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The topological invariants are related to the molecular graph of the chemical structure and are numerical numbers that help us to
understand the topology of the concerned chemical structure. With the help of these numbers, many properties of graphene can be
guessed without preforming any experiment. Huge amount of calculations are required to obtain topological invariants for
graphene, but by applying basic calculus roles, neighborhood M -polynomial of graphene gives its indices. The aim of this work is
to compute neighborhood degree-dependent indices for the graph of graphene and the line graph of subdivision graph of
graphene. Firstly, we establish neighborhood M-polynomial of these families of graphs, and then, by applying basic calculus, we
obtain several neighborhood degree-dependent indices. Our results play an important role to understand graphene and enhance

its abilities.

1. Introduction

Graph is the union of edges (lines) and vertices (nodes), and
the study of graphs is known as the graph theory [1, 2]. In
this study, we study the properties of graphs and invent
applications of different families of graphs [3, 4]. Today, the
graph theory got applications in almost all areas of sciences
and engineering, and applying the graph theory to solve
problems of chemistry is known as the chemical graph
theory [5, 6].

In the chemical graph theory, topological indices are
graph invariants that remain the same up to graph iso-
morphism and help us to attain properties of molecular
graphs without any lab work. The first topological index was
introduced by Wiener in 1947 when he was working on the
boiling point of alkane [7]. Today, this index is named the
Wiener index, which is a distance-based topological index.
After Wiener, Randi¢ introduced the first degree-depend
index, which was firstly named the path index, but today, it is
known as the Randi¢ index [8]. This index got huge attention
of researchers due to its amazing applications. After the

promising success of the Randi¢ index, Gutman coined the
idea of Zagreb indices and many research papers are written
on this index (see [9] and references therein).

Since now, a single index can give all the information
about any molecular graph, so till now, more than 150
indices are defined and studied [10-12]. Since huge
amount of work is required to obtain topological indices,
so the research found a shortcut to obtain them and in-
troduced M-polynomial [13] and this polynomial gives
easy way to compute almost all degree-based indices
[14, 15]. Many studies have been performed so far on M-
polynomial [16, 17], and still, there are many known
interesting macular graphs whose M-polynomial can be
established. Following M-polynomial, neighborhood M
-polynomial was introduced in Ref. [18], which is helpful
in determining neighborhood degree sum-based graphical
indices.

The aim of this work is to compute neighborhood de-
gree-dependent indices for the graph of graphene and the
line graph of subdivision graph of graphene. Firstly, we
establish neighborhood M-polynomial of these families of
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graphs, and then, by applying basic calculus, we obtain
several neighborhood degree-dependent indices.

2. Primaries

Throughout this work, we consider only finite, simple,
undirected, and connected graphs with a vertex set V (G)
and an edge set E (G) [19, 20]. The degree d; (v) of a vertex v
is the number of vertices adjacent to v [21, 22]. The
neighborhood degree sum-based graphical indices depend
upon the neighborhood degree, which is defined by d; (e) =
dg(u) +dg(v) -2 for an edge e = uv, where u and v are
vertices of the edge e. Neighborhood degree sum §,, [23, 24]
of a vertex u is defined as the sum of degrees of all vertices
that are adjacent to the vertex. The degree of a vertex is the
total number of edges incident to the vertex. The line graph
L(G) of a graph G is the graph whose vertex set corresponds
to the edges of G such that two vertices of L (G) are adjacent
if the corresponding edges of G are adjacent (see for details
[25, 26] and references therein). The subdivision graph
S(G) of a graph G is the graph obtained from G by replacing
each of its edges by a path of length two (see [27, 28]).

The neighborhood M -polynomial of a graph G is de-
fined as [18]

NM (G;x, y) = Zmi,jx’yj, (1)

i<j

where m; ; is the total number of edges uv € E(G) such that
{6,,0,} ={i, j}. We use NM (G) for NM (G;x, y) in this
work.

