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Recently, Kim-Kim introduced the degenerate r-Bell polynomials and investigated some results which are derived from umbral
calculus. The aim of this paper is to study some properties of the degenerate r-Bell polynomials and numbers via boson
operators. In particular, we obtain two expressions for the generating function of the degenerate r-Bell polynomials in jzj2, and
a recurrence relation and Dobinski-like formula for the degenerate r-Bell numbers. These are derived from the degenerate
normal ordering of a degenerate integral power of the number operator in terms of boson operators where the degenerate
r-Stirling numbers of the second kind appear as the coefficients.

1. Introduction and Preliminaries

It turns out that it is fascinating and fruitful to study various
degenerate versions of some special polynomials and num-
bers (see [1–8] and the references therein), which has its
origin in the work of Carlitz [9]. They have been explored
by using various different methods and led to the introduc-
tion of degenerate gamma functions and degenerate umbral
calculus (see [8, 10]).

The aim of this paper is to study some properties of the
degenerate r-Bell polynomials and numbers via boson oper-
ators. In particular, we obtain two expressions for the gener-
ating function of the degenerate r-Bell polynomials in jzj2,
and a recurrence relation and Dobinski-like formula for
the degenerate r-Bell numbers. These are derived from the
degenerate normal orderings of a degenerate integral power
of the number operator in terms of boson operators where
the degenerate r-Stirling numbers of the second kind appear
as the coefficients.

In more detail, the outline of this paper is as follows: in
Section 1, we recall the degenerate exponentials, the degen-

erate r-Stirling numbers of the second kind, and the degen-
erate r-Bell polynomials. We remind the reader of the boson
operators, the number operators, the normal ordering of an
integral power of the number operator in terms of boson
operators, and the degenerate normal ordering of a degener-
ate integral power of the number operator in terms of boson
operators. Section 2 is the main result of this paper. In
Theorem 1, we state that the degenerate normal orderings
of the ‘degenerate integral powers of the number operator’
ðn̂ + rÞn,λ and ðn̂Þn−r,λða†Þrar in terms of the boson operators
with the coefficients given by the degenerate r-Stirling num-
bers of the second kind. Let f ðtÞ = hzjer+n̂λ ðtÞjzi. We show

that hzjðn̂ + rÞn,λjzi is equal to ϕðrÞk,λðjzj2Þ in Theorem 2 and
hence that f ðtÞ is the generating function of that in Theorem

3, where ϕðrÞk,λðxÞ is the degenerate r-Bell polynomial. We
derive a differential equation for f ðtÞ in Theorem 4 and
thereby get another expression for f ðtÞ in Theorem 5, which

in turn yields an explicit generating function of ϕðrÞk,λðjzj2Þ. In
Theorem 6, we obtain a recurrence relation for the degener-

ate r-Bell numbers ϕðrÞn,λ = ϕðrÞn,λð1Þ. Finally, we get a Dobinski-
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like formula for the degenerate r-Bell numbers from the
representation of the coherent state in terms of the number
operator in Theorem 8. We conclude the paper in Section
3. For the rest of this section, we recall the facts that are
needed throughout this paper.

For any nonzero λ ∈ℝ, the degenerate exponentials are
defined by

exλ tð Þ = 1 + λtð Þ x/λð Þ = 〠
∞

k=0
xð Þk,λ

tk

k!
, eλ tð Þ = e1λ tð Þ, ð1Þ

where (see [1–5, 8, 9])

xð Þ0,λ = 1, xð Þk,λ = x x − λð Þ⋯ x − k − 1ð Þλð Þ, k ≥ 1ð Þ:
ð2Þ

For r ∈ℤ with r ≥ 0, the degenerate r-Stirling numbers of
the second kind are defined by Kim-Kim as (see [6–8]),

x + rð Þn,λ = 〠
n

k=0

n + r

k + r

( )
r,λ

xð Þk, n ≥ 0ð Þ, ð3Þ

where ðxÞ0 = 1, ðxÞn = xðx − 1Þ⋯ ðx − n + 1Þ, ðn ≥ 1Þ.
From equation (3), we note that (see [7, 8])

1
k!

eλ tð Þ − 1ð Þkerλ tð Þ = 〠
∞

n=k

n + r

k + r

( )
r,λ

tn

n!
, k ≥ 0ð Þ: ð4Þ

Note that limλ⟶0
n + r

k + r

( )
r,λ

=
n + r

k + r

( )
r

are the r-

Stirling numbers of the second kind. It is well known that

the r-Stirling number of the second kind
n + r

k + r

( )
r

counts

the number of partitions of the set ½n� = f1, 2,⋯,ng into k
nonempty disjoint subsets in such a way that the numbers
1, 2, 3,⋯, r are in distinct subsets.

