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In this paper, we discussed some saturated classes of H-commutative semigroups, left (right) regular semigroups, medial
semigroups, and paramedial semigroups.�e results of this paper signi�cantly extend the long standing result about normal bands
that normal bands were saturated and, thus, signi�cantly broaden the class of saturated semigroups.

1. Introduction

Epimorphic and dominion-related properties for the various
classes of semigroups are internally linked to zigzags,
amalgams, and semigroup embeddings. �is trend of
studying the properties of a semigroup class has been one of
the hot pursuits areas in semigroup theory and other uni-
versal algebras worldwide, and a lot of original work has
been conducted and is still being explored. In general, the
theory of semigroups has a signi�cant in�uence on the
theory of computers, languages, and automata where the
equation of zigzags can be represented in terms of zigzag
languages. Now we come to the basic notion and funda-
mental concept of our study which are as follows: Suppose
that a semigroup S has a subsemigroup named U. Using the
de�nition from Isbell [17], U dominates an element d of S if
for all semigroups T and homomorphisms β, c: S⟶ T,
uβ � uc for every u ∈ U, implies dβ � dc. �e dominion of
U in S is denoted by Dom(U, S) and includes all elements of
S dominated by U. It is simple to prove that Dom(U, S) is a
subsemigroup of S that contains U. It is said that if
Dom(U, S) � U, then U is close d in S and U is
absolutely closed if Dom(U, S) � U for all generally com-
prising semigroups S. If Dom(U, S)≠ S for all generally

comprising semigroup S, then the semigroup U is said to be
saturated. Saturation of a semigroup class occurs when all of
its members are saturated.

A morphism from α: A⟶ B is referred to as a
epimorphism (in short epi) in a category C if for all C ∈ C
and for all morphisms β, c: B⟶ C, αβ � αc implies β � c.
It is very clear that a morphism α: S⟶ T is epi if and only
if the inclusion i: Sα⟶ T is epi. It is also simple to check
that if Dom(U, S) � S, then the inclusion map i: U⟶ S is
epi for any subsemigroup U of a semigroup S. �is scenario
also implies that U is epimorphically embedded or dense in
S. �is also means that every onto morphism is an
epimorphism.

Surjective morphisms are epimorphisms in the case of
category theory, while the opposite is not always true in
general. For example, in the categories of Sets, Abelian
Groups, and Groups, epis are onto, but generally it is not
true in the categories of semigroups and rings.

Dominions have a great connection with epimorphisms
as it follows from the above de�nitions that all epis from a
semigroupU are onto states that all morphic images ofU are
saturated.

�e structure of the paper is as follows: in Section 3, we
have extended Khan’s result from commutativity to
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H-commutativity and shown that any H-commutative
semigroup satisfying a nontrivial identity of which at least
one side has no repeated variable is saturated. In Section 4, it
has been shown that all right [left] regular medial semi-
groups are saturated, while in Section 5, we have proved that
all medial semigroups satisfying the identities xr � x and
xy � xy2 are, respectively, saturated; and all paramedial
semigroups satisfying the identity axy � axay are saturated.

2. Preliminaries

Isbell’s Zigzag theorem gives a highly useful tool for de-
scribing semigroup dominions.

Result 1 (see [17, (eorem 2.3] or [15, theorem
VII.2.13]). Let U be a subsemigroup of a semigroup S and let
d ∈ S, then d ∈ Dom(U, S) if and only if d ∈ U or there exists
a series of factorizations of d as follows:

d � a0y1 � x1a1y1 � x1a2y2

� x2a3y2 � · · · � xma2m−1ym � xma2m,
(1)

where m≥ 1, ai ∈ U, (i � 0, 1, . . . , 2m), xi, yi ∈ S(i � 1, 2,

. . . , m), and

a0 � x1a1,

a2m−1ym � a2m,

a2i−1yi � a2iyi+1,

xia2i � xi+1a2i+1,

(1≤ i≤m − 1). (2)

When factoring S over U, this is known as a zigzag with
the value d, length m and spine a0, a1, . . . , a2m.

Results 1’s equations are referred to throughout the
remainder of the paper as “the zigzag equations.”

