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The object of this paper is to introduce a new approach of Δ-operator on the theory of uncertainty using sequence spaces. Also,
some structural properties will be studied. Moreover, inclusion relations concerning the newly constructed spaces of this paper
will be taken care of.

1. Introduction, Background, and Preliminaries

It is a well-known fact that the classicalmeasure, observing non-
negativity and countable additivity, plays a vital role in Science,
Mathematics, Engineering, and in particular real life as well.
However, the measure employed in real life has no countable
additivity inmany cases. To taste this structure, researchers pro-
posed different measures like fuzzy measures brought intro-
duced in [1] in 1974. There are many types of uncertainties in
real life, such as randomness, fuzziness, and uncertainty which
consists of both randomness and fuzziness. To measure fuzzy
events, in 1978, Zadeh [2] introduced a possibility measure. A
probability measure is used to describe a random event. How-
ever, the possibility measure has no self-duality. Thus, B. Liu
and Y. Liu [3], in 2002, proposed a self-dual measure, the cred-
ibility measure. An axiomatic foundation for credibility theory
was given in Liu [4]. Since then, credibility theory has been
developed uninterruptedly (see the survey in [5]). In [6], Kwa-
kernaak introduced a fuzzy random variable to describe the
phenomenon that fuzziness and randomness simultaneously
appear in a system. A hybrid variable was introduced by Liu
[7] as a measurable function from a chance space to the set of
real numbers. Therefore, a concept of the chance measure was
introduced by Li and Liu [8]. Furthermore, some convergence
results were discussed (see [9]).

It is obvious that the classical measure, probability mea-
sure, credibility measure, and chance measure proposed by

Li and Liu [8] are all special cases of uncertain measures.
But possibility measure is not an uncertain measure. Thus,
the properties of uncertain measure are also applicable to
classical measure, probability measure, credibility measure,
and chance measure. Since sequence convergence plays a
very important role in the fundamental theory of mathemat-
ics, there are many convergence concepts in classical mea-
sure theory, probability theory, credibility theory, and
chance theory, and the relationships between them are
discussed.

Let Γ be a nonempty set andL a σ-algebra over Γ. Each ele-
ment ν ∈ L is called an event. To measure an uncertain event,
uncertain measure was introduced as a set function S satisfying
the following axioms:

Axiom 1 (normality): MfΓg = 1
Axiom 2 (monotonicity): Mfν1g ≤Mfν2g whenever

ν1 ≤ ν2
Axiom 3 (self-duality):Mfνg +Mfνcg = 1 for any event

ν
Axiom 4 (countable subadditivity): for every countable

sequence of events fμig, we have

M ∪∞
i=1μif g ≤ 〠

∞

i=1
M μif g: ð1Þ

Since uncertainty phenomena exist widely in real life, the
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concept of uncertain variable was introduced by Liu [10] as a
measurable function from an uncertainty space ðΓ,M, LÞ to
the set of real numbers.

As in [10, 11], we have following definitions.

Definition 1. For an uncertain variable, the expected value
operator is defined as

E ς½ � =
ð+∞
0

M ς ≥ μf gdμ−
ð0
−∞

M ς ≤ μf gdμ, ð2Þ

only if one of the integrals exists.
We call the function φðρÞ to uncertainty distribution of

the uncertain variable ς if

φ ρð Þ =M τ ∈ Γ ς τð Þj ≤ ρf g: ð3Þ

Definition 2. An uncertain sequence fςjg is said to be con-
vergent almost surely (a.s.) to an uncertain variable ς if there
exists an event ν with MðνÞ = 1 such that

lim
j⟶∞

ςj κð Þ − ς κð Þ�� �� = 0, ð4Þ

for every κ ∈ ν:

Definition 3. An uncertain sequence fςg is said to be conver-
gent in measure to an uncertain variable ς if

lim
j⟶∞

M ςj κð Þ − ς κð Þ�� �� ≥ ε
� �

= 0, ð5Þ

for every ε > 0.

Definition 4. Let ς, ς1, ς2,⋯ be the uncertainty distributions
of uncertain variables. Then, the sequence fςjg is called con-
vergence in mean to ς if

lim
j⟶∞

E ςj κð Þ − ς κð Þ�� ��� �
= 0: ð6Þ

Definition 5. Let ϑ, ϑ1, ϑ2,⋯ be uncertain variables with
finite expected values ς, ς1, ς2,⋯, respectively. Then, the
sequence fςjg is called convergence in distribution to ς if
ϑn ⟶ ϑ at any continuous point of ϑ.

