

− Iα1+α2 f τ1, x τ1ð Þ, x λτ1ð Þð Þ − ψ τ1ð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

· Iα1+α2 f b, x bð Þ, x λbð Þð Þ − 〠
n

i=1
ωiI

α1+α2+σi f ηi, x ηið Þ, x ληið Þð
" #����

≤
�f

Γ α1 + α2ð Þ

�����
ðτ1
a
ψ′ sð Þ ψ τ2ð Þ − ψ sð Þð Þα1+α2−1 − ψ τ1ð Þ − ψ sð Þð Þα1+α2−1dsÀ Á

+
ðτ2
τ1

ψ′ sð Þ ψ τ2ð Þ − ψ sð Þð Þα1+α2−1ds
�����

+ ψ τ2ð Þ − ψ að Þð Þγ1+α2−1 − ψ τ1ð Þ − ψ að Þð Þγ1+α2−1�� ��
Δj jΓ γ1 + α2ð Þ

× �f
ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + �f 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

" #
:

ð26Þ

The right-hand side tends to zero as τ2 − τ1 ⟶ 0,
independently of x ∈Br . Then, K1 is equicontinuous;
hence, K1 is relatively compact on Br . By the Arzelà-
Ascoli theorem, it implies that K1 is compact on Br .

In the next step, we will show that K2 is a contraction
mapping; for that, let x, y ∈C , and for t ∈ ½a, b�, we have

K2xð Þ tð Þ + K2yð Þ tð Þj j

≤ μj jIα2 x tð Þ − y tð Þj j + ψ bð Þ − ψ að Þð Þγ1+α2−1
Δj jΓ γ1 + α2ð Þ

× μj jIα2 x bð Þ − y bð Þj j + μj j〠
n

i=1
ωij jIα2+σi x ηið Þ − y ηið Þj j

" #
,

≤ x − yk k μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ ,
(

× ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

" #)
,

≤Φ2 x − yk k:
ð27Þ

This implies that kK2x +K2yk ≤Φ2kx − yk, by using
ðH2Þ; we deduce that K2 is a contraction mapping. It
follows by using Krasnoselskii’s fixed-point theorem, the
problem (2) has at least one solution on ½a, b�.

3.2. Uniqueness Result via Banach’s Fixed-Point Theorem. To
deal with the uniqueness of solution for our problem (2), we
use Banach’s fixed-point theorem.

Theorem 3.2. Assume that j f ðt, x, yÞ − f ðt, z,wÞj ≤ Lðjx − zj
+ jy −wjÞ; L > 0, for each t ∈ ½a, b� and x, y, z,w ∈ℝ.

If 2LΦ1 +Φ2 < 1, where Φ1,Φ2 are, respectively, given
by (20) and (21); then the problem (2) has a unique solu-
tion on ½a, b�.

Proof. By considering the operator K defined in (22), we
transform the problem (2) into a fixed-point problem x =
Kx. By using Banach contraction principle, we will show
that K has a unique fixed point.

We set supt∈½a,b� = j f ðt, 0, 0Þj =M <∞ and choose ρ > 0
such that

ρ ≥
MΦ1

1 − 2LΦ1 −Φ2
: ð28Þ

Bρ = fx ∈Cð½a, b�,ℝÞ ; kxk ≤ ρÞg, where Φ1,Φ2 are,
respectively, given by (20) and (21).

Step 1: we show that KBρ ⊂Bρ.
For any x ∈Bρ we have

f t, x tð Þ, x λtð Þð Þj j ≤ f t, x tð Þ, x λtð Þð Þ − f t, 0, 0ð Þj j + f t, 0, 0ð Þj j
≤ L x tð Þj j + x λtð Þj jð Þ +M ≤ 2L xk k +M:

ð29Þ

Then we have

Kxð Þ tð Þj j ≤ Iα1+α2 f t, x tð Þ, x λtð Þð Þj j + μj jIα2 x tð Þj j

+ ψ tð Þ − ψ að Þð Þγ1+α2−1
Δj jΓ γ1 + α2ð Þ × Iα1+α2 f b, x bð Þ, x λbð Þð Þj j

"