The neighborhood degree-based graphical indices de-
fined on the edge set of a graph G can be expressed as

1(G)= ) f(5,9,), )

uveE (G)

where f (§,,6,) is the function of §,,, §, used in the definition
of neighborhood degree-based indices. The above result can
also be written as

1(G) =) my;f (i, j). 3)
i<j
By taking f(3,.6,) =9, +9,,8,0,,6.+82, (1/3,8,),
(6,6,)%,6,0,(8, +46,),(8,/8,) + (8,/8,), (2/8, +6,),
(8,8,/8,+9,), (8,6,/8, + 6, - 2)°,[8, +8,1%, [8,8,1%, (8, +
8,/8,6,), (2~/6,6, /6, + 8,) in equation (2), we get the third
version of the Zagreb index, the neighborhood second
Zagreb index, the neighborhood forgotten graphical index,
the neighborhood second modified Zagreb index, the
neighborhood general Randi¢ index, the third NDe index,
the fifth NDe index, the neighborhood Harmonic index,
the neighborhood inverse sum index, the Sanskruti index,
the fifth hyper M, Zagreb index, the fifth hyper M, Zagreb
index, the fifth arithmetic-geometric index, and the fifth
geometric-arithmetic index, respectively [29-32].
All the abovementioned indices can be computed di-
rectly from NM-polynomial, and the relations of some
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neighborhood degree-based graphical indices with the NM
-polynomial are shown in Table 1, where D, (f (x,
y) = x((O(f (x, )))/0x), D, (f(x,y))=y((0(f(x,y))
) S(F ) = [L((Feynd, S, (f(x) =
[5 ((f e, 0)1)dt, and J (f (x, ) = f (x, %), Qu (f (x, ) =

x*f (x, y) are the operators.

3. Neighborhood M -Polynomial of
Graphene Networks

In this section, we find neighborhood M-polynomial of
graphene and calculate neighborhood degree-based graph-
ical indices of graphene by using its neighborhood M
-polynomial.

3.1. Graphene Networks. Graphene is an atomic scale
honeycomb lattice made of the carbon atoms. Graphene is
denoted by G, ;, where ¢ is the number of rows of benzene
rings and s is the number of benzene rings in each row.
Graphene has 2st + 2s + 2t vertices and 3st +2s+2t—1
edges [33]. Figure 1 shows the graphene G, .

Theorem 1. Let G, be a graphene network, with t > 1 and
s> 1 ; then, its neighborhood M -polynomial is given by

NM(Gt’S) =4x*y’ +tx°y’ +8x°y + (2t —4)x"y°
+ (4s - 8)x6y7 + 2sx7y9 +(t - Z)xSy8 (4)
+ (2t - 4)x8y9 + (3st —4s — 4t + 5)x9y9.
Proof. Graphene has  2st+2s+2t  vertices and

3st + 25 + 2t — 1 edges. The edge set of G, , fort > 1 and s > 1,
can be partitioned as follows:

|Eys| =|{ur € E(G,,): 6, =4,8,=5

Thus, the neighborhood M -polynomial of G, , for £ > 1
and s> 1, is
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TaBLE 1: Derivation of some neighborhood degree-based graphical indices [18].

Graphical index f(x,y) Derivation from NM (G)

M, xX+y (Dy + D)) (NM (G)) o yey

M xy (DyDy) (NM(G))l =yt

F X+ y? (D3 + D3) (NM (G)) |y

mHm 1/xy (8xS)) (NM (G))l =y

NR, (xy)* (DEDF) (NM (G))l =y

ND;, xy(x+y) D.D,(D,+D,)(NM(G))l,_y

ND; (x* + yH)Ixy (D,S, +8.D,) (NM(G))l,—,y

NH 2 (x+y) (28.J) (NM (G))],y

NI xyl(x+y) (Sx]Dny)(NM(G))Ix: 1

S xyl (x+y - 2)° ($3Q,JDiD3) (NM (G))l -y

HM,G5(G) (x+y)? (D% + D3 +2D,D,) (NM(G))],—,y

HM,G; (G) (xy)* DD, (D,D,)(NM(G))l,-y-

AG;(G) (x + y) (2yxF) (1/2)SMSVN (D, + D) (NM (G))l -y

GA; (G) (2yxy)/ (x + y) (ZS,JD}(QD;/Z (NM(G))l,—y

F1GURE 1: Graphene G; .
NM(GLS) = Z mhjxiyj,
i<j
NM(GLS) =4x*y’ + 1’y + 857y + (2t —4)x"y® (6)
+(4s — 8)x6y7 + 25x7y9 +(t - 2)x8y8
+ (2t - 4)x8y9 + (3st —4s — 4t + 5)x9y9,

This is the required neighborhood M -polynomial of G, ,
for t>1 and s> 1. O

Theorem 2. Let G, be a graphene network, with t = 1 and
s> 1 ; then, its neighborhood M -polynomial is given by

NM(Gt,S) = 2x4y4 + 4x4y5 + 4x5y7 )
7
+(4s - 8)x6y7 +(s— 1)x7y7.