Definition 6. Let ϑ = ðκrÞ be a sequence of natural numbers
with κ0 = 0, 0 < κr < κr+1 and hr = κr − κr−1 ⟶∞ as r⟶
∞. Then, ϑ is called a lacunary sequence.

The intervals computed by ϑ are abbreviated by Jr = ð
κr−1, κr�, and the quotient κr/κr−1 will be symbolized by qr
(see [12]).

Definition 7 see [13]. A sequence space E is said to be solid
or normal if ðςjÞ ∈E implies ðβjvjÞ ∈E for all sequence of
scalars ðβjÞ with jbjj ≤ 1 for all j ∈ℕ:

Lemma 8. If a sequence space is solid, then it is monotone.
In [14], the spaces TðΔÞ were studied and are defined as

follows:

T Δð Þ = v = við Þ ∈Λ : Δvið Þ ∈Tf g, ð7Þ

where T ∈ fℓ∞, c,C0g and Δvi = vi − vi−1 and were studied
further in [15–17] and many others.

Next, for integer s ≥ 0, the author in [18] had studied the
following space:

Δs Tð Þ = v = vkð Þ: Δsvð Þ ∈Tf g, forT = ℓ∞, c andC0, ð8Þ

where Δsvi = Δs−1vi − Δs−1vi+1 for all i ∈ℕ:
Also, let g = ðgjÞ be any fixed sequence of nonzero com-

plex numbers, and then, as in [19], we have

Δs
g Tð Þ = v = vj

� 	
∈Λ : Δs

gvj

 �

∈T
n o

, ð9Þ

where

Δs
gvj = Δs−1

g vj − Δs−1
g vj+1 = 〠

s

μ=0
−1ð Þμ

s

μ

 !
gj+μvj+μ∀j ∈ℕ:

ð10Þ

It is shown that the space Δs
gðTÞ is Banach under the

norm

vk kΔ = 〠
s

i=1
givij j + Δs

gv
��� ���

∞
: ð11Þ

Many interesting structures towards this space can be
searched in [7, 13, 20–23] and many others.

Inspired by this, in this paper, we interact with Δ-oper-
ator to uncertain sequences with the combination of lacun-
ary sequences and syntheses some results in this direction.

2. Main Results

Using the concept of Δ-operator, we deal in this section to
introduce some new kind of sequences of uncertain
variables.
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Following the authors [9, 11, 13, 17, 24–27], we intro-
duce the following new spaces:

NU
θ , Δs

g

h i
0
= ς = ςið Þ: lim

j⟶∞

1
hj
〠
i∈I j

Δs
gςj vð Þ

��� ��� = 0
( )

,

NU
θ , Δs

g

h i
c
= ς = ςið Þ: lim

j⟶∞

1
hj
〠
i∈I j

Δs
gςj vð Þ − σ vð Þ

��� ��� = 0
( )

,

NU
θ , Δs

g

h i
∞
= ς = ςið Þ: lim

j⟶∞

1
hj
〠
i∈I j

Δs
gςj vð Þ

��� ���<∞
( )

,

ð12Þ

where σðvÞ ∈ ðΓ, L,SÞ:

Theorem 9. The sets ½NU
θ , Δs

g�0, ½N
U
θ , Δs

g�c, and ½NU
θ , Δs

g�∞ of

complex certain sequences are linear.

Proof. In order to establish the result, we only consider the
case of ½NU

θ , Δs
g�0 and the rest will follow on similar lines.

So, let ðujÞ, ðwjÞ ∈ ½NU
θ , Δs

g�0, and then,

lim
j⟶∞

1
hj
〠
i∈I j

Δs
guj vð Þ

��� ��� = 0,

lim
j⟶∞

1
hj
〠
i∈I j

Δs
gwj vð Þ

��� ��� = 0:
ð13Þ

Now, for any a, b ∈ℂ, we have

lim
j⟶∞

1
hj
〠
i∈I j

Δs
g auj vð Þ + buj vð Þ� 	��� ��� = lim

j⟶∞

1
hj
〠
i∈I j

aΔs
guj vð Þ

���
+ bΔs

guj vð Þ
��� ≤ aj j lim

j⟶∞

1
hj
〠
i∈I j

Δs
guj vð Þ

��� ���
+ bj j lim

j⟶∞

1
hj
〠
i∈I j

Δs
gwj vð Þ

��� ���⟶ 0, as j⟶∞:

ð14Þ

Consequently, ðaujðvÞ + bujðvÞÞ ∈ ½NU
θ , Δs

g�0 and the

result follows.

We state the following result without proof.

