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A AN
Let Agg) = [BMA B B

be a Morita ring such that the bimodule homomorphisms are zero. In this paper, we give sufficient

conditions for a Ay )-module (X, Y, f, g) to be Gorenstein-projective. As an application, we give sufficient conditions when the

algebras A and B inherit the strongly CM-freeness of A ).

1. Introduction

Gorenstein algebra and Gorenstein-projective modules are
important topics of research in Gorenstein homological
algebra. A fundamental problem in Gorenstein homological
algebra is determining all the Gorenstein-projective
A-modules for a given algebra A. The class of Gorenstein-
projective modules is a key component of relative homo-
logical algebra and has received a great deal of attention in
the study ~ of  representation theory (e.g.,
[1-6, 8-13, 16-18, 20, 23-27]).

For algebras A and B, bimodules ;M , and 4Nj, and a
B-B-bimodule map ¢: M®,N—B, and an
A-A-bimodule map y: N®zM — A satisfying some
special conditions. Bass [7] introduced Morita algebra
Ay = ( ] ]\éIA AI;B ), where the special conditions for ¢
and y are to guarantee that the multiplication of A, has
the associativity. Morita algebras A 4 ) give a very large class
of algebras, and many important algebras can be realized as
Morita algebras. For example, the 2 x2 matrix algebra

M, (A) = ( 12 12 ) over A, the algebra Ao = ( 12 12 >, the

upper triangular matrix algebra (13 AII;]B ), the algebras

defined by finite quivers and relations. Thus, researching
Morita rings is pivotal.

Asefa [1] obtained sufficient conditions for Gorenstein-
projective module (X, Y, f, g) over Ay ), implying that X is
a Gorenstein-projective A-module and Y is a Gorenstein-
projective B-module. Gao and Psaroudakis [13] constructed
Gorenstein-projective modules over a Morita ring A, ).
They stated that [13], [Theorem 3.10] does not give sufficient
conditions for a module (X,Y, f, g) Gorenstein-projective
([13], Remark 3.13). As a result, it is natural to ask, “When is
amodule (X,Y, f, g) Gorenstein-projective?”. This paper is
motivated to answer this question. In the following main
result, we give sufficient conditions for (X,Y, f,g) to be a
Gorenstein-projective module over a Morita ring A ).

Theorem 1. Let A be a Morita ring. Assume that
(i) M4 and Ny have finite flat dimensions.
(ii) gM and 4N have finite projective dimensions.

Then, if each of the following conditions holds, a
A g p)-module (X,Y, f, g) is Gorenstein-projective.

(1) Cokerg is Gorenstein-projective A-module;

(2) Coker f is Gorenstein-projective B-module; and

(3) M® 4,Cokerg = Imf and N ® zCoker f = Img.
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Lastly, we give sufficient conditions when the algebras A
and B inherit the strongly CM-freeness of A g ).

2. Preliminaries

This section discusses some basic definitions and facts that
will be used throughout the paper.

Throughout, rings mean a ring with unity and an
R-module mean a left R-module. Let R be a ring. Let M be an
R-module, then the projective(injective and flat) dimension
of M will be denoted by projdimM (injdimM and
flatdimM). The class of modules isomorphic to direct
summands of direct sums of copies of M is denoted by
Add(M).

An R-module M is Gorenstein-projective if there exists
an exact sequence of projective R-modules

P = et (1)

such that Hompg (£°,Q) is exact for an arbitrary pro-

jective R-module Q and that M = Kerd’. The class of

Gorenstein-projective R-modules will be denoted by
GProjR.