Result 2. ([19, Result 3]). Let U be any subsemigroup of a
semigroup S and let d ∈ Dom(U, S)\U. If (1) is a zigzag of
minimum length m over U with value d, then xi, yi ∈ S\U

for i � 1, 2, . . . , m.
In the following results, let U and S be any semigroups

with U dense in S.

Result 3. ([19, Result 4]). For any d ∈ S\U and k any positive
integer, if (1) is a zigzag of minimum length m over U with
value d, then there exists b1, b2, . . . , bk ∈ U and dk ∈ S U

such that d � b1b2, . . . , bkdk.
If there are any symbols or terms that are not explained,

we refer the readers to Clifford, Preston, and Howie [8, 15].
Furthermore, bracketed assertions or conceptions are dual
to the other claims or notions in what follows.

In semigroup theory, ring theory, and elsewhere, there
have been several efforts to find the classes of algebras which
are saturated [7]. It was proved by Gardner [9, (eorem
2.10] that, in the class of all rings, any regular ring is sat-
urated but Higgins [12, Corollary 4] established that not
every regular semigroup is saturated. Any class of gener-
alized inverse semigroups, on the other hand, is saturated
and had been shown by Higgins in [8].(ere must be at least
one side of any identity defining a semigroup variety that has

no repeating variables in order for it to be saturated [13,
(eorem 6]. Commutative and heterotypical varieties of
semigroups have already been dealt with, however, it re-
mains an unanswered question how to identify all saturated
semigroups (see [13, 14, 18]). (e following semigroups are
not saturated: commutative cancellative semigroups, sub-
semigroups of finite inverse semigroups [17], commutative
periodic semigroups [14], and bands, since Trotter [24] has
produced a band with a correctly epimorphically embedded
subband. In this direction, a very recent significant and
remarkable work have been made by Ahanger and Shah on
partially ordered semigroups (posemigroups), and com-
mutative posemigroups (see [1–3], [23]).

Now, we begin with the class of H-commutative
semigroups whose concept was first developed by Tully [25].
In [19], Nagy presented a new concept ofH-commutativity,
i.e., for all a, b ∈ S, there exists x ∈ S1 such that ab � bxa. He
also found that the two characterizations coincide ((eorem
5.1, 18). Recently, the structure of semigroups of this class
has been explored by Alam, Higgins, and Khan [5].

A semigroup S is known as left (right) quasi commu-
tative if, for all a, b ∈ S, there exists a positive integer r such
that ab � bra(ab � bar). A semigroup S is called quasi
commutative semigroup if it is both left [right] quasi
commutative semigroup. It can be easily seen that all quasi
commutative semigroups are H-commutative, but this is
not always be true for the converse case [see Ch.8, 19].

An element x of a semigroup S is called left [right]
regular if x � yx2[x � x2y] for some y ∈ S, or in other
words, xLx2[xRx2]. If all elements of S is left [right]
regular, then S is called a left [right] regular semigroup, see
[20]. A medial semigroup is a semigroup which fulfills the
identity abcd � acbd, as shown in [Ch. 9, 19].

Protic [21] introduced the concept of paramedial
semigroups as a generalization of externally commutative
semigroups. A semigroup is called paramedial semigroup if
it satisfies the paramedial law: wxyz � zxyw for all
w, x, y, z ∈ S. For further information and related results, see
[10, 11, 16, 19].

3. Saturated Class of
H-Commutative Semigroups

(e general question of identifying all saturated varieties of
semigroups has been open for long, though lot of efforts had
been made over the last four decades. For example, there was
an answer to the question for commutative varieties (Hig-
gins [14], Khan [18]) and heterotypical varieties (Higgins
[13]). Readers may refer [10, 11] for the related notions,
results, and materials on the topic. Our first finding extends
Khan’s result [18, (eorem 3.4] providing an essential
condition for the saturation of commutative varieties. Au-
thors had previously extended this result to quasi com-
mutative semigroups [6, (eorem 2.5]. Since the class of
H-commutative semigroups contains the class of quasi
commutative semigroups, it is worth to explore whether this
result may further be extended to the class of H-commu-
tative semigroups. Here, we have answered the above
question and generalized authors’s result for the class of
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H-commutative semigroups. (is class, infact, also contains
the class of commutative semigroups.

If the semigroup is commutative and at least one side has
no repeating variables, Khan [18] established that it was
saturated. (is conclusion was extended in [6] for quasi
commutative semigroups. Saturation of a H-commutative
semigroup fulfilling a nontrivial identity of which at least
one side has no repeating variable is further shown in the
current article.