Theorem 10. The sets ½NU
θ , Δs

g�0, ½N
U
θ , Δs

g�c, and ½NU
θ , Δs

g�∞
of complex certain sequences are normed linear spaces with
norm

ς vð Þk kΔs
g
= 〠

n

k=1
gkςk vð Þk k + sup

j

1
hj
〠
i∈I j

Δs
gςj vð Þ

��� ���: ð15Þ

Theorem 11. For T = 0, c,∞ and s ≥ 1, we have

NU
θ , Δs−1

g

h i
T
⊂ NU

θ , Δs
g

h i
T
: ð16Þ

The inclusions are sharp.

Proof. In order to establish the result, we only consider the
case of ½NU

θ , Δs
g�0 and the rest will follow on similar lines.

So, let fςjg ∈ ½NU
θ , Δs−1

g �0, and then, we see

lim
j⟶∞

1
hj
〠
i∈I j

Δs−1
g ςi vð Þ

��� ��� = 0: ð17Þ

We can write

1
hj
〠
i∈I j

Δs
gςi vð Þ

��� ��� = 1
hj
〠
i∈I j

Δs−1
g ςi vð Þ − Δs−1

g ςi+1 vð Þ
��� ���

≤
1
hj
〠
i∈I j

Δs−1
g ςi vð Þ

��� ��� − 1
hj
〠
i∈I j

Δs−1
g ςi vð Þ

��� ���
 !

:

ð18Þ

Using (1) and letting j⟶∞ in the above inequality, we
see

1
hj
〠
i∈I j

Δs
gςi vð Þ

��� ��� = 0: ð19Þ

Consequently, fςjg ∈ ½NU
θ , Δs

g�0:
Now to prove the sharpness, we consider the lacunary

sequence θ = ð2iÞ and choose the sequence of uncertain var-
iables as ðςiÞ = ðis−1Þ and gi = 1 for all i ∈ℕ: Then, clearly for
all i ∈ℕ, we see

Δs
g ςið Þ = 0,

Δs
gςi = 〠

s−1

r=0
−1ð Þr

s − 1
r

 !
ςi+r:

ð20Þ

Hence, ðςiÞ ∈ ½NU
θ , Δs

g�0 but not ½NU
θ , Δs−1

g �0, as desired.

Theorem 12. For T = 0, c,∞ and s ≥ 1, the spaces of uncer-
tain sequences ½NU

θ , Δs
g�T are not symmetric in general.

Proof. In order to establish the result, we only consider the
case of ½NU

θ , Δs
g�0 and the rest will follow on similar lines

by choosing s = 2 and gi = 1 for all i ∈ℕ and choose a lacun-
ary sequence θ = ð2iÞ: Choose the uncertainty space ðΓ, L,
MÞ to be fτ1, τ2,⋯g with the power set and choose any
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event ν ∈ L such that

M νf g =

sup
τi∈ν

i
2i + 1 , if sup

τi∈ν

i
2i + 1 < 0:5,

1 − sup
τi∈νc

i
2i + 1 , if sup

τi∈νc

i
2i + 1 < 0:5,

0:5, if elsewhere:

8>>>>>><
>>>>>>:

ð21Þ

Further, we define

ςi τj
� 	

=
i, if i = j,
0, if elsewhere:

(
ð22Þ

Then, it is easy to see that fςjg for j ∈ I j and j = 1, 2,⋯ is

in ½NU
θ , Δs

g�0: We now define the rearrangement of fςjg as

fωig defined by

ωi = τð Þ = ς1, ς4, ς9, ς2, ς10,⋯f g, ð23Þ

which is obviously not in ½NU
θ , Δs

g�0: This shows that

½NU
θ , Δs

g�0 is not symmetric in general, as desired.

In a similar way, we state the following theorem without
proof.

Theorem 13. For T = 0, c,∞ and s ≥ 1, the spaces of uncer-
tain sequences ½NU

θ , Δs
g�T are not monotone in general.

3. Lacunary Convergence with respect to Mean

In this section, we introduce the convergence notion of Δ
-operator of uncertain sequences and compute some relation
concerning them.

In this regard, we have following definitions.

Definition 14. An uncertain sequence fςjg is said to be
lacunary strongly convergent almost surely to ς w.r.t. differ-
ence sequence if for ε > 0 there exists an event ν with Mðν
Þ = 1 such that

lim
j⟶∞

1
hj
〠
l∈I j

Δs
gςl κð Þ − σ κð Þ

��� ��� = 0, ð24Þ

for every κ ∈ ν:

Definition 15. An uncertain sequence fςjg is said to be
lacunary strongly convergent in measure to ς if

lim
j⟶∞

M κ ∈ Γ :
1
hj
〠
l∈I j

Δs
gςl κð Þ − σ κð Þ

��� ��� > ε

8<
:

9=
;

2
4

3
5 = 0, ð25Þ

for every ε > 0.

