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In this study, we prove the existence of a positive solution for a p-Kirchhoff-type problem with Sobolev exponent.

1. Introduction and Main Results

In this study, we are concerned with the following
p-Kirchhoft-type problem:

{ —(allull VP + b)div(IVul? Vi) =[ul” u+ Mul’ *u, inQ,

u=0,

where Q ¢ RN is a bounded domain, 1< p<N, a, b>0,
0>1, |.| is the wusual norm in W(l)‘P (Q) given by
lul? = J-QIVuIde, A is a parameter, and p* = pN/(N - p)
is the critical Sobolev exponent corresponding to the
noncompact embedding of Wé’p (Q) into L?" (Q).

Since equation (P;) contains an integral over (), it is no
longer a pointwise identity; therefore, it is often called a
nonlocal problem. It is called also nondegenerate if b > 0 and
a >0, while it is named degenerate if b = 0 and a > 0.

Such nonlocal elliptic problem such as (P,) is related to
the original Kirchhoft’s equation in [1] which was first in-
troduced by Kirchhoftf as an extension of the classical
D’Alembert wave equation for free vibrations of elastic

P 1
onaQ,( ) )

strings. KirchhofF's model takes into account the changes in
length of the strings produced by transverse vibrations.

Much interest has grown on problems involving critical
exponents, starting from the celebrated paper by Brézis and
Nirenberg [2]. They considered problem (P,) with a =0,
b =1, and p =2. From their results, it came out that the
space dimension N was going to play a crucial role. They
established existence results in dimension N = 3 when Qisa
ball, namely, they ensure the existence of a positive constant
Ao such that problem (P),, admits a positive solution for
A € (Ay/4,1,), where A, is the first eigenvalue of the operator
—A. In higher dimensions, N >4, they proved the existence
of a positive solution for A € (0,1,) and no positive solution
for A>A, or A<0 and Q is a starshaped domain.
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Moreover, by using the concentration compactness
principle [3], the results of [2] were extended to the quasi-
linear cases by Guedda and Veron [4]. Precisely, they proved
that if N =>p? then the quasi-linear Brezis-Nirenberg
problem,

div(quIP_ZVu) = Iulp*_zu +Mulf*u, inQ,
onoqQ,

(2)

u=0,

has a positive solution if A € (0,14,), where A, is the first
eigenvalue of

~div(|Vul’"*Vu) = Aul’"*u, inQ, 3)

with Dirichlet boundary condition and no positive solution
for A=A, or and Q star shaped.

In the last few years, great attention has been paid to the
study of Kirchhoff problems involving critical nonlinearities.
This problems create many difficulties in applying varia-
tional methods, we refer the readers to [5-13] and the
references therein. More precisely, Naimen in [10] gener-
alized the results of [2] for 3- and 4-dimensional Kirchhoff-
type equations. For larger dimensional case, Figueiredo [7]
considers the case N >3 if 1 >0 is sufficiently large.

The main results in the present paper can be considered
as the extension of the work of [4] for a p-Kirchhoff problem
with large range of N. The competing effect of the nonlocal
term with the critical nonlinearity and the lack of com-
pactness of the embedding of Wé’P (Q) into LP" (Q), prevents
us from using the variational methods in a standard way. So,
we need more delicate estimates.

To the best of our knowledge, many of the results are new
for p>1 and even in the case § = 2. Our results and setting
are more general and delicate, it is difficult to obtain the
solution in the degenerate case when 0 < (p*/p).
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Our technique is based on variational methods and
concentration compactness argument [3], and we need to
estimate the energy levels.

In this paper, we define the best Sobolev constant for the
imbedding W (Q) —LF" (Q) as

P
S inf el

uEW(ljp(Q){O} (J0|u|p*dx)P/P* (4)

Then, we obtain the following existence result.

Theorem 1. Let b>0, N=>p* and A€ (0,bA). If
0=N/(N-p) and 0<a<S 9 or 0<N/(N - p) and a>0,
then (P,) has a positive solution.

Remark 1. If u is a solution of (P;), we obtain

—div(IVuIP_ZVu) = g(x,u), (5)

where g(x,u) = M (lull) f (x,u) with M (JJul) =
(allu @ VP + b)Y and f (x,u) = |ul” ~2u + Alul?~*u. By the
extended Pohozaev identity in [4], we can get a nonexistence
solutions for A <0 and ( is starshaped.