+ 〠
n

i=1
ωij jIα1+α2+σi f ηi, x ηið Þ, x ληið Þð Þj j + μj jIα2 x bð Þj j

+ μj j〠
n

i=1
ωij jIα2+σi x ηið Þj j

#
,

≤ 2L xk k +Mð Þ ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

" #)

+ xk k μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

" #)
,

≤ 2L xk k +Mð ÞΦ1 + xk kΦ2 ≤ 2Lρ +Mð ÞΦ1 + ρΦ2, ≤ ρ,
ð30Þ

which implies that KBρ ⊂Bρ.
Step 2: next we show that the operator K is a

contraction.
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For any x, y ∈C , and for t ∈ ½a, b�, we have

Kxð Þ tð Þ − Kyð Þ tð Þj j

≤
ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

" #)
2L x − yk k + μj j

·
ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

" #)
x − yk k

≤ 2LΦ1 +Φ2ð Þ x − yk k,
ð31Þ

which implies kðKxÞðtÞ − ðKyÞðtÞk ≤ ð2LΦ1 +Φ2Þkx − yk.
As 2LΦ1 +Φ2 < 1, then K is a contraction, and by applying
Banach’s fixed-point theorem, we get that the operator K

has a unique fixed point which is the unique solution of
our problem (2).

4. Existence Results for the Inclusion Version

In this section, we will investigate the existence result for the
inclusion version defined as problem (3).

Definition 4.1. A continuous function x is said to be a solu-
tion of problem (3) if xðaÞ = 0 ; xðbÞ =∑n

i=1ωiðIσi ;ψðxÞÞðηiÞ,
and there exists a function v ∈ L1ð½a, b�,ℝÞ with v ∈ Fðt, x
ðtÞ, xðλtÞÞ, i.e., on ½a, b� such that

x tð Þ = Iα1+α2;ψv tð Þ − μIα2;ψx tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψv bð Þ − μIα2;ψx bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψv ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
,

ð32Þ

for each x ∈Cð½a, b�,ℝÞ, define the set of selections of
F by

S F,x ≔ v ∈ L1 a, b½ �,ℝð Þ: v ∈ F t, x tð Þ, x λtð Þð Þ on a, b½ �È É
:

ð33Þ

Lemma 4.2 ([5]). Let X be a Banach space and F : ½a, b� ×
ℝ2 ⟶P b,c,cl be a L1-Carathéodory multivalued map. And
let Ξ be a linear continuous mapping from L1ð½a, b�, XÞ to
Cð½a, b�, XÞ. Then the operator

Ξ ∘ S F : C a, b½ �, Xð Þ⟶P b,c,cl C a, b½ �, Xð Þð Þ ; x
⟶ Ξ ∘ S Fð Þ xð Þ = Ξ S F,xð Þ ð34Þ

is a closed graph operator in Cð½a, b�, XÞ ×Cð½a, b�, XÞ.

In what follows, we deal with the upper semicontinuous
case, and for the existence results, we use Martelli’s fixed-
point theorem.

Theorem 4.3. Suppose that ðH2Þ holds and the following
assumptions hold:

ðH3ÞF : ½a, b� ×ℝ2 ⟶P b,c,clðℝÞ is L1-Carathéodory
and has nonempty convex values, and for each fixed x ∈
Cð½a, b�,ℝÞ, the set

S F,x = v ∈ L1 a, b½ �, Xð Þ: v tð Þ ∈ F t, x tð Þ, x λtð Þð Þ ; t ∈ a, b½ �È É
ð35Þ

is nonempty and convex.
ðH4Þ

jFðt, x, yÞj≔ sup fjvj: v ∈ Fðt, x, yÞg ≤ pðtÞΨðjxj + jyjÞg for
all t ∈ ½a, b� and all x, y ∈Cð½a, b�, XÞ, where p ∈ L1ð½a, b�,
ℝ+Þ and Ψ : ℝ+ ⟶ ½0,+∞Þ is continuous and nondecreas-
ing function.

Then the problem (3) has at least one solution on ½a, b�.