Proof. Graphene  has  2st+2s+2t  vertices and
3st +2s + 2t — 1 edges. The edge set of G;, for t =1 and
s> 1, can be partitioned as follows:

|Eyul =[{ur € E(G,,): 8, = 4,6, = 4| =2 =m,,,

|Eys| =[{ur € E(G,,): 8, = 4,6, =5} =4 =m,5,

|Es;| =[{wr € E(G,,): 8, = 5,6, =7} =4 = ms, (8)
|Eq;| =|{uv € E(G,,): 8, =6,6,=7}| = 45 -8 = mg,

|E; ;| = Huv € E(Gt,s): 8,=796,= 7}| =s-1=m,,.

Thus, the neighborhood M -polynomial of G, for t = 1
and s>1, is

NM(GLS) = Z mi,jxiyj,

i<j
NM(GLS) = 2x4y4 + 4x4y5 + 4x5y7 ©)
+ (4s — 8)x6y7 +(s— 1)x7y7.

This is the required neighborhood M -polynomial of G, ,
fort =1and s> 1. O

Theorem 3. Let G, be a graphene network, with t >2and
s =1; then, its neighborhood M -polynomial is given by

NM(G,,) = 2x"y* + 4x*y* + (t - 2)x"y" +4x°y (10
+ (2t - 4)x5y8 + 2x7y8 + (2t - S)xgyg.

Proof. Graphene  has  2st+2s+2t  vertices and
3st +2s + 2t — 1 edges. The edge set of G,, for t>2 and
s =1, can be partitioned as follows:



(11)

Thus, the neighborhood M -polynomial of G, , for t >2
and s =1, is

NM(G,,) = z m; x'y,
i<j
NM(GLS) =2x*y v axty’ + (- 2)x°y°
+4x°y" + (2t —4)x°y® + 2678 + (2t - 5)x%y°,
(12)
this is the required neighborhood M -polynomial of G, , for
t>2and s=1.

Now, we calculate neighborhood degree-based graphical
indices of graphene by wusing its neighborhood M
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(8) NH = (1/9) (3st —4s— 4t +5) + (8/13) (s — 2)+
(1181/1768) (t — 2) + (1/4)s + (1/5)t + (20/9)

(9) NI = (9/2) (3st — 4s — 4 +5) + (168/13)
(s—2) + (4116/221)(t — 2) + (63/8)s + (5/2)t +
(290/9)

(10) S = 129.7463379 (3st — 4s — 4t +5)  +222.6536439
(s—2) +412.8858222(t — 2) + (729/4)s + (15625/
512)t + 436.2944606

(11) HM, G5 (G,) = 972st — 108s — 24t — 600
(12) HM, G (G, ) = 19683st — 11250s — 7955¢ — 5235

(13) AGs(G,,) = (3st — 4s — 4t + 5) + 4.011887099 (s —
2) + 5.058949692 (f — 2) + 2.015810523s + £ +
12.1384032

(14) GA;(G,,) = (3st —4s — 4t + 5) + ((8V/42)/13)
(5 —2) +4.942553816 (t —2) + ((3V/7)/4)s +t +
11.86333834

Proof. NM -Polynomial of G, , for t >1 and s > 1, is given
by

NM(G,,) =4x"y’ +tx°y" + 8x°y" +2(t - 2)x°y°
+4(s— 2)x6y7 + 25x7y9 +(t - 2)x8y8
+2(t- 2)x8y9 + (3st —4s — 4t + 5)x9y9.