2. Preliminary Results

In this study, we use the following notation: — (resp —)
denotes strong (resp. weak) convergence, o, (1) denotes
0,(1) — 0 as n —> +00, A, is the first eigenvalue of

~div(|Vul?"*Vu), (6)

with Dirichlet boundary condition, and By (x,) is the ball
centered at x; and of radius R, u~ = max{-u, 0}.

Recall that the infimum § is attained in RN by the
functions of the form

N o1\ (NP o
v (x) = <Ns( p) > (s +|x|P/(P_1))(P_ )P, £>0. (7)
p-1
J2” =5+ 0(e-7")
Moreover, v, satisfies ) ,
CeP™, it N> p*,
Py, _ P e _ P/ (p-p) 9
JRNW”S' dx j npax=s S ® J e ffdxz N Pln e, N = g
Q
Let R be a positive constant and set ¢ € C5° (2) such that CeNPP i N < p?
0<¢(x)<1 for |x|<R and ¢(x) =1 for |x|< (R/2) and (see [14])
Br(0)c Q.  Set ¥,(x)= , by tak see 112
r(0)c : e (%) = p(x)ve (x) Y — The energy functional I,: Wy?(Q) — R, corre-

z, =V, ([ |77 dx)" " so that [ |z, dx = 1.
We have the well-known estimates as ¢ — 0:

1

sponding to the problem (P,), is given by

I () = %nuu@f’ ol = jﬂ|u|f’ de— j ' dx, Ve Wi (@) (10)
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Notice that I, is well defined in W” (Q) and belongs to
C' (WP (Q),R). We say that u € W (Q)\{0} is a weak
solution of (Y)) if, for any v € W(l)’P (Q)), there holds

<,y =(alid 7 +b) [ a2 VuTvdx = [ ful? vz <Al v
Q Q Q

=0.

Hence, a critical point of functional I is a weak solution
of problem (P,).

Definition 1. Let ¢ € R; a sequence (u,) C Wé’p (Q) is called
a (PS). sequence (Palais—-Smale sequence at level c) if

I, (u,) — cand I, (u,) — Oasn — + co. (12)
Let c € R. We say that I, satisfies the Palais—-Smale

condition at level ¢ if any (PS), sequence contains a con-
vergent subsequence in W,7 (Q).

Lemmal. Leta,b>0,0>1,0>0,andy = ((a/0)S)Y =D,
for 0> 1. For y >0, we consider the function ¥: R* — R,
given by

Y(y) =Sy —as™'y-b. (13)

Then,

() If o=1, 0<a<S Y and b>0, then the equation
W (y) = 0 has a unique positive solution,

b
V1= m’ (14)

and ¥ (y) >0, for all y>y,.

(2) If 0> 1, then the equation ¥ (y) =0 has a unique
positive solution y, >% and ¥ (y) >0, for all y > y,.

Proof

(1) Foro=1,0<a<S? and b>0, we have

¥(y)=s""(s"-a)y-b, (15)
that is, the equation ¥ (y) = 0 has a unique positive
solution,

Y1 (S—e_a)sa—l’ (16)

and ¥ (y) >0, for all y> y,.
(2) For 0> 1, we have ¥' (y) = 05" 'y°~! — a8 ! and

¥ () =0(@-1S 'y *>0, Vy>0. (17)

(11)

Then, ¥' (7) = 0, ¥' () <0, for y<¥,and ¥' (y) >0, for
y>7%. Hence, ¥ is concave function and

) B L /a9 o/ (o—1)
min¥(y) = ¥(5) = (g - S (ES> <0, (18)

Moreover, we have ¥ (y) <O and lim,_,,,'¥ (y) = +00;
thus, from (18) and the concavity of ¥, we can conclude that
the equation W (y) = 0 has a unique positive solution y, > ¥
and ¥(y) >0, for all y> y,.