Definition 16. Let ς, ς1, ς2,⋯ be the uncertainty distributions
of uncertain variables. Then, the sequence fςjg is called con-
vergence in mean to ς if

lim
j⟶∞

E
1
hj
〠
l∈I j

Δs
gςl κð Þ − σ κð Þ

��� ���
2
4

3
5 = 0: ð26Þ

Definition 17. Let ϑ1, ϑ2, ϑ3,⋯ be uncertain variables with
finite expected values ς, ς1, ς2,⋯, respectively. Then, the
sequence fςjg is called lacunary strong convergent in distri-
bution to ς w.r.t. difference sequence if

lim
j⟶∞

1
hj
〠
l∈I j

Δs
gϑl λð Þ − σ λð Þ

��� ��� = 0, ð27Þ

for all complex λ at which ϑðλÞ is continuous.

Definition 18. Let ϑ1, ϑ2, ϑ3,⋯ be uncertain variables with
finite expected values ς, ς1, ς2,⋯, respectively. Then, the
sequence fςjg is called lacunary strong convergent in distri-
bution to ς w.r.t. difference sequence if

lim
j⟶∞

1
hj
〠
l∈I j

Δs
gϑl λð Þ − σ λð Þ

��� ��� = 0, ð28Þ

for all complex λ at which ϑðλÞ is continuous.

Definition 19. Let fϑig be uncertain sequence and is said to
be convergent uniformly almost surely to ς if there exists a
sequence of events fEjg, MfEjg⟶ 0 such that fϑig con-
verges uniformly to ς in Γ −E j for any fixed j ∈ℕ:

Theorem 20. If the uncertain sequence fςig is lacunary
strongly convergent in mean to ς w.r.t. difference sequence,
then fςig lacunary strongly converges in measure to ς.

Proof. Given ε > 0, we have by Markov’s inequality that

lim
j⟶∞

M κ ∈ Γ :
1
hj
〠
i∈I j

Δs
gςi κð Þ − σ κð Þ

��� ��� > ε

( )" #

≤ lim
j⟶∞

E 1/hj
� 	

∑i∈I j Δs
gςi κð Þ − σ κð Þ

��� ���h i
ε

⟶ 0 for i ∈ I j:

ð29Þ

Thus, fςig lacunary strongly converges in measure to L
w.r.t. difference sequence.

To prove the converse may not be true, we choose uncer-
tainty space ðΓ, L,MÞ to be fτ1, τ2,⋯g with the power set
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and choose any event ν ∈ L such that

M νf g =

sup
τi∈ν

1
i
, if sup

τi∈ν

1
i
< 0:5,

1 − sup
τi∈νc

1
i
, if sup

τi∈νc

1
i
< 0:5,

0:5, if elsewhere:

8>>>>>><
>>>>>>:

ð30Þ

Also, set the uncertain variables as

ςi τrð Þ =
i, if r = i,
0, if elsewhere,

(
ð31Þ

for all i ∈ I j and ς ≡ 0: Now for ε > , we see

lim
j⟶∞

M κ ∈ Γ :
1
hj
〠
l∈I j

Δs
gςl κð Þ − σ κð Þ

��� ��� > ε

8<
:

9=
;

2
4

3
5

= lim
j⟶∞

M κ ∈ Γ :
1
hj
〠
l∈I j

Δs
gςl κð Þ

��� ��� > ε

8<
:

9=
;

2
4

3
5

= lim
j⟶∞

M κif gð Þ = lim
j⟶∞

1
i
⟶ 0 as i ∈ I j:

ð32Þ

The sequence fςrg lacunary strongly converges in mea-
sure to ς. However, for each r ∈ I j, we have the uncertainty
distribution of uncertain variable kςr − ςk = kςrk that is

ϑr τð Þ =
0, if τ < 0,

1 − 1
r
, if 0 ≤ τ < r,

1, if elsewhere,

8>>><
>>>:

ð33Þ

E
1
hj

〠
r∈I j

Δs
gςr κð Þ − σ κð Þ

��� ���
" #

=
ð+∞
0

M ς τð Þf gdτ−
ð0
−∞

M ς ≤ τf gdτ

=
ðr
0
1 − 1 − 1

r

� 
dτ = 1:

ð34Þ
Consequently, fςrðτÞ does not converse in mean to ςðτÞ

w.r.t. difference sequence.
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