Theorem 1. If a H-commutative semigroup U satisfies a
nontrivial identity I of which at least one side has no repeated
variable, then U is saturated.

Proof. Since one side of the identity I has no repeated
variable, the identity I has the following form:

x1x2 · · · xn � w x1, x2, . . . xn, xn+1, . . . , xn+m( 􏼁, (m≥ 0).

(3)
□

Proposition 1. In anyH-commutative semigroup S, for any
a, b, c ∈ S and positive integer r≥ 2, there exists w ∈ S1 such
that

(abc)
r

� a
r
b

r
c

r
w. (4)

Proof. We shall use induction on r to prove the proposition.
For r � 2, by repeated application of H-commutativity of S

and for some w1, w2, w3, w4 ∈ S1, we have

(abc)
2

� (abc)(abc)

� a(bc)a(bc)

� a
2
w1(bc)(bc)

� a
2
(bc)(bc)w2w1

� a
2
b
2
w3c

2
w2w1

� a
2
b
2
c
2
w4w3w2w1.

(5)

So the result holds for r � 2.
Similarly, for r � 3, by repeated application of

H-commutativity of S, the case for r � 2 and for some
w1, w2, . . . , w8 ∈ S1, we have

(abc)
3

� (abc)
2
(abc),

� a
2
b
2
c
2
w4w3w2w1(abc)

� a
2
(abc)w5b

2
c
2
w4w3w2w1

� a
3
bb

2
w6ccw5c

2
w4w3w2w1

� a
3
b
3
cw7w6cw5c

2
w4w3w2w1

� a
3
b
3
cc

2
w8w7w6cw5w4w3w2w1

� a
3
b
3
c
3

w8w7w6cw5w4w3w2w1( 􏼁.

(6)

(us the result is true for r � 3.

For all positive integers less than or equal to r − 1,
suppose inductively that the conclusion is true. (us, we
have

(abc)
r− 1

� a
r− 1

b
r− 1

c
r− 1

w4r−8w4r−9, . . . , w3w2w1( 􏼁, (7)

for some w4r−8, w4r−9, . . . , w3, w2, w1 ∈ S1.
Now for positive integer r, we repeat the application of

H-commutativity of S for some w4r−7, w4r−6, w4r−5,

w4r−4 ∈ S1. (erefore, we have

(abc)
r

� (abc)
r− 1

(abc)

� a
r− 1

b
r− 1

c
r− 1

w4r−8w4r−9 · · · w3w2w1( 􏼁(abc)

� a
r− 1

(abc)w4r−7b
r− 1

c
r− 1

w4r−8w4r−9 · · · w3w2w1( 􏼁

� a
r
bcw4r−7b

r− 1
c

r− 1
w4r−8w4r−9 · · · w3w2w1( 􏼁

� a
r

bb
r− 1

􏼐 􏼑w4r−6cw4r−7c
r− 1

w4r−8w4r−9 · · · w3w2w1( 􏼁

� a
r
b

r
cw4r−5w4r−6w4r−7c

r− 1
w4r−8w4r−9 · · · w3w2w1( 􏼁

� a
r
b

r
cc

r− 1
w4r−4w4r−5w4r−6w4r−7 w4r−8w4r−9 · · · w3w2w1( 􏼁

� a
r
b

r
c

r
w4r−4w4r−5w4r−6 · · · w3w2w1( 􏼁,

� a
r
b

r
c

r
w

(8)

where w � w4r−4w4r−5w4r−6 · · · w3w2w1 ∈ S1. □
Returning to the proof of the theorem, we assume to the

contrary that U is not saturated, so Dom(U, S) � S for some
semigroup S containing U properly. □

Lemma 1. xa � xa2t[ay � a2ty] for some t ∈ U1 and, all
a ∈ U, x ∈ S U[y ∈ S U].