Now, we will verify that the functional I, exhibits the
Mountain Pass geometry. O

Lemma 2. Assume N>p>1,b>0, and A € (0,bA,). Sup-
pose  that 60=N/(N-p) and 0<a<S? or
1<0<N/(N-p) and a>0. Then, there exist positive
numbers 8, and p, such that, for all A € (0,bA,), we have

(1) I, (u) =6, >0, with |ull = p,

(2) There exists e € W(l)’P (\{O} such that |e|l > p, and
I/\ (e) <0

Proof

(1) Let u e W(l,’P(Q)\{O}; by Sobolev and Young in-
equalities, it holds that

_a, e b p_ij P _&J p
I (w) Gpllull +p||u|| > QIul dx » QIul dx

1 « * a b A

2 =S Pl + —ull® o+ —full” - Aul? (19)
p p p 28

bA,y - A

——ull’.

1 .. .
= S Pl ) +
p op 28

Let p = |lul); since a>0, b>0, and 1 <b}, and from
(19), one has

1 . . a bl — 1
1 ___ QP /p p a QP bA, - A P
Let us define

1 d * a 0 bll _/1
h(p) = —Lg plopp 4 O O = A p

P b P Opp ol 5
(21)

g(p) =S PP Py ap@ VP -4

M



Then,
ap@p—l + bAl B App—l

W (p)=-8""PpP 4 T
1

(22)
=<_S—P*/ppp*—p +aP(9—1)P +b)‘i_)t)pp—1'
1

(i) Let 1<O<N/(N - p) and a>0. We have g is
strictly increasing on the interval:

1/(p*-6p)
0, (M N /P) , (23)
(P - p)
and it is strictly decreasing on the interval
(a(@ p .- p)l/(P*—GP)’+OO ’ 1)
pr-p

with g(0) = (bA; —A)/A, lim,_ g (x) = —00,
and

(a(@ 1)P p p)l/(p*ep) P —9]7 —p/p
N —» @-Dp

p*=p)/ (p"-0p
(2000
pT-p A
(25)
Then, direct calculation shows that

maxh(p) = h(p1) >0,

1/(p*~6p)

h(p)=0forallp<p, withp, > (a(G l)pp ) .
pr-p

(26)

L)< || o el

p
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So, for all A € (0,bA,), we have
Li(u)>h(p,) =6,>0, with|ul = p,. (27)
(ii) When N = 0p/ (0 — 1), one obtains p* = Op. Let
= |lull; from (20), one has

If0<a<SY similar to (i), there exist p,, &, >0 such
that

bA. — A 1/(6-1)p
_ 1
e [M ($0- a)] ’

0p/ (6-1)p
0-1, _ pl(0-1)pbA; — A
61 Zh(pl):W(S e—a) ( ) .

A
(29)
(2) For u € W(l)’p (Q)\{0}, t >0, we have
tP o at% 2 (30)
I, (tu) < ——j jal?” dx + %2+ 2 g,
g p op p

(i)If O0<N/(N-p) and t— +00, then
I, (tu) — —oco. So, we «can easily find
e e WP (\{0} with el >p,, such that
I, (e) <0.

(ii) f 0= N/(N - p) and 0<a< §9, using (9) and
taking &, > 0 small enough, then

J |z£|‘D*dx
Q

1 9P_J P >9p
<o (alz e ax)e

bt?
el

Selp[a<sp*/(p*—p) +O(£(N—p)/(p—1))>6_<Sp*/(p*—p) +o(£N/(p—l))>:|t9p

bt 1(p"-p) (N=p)/ (p-1)
p(SP ) 4 O PP))

p

<8p

<L <asﬁp"/ (r'-p) _ g1 (»" p))

(31)

bsp (e P)tP+o( (=) (-
p

<i(u _ 376)599‘/(9*717)&17 " %Sp'/(p*fp)tp " O(g(pr)/(pfl)))
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for all € € (0, ¢;). Then, it follows from the above inequality,
I, (tz,) — —o00 as t — +o00. Thus, choosing t, >0 suf-
ficiently large and putting e: = t,z,, we have a function