The degenerate r-Bell polynomials ϕðrÞn,λðxÞ are defined by

erλ tð Þex eλ tð Þ−1ð Þ = 〠
∞

n=0
ϕ

rð Þ
n,λ xð Þ t

n

n!
: ð5Þ

From equations (4) and (5), we note that (see [8])

ϕ
rð Þ
n,λ xð Þ = 〠

n

k=0

n + r

k + r

( )
r,λ

xk, n ≥ 0ð Þ: ð6Þ

The boson operators a† and a satisfy the following
commutation relation: (see [11–13])

a, a†
Â Ã

= aa† − a†a = 1: ð7Þ

The number states jmi,m = 0, 1, 2,⋯, are defined as
(see [3–5, 11])

a mj i = ffiffiffiffi
m

p
m − 1j i, a† mj i =

ffiffiffiffiffiffiffiffiffiffiffi
m + 1

p
m + 1j i: ð8Þ

The number operator is defined by (see [3–5, 12])

n̂ kj i = k kj i, k ≥ 0ð Þ: ð9Þ

By equations (8) and (9), we get n̂ = a†a.
Thus, we note

a, n̂½ � = an̂ − n̂a = a, n̂, a†
Â Ã

= n̂a† − a†n̂ = a†: ð10Þ

The normal ordering of an integral power of the number
operator n̂ = a†a in terms of boson operators a and a† can be
written in the form (see [3, 4, 11–13])

a†a
À Ák = 〠

k

l=0
S2 k, lð Þ a†

À Ál
al, ð11Þ

where S2ðk, lÞ are the Stirling numbers of the second kind
defined by xn =∑n

k=0S2ðn, kÞðxÞk, (see [10, 14, 15]).
The degenerate normal ordering of a degenerate integral

power of the number operator n̂ in terms of boson operators
a and a† is given by (see [3–5])

a†a
À Á

k,λ = 〠
k

l=0
S2,λ k, lð Þ a†

À Ál
al, ð12Þ

where S2,λðn, kÞ are the degenerate Stirling numbers of the
second kind defined by (see [1])

xð Þn,λ = 〠
n

k=0
S2,λ n, kð Þ xð Þk, n ≥ 0ð Þ: ð13Þ

2. Degenerate r-Bell Polynomials Arising from
Degenerate Normal Ordering

We recall that the coherent states jzi, z ∈ℂ, satisfy ajzi =
zjzi, hzjzi = 1. Note that hzja† = hzj�z. For the coherent state
jzi, we have (see [3–5, 11, 13])

zj i = e − zj j2/2ð Þð Þ 〠
∞

n=0

znffiffiffiffi
n!

p nj i: ð14Þ

By equation (14), we get

xjyh i = e − 1/2ð Þð Þ xj j2+ yj2jð Þ+�xy, x, y ∈ℂð Þ: ð15Þ

It is easy to show that

d
dx

x = 1 + x
d
dx

: ð16Þ
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We recall that the standard boson commutation rela-
tion ½a, a†� = aa† − a†a = 1 can be considered, in a suitable
space of functions f , by letting a = ðd/dxÞ and a† = x.

Now we observe that

x
d
dx

+ r
� �

n,λ
f xð Þ = 〠

n

k=0

n + r

k + r

( )
r,λ

xk
d
dx

� �k

f xð Þ, ð17Þ

x
d
dx

� �
n,λ
xr f xð Þ = 〠

n

k=0

n + r

k + r

( )
r,λ

xk+r
d
dx

� �k

f xð Þ,

ð18Þ
where n, r ∈ℤ with n, r ≥ 0.

The equations (17) and (18) can be represented, respec-
tively, by the degenerate normal orderings of the degenerate
n-th powers in equations (19) and (20) of the number
operator n̂ = a† in terms of boson operators a and a†.

n̂ + rð Þn,λ = a†a + r
À Á

n,λ = 〠
n

k=0

n + r

k + r

( )
r,λ

a†
À Ák

ak, ð19Þ

n̂ð Þn,λ a†
À Ár = a†a

À Á
n,λ a†
À Ár = 〠

n

k=0

n + r

k + r

( )
r,λ

a†
À Ák+r

ak:

ð20Þ
Therefore, from equations (19) and (20), we obtain the

following theorem:

Theorem 1. For n ≥ 0, we have

n̂ + rð Þn,λ = a†a + r
À Á

n,λ = 〠
n

k=0

n + r

k + r

( )
r,λ

a†
À Ák

ak, ð21Þ

and, for n ≥ r, we have

n̂ð Þn−r,λ a†
À Ár

ar = a†a
À Á

n−r,λ a†
À Ár

ar = 〠
n

k=r

n

k

( )
r,λ

a†
À Ák

ak:

ð22Þ

Let m = 0, 1, 2,⋯: Then, by equation (8), we get

a†a + r
À Á

n,λ mj i = n̂ + rð Þn,λ mj i = m + rð Þn,λ mj i, ð23Þ

n̂ + rð Þn,λ mj i = a†a + r
À Á

n,λ mj i

= 〠
n

k=0

n + r

k + r

( )
r,λ

a†
À Ák

ak mj i

= 〠
n

k=0

n + r

k + r

( )
r,λ

mð Þk mj i:

ð24Þ

Thus, by equations (23) and (24), we get

m + rð Þn,λ = 〠
n

k=0

n + r

k + r

( )
r,λ

mð Þk, n ≥ 0ð Þ: ð25Þ

This is the classical expression for the degenerate n-th
power of m + r in terms of the falling factorial ðmÞk. This
shows that equation (3) holds for all nonnegative integers
x =m = 0, 1, 2,⋯, which in turn implies equation (3) itself
holds true.

From equation (25), we note that

zjh n̂ + rð Þn,λ zj i = zjh a†a + r
À Á

n,λ zj i

= 〠
n

k=0

n + r

k + r

( )
r,λ

zjh a†
À Ák

ak zj i

= 〠
n

k=0

n + r

k + r

( )
r,λ

�zð Þkzk zjzh i

= 〠
n

k=0

n + r

k + r

( )
r,λ

zj j2k = ϕ
rð Þ
n,λ zj j2À Á

:

ð26Þ

Therefore, by equation (26), we obtain the following
theorem:

Theorem 2. For n ≥ 0, we have

zjh n̂ + rð Þn,λ zj i = zjh a†a + r
À Á

n,λ zj i = ϕ
rð Þ
n,λ zj j2À Á

: ð27Þ

Let us take f ðtÞ = hzjer+n̂λ ðtÞjzi. Then, by equation (26),
we get

f tð Þ = zjh er+n̂λ tð Þ zj i = 〠
∞

k=0

tk

k!
zjh n̂ + rð Þk,λ zj i

= 〠
∞

k=0

tk

k!
zjh a†a + r
À Á

k,λ zj i

= 〠
∞

k=0

tk

k!
〠
k

l=0

k + r

l + r

( )
r,λ

zj j2k = 〠
∞

k=0
ϕ

rð Þ
k,λ zj j2À Á tk

k!
:

ð28Þ

Indeed, equation (28) says that f ðtÞ is the generating
function of the degenerate r-Bell polynomials which are con-
sidered by Kim-Kim.

Therefore, by equation (28), we obtain the following
theorem:

Theorem 3. The generating function of degenerate r-Bell
polynomials is given by

zjh er+n̂λ tð Þ zj i = zjh er+a
†a

λ tð Þ zj i = 〠
∞

n=0
ϕ

rð Þ
n,λ zj j2À Á tn

n!
: ð29Þ
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Now, we observe that

n̂ n̂ + r − λð Þk,λ
= a†a a†a + r − λ

À Á
k,λ

= a†a a†a + r − λ
À Á

a†a + r − 2λ
À Á

⋯ a†a + r − kλ
À Á

= a† aa† + r − λ
À Á

a a†a + r − 2λ
À Á

⋯ a†a + r − kλ
À Á

= a† a†a + 1 + r − λ
À Á

a a†a + r − 2λ
À Á

⋯ a†a + r − kλ
À Á

=⋯ = a† a†a + 1 + r − λ
À Á

Á a†a + 1 + r − 2λ
À Á

⋯ a†a + 1 + r − kλ
À Á

a

= a† a†a + 1 + r − λ
À Á

k,λa

= a† n̂ + 1 + r − λð Þk,λa, k ≥ 0ð Þ:
ð30Þ

From equation (30), we note that

n̂en̂+r−λλ tð Þ = en̂+r−λλ tð Þn̂ = a†eaa
†+r−λ

λ tð Þa = a†en̂+1+r−λλ tð Þa:
ð31Þ

By equations (28) and (31), we get

∂f tð Þ
∂t

= ∂
∂t

zjh ea
†a+r
λ tð Þ zj i = zjh n̂ + rð Þen̂+r−λλ tð Þ zj i

= zjh a†ea
†a+r+1−λ
λ tð Þa zj i + r zjh ea

†a+r−λ
λ tð Þ zj i

= e1−λλ tð Þ�zz zjh ea
†a+r
λ tð Þ zj i + r zjh ea

†a+r
λ tð Þ zj ie−λλ tð Þ

= e1−λλ tð Þ zj j2 f tð Þ + re−λλ tð Þf tð Þ:
ð32Þ

Therefore, by equation (32), we obtain the following
theorem:

Theorem 4. Let f ðtÞ = hzjer+n̂λ ðtÞjzi. Then we have

f ′ tð Þ
f tð Þ = zj j2e1−λλ tð Þ + re−λλ tð Þ: ð33Þ

Note that f ð0Þ = 1. From Theorem 4, we have

log f tð Þ =
ðt
0

f ′ tð Þ
f tð Þ dt

= zj j2
ðt
0
e1−λλ tð Þdt + r

ðt
0
e−λλ tð Þdt

= zj j2 eλ tð Þ − 1ð Þ + r
1
λ
log 1 + λtð Þ:

ð34Þ

Thus, by equation (34), we get

f tð Þ = e zj j2 eλ tð Þ−1ð Þ+r 1/λð Þ log 1+λtð Þ = erλ tð Þe zj j2 eλ tð Þ−1ð Þ: ð35Þ

Therefore, by equation (35), we obtain the following
theorem:

Theorem 5. Let f ðtÞ = hzjer+n̂λ ðtÞjzi = hzjer+a†aλ jzi. Then we
have

f tð Þ = erλ tð Þe zj j2 eλ tð Þ−1ð Þ: ð36Þ

From Theorems 3 and 5, we have

erλ tð Þe zj j2 eλ tð Þ−1ð Þ = 〠
∞

n=0
ϕ

rð Þ
n,λ zj j2À Á tn

n!
: ð37Þ

That is, by equation (35), we get

〠
∞

n=0
zjh r + n̂ð Þn,λ zj i

tn

n!
= zjh er+n̂λ tð Þ zj i = f tð Þ

= 〠
∞

k=0
zj j2k 1

k!
eλ tð Þ − 1ð Þkerλ tð Þ

= 〠
∞

k=0
zj j2k 〠

∞

n=k

n + r

k + r

( )
r,λ

tn

n!

= 〠
∞

n=0
〠
n

k=0
zj j2k

n + r

k + r

( )
r,λ

0
@

1
A tn

n!
:

ð38Þ

Comparing the coefficients on both sides of equation
(38), we have

zjh r + n̂ð Þn,λ zj i = zjh r + a†a
À Á

n,λ zj i = 〠
n

k=0

n + r

k + r

( )
r,λ

zj j2k:

ð39Þ

By Theorems 3 and 5, we get

f tð Þ = zjh er+a
†a

λ tð Þ zj i = 〠
∞

n=0
ϕ

rð Þ
n,λ zj j2À Á tn

n!
: ð40Þ

Differentiating equation (40) with respect to t, we have

∂f tð Þ
∂t

= 〠
∞

k=1

tk−1

k − 1ð Þ! ϕ
rð Þ
k,λ zj j2À Á

= 〠
∞

k=0
ϕ

rð Þ
k+1,λ zj j2À Á tk

k!
: ð41Þ
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On the other hand, by equation (32), we get

∂f tð Þ
∂t

= e1−λλ tð Þ zj j2 f tð Þ + re−λλ tð Þf tð Þ

= e1−λλ tð Þ zj j2 〠
∞

k=0

tk

k!
ϕ

rð Þ
k,λ zj j2À Á

+ re−λλ tð Þ〠
∞

k=0
ϕ

rð Þ
k,λ zj j2À Á tk

k!

= zj j2 〠
∞

l=0
1 − λð Þl,λ

tl

l!
〠
∞

k=0

tk

k!
ϕ

rð Þ
k,λ zj j2À Á

+ r〠
∞

l=0
−λð Þl,λ

tl

l!
〠
∞

k=0
ϕ

rð Þ
k,λ zj j2À Á tk

k!