Let A and B be rings, 4N and zM , bimodules, and
¢: M® ,N — B and y: N® ;M — A bimodules ho-
momorphism. This paper focuses on the case of ¢ =0 = .
Then,

A 4N an
Aoy = M. B = 5 lae Abe BmeM,ne N¢,
M4 m

(2)

is a Morita ring, where the addition is that of a matrix, and
multiplication of this Morita ring is given as follows:

(a n)(a' n')_( aa' an’+nb’) 3)
mb)\m b - ma’ +bm' bb' ’

The case ¢ =0 = y is a subclass of the general Morita
rings(e.g., [7, 13-15, 21].)
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2.1. Modules over A o). A left module over A(0.0) is given as
(X,Y, f,g), where X is an A-module, Y is a B-module, and

Mo, X —Y,

(4)
g Negy — X,
where g is an A-module map and f is a B-map.
A Agg-module  morphism is  given by

(a,b): (XY, f,9) — (X', Y',f',g"), where a: X — X'
is a homomorphism in A —Mod and b: Y — Y is a ho-
momorphism in B — Mod such that the following diagrams
are commutative.

M®AX—>f Y

lb’
!

Mo, X — ey
NopY —2= X

b

NogY —s X/

IdAa'@(ll

(5)

IdN®bl

A N

Lemma 1 (see [13]). LetA = ( AB

in (o) M, B
g.

(1) A sequence0 — (X', Y", f",g") — (X.Y, f.9)
— (X,Y', f',g') — Ois exact inA-Mod if and
only if the sequence0 — X' — X — X' — 0is
exact inA-Modand the
sequenced — Y'"' — Y — Y' — 0isB-Mod.

(2) Let(a, B): (XY, f,9) — (X,Y,, f1,g91)a  mor-
phism inA-module and consider the
mapso: Kera — Xandy: Kerfp — Y.
Then,Ker (o, B)is given by(Kera, Kerf, t, s)where the
mapstandsare induced from the commutative dia-
grams given below.

)be a Morita

Idn®~y Idn®pB

Idy ®o Idy ®@a
M@ s Kera—— M4 X — M®4 X1 NpKerf —= N®@pY —= N®p Y

|
ti fl fll
Y 8

Ker 3¢ Y Y;

Similarly, the Cokernel of (a,b)can be described.

2.2. We Now Recall Functors Given in [16]

(1) The functor T: A-Mod — A ()-Mod is given by
T,(X)= (X,M®,4X,1,0) for any object X in
A-Mod.

|
s | Y
Al

Ker aC 7 X

gll > (6)

X1

(2) The functor Tg: B-Mod — A )-Mod is given by
T(Y) = (N®,Y,Y,0,1) for any object Y in
B-Mod.

(3) The functor Uy: A o4 -Mod — A-Mod is given by
U, (XY, f,g) := X for any object (X,Y, f,g) in
A (0,0-Mod.
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(4) The functor Ug: Ao -Mod — B-Mod is given by
Up(X,Y, f,g) :=Y for any object (X,Y, f,g) in
A (o,0)-Mod.

(5) Let X € A be any object in Mod, then we denote by
€x: N® gHom, (N, X) — X the map A-module
given by involution. The functor H,: A-Mod

— A-Mod is given by
H, (X) = (X,Hom, (N, X),0,€y) for any object X
in A-Mod.

(6) Let Y be any object in B-Mod, the we denote by
€y: M® ,Homyz(M,Y) — Y the map B-module
given by involution. The functor Hpy: B-Mod

— A-Mod is given by
Hy (Y) == (Homg (M,Y),Y, €y, 0) for any object Y in
B-Mod.

(7) The functor Z,: A-Mod — A )-Mod is defied by
Z,(X) := (X,0,0,0) for any object X in A-Mod.
The functor Zz: B-Mod — A(y-Mod can be
similarly defined.

More information about the functors given above can be
found in the following result.

Proposition 1 ([16], Proposition 2.4]), LetA ,q be Morita
ring. Then,
(1) The functorsH 4,Hg,T 4, andTy, are fully faithful.
(2) The pairs(U ,, Hy), (Ug, Hg), (T4, Uy),
and (Ty, Ug)are adjoint pairs.
(3) The functorsU sandU gare exact.