-polynomial. O (13)
Let
Corollary 1. Let G, ; be a graphene network, with t > 1 and
s> 1; then, its neighborhood degree-based graphical indices NM(Gt,s) = f(x ). (14)
are given by
’ Then, we have
(1) My =54st + 12s + 14t — 34 45 s s s 5
(2) M = 243st — 30s — 11¢ — 147 o) = NM(Gy) = 4x'y” +12°y” + 82y
(3) Fy, = 486st — 485 — 2t — 306 +2(t=2)x"y* +4(s = 2)x°y + 25x"y’ (15)
(4) M5 = (1/81)(3st —4s —4t +5) + (2/21)(s - 2) + +(t-2)x*y* +2(r - 2)x%’
(269/2880) (t —2) + (2/63)s + (1/25)t + (3/7) 9 9
(5) NR, = (20)% + (25)(£) + (35)"8+ (40)2 (i~ 2)+ (st —ds—dt+5)xy
(42)%4 (s — 2) + (63)%2s + (64)%(t — 2) + (72)*2 N
(t—2)+ (81)%(3st — 4s — 4t + 5) (1) M, is defined as
(6) ND; = 4374st — 16325 — 1070t — 2022 M{=(D, +D,)(NM(G))|,-,-,. (16)
(7) NDg = 2(3st —4s— 4t + 5) + (170/21) (s - 2) +
(943/90) (t — 2) + (260/63)s + 2t + (879/35) Now, by using equation (15), we have
M| =(De+ D) (f (6, 9))limyers
M, =(Dx + Dy)(4x4y5 + 1‘x5y5 + 8x5y7 +2(t - 2)x5y8 +4(s— 2)x6y7 + 25x7y9 +(t— 2)x8y8 +2(t - 2)x8y9 +(3st —4s — 4t + 5)x9y9)|x:y:1,
M, = [16x4y5 +20x*y’ +5tx°y? + 5ty +40x° Y7 +56x°y7 +10(t — 2)x° ¥ + 16 (t — 2)x° y° + 24 (s = 2)x%y” + 28 (s - 2)x°y7 + 14sx”y’ (17)
+185x"y” +8(t = 2)x"y  + 8(t - 2)x*y  + 16(t - 2)x°y” +18(t = 2)x"y’ + 9 (3st — 45— 4t + 5)x°y” +9(3st — s - 4t + 5)x"y’ ||,
M| = 54st + 125 + 14t — 34.
M; =(D,D,)(NM (G))l,-,.,. (18)

(2) M; is defined as
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Now, by using equation (15), we have

M3 =(DyDy) (f (6 YDlcyer
M; =(D,D,)(4x"y’ +tx°y" +8x°y +2(t - 2)x°y" + 4(s - 2)x°y" + 25"y’

+(t - 2)368)/8 +2(t - 2)968)19 +(3st — 4s — 4t + 5)x9y9)|x:y:1,

(19)
M; = [80x"y” +25tx"y° +280x”y" +80(t - 2)x°y" + 168 (s — 2)x°y + 1265x” y°
+64(t-2)x"y" + 144(t - 2)x°y” +81(3st —4s — 4t + 5)x" " ||,y
M, =243st — 30s — 11t — 147.
(3) Fy is defined as Now, by using equation (15), we have
Fy, =(D; + Dj) (NM (G))leyey- (20)
Fy =(D3 +D}) (f (6 )| ccyrs
Fy = (Di + Di)(4x4y5 +tx°y +8x°y +2(t - 2)x"y* +4(s = 2)x%y" +2sx”y” + (t - 2)x°y® + 2(t - 2)x%y’
+(3st — 4s — 4t + 5)x9y9)|x:y:1,

Fy, =[64x"y” + 100x"y” + 25tx°y” + 25tx° y + 2007y + 39257 y” + 50 (¢t - 2)x°y® + 128 (¢ - 2)x°y° (21)

+144 (s - 2)x°y” +196 (s — 2)x°y + 98sx” y” + 162sx” y” + 64(t — 2)x°y® + 64 (t — 2)x*y*
+128(t —2)x"y’ +162(t = 2)x°y” + 81(3st — 45 — 4t + 5)x”y" + 81 (3st — 4s — 4t + 5)x°y" ][ .,

Fy, = 486st — 48s — 2t — 306.

(4) M5™ is defined as Now, by using equation (15), we have
My" =(8,S,) (NM (G))] ey (22)

M;’m = (sty) (f (x’ y))lx:yzl’

M;" = (SxSy)(4x4y5 +tx°y +8x°y +2(t - 2)x°y* +4(s = 2)x%y +2sx”y" + (£ - 2)x°y* + 2(t - 2)x%y’

+(3st —4s -4t +5)x"y" )| s

nm

4 4 5 1 5 5 8 5 7 2 5 8 4 6 7 2 7 9 1 8 8 2 8 9
M :[— +—t +— +—(t-2 +—(s-2 +— +—(t-2 +—(t-2
2 S| Y Y gt Y g U AX A -y v sy e (-2 y A (- 2)xy

1 9.9
o1 (3st —4s—4t +5)x" y ]lx:y:l»

1 2 269 2 1 3
My" =— (3st—4s—4t+5)+— (s —2)+——— (t —2) + —s+—F +—.
81 21 2880 63 25 7

(23)
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(5) NR, is defined as Now, by using equation (15), we have
NR, =(DD}) (NM(G))] o)1 (24)