= 〠
∞

n=0
zj j2 〠

n

k=0

n

k

 !
1 − λð Þn−k,λϕ

rð Þ
k,λ zj j2À Á 

+ r〠
n

k=0

n

k

 !
−λð Þn−k,λϕ

rð Þ
k,λ zj j2À Á! tn

n!
:

ð42Þ

Therefore, by equations (41) and (42), we obtain the fol-
lowing theorem:

Theorem 6. For n ≥ 0, we have

ϕ
rð Þ
n+1,λ zj j2À Á

= 〠
n

k=0

n

k

 !
ϕ

rð Þ
k,λ zj j2À Á

zj j2 1 − λð Þn−k,λ
À

+ r −λð Þn−k,λ
Á
:

ð43Þ

When jzj = 1 in Theorem 6, we have

ϕ
rð Þ
n+1,λ = 〠

n

k=0

n

k

 !
ϕ

rð Þ
k,λ 1 − λð Þn−k,λ + r −λð Þn−k,λ
À Á

, ð44Þ

where ϕðrÞn,λð1Þ = ϕðrÞn,λ are called the degenerate r-Bell
numbers.

Remark 7. We can determine the degenerate r-Bell numbers
by using the recurrence relation in the above Theorem 6.
The first few of them are as follows:

ϕ
rð Þ
0,λ = 1,

ϕ
rð Þ
1,λ = 1 + r,

ϕ
rð Þ
2,λ = 2 + 2r + r2 − 1 + rð Þλ,

ϕ
rð Þ
3,λ = 5 + r 6 + r 3 + rð Þð Þ − 6λ − 3r 2 + rð Þλ + 2 1 + rð Þλ2,

ϕ
rð Þ
4,λ = 15 + r 20 + r 12 + r 4 + rð Þð Þð Þ − 30λ − 6r 6 + r 3 + rð Þð Þλ

+ 11 2 + r 2 + rð Þð Þλ2 − 6 1 + rð Þλ3,

ϕ
rð Þ
5,λ = 52 + r 75 + r 50 + r 20 + r 5 + rð Þð Þð Þð Þ − 150λ

− 10r 20 + r 12 + r 4 + rð Þð Þð Þλ
+ 35 5 + r 6 + r 3 + rð Þð Þð Þλ2 − 50 2 + r 2 + rð Þð Þλ3
+ 24 1 + rð Þλ4,

ϕ
rð Þ
6,λ = 203 + r 312 + r 225 + r 100 + r 30 + r 6 + rð Þð Þð Þð Þð Þ

− 780λ − 15r 75ð + r 50 + r 20 + r 5 + rð Þð Þð Þλ
+ 85 15 + r 20 + r 12 + r 4 + rð Þð Þð Þð Þλ2
− 225 5 + r 6 + r 3 + rð Þð Þð Þλ3 + 274 2 + r 2 + rð Þð Þλ4
− 120 1 + rð Þλ5:

ð45Þ
Evaluating the left hand side of Theorem 2 by using the

representation of the coherent state in terms of the number
operator in equation (14), we have

zj a†a + r
À Á

k,λ zj
D E

= e − zj j2/2ð Þð Þe − zj j2/2ð Þð Þ 〠
∞

m,n=0

�zj jmznffiffiffiffiffiffi
m!

p ffiffiffiffi
n!

p n + rð Þk,λ m njh i

= e− zj j2 〠
∞

n=0

zj j2n
n!

n + rð Þk,λ:

ð46Þ
By Theorem 2 and equation (46), we get

ϕ
rð Þ
k,λ zj j2À Á

= zjh a†a + r
À Á

k,λ zj i = 〠
k

l=0
zj j2l

k + r

l + r

( )
r,λ

= e− zj j2 〠
∞

n=0

zj j2n
n!

n + rð Þk,λ, k ≥ 0ð Þ:
ð47Þ

In particular, by letting jzj = 1, we get the Dobinski-like
formula.

Theorem 8. The following Dobinski-like formula holds true:

ϕ
rð Þ
k,λ =

1
e
〠
∞

n=0

1
n!

n + rð Þk,λ, k, r ∈ℕ ∪ 0f gð Þ: ð48Þ

3. Conclusion

In recent years, various degenerate versions of many special
numbers and polynomials have been explored by employing
diverse tools such as generating functions, combinatorial
methods, umbral calculus, p-adic analysis, differential equa-
tions, probability theory, operator theory, and analytic num-
ber theory.

In this paper, we studied the degenerate r-Bell polyno-
mials and numbers via boson operators in quantum physics.
To do that, we first recalled the degenerate normal ordering
of a degenerate integral power of the number operator in
terms of boson operators. Here the degenerate r-Stirling
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numbers of the second kind appear as the coefficients. From
the degenerate normal ordering, we derived two expressions
for the generating function of the degenerate r-Bell polyno-
mials in jzj2, and a recurrence relation and Dobinski-like
formula for the degenerate r-Bell numbers.

It is one of our future research projects to continue to
study many different versions of some special numbers and
polynomials and to find their applications in physics, science
and engineering as well as in mathematics.
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