Proof. In order to transform the problem (3) into a fixed-
point problem. Let K : Cð½a, b�,ℝÞ⟶P ð½a, b�,ℝÞ be
defined by

K xð Þ≔ k ∈C a, b½ �,ℝð Þ: k tð Þ
(

= Iα1+α2;ψv tð Þ − μIα2;ψx tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

(

× Iα1+α2;ψv bð Þ − μIα2x bð Þ − 〠
n

i=1
ωiI

α1+α2+σi ;ψv ηið Þ
"

+ μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ� ; t ∈ a, b½ �, v ∈ S F,x

)
:

ð36Þ

We will show that K satisfies the conditions of the
Theorem 2.10; for the poof, we give it in steps:

Step 1: KðxÞ is convex for each x ∈Cð½a, b�,ℝÞ.
If k1, k2 belong to KðxÞ, then there exist v1, v2 ∈ S F,x

such that for each t ∈ ½a, b� we have:

kj tð Þ = Iα1+α2;ψvj tð Þ − μIα2x tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψvj bð Þ − μIα2ψx bð Þ − 〠
n

i=1
ωiI

α1+α2+σi ;ψvj ηið Þ
"

+ μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
,

ð37Þ

for j = 1, 2. Let 0 ≤ ξ ≤ 1; then, for each t ∈ ½a, b�, we have
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ξk1 tð Þ + 1 − ξð Þk2 tð Þ = Iα1+α2;ψ ξv1 sð Þ + 1 − ξð Þv2 sð Þ½ �

− μIα2;ψx tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

× Iα1+α2;ψ ξv1 sð Þ + 1 − ξð Þv2 sð Þ½ � − μIα2;ψx bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψ ξv1 ηið Þ + 1 − ξð Þv2 ηið Þ½ �

+ μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
,

ð38Þ

Thus, ξv1 + ð1 − ξÞv2 ∈KðxÞ (because S F,x is convex);
then KðxÞ is convex for each x ∈Cð½a, b�,ℝÞ

Step 2: K is bounded.
For a positive number ρ, let Bρ = fx ∈Cð½a, b�,ℝÞ: kxk

≤ ρg be bounded ball in Cð½a, b�,ℝ; then for each k ∈K
ðxÞ and x ∈Bρ, there exists v ∈ S F,x, such that

k tð Þ = Iα1+α2;ψv tð Þ − μIα2;ψx tð Þ + ψ tð Þ − að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψv bð Þ − μIα2;ψx bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψv ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
,

ð39Þ

then for every t ∈ ½a, b�, we have

k tð Þj j ≤ sup
t∈ a,b½ �

Iα1+α2;ψ v tð Þj j + μj jIα2;ψ x tð Þj j + ψ tð Þ − ψ að Þð Þγ1+α2−1
Δj jΓ γ1 + α2ð Þ

(

× Iα1+α2;ψ v bð Þj j + 〠
n

i=1
ωij jIα1+α2+σi ;ψ v ηið Þj j

"

+ μj jIα2;ψ x bð Þj j + μj j〠
n

i=1
ωij jIα2+σi ;ψ x ηið Þj j

#)

≤ pk kΨ 2 xk kð Þ ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + ψ bð Þ − að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

" #)

+ xk k μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ψ bð Þ − ψ að Þð Þγ1+α2−1

Δj jΓ γ1 + α2ð Þ

(

× ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + 〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

" #)

≤ pk kΨ 2 xk kð ÞΦ1 + xk kΦ2 ≤ pk kΨ 2ρð ÞΦ1 + ρΦ2:

ð40Þ

Then

K xð Þk k ≤ pk kΨ 2ρð ÞΦ1 + ρΦ2 ≔ l, ð41Þ

where Φ1,Φ2 are, respectively, given by (20) and (21).
Step 3: K is equicontinuous.
Let t1, t2 ∈ ½a, b� ; t1 < t2, and x ∈Bρ where Bρ, as above

then for each x ∈Bρ and k ∈KðxÞ; there exist v ∈ S F,x ; then
we obtain

k t2ð Þ − k t1ð Þj j ≤ 1
Γ α1 + α2ð Þ

ðt1
a
ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα1+α2−1À����

− ψ t1ð Þ − ψ sð Þð Þα1+α2−1Þv sð Þds

+
ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα1+α2−1v sð Þds
����

+ μj j
Γ α2ð Þ

ðt1
a
ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα2−1À����

− ψ t1ð Þ − ψ sð Þð Þα2−1Þx sð Þds

+
ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα2−1x sð Þds
����

+ ψ t2ð Þ − ψ að Þð Þγ1+α2−1 − ψ t1ð Þ − ψ að Þð Þγ1+α2−1�� ��
Δj jΓ γ1 + α2ð Þ ,