NR, =(DD5) (f (% ) ey

NR, = (DiD;)(4x4y5 + l‘x5y5 + 8x5y7 +2(t— 2)x5y8 +4(s— 2)x6y7 + 25x7y9 +(t - 2)x8y8 +2(t - 2)x8y9 +(3st — 4s — 4t + 5)x9}’9)|x:y:1,
NR, =[(20)%4x"y” + (25)" (£)x°y" +(35)"8x°y” + (40)2(t - 2)x°y* + (42)"4 (s — 2)x°y” +(63)"2sx" y’
+(64)* (£ - 2)x"y® + (72)"2(t = 2)x"y” + (81)" (3st — 45 — 4t +5)x"y’ ||,
NR, = (20)%4 + (25) (£) + (35)*8 + (40)°2 (t — 2) + (42)4 (s — 2) + (63)*2s + (64)" (t — 2) + (72)"2(t — 2) + (81)" (3st — 4s — 4t + 5).
(25)

(6) ND, is defined as Now, by using equation (15), we have
ND, =(D,D,)(D, +D,)(NM(G))| (26)

x=y=1"

ND, =(D,D,)(Dy + D) (£ (6 ) ey
ND,; = (Dny)(Dx + Dy)(4x4y5 +1x°y° +8x°y +2(t = 2)x°y* +4(s = 2)x%y” + 257y + (£ - 2)x%y°
+2(t — 2)x8y9 + (3st —4s — 4t + 5)x9y9)|x:y:1,
ND, =(D,D,)[16x"y" + 20x"y” + 5tx°y* + 5tx°y” + 40x°y” +56x°y” + 10 (t - 2)x°y* + 16 (¢ — 2)x”y*
+24(s — 2)x6y7 +28(s— 2))56)17 + 14sx7y9 + 185367)/9 +8(t - 2)x8y8 +8(t— 2)x8y8 +16(t — 2)368)/9 (27)
+18(t-2)x"y” +9(3st —4s — 4t +5)x"y” + 9 (3st —4s— 4t + 5)x"y’ || oy,
ND, =[720x"y* +250tx’ y° + 3360x° y” + 1040 ( — 2)x°y" + 2184 (s - 2)x°y” +2016sx”y’
+1024(t - 2)x"y® +2448(t - 2)x°y” + 1458 (3st — 4s — 4t + 5)x” y°||

ND; = 4374st — 1632s — 1070t — 2022.

_x:y:l;

(7) ND; is defined as Now, by using equation (15), we have

l\j'D5 = (sty + Sny) (NM (G))lx:y:l‘ (28)

ND; =(D,S, +S.D,) (f (%, )| zyer-
ND; = (DxSy + SXDJ,)(ALx‘ty5 +1x°)° +8x° Y +2(t - 2)x°y¥ + 4 (s - 2)x°y” + 25x7y" + (£ - 2)x°y* + 2(¢ - 2)x%y’

+(3st —4s -4t + 5)x9y9)|x:y:1,

164 5 204 5 5.5 5.5 405 7 565 7 10 5.8 16 5.8
ND; =|— +— +t +t +— +— +—(t-2 +—(t-2
5 [5xy XY AY Ay Xy Xy ke (E- 2y o (- 2y (29)

24 28 14 18 16
+ - (s— 2)x6y7 + < (s— 2)x6y7 + ?sx7y9 + 7sx7y9 +(t— 2)x8y8 +(t— 2)x8y8 + ry (t - 2)368)19

18
+ r (t- 2)368)/9 +(3st —4s — 4t + 5)369)/9 + (3st —4s — 4t + 5)x9y9] |x:y:1,

170 943 260 879
ND; =2(3st —4s—4t+5)+— (s —2)+— (t = 2) + —s+ 2t + —.
21 90 63 35
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(8) NH is defined as Now, by using equation (15), we have
NH = (28,]) (NM (G))l=y-y- (30)

NH = (238.0) (f (% )]y
NH = (28x1)<4x4y5 + tx5y5 + 8x5y7 +2(t— 2)x5y8 +4(s— 2)x6y7 + 25x7y9 +(t - 2)x8y8 +2(t - 2)x8y9