Proof. By Result 3, as x ∈ S U, we have

x � x′u1u2 · · · un, (9)

for some u1, u2, . . . , un ∈ U and x′ ∈ S U.
Since U satisfies (3), we have the two cases: Case (1):

identity (3) is heterotypical and Case (2): identity (3) is
homotypical. □

Case 1. Suppose identity (3) is heterotypical. (en
|xn+k|w≥ 1 for some 1≤ k≤m (|x|w, for any word w, denotes
howmany times the variable x appears in the word w). Now,
we have

xa � x′u1u2 · · · una

� x′w u1, u2, . . . , un, un+1, . . . , un+k−1, a
2
,􏼐

un+k+1, . . . , un+m−1, un+m􏼁a,

(10)

for any un+1, . . . , un+k−1, un+k+1, . . . , un+m−1, un+m ∈ U.
Since U is H-commutative and w(u1, u2, . . . , un,

un+1, . . . , un+k−1, un+k+1, . . . , un+m−1, un+m) contains the ele-
ment a2r(r � |yn+k|w), by using equality (9) and for some
w, w′∈ U1, we have
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xa � x′u1u2 · · · una

� x′w u1, u2, . . . , un, un+1, . . . , un+k−1, a
2
,􏼐

un+k+1, . . . , un+m−1, un+m􏼁a

� x′w u1, u2, . . . , un, un+1, . . . , un+k−1,(

a, un+k+1, . . . , un+m−1, un+m􏼁wa
r+1

� x′u1u2 · · · unwa
r+1

� xwa
r+1

� xa
2
w′wa

r− 1

� xa
2
t,

(11)

where t � wwar− 1 ∈ U1.

Case 2. Suppose identity (3) is homotypical. According to
the nontriviality of the identity (3), we may consider that (3)
is in the following form:

x1x2 . . . xn � w x1, x2, . . . , xn( 􏼁, (12)

where |xk|w≥ 1 for all 1≤ k≤ n and |xj|w � r≥ 2 for some
1≤ j≤ n. Since U is H-commutative and by using equality
(9) and (12) for some p, w, w′∈ U1, we have

xa � x′d1d2, . . . , dj−1djdj+1, . . . , dna,

� x′d1d2, . . . , dj−1dj􏼐 􏼑 dj+1, . . . , dn􏼐 􏼑a

� x′d1d2, . . . , dj􏼐 􏼑 (ap) dj+1, . . . , dn􏼐 􏼑􏼐 􏼑

� x′w d1, d2, . . . , dj−1, dja, pdj+1, . . . , dn􏼐 􏼑

� x′w d1, d2, . . . , dn( 􏼁wp
|xj+1,w a

r

� x′d1d2, . . . , dnwp
|xj+1,w a

r

� xwp
xj+1

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

wa
r

� xa
2
w′wp

xj+1

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

wa
r− 2

� xa
2
t,

(13)

as required, where t � w′wp|xj+1|war− 2 ∈ U1. □
Returning back to the proof of the theorem, let d ∈ S\U

be any element. As Dom(U, S) � S, let (1) be a zigzag for
d in S over U of minimal length m. Now, by using
equalities (1), Lemma 1 for some t1, t3 · · · t2m−1 ∈ U1, and
H-commutativity of U for some w1, w2, w3,

