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We consider a Hurwitz-Lerch zeta functionΦ(s, z, a) sum over the natural numbers. We provide an analytically continued closed
form solution for this sum in terms of the addition of Hurwitz-Lerch zeta functions. A new recurrence identity with consecutive
neighbours and the product of trigonometric functions is derived.

1. Introduction

�e Hurwitz-Lerch zeta functions have been published in
the following papers [1–7]. �e object of this paper is the
derivation and evaluation of a new expression for the �nite

sum of the Hurwitz-Lerch zeta function Φ(s, z, a). �is
derivation is expressed in terms of the sum of two Hurwitz-
Lerch zeta functions given by the following theorem.

Theorem 1. For all k, a, m ∈ C, n ∈ N+, then

∑
n−1

p�0
e4iπp/nΦ −e2i(m+2pπ/n),−k, 1 −

1
2
i log(a)( )

� −
1
2
n(in)ke1/2i(π(n− k)+2m(n− 2)) 1 + eiπn( )Φ ein(2m+π),−k,
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2n
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+ 2e1/2i(2m+π)nΦ ein(2m+π),−k, 1 −
i log(a)

2n
( )).

(1)

Proof. Observe that the addition of the right-hand sides of
equations (3) and (4) is equal to the addition of the right-
hand sides of equations (3)–(8), so we may equate the left-
hand sides and simplify the Gamma function to yield the
stated result. □

�e derivations follow the method used by us in [8]. �is
method involves using a form of the generalized Cauchy’s
integral formula given by

yk

Γ(k + 1)
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where y, w ∈ C, and C is in general an open contour in the
complex plane where the bilinear concomitant [8] has the
same value at the end points of the contour. 'is method
involves using a form of (2), then multiplies both sides by a
function, and then takes the sum of both sides. 'is yields a
sum in terms of a contour integral. 'en, we multiply both
sides of (2) by another function and take the infinite sum of
both sides such that the contour integrals of both equations
are the same.

2. The Lerch Function

See section 4 in [9].

3. Derivation of the Contour Integrals

3.1. Finite Sumof theContour Integral. We use the method in
[8]. 'e cut and contour are in the first quadrant of the
complex w + m-plane with 0<Re(2(w + m)) + π. 'e cut
approaches the origin from the interior of the first quadrant
and goes to infinity vertically and the contour goes round the
origin with zero radius and is on opposite sides of the cut.
Using a generalization of Cauchy’s integral formula (2), we
first replace y⟶ log(a) + 2i(y + 1), then multiply both
sides by −2i(−1)ye2i(y+1)(m+2πp/n), and take the infinite sums
over y ∈ [0,∞) and p ∈ 0, 1, . . . , n − 1{ } and simplify in
terms of the Hurwitz-Lerch zeta function to get
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(3)

from [10] and equation (2) in [11] where
Re(2(m + w) + π)> 0, Im(2(m + w) + π)> 0, n ∈ N+ in
order for the sums to converge. We apply Tonelli’s theorem
for multiple sums, see page 189 in [12] as the summand is of
bounded measure over the spaceC × 0, . . . , n − 1{ } × [0,∞).

3.1.1. (e Additional Contour Integral. Using a general-
ization of Cauchy’s integral formula (2), we first replace
y⟶ log(a) and multiply both sides by−in simplified to
get

−
inlogk

(a)

Γ(k + 1)
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in
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w
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− k− 1 dw. (4)

3.2. Infinite Sum of the Contour Integral

3.2.1. Derivation of the First Contour Integral. We use the
method in [8]. Using a generalization of Cauchy’s integral
formula (2), we first replace y⟶ log(a) + 2in(y + 1),
then multiply both sides by 2ine2i(m+π/2)n(y+1), and take the
infinite sums over y ∈ [0,∞) and simplify in terms of the
Hurwitz-Lerch zeta function to get
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From equation (2) in [11],Im(2(m + w) + π)> 0 in order
for the sum to converge.

3.2.2. (e Additional Contour Integral. Using a general-
ization of Cauchy’s integral formula (2), we first replace
y⟶ log(a) and multiply both sides by−i simplified to get

−
i logk

(a)
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w
− k− 1 dw. (6)

3.2.3. Derivation of the Second Contour Integral. We use the
method in [8]. Using a generalization of Cauchy’s integral
formula (2), we first replace y⟶ log(a) + 2in(y + 1),
then multiply both sides by inei(m+π/2)n(2y+1), and take the
infinite sums over y ∈ [0,∞) and simplify in terms of the
Hurwitz-Lerch zeta function to get
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From equation (2) in [11], Im(2(m + w) + π)> 0 in
order for the sum to converge.

3.2.4. Derivation of the (ird Contour Integral. We use the
method in [8]. Using a generalization of Cauchy’s integral

formula (2), we first replace y⟶ log(a) + 2in(y + 1),
then multiply both sides by (−1)ninei(m+π/2)n(2y+1), and take
the infinite sums over y ∈ [0,∞) and simplify in terms of
the Hurwitz-Lerch zeta function to get
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From equation (2) in [11], Im(2(m + w) + π)> 0 in
order for the sum to converge.

4. Table of Finite Products and
Recursive Identities

In this section, we will evaluate (1) for various ranges of the
parameters involved and apply the method in [13] to derive

recursive identities and finite products involving trigono-
metric functions.

Example 1. 'e degenerate case.
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2
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  2n cos mn +

πn

2
  + n + in sin(πn) + n cos(πn) .

(9)

Proof. Use equation (1) and set k � 0 and simplify using
entry (4) below (64 :12 : 7) in [14]. □

Example 2. A recurrence identity with consecutive
neighbours:

Φ(−z, s, a) � 2− s Φ z
2
, s,

a

2
  − zΦ z

2
, s,

a + 1
2

  . (10)

Proof. Use equation (1) and set
n � 2, a � e2i(a− 1), k � −s, m � log(2)/(2i) and simplify. □

Example 3.
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Proof. Use equation (1) and set k � 1, a � e, m � x and
apply the method in section 8 in [13]. □

Example 4.
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Proof. Use equation (1) and set k � 1, a � −1, m � x and
apply the method in section (8) in [13]. □

Example 5.
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Proof. Use equation (1) and set k � 2, a � 1, m � x and
apply the method in section (8) in [13]. □

Example 6.
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Proof. Use equation (1) and set k � 1, a � i, m � x and apply
the method in section (8) in [13]. □

Example 7.
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Proof. Use equation (1) and set k � −1, a � e− i, m � x and
apply the method in section (8) in [13]. □

Example 8.
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Proof. Use equation (1) and set k � −1, a � e2i, m � x and
apply the method in section (8) in [13]. □

Example 9. A recurrence identity with consecutive
neighbours.

Φ(z, s, a) � 31− s
z
2Φ z

3
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�
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√
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√
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�
3

√
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Proof. Use equation (1) and set n � 3, a � e2i(a− 1),

k � −s, m � log(iz1/2)/(i) and simplify. □
Example 10.
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n
 sec
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n
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� sin
1
2

(2m + π)n csc
1
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1
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.
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Proof. Use equation (1) and form a second equation by
replacing m by q and take their difference and set k � −1, a �

1 and simplify using entry (3) below (64 :12 : 7) in [14]. □

5. Conclusion

In this paper, we have presented a novel method for deriving
a new finite sum of the Hurwitz-Lerch zeta function over the
natural numbers along with some interesting products of
trigonometric functions and a new recurrence identity using
contour integration. 'e results presented were numerically
verified for both real and imaginary and complex values of
the parameters in the integrals using Mathematica by
Wolfram.
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