As A <b),, we obtain that (u,,) is bounded in W1 Q).
Up to a subsequence if necessary, there exists a functlon
uew, p(Q) such that

ee Wl P (Q)\{0} satistying |ell > p,, such that I) (e) <0. O w —uin Wo’P Q).
Proof. The proof is complete. d u,—uin L (Q)
’ (36)
Lemma 3. Assume N>p>1, a,b>0, A€ (0,bA,), and u, — uinL’ (Q),forallr < p
O<N/(N - p). Let c € R* and (u,) c Wi (Q) be a (PS), u, — ua.eon(.
sequence for I,; then, there exists a subsequence of (u,) which
we still denote by (u,) and u e W, p(Q) such that Then,
u,—uin We? (Q), (32) I, (u,), vy = 0,forallv € C5° (Q), (37)
with I (u) = 0. and thus, I) (1) = 0. This completes the proof of Lemma 4.
Now, we prove an important lemma which ensures the
Proof. We have local compactness of the Palais-Smale sequence for I;.
Fori=1,2, y; is defined in Lemma 2, and we define
I, (un) -6 (33)
I)( (un) —0,
that is,
c+o,(1)=1,(u,),
n( ) A,( n) (34)
0, (DIIVI =<3 (uy,), v)
for any v e Wy* (Q).
Then, as n — 00, it follows that
1 1
c+o,(1)- —*on(l)“unn =1, (u,) - — I, (u,), u,)
p p
_ P - ’ "0p - un”P 2 _*PJ' Ju, | dx,
Opp pp pp Jo
T R T e T
Opp pp Aopp
P =Opy e ANP =Py e
sl P o (b= 1)L Pl
pp” 1/ pp
(35)
11 1/(6-1)\° (1 1 ) 1/(6-1)
Ci=al—-—|(Sy; +bl ——— |Sy; , a>0,b>0, (38)
’ <9p P >( R VR
Cp iff=—— and0<a<S?,
C" = (39)
C,, iff< anda>0.
O

Lemma4. Letb>0and A <bl,, and suppose = N/ (N — p)
and 0<a<S% or O<N/(N-p) and a>0. If
{u,} c Wlp(Q) is a (PS). sequence for I, with c<C* then
{u,} contains a subsequence converging strongly in W Q).

Proof. By the proof of Lemma 3, we have {u,} is a bounded
sequence in W, P (Q). Hence, by the concentration com-
pactness pr1nc1p1e due to Lions [3], there exists a subse-
quence, still denoted by {u,}, such that



|Vun|p—‘df’] >|Vul? + Z quj,
jel

" —dy =lul” + 3 7,3,
el

(40)

where ] is an at most countable index set, (~3- is the Dirac
mass at x; and x; € (), and {’71}]e]u o and {yl}]e]u are sets

of nonnegative real numbers. Moreover,
n; 287" forall j € J. (41)
For £>0, let ¢, ;(x) be a smooth cut-off function cen-
tered at x; such that 0< ¢, ;(x) <1, and
1, in B(xj, e),

¢s,j (x) =
0, inOQ\B(x;, 2€), (42)

2
Vg, ; (x)| <=
Since {¢s)ju is bounded in WOP(Q) and I, (u,) — 0
as n — 00, it holds by Hoélder’s inequality:

0= lim lim <I/1( n)» P jthn

e—0 n—>

= tim tim [(afue,| "7 +8) [ (9070099, ) 5]
Q

e—0n—00

_JQ|M"|P un(qbs,jun)dx - AJQ|un|‘D7 1(¢£’jun)dx]
2 (b+an; Jn; -7,
(43)
Then, y; >bn; + arﬂ Therefore, by (41), we deduce that
—as™ (7)Y Zpso,
(44)

7, =0ors” (y)(p -p)/p’

Assume by contradiction that there exists ]9 € J such
that ¥;,#0. Set = (¥;) (plp") (61 and
o= (p* - p)/(G - 1)p; then, by (44), we obtain

c= nh—r>noo I, (un) -

— ep
= li —b P y
Jim == bl |+ gpp
-1 B p-6p
Zﬁb(”u” +77j0)+ 0pp”

6-1(, AN » P —0p

Opp”

We observe that (6 —1)/0p (b -
and thus, for i € {1,2}, we obtain

(MA) >0, p* = 0p >0,

|-
% <I/\ (un)> un>
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Sty —as™ 'y —b>o0. (45)