+(3st —4s — 4t + 5)x9y9)|

x=y=1
8,4 2 16 4 8 4 2 (31)
NH = [—x9 +—tx +—x = (- 2)xP = (s - 2)x" + —sx" = (£ -2)x'°
9 10 12 13 13 16 16
4 2 N
+ 7 (t - 2)x17 +1—8 (3st —4s — 4t + S)x1 ] |x:1,
1 8 1181 1 1 20
NH=—-(3st—4s-4t+5)+—=(s-2)+—— (@t -2)+—-s+—-t+—.
9 13 1768 4 5 9
(9) NI is defined as Now, by using equation (15), we have
NI =(S,JD,D,)(NM(G))l ey (32)
NI =(S.JD,D,)(f (%, y))lxepers
NI =(Sx]Dny)(4x4y5 + 1‘x5y5 + 8x5y7 +2(t - 2)x5y8 +4(s— 2)x6y7 + 2sx7y9 +(t— 2)368)/8 +2(t - 2)x8y9
+(3st —4s — 4t + 5)x9y9)|x:y:1,
NI = (S,J)[80x"y” +25tx"y° +280x”y” +80(t - 2)x°y" + 168 (s — 2)x°y + 1265x” y* + 64 (t - 2)x°y"
(33)

+144(t - 2)x"y’ + 81 (3st —4s — 4t +5)x”y"| [ .o,

80 25 280 80 168 126 64 144
NI = [—x9 + ot T S (- 2)x P = (s 2)x P sk — (- 2)x "+ — (1 - 2)x"
9 10 12 13 13 16 16 17

x=1>

81
g (st —ds—dt+ 5)x'8]|

9 168 4116 63 5 290
NI=-(3st—4s—4t+5)+—(s-2)+— (t-2)+—s+-t+—
2 13 221 8 2 9
(10) S is defined as Now, by using equation (15), we have

$ =(SQ,JDLD}) (NM (G)] oer- (34)
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$ =(S1QJDLD}) (f (% ) vmyers

S (SiQ,ZIDiDi)(4x4y5 + tx5y5 + 8x5y7 +2(t- 2)x5y8 +4(s— 2)x6y7 + 25x7y9 +(t - 2)368)/8

+2(t - 2)x8y9 + (3st —4s — 4t + 5)x9y9)|x=y=1,

32000 15625 343000 128000 296352 500094 35
S = [ X+ tx® + x4 (t-2)x" + (s—2)x" + sxt (35)
343 512 1000 1331 1331 2744
262144 746496 531441
+ (t-2)x" + (t-2)x" + (Bst —4s — 4t + 5)x16] |x:1,
2744 3375 4096
729 15625
S =129.7463379 (3st — 4s — 4t + 5) + 222.6536439 (s — 2) + 412.8858222 (t — 2) + TS + =2 t +436.2944606.
(11) Fifth hyper M, Zagreb index is defined as Now, by using equation (15), we have

HM,Gs(G) =(Dj + D} +2D,D, ) (NM(G)| ., (36)

HM,G5(G,,) =(D; + D}, +2D.D, ) (f (%, )| cprs

HMIGS(Gt,s) = (D,ZC + Di + 2Dny)(4x4y5 + tx5y5 + 8x5y7 +2(t - 2)x5y8 +4(s— 2)966}17 + 2$x7y9 +(t - 2)368}/8
+2(t - 2)x8y9 + (3st — 4s — 4t + 5)x9y9)|x:y:1,

HM,G5(G,,) = [{64x"y” + 100x"y” + 25tx° y° + 25tx” y* + 200x”y” +392x°y” + 50 ( - 2)x° y°
+128(t - 2)x5y8 + 144 (s - 2)x6y7 +196(s — 2)x6y7 + 98sx7y9 + 1625x7y9
+64(t —2)x"y* +64(t —2)x°y® +128(t - 2)x*y” + 162(t — 2)x*y” + 81 (3st — 4s — 4t + 5)x° y’
+81(3st — 45 — 4t + 5)x°y”} + 2{80x"y” + 25tx°y” + 280"y + 80 (¢ - 2)x°y"
+168(s - 2)x°y” +1265x”y” + 64 (t - 2)x°y" + 144 (t - 2)x°y” + 81 (3st — 45 — 4t + 5)x"y"H] |,y

HM,G5(G,,) = 972st — 108s — 24t — 600.