× v sð Þk k ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ

�

+ v sð Þk k〠
n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

+ x bð Þk k μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ

+ x ηið Þk k μj j〠
n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ
�
,

≤
pk kΨ 2ρð Þ

Γ α1 + α2ð Þ
ðt1
a
ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα1+α2−1À����

− ψ t1ð Þ − ψ sð Þð Þα1+α2−1Þds +
ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα1+α2−1ds
����

+ ρ μj j
Γ α2ð Þ

ðt1
a
ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα2−1 − ψ t1ð Þ − ψ sð Þð Þα2−1À Á

ds
����

+
ðt2
t1

ψ′ sð Þ ψ t2ð Þ − ψ sð Þð Þα2−1ds
����

+ ψ t2ð Þ − ψ að Þð Þγ1+α2−1 − ψ t1ð Þ − ψ að Þð Þγ1+α2−1�� ��
Δj jΓ γ1 + α2ð Þ

× pk kΨ 2ρð Þ ψ bð Þ − ψ að Þð Þα1+α2
Γ α1 + α2 + 1ð Þ

"

+ pk kΨ 2ρð Þ〠
n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα1+α2+σi

Γ α1 + α2 + σi + 1ð Þ

+ ρ μj j ψ bð Þ − ψ að Þð Þα2
Γ α2 + 1ð Þ + ρ μj j〠

n

i=1
ωij j ψ ηið Þ − ψ að Þð Þα2+σi

Γ α2 + σi + 1ð Þ

#
:

ð42Þ

As t2 ⟶ t1, the right-hand side of the above inequality
tends to zero, implying that KðxÞ is equicontinuous. By
using the Arzelà-Ascoli theorem, we get that K is relatively
compact; then K is completely continuous.

To prove that the operator K is upper semicontinuous,
it is enough to show that K has a closed graph.

Step 4: K has a closed graph.
Let xn ⟶ x∗, kn ∈KðxnÞ and kn ⟶ k∗; we will prove

that k∗ ∈Kðx∗Þ.
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For kn ∈KðxnÞ, then there exists vn ∈ S F,xn such that for
each t ∈ ½a, b�:

kn tð Þ = Iα1+α2;ψvn tð Þ − μIα2;ψxn tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψvn bð Þ − μIα2;ψxn bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψvn ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψxn ηið Þ
#
:

ð43Þ

We should prove that v∗ ∈ S F,x∗ such that for each t
∈ ½a, b�

k∗ tð Þ = Iα1+α2;ψv∗ tð Þ − μIα2;ψx∗ tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψv∗ bð Þ − μIα2;ψx∗ bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψv∗ ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx∗ ηið Þ
#
:

ð44Þ

We have that

kn tð Þ + λIα2;ψxn tð Þ − ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

 
Á −μIα2;ψxn bð Þ + μ〠

n

i=1
ωiI

α2+σi ;ψxn ηið Þ
" #!

− k∗ tð Þ + μIα2;ψx∗ tð Þ − ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

 

Á −λIα2;ψx∗ bð Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx∗ ηið Þ
" #!⟶ 0,

ð45Þ

as n⟶∞.
Consider the operator defined by

Ξ : L1 a, b½ �,ℝð Þ⟶C a, b½ �,ℝð Þ,
v⟶ Ξ vð Þ tð Þ: ð46Þ

with

Ξ vð Þ tð Þ = Iα1+α2;ψv tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψv bð Þ − 〠
n

i=1
ωiI

α1+α2+σi ;ψv ηið Þ
" #

,
ð47Þ

By using Lemma 4.2, Ξ ∘ S F is a closed graph operator;
then we get

kn tð Þ + μIα2;ψxn tð Þ − ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

 

Á −μIα2;ψxn bð Þ + μ〠
n

i=1
ωiI

α2+σi ;ψxn ηið Þ
" #!