It is clear that o> 1, thanks to 6 < N/(N — p). So, from
(45) and the definition of ¥ in Lemma 1, we obtain

¥(y) =Sy —as®ly-b>o. (46)

We will discuss it in two cases:

Case 1: 0 = N/(N - p) and 0<a<§9

According to Lemma 1, we have ¥(y,;) =0 and
Y (y)=0if y>y, with

b
1= (S_O—CL)SQ_I) (47)
which implies that
$(7,) " 25310 <k, (49)

Case 2: 0<N/(N - p) and a>0. In this case, from
Lemma 2, we get ¥ (y,) = 0and ¥ (y) >0 if y > y, with

(6-1)p/ (p*~6p)
-1
’ ><“(9*7)PS€) , (49)
p -p
which implies that
$(7,,)"" 28V =k (50)
Hence, using (41), we deduce
N
K,, iff= and0<a<S ",
N —
0,277 > (51)
N
K, if9<N_ anda> 0.
By Young inequality, we have
0-
j R J 4, dx
Q op
(52)

: 0-1
([ ) 275 | o

P‘P~

. 0-1
P .
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cz ep brl]o epp* y]o
_(l_i> 1 P =0 (v'1p) g (r1p)
p Op Opp

P =0p o P —0p .

+ —akK; -
Opp Opp

> [P — P k! +(l—i*>b1<i] _P =Py,
Opp” pp Opp
+P*;€PK1,(P*’P)S—(P*/P) _Maﬂ
Opp Opp

2[p _epaK?+(l—i*>bKi]+
Opp p p

p -0p K (P P)ip g ('1p) _ Ko -
+ opp° K( S b)

Lk, - L bk,
P’ p

p —-6p 16-1)\¢ (1 1> 1/(91)]
> Sy, +| ——— |bSy; +
[ Opp® ( 4 ) p p 4
+ P - ?PS }/(9’1)(8’ly,-(P*_P)/‘D(G_l) B aSO—lyi B b)
Opp
¥ = 0p . 1/6-1)
>+ 2 S Y (y,
oy ()
>C",

(53)

since ¥ (y;) = 0 fori € {1,2} and C* is defined in (39). Itis a
contradiction with ¢ <C*. Then, J is empty, which implies
that

jﬂ|un|"*dx — JQ|u|P*dx. (54)

Now, set [ =lim|u, || as n — + oo; then, we have

ity = (e Y] - [l ax
—/\J |un|pdx =o0,(1),
Q

=<a||un||(efl)p+b><‘|’ |Vun|p_2Vuandx>
Q
+/2,

(55)

(I (), vy

(56)

_J et | 14, vdx /\J || P uvdx = 0, (1), (57)
Q Q

for any v € W'P (Q).
Letn — + oo; then, from (55) and (56), we deduce that

(al(e 1P+b) J |ul? dx — AJ ulPdx =0, (58)

(al(e_l)" +b)<[ |Vulp_2Vqudx> —J lul” " 2uvdx
Q Q

- /\J [ul?” 2uvdx = 0.
Q
(59)

Taking the test function v = u in (59), we obtain
(a7 b)lul? - | i ax-A[ irdx=o0.  (60)
Q Q

Therefore, equalities (58) and (59) imply that |lull = 1.
Consequently {u,} converges strongly in W' (Q2), which is
the desired result. O

2.1. Proof of the Main Result. By Lemma 4, I, satisfies the
Palais-Smale condition at level ¢ for any ¢<C*. So, the
existence of the positive solution follows immediately from
the following estimates.

Lemma 5. Let N > p?, b>0, and A <b),. Suppose that 0 =
N/(N-p) and 0<a<S% or 0<N/(N - p) and a>0.
Then,

supI, (tz,)<C". (61)

t>0

Proof. Employing estimate (9), we define the following
functions:

g(t) = I/\ (tzs)

= ot + 2 -

S [ e x| Japas
p Q p Ja

_ Bp p tp r
il

_pi(j e de =57 @D |7 ) _?)tpj lz.|Pdx,

S_ (p*1p) ||Z£||Pk o
P’

) = o8 e e S
(62)

Note that lim, |, g(t) = —co and g(t)>0 when t is
close to 0 so that sup,,,g(t) is attained for some T, >0.
Furthermore, from g’ (T,) = 0, it follows that

10 el s ar | | <A e =
Q Q
(63)

and therefore,



17 Je s = ar e bl - Je s

A
. (b _ M)||z£||P.