Lemma 2. Let A, be Morita ring.

(1) [19], [Theorem 7.3] A leftA ) -module(P,Q, f, g)is
projective if and only if(P,Q,f,g9) =T,(X)e
T(Y) = (X, M®,X,1,0)8(Y,N®,Y,Y,0, 1)for
some projective leftA-moduleXand projective leftB-

moduleY .
(2) [22], [Corollary 2.2] A leftA ) -module(l, ], f, g)is
injective if and only

l,f(I)]af)g) = HA (X)®HB (Y) = (X’HomA (Na
X),0,ex)® (Homyz (M,Y),Y,ey,0)for some injective
leftA-moduleXand injective leftB-moduleY .

3. Gorenstein-Projective Modules over A

This section aims to construct Gorenstein-projective mod-
ules over A ).

The following lemmas are required in order to prove the
main theorems of this paper.

Lemma 3. Let A be a ring and M a B-A-bimodule with finite
flat dimension. If a complex of flatA-modulesF* is exact,
then, the sequenceM ® 4F° is also exact.

Proof. Assume that F° is an exact complex of flat
A-modules. Because M has a finite flat dimension, we have
the following flat resolution of M.

0—>F"—>F"71—>-~—>F0—>MA—>O. (7)

We obtain the following exact sequence of complexes
because all terms in the complex F* are flat.

0—F'®,7 —F 0,7 — - ®
8

— e, — M, ®,F —0.

Since the complexesF'® ,F* are exact for all i, so is
Me®,F*. 0 O

Lemma 4. Let Bbe a ring. If a B-module Nhas finite injective
dimension and the complex of projective B-modules,

@o:: _.__)Qn—1_>Qn_)Qn+l_)_._) (9)

is exact, then so is Homg(Q", N).

Lemma 5. Let Ay be a Morita ring with zero bimodule
homomorphisms. Then

(1) [13], [Lemma 3.8] For eachX € A-Mod and
eachY € B-Mod we have the following exact sequences
inA (g 0)-Mod.

0— Zy(M®4X) — To(X) — Z,(X) — 0.
(10)

and

0 —Z,(N®gY) — T(Y) — Zz(Y) — 0. (11)

(2) [13], [Lemma 3.9] For allX,X' € A-Mod
andY,Y' € B-Mod, we have the following
isomorphisms:

Homy (T, (X)@T5(Y),Z4 (X)) = Homy, (X, X').  (12)
and

Hom, (T, (X)®T5(Y),Zs(Y')) = Homg (Y,Y").  (13)

The following result provides sufficient conditions for
the functor T,: A -~ Mod — Ay, — Mod and the functor
Tp: B—Mod — A, — Modto preserve Gorenstein-pro-
jective modules.

Proposition 2

(1) Assume that M , has a finite flat dimension and that
AN has a finite projective dimension. T ,(X) is a
Gorenstein-projective A g -module if X is a Goren-
stein-projective A-module.

(2) Assume that N has a finite flat dimension and that
gM has a finite projective dimension. Tg(Y) is a
Gorenstein-projective A g -module if Y is a Goren-
stein-projective B-module.



Proof. We show (1) and (2) can be proved in a similar
manner. Since an A-module X is a Gorenstein-projective,
there is an exact sequence of projective A-modules,

_>p—1_,p°i0)p1_>..., (14)

P ...