w4, w′, w∗, w∗∗, w∗∗∗ ∈ U1

d � x1a1y1

� x1a
2
1t1y1

� x1a1 a1t1( 􏼁y1

� x1a1 t1w1a1( 􏼁y1

� x1a1t1w1a1y1

� x1a1t1w1a2y2

� x1 a1t1w1( 􏼁a2y2

� x1 a2( 􏼁 w2( 􏼁 a1t1w1( 􏼁y2

� x2a3 w2a1t1w1( 􏼁y2

� x2a3 w2a1t1w1( 􏼁y2

� x2a
2
3t3 w2a1t1w1( 􏼁y2

� x2a3 a3( 􏼁 t3w2a1t1w1( 􏼁y2

� x2a3 t3w2a1t1w1( 􏼁 w3( 􏼁 a3( 􏼁y2

� x2a3 t3w2( 􏼁 a1( 􏼁 t1w1w3( 􏼁a3y2

� x2a3 t3w2t1w1w3( 􏼁 w4( 􏼁 a1( 􏼁a3y2

� x2a3(w′)a1a3y2

⋮

� xma2m−1 w
∗

( 􏼁a2m−3a2m−5 . . . a5a3a1 a2m−1ym( 􏼁

� xm−1a2m−2 w
∗

( 􏼁a2m−3a2m−5 . . . a5a3a1a2m

� xm−1 a2m−2 w
∗

( 􏼁( 􏼁a2m−3a2m−5 . . . a5a3a1a2m

� xm−1a2m−3a2m−3

a2m−2 w
∗∗

w
∗

( 􏼁( 􏼁a2m−5 . . . a3a1a2m

� xm−2a2m−4a2m−3a2m−2

w
∗∗

w
∗

( 􏼁a2m−5 . . . a5a3a1a2m

� xm−2a2m−5a2m−5a2m−4a2m−3a2m−2

w
∗∗∗

w
∗∗

w
∗

( 􏼁 . . . a5a3a1a2m

⋮

� x1a1a1a2a3 . . . a2m−6a2m−5a2m−4a2m−3a2m−2(v)a2m􏼁

� a0a1a2a3 . . . a2m−6a2m−5a2m−4a2m−3a2m−2(w∗ )a2m ∈ U

⇒ d ∈ U.

(14)

(is is a contradiction which shows that Dom(U, S)≠ S,
where U is saturated. □

As a corollary, we have the following interesting result:

Corollary 1. Classes of all quasi commutative semigroups
satisfies a nontrivial identity of which at least one side has no
repeated variable are saturated.

Since the class of weakly commutative semigroups is a
wider class than the class of H-commutative semigroups, so
one may arise the open problem as follows:
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Open Problem 1. Whether the class of all weakly commu-
tative semigroups satisfying a nontrivial identity of which at
least one side has no repeated variable is saturated. If not,
then under what condition this class may be saturated?

4. Saturated Classes of Medial Semigroups

Normal bands have long been known to be closed [22], and
the class of generalized inverse semigroups (regular semi-
groups whose set of idempotents form normal bands) has
been saturated (see [11]). So, it is natural to ask whether this
result can be extended to the class of left [right] regular
semigroups.

In the present section, we prove that the class of left
[right] regular medial semigroups are saturated. We also
show that medial semigroups satisfying the identities
xr � x, r≥ 2, and xy � xy2 are saturated and consequently
deduce the known fact that normal bands are saturated.

Lemma 2. Let S be any semigroup with a medial sub-
semigroup U and such that Dom(U, S) � S. 9en xaby �

xbay for all a, b ∈ U and x, y ∈ S.

Proof. When x, y ∈ U, then there is nothing to prove. So
assume that x ∈ S\U. As Dom(U, S) � S, by Result 3 and
based on property U, we obtain

x � x1u, for some u ∈ U andx1 ∈ S\U. (15)

Now, if y ∈ U, then

xaby � x1uaby,

� x1ubay

� xbay,

(16)

as required.
In the other case, i.e., when y ∈ S\U, then

y � vy1, for some v ∈ U andy1 ∈ S\U. (17)

So

xaby � x1uabvy1,

� x1ubavy1

� xbay.

(18)

(is completes the proof of the lemma. □

Theorem 2. All right regular medial semigroups are
saturated.

Proof. Suppose all right regular medial semigroups are not
saturated. So there is a right regular medial semigroup U and
a semigroup S containing U as a proper subsemigroup and
such that Dom(U, S) � S. For any d ∈ Dom(U, S)\U, if (1) is
a zigzag for d in S over U of minimal length m, then by using
equalities (1), Lemma 2 and based on property U for some
z1, z3, · · · z2m−1 ∈ U, we have

d � a0y1,

� x1a1y1

� x1a
2
1z1y1

� x1a1 a1z1( 􏼁y1

� x1 a1z1( 􏼁a1y1

� x1 a1z1( 􏼁a1y1

� x1 a1z1( 􏼁a2y2

� x1a2 a1z1( 􏼁y2

� x2a3 a1z1( 􏼁y2

� x2a
2
3z3 a1z1( 􏼁y2

� x2 a3z3( 􏼁 a1z1( 􏼁a3y2

⋮

� xm−1 a2m−3z2m−3( 􏼁 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁a2m−3ym−1

� xm−1 a2m−3z2m−3( 􏼁 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁a2m−2ym

� xm−1a2m−2 a2m−3z2m−3( 􏼁 a2m−5z2m−5( 􏼁 · a3z3( 􏼁 a1z1( 􏼁ym

� xma2m−1 a2m−3z2m−3( 􏼁 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁ym

� xma
2
2m−1z2m−1 a2m−3z2m−3( 􏼁 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁ym

� xma2m−1z2m−1 a2m−3z2m−3( 􏼁

a2m−5z2m−7( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁a2m−1ym

� xm−1a2m−2z2m−1 a2m−3z2m−3( 􏼁 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁a2m

� xm−1a2m−3a2m−2z2m−1z2m−3 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁a2m

� xm−2a2m−4a2m−2z2m−1z2m−3 a2m−5z2m−5( 􏼁 . . . a3z3( 􏼁 a1z1( 􏼁a2m

� xm−2a2m−5a2m−4a2m−2z2m−1z2m−3z2m−5 . . . a3z3( 􏼁 a1z1( 􏼁a2m

� xm−3a2m−6a2m−4a2m−2z2m−1z2m−3z2m−5 . . . a3z3( 􏼁 a1z1( 􏼁a2m

⋮

� x2a4a6a8z2m−1z2m−3z2m−5 . . . z7z5 a3z3( 􏼁 a1z1( 􏼁a2m

� x2a3a4a6a8z2m−1z2m−3z2m−5 · · · z7z5z3 a1z1( 􏼁a2m

� x1a2a4a6a8z2m−1z2m−3z2m−5 . . . z7z5z3 a1z1( 􏼁a2m

� x1a1a2a4a6a8z2m−1z2m−3z2m−5 . . . z7z5z3z1a2m

� a0a2a4a6a8 . . . a2m−6a2m−4a2m−2z2m−1z2m−3z2m−5 . . . z7z5z3z1a2m

� a0z1a2z3a4z5a6z7a8 . . . a2m−6z2m−5a2m−4z2m−3a2m−2z2m−1 . . . a2m

⇒d ∈ U.

(19)

(is is a contradiction and, so, Dom(U, S)≠ S. (us U is
saturated. □

Here, we generalize the result that the variety of normal
bands was saturated [11] to medial semigroups fulfilling the
identity xr � x (r≥ 2). □

Theorem 3. Any medial semigroup satisfying the identity
xr � x (r≥ 2) is saturated.

Proof. Assume that U is a nonsaturated medial semigroup
fulfilling the identity xr � x (r≥ 2). So there is a semigroup S

containing U as a proper subsemigroup and such that
Dom(U, S) � S. For any d ∈ Dom(U, S)\U, if (1) is a zigzag
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for d in S over U of least length m, then by using equalities
(1), Lemma 2 and based on property U, it implies that
d � a0y1,

� x1a1y1

� x1a
r
1y1

� x1a
r−1
1 a1y1

� x1a
r−1
1 a2y2

� x1a2a
r−1
1 y2

� x2a3a
r−1
1 y2

� x2a
r
3a

r−1
1 y2

⋮

� xm−1a
r
2m−3 a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑ym−1

� xm−1a2m−3a
r−1
2m−3 a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑ym−1

� xm−1a
r−1
2m−3 a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m−3ym−1

� xm−1 a
r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m−2ym

� xm−1a2m−2 a
r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑ym

� xma2m−1 a
r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑ym

� xma2m−1a
r−1
2m−1 a

r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑ym

� xma
r−1
2m−1 a

r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑 a2m−1ym( 􏼁

� xma2m−1a
r−2
2m−1 a

r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m

� xm−1a2m−2a
r−2
2m−1 a

r−1
2m−3a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m

� xm−1a
r−1
2m−3 a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m−2a

r−2
2m−1 a2m( 􏼁

� xm−1a2m−3a
r−2
2m−3 a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m−2a

r−2
2m−1a2m

� xm−2a2m−4a
r−2
2m−3 a

r−1
2m−5 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m−2a

r−2
2m−1a2m

� xm−2a
r−1
2m−5 a

r−1
2m−7 . . . a

r−1
5 a

r−1
3 a

r−1
1􏼐 􏼑a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

⋮

� x2a
r−1
3 a

r−1
1 a4a

r−2
5 a6a

r−2
7 . . . a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

� x2a3a
r−2
3 a

r−1
1 a4a

r−2
5 a6a

r−2
7 . . . a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

� x1a2a
r−2
3 a

r−1
1 a4a

r−2
5 a6a

r−2
7 . . . a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

� x1a
r−1
1 a2a

r−2
3 a4a

r−2
5 a6a

r−2
7 . . . a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

� x1a1a
r−2
1 a2a

r−2
3 a4a

r−2
5 a6a

r−2
7 . . . a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

� a0a
r−2
1 a2a

r−2
3 a4a

r−2
5 a6a

r−2
7 . . . a2m−4a

r−2
2m−3a2m−2a

r−2
2m−1a2m

⇒d ∈ U.