(64)
Choose € small enough so that, by (9), we have T', > t,,, for
some t,>0.
Besides, it holds
. * 0
T? GPJQ|Ze|P dx = “"Ze" ’ T(G—l)pj |Z€|de
0
<alz.|" + T(g_l)pllzsllp
(65)
For 0< p*/p, a>0, and b>0, we have by (9)
. b||z,
T? HPJ |z.|” dx<alz,|” + t“" 1|>|p (66)

Then, for ¢ small enough, the above estimates yield
T, <t, for some t; >0 (independently of ¢).

For 6= p*/p, 0<a<S% and b>0 and for & small
enough, we have, by (63),

(tled’ - Mol ax)
(falzd” dx - alz] ")

which implies that T, is bounded above, for all € > 0, that is,
there exists a positive real number ¢, >0 (independently of

e).

6-Dp _

(67)

Now, we estimate g(T,). It follows from k' (t) = 0 that

5D a2 | e 2 ) =0, (69)

that is,

sup I, (tz,) < suph(t)+

t>0

Journal of Mathematics

_[S—(P*/P) "zs"P*’PtP*—P _ ot I)P”ZSHW’DP - b] =0. (69)

Set y =t @ Drgl=0)z | V2 5 = (p* — p)/(6- Dp>1,
and
= { y, ifp*= 6pand0§a<$‘9, (70)
y,, if p*>60panda=>0.
Then, by (69) and the definition of ¥, we obtain
57y —as™ly —b] = ¥ (y) = (71)

which 1mphes from the proof of Lemma 1 that ‘I’(Hy
Therefore, k' (t,) = 0, where t, = SYP|z.[|"* (y,)"( Bp As
¥ (y) is concave, then K’ (t) is convex, so

<C*+ Cl(S_(P*/p)S (#72) 4 O NP - 1)+

Ce(pr)/Plln g,
-C,
Ce(pr)/p,

<C" + O(S(N_P)/P) -

maxh() = h(e.) = o5 P et
(72)
a b
s 2 e A I
By h'(t,) = 0, we have
sz |71 = al|z,| Pt + bz, |t (73)
So, from (73), we deduce that
1
n?z%Xh(t) = —? (‘1||z£||91’tzp +b||Zs i *) o ||z Nep op ||z
L ey, ger (l_i> Plp [P
oG5~ e (5 e
_ (L T\ are-n (1 1 ) 1/(6-1)
- 7_7* S * b 7_7* S %
a<9p P ) R VI
=C".
(74)
Consequently, by (9),
. Y
(SOl - [ e ax )t ot Jeas
if N = p?,
(75)
if N < p?,
Cs(N_P)/Plln gl, if N= pz,
CeN-PIp, if N < p?,

<C".



Journal of Mathematics

which is the desired result.
Now, we can proof the existence of a Mountain Pass-type
solution. O

Proof of Theorem 1. Note that I) (0) = 0, so from Lemma 2,
I, satisfies the geometry conditions of the Mountain Pass
Theorem [15]. Then, there exists a Palais—-Smale sequence
(u,,) at level ¢, such that

I (u,) — ¢, I (u,) — 0, asn — +0o0, (76)
with
0<c=inf I ) < I, (te)<C",
¢ = inf max 2 (y (@) Stl;(l)) 1 (te) (77)
where

r={yecC([0,1,Wg"(Q),y(0) =0, y(1) =e}.  (78)

Using Lemma 3, we have that (u,) has a subsequence,
still denoted by (u,), such that u,—u in W;*(Q) as
n — + 00. Hence, from Lemma 4 and 5, we have u,, — u
in W,?(Q) as n—> +o0co. Hence, Ij(1)=0 and
I) (u) = c>0.S0,asc>0 = I, (0), we can conclude that u is a
nonzero solution of (Y,) with positive energy. Now, we
show that u >0 because