∈ Y S F,xn
À Á

:

ð48Þ

Since xn ⟶ x∗, and kn ⟶ k∗, then

k∗ tð Þ + μIα2;ψx∗ tð Þ − ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

 

· −μIα2;ψx∗ bð Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx∗ ηið Þ
" #!

= Ξ v∗ð Þ ∈ Ξ S F,x∗
À Á

:

ð49Þ

It follows that v∗ ∈ S F,x∗ such that

k∗ tð Þ = Iα1+α2;ψv∗ tð Þ − μIα2;ψx∗ tð Þ + ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψv∗ bð Þ − μIα2;ψx∗ bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψv∗ ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx∗ ηið Þ
#
:

ð50Þ

We deduce that K is an upper semicontinuous multiva-
lued map, with convex closed values.

Step 5: Λ = fx ∈ X : θx ∈KðxÞ, θ > 1g is bounded.
Let x ∈Λ, and then θx ∈KðxÞ for some θ > 1; thus, there

exists a function v ∈ S F,x such that

x tð Þ = 1
θ
Iα1+α2;ψv tð Þ − 1

θ
μIα2;ψx tð Þ + 1

θ

ψ tð Þ − ψ að Þð Þγ1+α2−1
ΔΓ γ1 + α2ð Þ

Á Iα1+α2;ψv bð Þ − μIα2;ψx bð Þ
"

− 〠
n

i=1
ωiI

α1+α2+σi ;ψv ηið Þ + μ〠
n

i=1
ωiI

α2+σi ;ψx ηið Þ
#
:

ð51Þ

From Step 2, and for every t ∈ ½a, b�, we have

xk k ≤ pk kΨ 2 xk kð ÞΦ1 + xk kΦ2: ð52Þ

Then, by using ðH2Þ, we get

xk k ≤ pk kΨ 2ρð ÞΦ1
1 −Φ2ð Þ : ð53Þ

Finally the set Λ is bounded; then from Theorem 2.10,
we deduce that the problem (3) has at least one solution.
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5. Example

Consider the following ψ-Hilfer fractional pantograph
Langevin equation given by

HD2/5,4/5;et /3 HD1/5,3/5;et/3 + 1
9

� �
x tð Þ = 1

5 + 1
7 x tð Þ + 1

7 sin x
t
3

� �
, 0 ≤ t ≤ 1

x 0ð Þ = 0, x 1ð Þ = 5
8 I

3/2;et /3x
1
3

� �
+ 7
8 I

3/2;et /3x
1
2

� �
:

8>>><
>>>:

ð54Þ

where α1 = 2/5, α2 = 1/5, β1 = 4/5, β2 = 3/5, μ = 1/9, λ = 1/3,
a = 0, b = 1, n = 2, σ1 = 3/2, σ2 = 5/2, ω1 = 5/8, ω2 = 7/8, η1
= 1/3, η2 = 1/2, and ψðtÞ = et/3. With this given data, we
get γ1 = α1 + β1 − α1β1 = 22/25, jΔj ≃ 1, 7825119, Φ1 = 2,
1294613, and Φ2 = 0, 2195946 < 1.

Set f ðt, x, yÞ = 1/5 + 1/7xðtÞ + 1/7 sin yðt/3Þ, x, y ∈ℝ, t
∈ ½0, 1�.

Let x1, x2, y1, y2 ∈ℝ and t ∈ ½0, 1�; then we get

f t, x1, y1ð Þ − f t, x2, y2ð Þj j1/7 x1 − x2j j + 1/7 y1 − y2j j1/7 x1 − x2j j + y1 − y2j jð Þ:
ð55Þ

This implies that the assumption of Theorem 3.2 holds
with L = 1/7.

It follows that 2LΦ1 +Φ2 ≃ 0:8280121 < 1; then by
applying Theorem 3.2, our problem has a unique solution
on ½0, 1�.

6. Conclusion

The present paper examined the ψ-Hilfer fractional panto-
graph Langevin equation and inclusion. The challenges and
the novelty of this work generalize the types of fractional
derivatives. With the assistance of Krasnoselskii and Banach
fixed-point theorems, we investigate the existence and
uniqueness results for the single valued problem, and by
making use of the Martelli fixed-point theorem, we study
the existence result for the multivalued problem. In the
end, we illustrate our result with an example.
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