(20)
(is is a contradiction implying that Dom(U, S)≠ S.

(erefore U is saturated. □
Classes of left [right] commutative semigroups and

externally commutative semigroups satisfying the identity
xy � xy2 were saturated was shown in [4]. Here, we further
extend this result for a class of medial semigroups.

Lemma 3. Let U be a semigroup fulfilling the identity xy �

xy2 and let S be a semigroup containing U as a proper
subsemigroup and such that Dom(U, S) � S. 9en
xay � xa2y for all a ∈ U and x, y ∈ S.

Proof. If x ∈ S, then the proof follows trivially. In the other
case, i.e., when x ∈ S\U, then, by Result 3, x � x1u for some
u ∈ U and x1 ∈ S\U. Now, based on property U, we obtain
xay � x1uay � x1ua2y � xa2y. □

Theorem 4. Medial semigroups satisfying the identity xy �

xy2 are saturated.

Proof. Take any semigroup U fulfilling the identities xy2 �

xy and xyzw � xzyw. If, by contradictory U is non-
saturated, then there is a semigroup S containing U properly
and such that Dom(U, S) � S. For any d ∈ Dom(U, S)\U, if
(1) is a zigzag for d in S over U of minimal length m, then by
using equalities (1), Lemma 2, Lemma 3, and by the property
of U, we have

d � a0y1,

� x1a1y1

� x1a
2
1y1

� x1a1a1y1

� x1a1a2y2

� x1a2a1y2

� x2a3a1y2

� x2a
2
3a1y2

� x2a3a1a3y2

⋮

� xm−1a2m−3a1a3 . . . a2m−7a2m−5ym−1

� xm−1a1a3 . . . a2m−7a2m−5a
2
2m−3ym−1

� xm−1a1a3 . . . a2m−7a2m−5a2m−3a2m−2ym

� xm−1a2m−2a1a3 . . . a2m−7a2m−5a2m−3ym

� xma2m−1a1a3 . . . a2m−7a2m−5a2m−3ym

� xma
2
2m−1a1a3 . . . a2m−7a2m−5a2m−3ym

� xma2m−1a1a3 . . . a2m−7a2m−5a2m−3a2m−1ym

� xma2m−1a1a3 . . . a2m−7a2m−5a2m−3a2m

� xm−1a2m−2a1a3 . . . a2m−7a2m−5a2m−3a2m

� xm−1a2m−3a1a3 . . . a2m−7a2m−5a2m−2a2m

� xm−2a2m−4a1a3 . . . a2m−7a2m−5a2m−2a2m

� xm−2a2m−5a1a3 . . . a2m−7a2m−4a2m−2a2m

⋮

� x2a3a1a4a6 . . . a2m−6a2m−4a2m−2a2m

� x1a2a1a4a6 . . . a2m−6a2m−4a2m−2a2m

� x1a1a2a4a6 . . . a2m−6a2m−4a2m−2a2m

� a0a2a4a6 . . . a2m−6a2m−4a2m−2a2m ∈ U.

(21)
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A contradiction and, so, Dom(U, S)≠ S. Hence U is
saturated. □

Corollary 2. 9e variety [xy � xy2, xyz � xzy]

([xy � xy2, xyz � yxz]) of semigroups is saturated.

Corollary 3. Varieties of left [right] normal bands and
normal bands are saturated.

5. Saturated Class of Paramedial Semigroups

It was shown, in [4], that a medial semigroup fulfilling the
identity axy � axay was saturated. In the following, this
result is extended to paramedial semigroups by showing that
a paramedial semigroup with the identity axy � axay is
saturated.

Proposition 2. For any proper subsemigroup U of a semi-
group S, if Dom(U, S) � S and the identity axy � axay is
satisfied by U, then xay � xazay and xaby � xabay for all
a, b ∈ U and x, y ∈ S\U, where x � x′z for some z ∈ U and
x′ ∈ S\U.