0 =T (w),u" )
:(a||u||(6_ 1)P+b)<J |Vu|P_2VuVu_dx>+
Q

—J Iulp*_zuu_dx—lj [P ?uu” dx
Q Q

> (allull 7 + b)(J IV~ |de> N j ul? dx + AJ P dx
Q Q Q
>blu” |1,
(79)
which implies that u~ = 0. By the strong maximum principle

[16], one has u>0. This completes the Proof of Theorem
1. O

Data Availability

The functions, functionals, and parameters used to support
the findings of this study are included within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors gratefully acknowledge Qassim University,
represented by the Deanship of Scientific Research, on the
material support for this research under the number (1121)
during the academic year 1443AH/2021AD and Algerian
Ministry of Higher Education and Scientific Research on the
material support for this research under the number (1121)
during the academic year 1443AH/2021AD.

References

[1] G. Kirchhoff, Mechanic, Teubner, Leipzig, Germany, 1883.

[2] H. Brézis and L. Nirenberg, “Positive solutions of nonlinear
elliptic equations involving critical sobolev exponents,”
Communications on Pure and Applied Mathematics, vol. 36,
no. 4, pp. 437-477, 1983.

[3] J. L. Lions, “On some questions in boundary value problems of
mathematical physics,” in Contemporary Developments in
Continuum Mechanics and Partial Differential Equations in:
North-Holland Math. Stud, pp. 284-346, North-Holland,
Amsterdam, Netherlands, 1978.

[4] M. Guedda and L. Véron, “Quasilinear elliptic equations
involving critical Sobolev exponents,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 13, no. 8, pp. 879-902,
1989.

[5] C.O. Alves, E.J.S. A. Corréa, and T. F. Ma, “Positive solutions
for a quasilinear elliptic equation of Kirchhoff type,” Com-
puters & Mathematics with Applications, vol. 49, no. 1,
pp. 85-93, 2005.

[6] A. Benaissa and A. Matallah, “Nonhomogeneous elliptic
Kirchhoff equations of the P-laplacian type,” Ukrainian
Mathematical Journal, vol. 72, no. 2, pp. 203-210, 2020.

[7] G. M. Figueiredo, “Existence of a positive solution for a

Kirchhoff problem type with critical growth via truncation

argument,” Journal of Mathematical Analysis and Applica-

tions, vol. 401, no. 2, pp. 706-713, 2013.

A. Fiscella and E. Valdinoci, “A critical Kirchhoff type

problem involving a nonlocal operator,” Nonlinear Analysis:

Theory, Methods & Applications, vol. 94, pp. 156-170, 2014.

[9] M. E. M. O. E. Mokhtar, “Four nontrivial solutions for
Kirchhoff problems with critical potential, critical exponent
and a concave term,” Applied Mathematics, vol. 6, no. 14,
pp. 2248-2256, 2015.

[10] D. Naimen, “On the Brezis-Nirenberg problem with a
Kirchhoff type perturbation,” Advanced Nonlinear Studies,
vol. 15, no. 1, pp. 135-156, 2015.

[11] A. Ourraoui, “On a p-Kirchhoff problem involving a critical
nonlinearity,” Comptes Rendus Mathematique, vol. 352, no. 4,
pp. 295-298, 2014.

[12] X. H. Tang and B. Cheng, “Ground state sign-changing so-
lutions for Kirchhoff type problems in bounded domains,”
Journal of Differential Equations, vol. 261, no. 4, pp. 2384-
2402, 2016.

[13] C. X. Zhou and Y. Q. Song, “Multiplicity of solutions for
elliptic problems of p-Kirchhoff type with critical exponent,”
Boundary Value Problem, vol. 12, Article ID 223, 2015.

[14] P.Drébek and Y. X. Huang, “Multiplicity of positive solutions
for some quasilinear elliptic equation in RNwith critical
sobolev exponent,” Journal of Differential Equations, vol. 140,
no. 1, pp. 106-132, 1997.

[15] A. Ambrosetti and P. H. Rabinowitz, “Dual variational
methods in critical point theory and applications,” Journal of
Functional Analysis, vol. 14, no. 4, pp. 349-381, 1973.

[16] J. L. Vazquez, “A strong maximum principle for some qua-
silinear elliptic equations,” Applied Mathematics and Opti-
mization, vol. 12, pp. 191-202, 1984.

[8