T () -

such that T, (X) = Ker(d’, 1®d°). Now, it is left to show
that HomA(o‘O) (To (P, (X',Y', f',g") is exact for any
projective A o -module (X',Y', f',g'). By Lemma 2, this
can be proved by showing the exactness of
Hom, (T,(%%),T4(P)) and Hom, (T, (%), T(Q)
for any projective A-module P, and any projective B-module
Q. By Proposition 1 the functor T, is fully faithful. Thus,
HomA(O)O)(TA(@'),TA (P)) = Homy (&°, P). Hence
(T, (P°), T,(P)) because Hom , (£*, P) is exact.
Since (T4,U,) are adjoint pairs, we have the following
equation:

Hom Ao

Hom, (TA ("), Tz(Q)) = Hom, (", N® Q). (16)

A module N ®;Q has finite projective dimension be-
cause it is isomorphic to a direct summand of direct sums of
copies of N. Since &° is a complete A-projective resolution,
the complex Hom, (2°, N ® ;Q) is exact(see [18], [Propo-
sition 2]). Thus, HomA (TA (9J ), T (Q)) is exact. Hence
Hom, (TA(Q ) (X, Y fl g )) is exact for any projec-
tive A\, 00 -module (X',Y', f',g'). Therefore, T,(X) is a

Gorensteln -projective A, )-module. O

In the following result, we give sufficient conditions for a
A gp)-module (X,Y, f, g) to be Gorenstein-projective.

Theorem 2. Let A g be a Morita ring. Assume that

(i) M yand Nghave finite flat dimensions.
(ii) gMand ,Nhave finite projective dimensions.

Then, if each of the following conditions holds, a
A opy-module (X,Y, f, g)is Gorenstein-projective.

(1) Cokergis a Gorenstein-projective A-module;
(2) Coker fis a Gorenstein-projective B-module; and
(3) M® ,Cokerg = Imfand N ® gCoker f = Img.

Proof. Suppose that conditions (1)-(3) are true. Since
Coker f is a Gorenstein-projective B-module, there exists an
exact complex of projective B-modules,

0

¢ —Q' QL — ... ()

— TA(Pfl) — TA(P
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such that X = Kerd’, and Hom, (%*,Q) exact for any
projective A-module Q. Lemma 3 states that the assumption
that M, has finite flat dimension implies the sequence
M® ,P° is exact. Hence we get the exact sequence of
projective A, )-modules,

w(dh1ed’)

—

T,(P') — -, (15)

such that Cokerf = Kerd" and Homjg (@*,Q) is exact
for each projective B-module Q. Thus, we get the following
exact sequence,

0
Id®d’N 1
®BQ — ey,

(18)

0—>N®BC0kerf—>N®BQO —

because N has a finite flat dimension. Since Cokerg is a
Gorenstein-projective A-module, there exists a complete
projective resolutions,

g).: ..._)P_l_)POLO)PI_)...) (19)
of A-modules such that Cokerg = Kerd".

Let m;: X — Cokerg and m,: Y — Coker f. Consider
the following commutative diagram of A-modules.

, (20)

Since y = 0, the above equation implies that there exists
an A-map i;: N®zCokerf — X that is unique and
g =1i,°(Idy®m,). Thus, from Img = N ® zCoker f it follows
that i, is an injective A-map. Thus, we get the exact sequence
as follows:

0 — N ® zCoker f —> X — Cokerg — 0. (21)
Similarly, the sequence
0 — M ® 4,Cokerg 2y 2 Coker f — 0, (22)

is exact.

Since each N ® ,Q' has finite projective dimension, and
since each Kerd' is a Gorenstein-projective A-module, we
have that Ext!, (Kerd', N® ;Q') = 0, Vi>0. Applying gen-
eralized Horseshoe Lemma([26], Lemma 1.6 (ii)) to the
exact sequences (18) and (21), we obtain an exact sequence as
follows:

1

0— X — P'a(Ne Q") AN P'a(N®yQ') —
(23)

i
with o= [ @ 0 ) yi: Pl — N®Q"!, Vie 7,

Y ldyed"
such that the following diagram
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o lded? 1 lded!
0 —— N ®p Cokerf N ®pQ NopQ'! —— -
l (&)l (I%)l : (249)
0 1
0 X PPaNopQ’—2>PlaNegQ 2~ ...
is commutative. The dual argument obtains the commuta-
tive diagram with exact rows shown below.
_o  lded'—? _q lded !
N®pQ N®pQ N ®p Cokerf ——= 0
(1) l (14 i1 j ’ (25)
—2
. — > P2pNepQ?2>PleogNezQ! X 0
When we combine (24) and (25), we get the exact se-
quence shown below.
-2 ~1 0
. — P2%Ne,Q 5 P laNeQ - L PaNe Q" -5 PlaNe Q8- . (26)
with Kera® = X. v Mo o0’ Lo (Mo .Peol L (27)
We now construct an exact sequence similar to (26) for a 0—Y— (Me,P')eQ" — (Ms,P')eQ — -
left B-module Y. Since each M ® 4P' has finite projective ' 4. eod o
dimension as B-module by assumption on M, and Kerd" isa  with B = ( M G,i >, and o' Q' — M® P!,
B-module, it follows that 0 d

Gorenstein-Projectiv¢
Extl(Kerd", M ® ,P') = 0. Thus, by ([26], Lemma 1.6 (ii))
again, we obtain the exact sequence as follows:

0 — M ®4 Cokerg ——— M ®4 P°

l <10d>l

0 Y

is commutative. The dual argument gives the commutative
diagram with the exact rows

Vi€ Z, such that the diagram

Td®d° Id@d*

M ®4 P!
(Id)j s (28)

0

0 1

M@APO@QOLM@)APl@QlL...

2 —1
M@y P2 lded M @4 P71 lded M ® 4 Cokerg —— 0
| o s , (29)
—2
-—>M®AP*2@Q*2B—>M®AP*1@Q*1 Y 0

As a result, combining (28) and (29) yields the following
exact sequence, which is similar to the following equation:
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—1

0 1
Mo, P20 Me P e - s Me ,PYeQ" £ Me PleQ! . (30)

with Kerp® = Y.

T s — T(P 1)eTs(Q7Y)

with Ker (e 8°) = (X, Y, f, g).

(g_l_ﬁ_)l)TA(PO)GBTB(QO) N

Glue together the exact sequences (26) and (30) to obtain
the following sequence:

(«F) (31)

The morphism (al f) Vi € Z, is a Ag)-map because

IdMo®m 0y
M®s (P& N®pQ") M®a P'd Q"
di 0 Id /®di i (32)
Id]\/f®( ,\{7 IdN@d/l ) ( ]\10 g/i )
(IdM®Pi+1 O)
M ®4 (P @ N g Q) 0 0 M @4 P+l @ Qi+t
and
0
N®p (M ®a P'® QY e P & N®pQ'
0

0
(01d

N ®p (M R4 Pi+1 ) Qi+1)

are commutative diagrams.

Since the complexes (26) and (30) are exact, it follows
from Lemma 1 (1) that the sequence J* is exact. The object
(X,Y, f, g) arises as the kernel of the morphism (a’ ﬁo), and
we see from Lemma 1 (2) that f =i,°(Idy®m) and
g =1,°(Idy ®m,). However, based on the commutative di-
agram of A-modules shown below,

Nogy — = X

Idy @, L (34)

Cokerg —— 0

N ®p Coker f

N@Q!

_ NeeTl pitl @ N @p Q!

)

We know that g is uniquely determined by i,° (Idy ® 7).
Similarly, f is uniquely determined by i,°(Idy ® ;).