Proof. Now, as y ∈ S\U, let y � wy′ for some w ∈ U and
y′ ∈ S\U. So, based on property U, we obtain

xay � x′zawy

� x′zazwy′

� x′z(azw)y′

� x′z(azaw)y′

� x′z( 􏼁aza wy′( 􏼁

� xazay

and

xaby � xabwy′

� xabawy′

� xabay,

(22)

as required. □

Theorem 5. Any paramedial semigroup satisfying the
identity axy � axay is saturated.

Proof. If to the contrary, a paramedial semigroup U satis-
fying the identity axy � axay is nonsaturated, then there is
a semigroup S with proper containment of U such that
Dom(U, S) � S. Now, for any d ∈ Dom(U, S)\U, if (1) is a
zigzag for d in S over U of minimal length m, then by using
equalities (1), Proposition 2, and by the property of U, we
have

d � a0y1

� x1a1y1

� x1a1z1a1y1

� x1a1z1a2y2

� x1a1z1a1a2y2􏼁

� x1a2z1a1a1y2

� x2a3 z1a
2
1􏼐 􏼑y2

� x2a3 z1a
2
1􏼐 􏼑a3y2

⋮

� xm−1a2m−3 z1a
2
1􏼐 􏼑a3a5 . . . a2m−7a2m−5a2m−3ym−1

� xm−1a2m−3(w) a3a5 . . . a2m−7a2m−5( 􏼁a2m−2ym, wherew � z1a
2
1􏼐 􏼑

� xm−1a2m−2(w) a3a5 . . . a2m−7a2m−5( 􏼁a2m−3ym

� xma2m−1 wa3a5 . . . a2m−7a2m−5a2m−3( 􏼁ym

� xma2m−1 wa3a5 . . . a2m−7a2m−5a2m−3( 􏼁a2m−1ym

� xm−1 a2m−2( 􏼁(w) a3a5 . . . a2m−7a2m−5( 􏼁 a2m−3( 􏼁a2m

� xm−1 a2m−2( 􏼁(w) a3a5 . . . a2m−7a2m−5( 􏼁 a2m−3( 􏼁( 􏼁a2m

� xm−1 a2m−3( 􏼁(w) a3a5 . . . a2m−7a2m−5( 􏼁 a2m−2( 􏼁( 􏼁a2m

� xm−2a2m−4(w) a3a5 . . . a2m−7( 􏼁 a2m−5( 􏼁a2m−2a2m

� xm−2a2m−5(w) a3a5 . . . a2m−7( 􏼁a2m−4a2m−2a2m

⋮

� x2a3(w)a4a6 . . . a2m−4a2m−2a2m

� x2a3 z1a
2
1􏼐 􏼑a4a6 . . . a2m−4a2m−2a2m, asw � z1a

2
1 ∈ U􏼐 􏼑

� x1 a2( 􏼁 z1( 􏼁 a1( 􏼁 a1( 􏼁a4a6 . . . a2m−4a2m−2a2m

� x1a1 z1( 􏼁 a1( 􏼁a2a4a6 . . . a2m−4a2m−2a2m

� a0 z1a1( 􏼁a2a4a6 . . . a2m−4a2m−2a2m.

(23)

(us d ∈ U, which is a contradiction. Consequently,
Dom(U, S)≠ S and, thus, U is saturated and the proof of the
theorem is completed. □

6. Conclusion

In the present paper, authors have successfully proved that
any H-commutative semigroup satisfying a nontrivial
identity of which at least one side has no repeated variable is
saturated. (en it has been shown that all right [left] regular
medial semigroups are saturated. Finally, we have proved
that all medial semigroups satisfying the identities
xr � x (r≥ 2) and xy � xy2 are, respectively, saturated; and
all paramedial semigroups satisfying the identity
axy � axay are saturated.
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(e results obtained in the paper have their immense
utility as they imply that all epis from these classes are onto
and open avenues and hope to explore further classes of
semigroups for which epis are onto; for example, we list a
few open problems in this direction to look into by
researchers:

(i) Is it possible to extend the results proved in the
paper for semigroups satisfying identities other than
used in the paper?

(ii) (e determination of all saturated classes of bands
has been unanswered for long and an effort may be
made in this direction.

(iii) To explore whether the extension of (eorem 1 for
the class of weakly commutative semigroups which
is wider and larger class of H-commutative semi-
groups is possible or not?
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