(37)
(12) Fifth hyper M, Zagreb index is defined as Now, by using equation (15), we have
HM,G;(G) = D,D(D,D,)(NM (G, (38)
HM,Gs(G,) = D,D,(D,D, ) (f (x, )| cyers
HMZGS(GLS) = Dny(Dny)(4x4y5 + txsy5 + 8x5y7 +2(t - 2)x5y8 +4(s- 2)x6y7 + 25x7y9
+(t=2)x°y* +2(t - 2)x®y” + (Bst —4s — 4t + 5)x9y9)|x:y:1,
HM,G(G,,) =(D,D,)[80x"y” + 25tx"y* + 280x°y” + 80 (t — 2)x”y* + 168 (s — 2)x°y” + 126sx”y’ (9)
39

+64(t = 2)x°y" + 144 (t - 2)x"y’ + 81 (3st — 45— 4t + 5)x"y’ || -,
HM,Gs5(G,,) = [1600x"y” + 625tx y” + 9800x”y” + 3200 (t — 2)x” y* + 7056 (s — 2)x°y” + 7938sx” y’
+4096 (t — 2)x"y* + 10368 (t = 2)x°y” + 6561 (3st — 4s — 4t +5)x” ¥ || .oy
HM,Gs(G,,) = 19683st — 112505 — 7955t — 5235.
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(13) Fifth arithmetic-geometric index is defined as Now, by using equation (15), we have

AG;(G) = %s;’zsyz(z)x +D,)(NM(G))l,oyey.  (40)

AG5(G,,) = %s;’zs;’z(Dx + D)) (f (% Y| oeyers

AGS(Gt)s) = %S}C/ZS;/Z(D)C + Dy)(4x4y5 +1x°y" +8x°y +2(t - 2)x"y* +4(s - 2)x°y +2sx7y + (£ - 2)x%y°
+2(t — 2)x8y9 + (3st — 4s — 4t + 5)x9y9)|x:y:1,

AGS(GLS) = %Si/ZS;,/Z [16x4y5 + 2Ox4y5 +5tx°y + 51‘xsy5 + 40x5y7 +56x°y" +10(t — 2)xsy8 +16(t - 2)x5y8
+24 (s — 2)966)/7 +28(s— 2)x6y7 + l4sx7y9 + 185x7y9 +8(t - 2)368)/8 +8(t - 2)968)/8 +16(t - 2)x$y9 (41)
+18(t - 2)x"y’ +9(3st —4s— 4t +5)x"y’ + 9(3st —4s — 4t +5)x"y’ ||, oy

26

36 4.5 10 5.5 96 5.7 5.8 52 6,7 32 7.9
AGs(G, ) = | —= +—t + e (t-2 + -2 +
(G = |3 Y FavE Y v o Nt O gy
b (=X e (- 2060y 4 35t — 4s - 4t +5 -
aver U Ax Y s DXy e (3t s 1Y oy

AGS(GM) = (3st —4s — 4t +5) + 4.011887099 (s — 2) + 5.058949692 (t — 2) + 2.015810523s + ¢ + 12.1384032.

(14) Fifth geometric-arithmetic index is defined as Now, by using equation (15), we have

GA; (G) = 28,](D,’D}*) (NM(G))] -, (42)

GAs(G,,) = 28,J(D* D)) (f (x, )5
GAs(G,,) = 28,J(D)?D}?)(4x"y" + tx°y” + 8x°y" +2(t = 2)x°y" + 4 (s = 2)x°y” + 257 y” + (¢ - 2)x°y*
+2(t = 2)x"y’ + (3st —4s — 4t +5)x°y" ),

GAS(GLS) =(28,J) [4\/ﬁx4y5 +V25tx°y” +8V35x°y +2V40 (t - 2)x°y® + 442 (s - 2)x°y’

+2V635x"y” + V64 (t —2)x*y® +2V72 (t = 2)x®y’ + V81 (3st — 4s — 4t + 5)x9y9] |ois (43)
8+/20 2+/25 1635 4+/40 8+/42 4+/63
GAS(GtS) = X+ tx' + x4 (t-2)x"c+ (s—2)x" + —sx'®
’ 9 10 12 13 13 16
2/64 4+/72 2+/81
+1—6 (t - 2)x16 + 1—7 (t - 2)X17 + T (3St —4s — 4t + S)Xls |x:1’

8+/42
13

347
GAs(Gy,) = (3st — 45 — 4t +5) + (s—2) +4.942553816 (t — 2) + —\/_s +1+ 11.86333834.
’ 4



10

Corollary 2. Let G, be a graphene network, with t = 1 and
s> 1 ; then, its neighborhood degree-based graphical indices
are given by

(1) M| = 665 — 18

(2) M3 =217s—133

(3) F}, = 4385 — 254

(4) M5™ = (2/21) (s —2) + (1/49) (s — 1) + (123/280)

(5) NR, = (16)2 + (20)*4 + (35)%4 + (42)*4(s —2) +

(49)%(s-1)