We are now left with showing that Hom, (7 (X',
Y',f'.g") is exact for each projective A g -module
(X",Y', f',g"). We can deduce from Lemma 2 that it is
enough to show that HomA(M) (7°,T,(P)) and
HomA(o’O) (7°,T5(Q)) are exact for each projective
A-module P and for each projective B-module Q. By Lemma
5 1) the sequence 0— Zzg(Me® ,P) —
T,(P) — Z,(P) — 0 is exact. Since each term in the
complex J* is a projective A () -module, the sequence

0 — Hom, (7°,25(M® ,P)) — Hom, (7°,To(P)) — Homy (7°,Z2,(P)) — 0, (35)
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is exact. By Lemma 5 (2) we have the following equations,

Hom, (7°,Z2,(P)) = Hom, (&#°, P). (36)

The complex Hom, (9°,P) is exact because &° is a
complete projective resolution. Thus, the complex
}I;IomAm‘m(F]',ZA(P)) is exact. Also, by Lemma 5 (2), we

ave

Hom,  (7°,Zs(M® 4P)) = Homg(G",M® ,P). (37)

To show the exactness of Homy (@°*, M ® 4, P), we know
that a B-module M ® 4P has finite projective dimension,
since M ® 4P is isomorphic to direct summand of a direct
sum of copies of M. Thus, Homg (@°, M ® 4P) is exact by
[18], [Proposition 2.3], which implies HomAmm (g°,
Zg(M ® 4P)) is exact. Hence from the exact sequence of
complexes in (35) it follows that the complex

HomAm) (7°,T,(P)) is exact. Similarly, the complex
Hom, (7", T5(Q), (38)

is exact. Thus, Hom, 0)(9]', (xX",Y', f',g") is exact for
each projective A o -module (X',Y’, f', g"). Therefore, a
A gpy-module (X,Y, f, g) is a Gorenstein-projective. [

If the converse of Theorem 2 holds, then Gorenstein-
projective modules over Ay, will be fully determined.
However, whether the converse is true or not is an open
problem.

A A
A A
(X,Y, £, g) Aoy -module. If Cokerg, Coker f are Gorenstein-
projective  A-modules  such  that Cokerg = Imfand
Coker f = Img, then (X,Y, f,g)is a Gorenstein-projective
A (,0)-module.

Corollary 1. Let A =< )be Morita ring, and

4. Application

In this section, we study when the class of all Gorenstein-
projective A-modules and B-modules coincides with the
class of projective A-modules and B-modules, respectively.

If each finitely generated projective left R-module is
projective, then a ring R is said to be left CM-free. And R is
said to be strongly left CM-free if each Gorenstein-projective
left module is projective(see [12]).

The results that follow provide sufficient conditions for
the algebras A and B to inherit the stronglyCM-freeness of

A(O,O)'

M, B

(1) Assume that M ,has finite flat dimension, ,Nis
projective, and A g)is a strongly CM-free, thenAis a
strongly CM-free.

(2) Assume that Nghas finite flat dimension, zMis
projective, and A q)is a strongly CM-free, thenBis a
strongly CM-free.

Proposition 3. Let A ) = )be Morita ring.

Proof

(1) Assume 4N is projective and A ) is a strongly CM-
free. Let X be a Gorenstein-projective A-module.
Because M, has a finite projective dimension,
Proposition 2 (1) asserts that T, (X) = (X, M ® 4 X,
Idy g , x> 0) is a Gorenstein-projective A, p)-module.
The assumption that Ay, is a strongly CM-free
implies that T 4 (X) is a projective A  5-module. By
Lemma 2 (1), T, (X) = T, (P) for some projective
A-module PorT, (X) =Tz(Q) = (N®5Q, Q,0,1)
for some projective B-module Q. Hence X = P, or
X=N®pQ. An A-module N®;Q is projective
because it is isomorphic to a direct summand of a
direct sum of copies of 4N and 4N is projective.
Thus, X is a projective A-module. Therefore, A is a
strongly CM-free.

(2) Assume zM is projective and A ¢ g is a strongly CM-
free. Let Y be a Gorenstein-projective B-module. By
similar argument as in(1), Y is a projective B-module.
Therefore, B is a strongly CM-free. O

As a consequence we have the following corollary.

A A
A A
strongly CM-free, thenAis a strongly CM-free.

Corollary 2. Let A = )be Moritaring. If A g g)is a
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