(6) ND, = 2870s — 2398

(7) NDg = (170/21) (s — 2) + 2(s — 1) + (723/35)

(8) NH = (8/13)(s—2) + (1/7)(s — 1) + (37/18)

(9) NI = (168/13)(s—2)+ (7/2)(s— 1) + (221/9)

(10) S =222.6536439 (s — 2) + 68.08391204 (s — 1)+
302.7203866

(11) HM, G (G,,) = 872s — 520
(12) HM,G; (G, ) = 9457s — 9501

(13) AG5(G,,) = (13v/42/21) (s =2) + (s - 1)+
10.08166278

M| =(D,+D,)(f (%, )| seyers

Journal of Mathematics

(14) GA5(G,,) = (8V42/13) (s —2) + (s — 1) + 9.919285149

Proof. NM -Polynomial of G, , for t = 1 and s> 1, is given
by

NM(G,,) = 2x"y* + 4x"y’ +4x°y" +4(s - 2)x°y + (s - Dx"y’.  (44)
Let,
NM(G,,) = f (x,y), (45)
then, we have

fx,y)= NM(GLS) =2x*yt +axty’ +4ax’y’

(46)
+4(s =22y + (s - Dx'y".
(1) M| is defined as
M| =(D,+D,)(NM(G),,1. (47)

Now, by using equation (46), we have

M= (D,c + Dy)(2x4y4 +4x"y° +4x°y" +4(s = 2)x°y + (s - 1)x7y7)|x=y=1,

M= [8x4y4 +8x*yt +16x"y” +20x* Y’ +20x°y” +28x°y7 +24(s - 2)x°y” +28(s - 2)x°y + 7(s - 1)x"y + 7 (s - 1)x7y7] |x:y:1,

M, = 66s — 18.
(48)
(2) M; is defined as Now, by using equation (46), we have
M; =(D,D, ) (NM(G)] -,. (49)
M; = (Dny) (f (x’ }’))|x:y:1,
M; =(D,D,)(2x"y" +4x"y’ +4x°y" + 4(s = 2)x"y" + (s = DXy )|y (50)
M; =[32x"y" +80x"y” + 140x°y” + 168 (s - 2)x°y" +49(s = Dx"y" ||, oy
M =217s— 133,

(3) Fj is defined as
Fy =(D; + D)) (NM (G)l,oyer- (51)

Now, by using equation (46), we have
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Fy =(D% + D) (f (% YD) veyes

Fy = (DfC + Di)(2x4y4 +4x* Y +4x°y +4(s - 2)x°y" + (s - 1)x7y7)|x:y:1,

Fy, =[32x"y" + 32x"y* + 64x*y” + 100x"y” + 100x°y” + 196x°y” + 144 (s — 2)x°y + 196 (s - 2)x°y’
+490(s - 1)x"y” +49(s - Dx’y’||

x=y=D>
Fy, = 4385 — 254.
(4) My is defined as Now, by using equation (46), we have
My" =(8,S,) (NM (G))] =y (53)

My =(8,8,) (f (% )| yers
My =(8,8,)(2x"y" + 4x'y’ + 467y +4(s - 22y + (s - Dxy))]

x:y:])

2 4 4 4 1
nm _ 4 4 4.5 5.7 6.7 7.7
M, —[Exy o Yt Y +E(s—2)xy +E(s—1)xy ]lx:yzl’

M”m—i( 2)+i( 1)+E

TR APTR 280

(5) NR,, is defined as Now, by using equation (46), we have
NR, =(DiD) (NM (G))l ey (55)

NR, =(DiD}) (f (%, YD)l ccyers

NR, = (D‘))‘CD;",)(Zx‘ly4 +4x Y +4x°y +4(s - 2)x°y” + (s - 1)x7y7)|x:y:1,

NR, =[(16)"2x" y* + (20)*4x"y* + (35)"4xy” + (42)"4(s = 2)x°y" + (49)* (s = D"y |, )cy

NR, = (16)"2 + (20)*4 + (35)"4 + (42)"4 (s — 2) + (49) (s — 1).

(6) ND; is defined as Now, by using equation (46), we have
ND; =(D,D,)(D, +D,)(NM(G)loyey.  (57)

11

(52)

(54)

(56)
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ND, :(Dny)(Dx + Dy) (f 6 YD imyers

ND; = (Dny)(Dx + Dy)(2x4y4 +4x*y’ +4x’y +4(s - 2)x°y + (s - 1)x7y7)|x:y:1,
ND, = (Dny) [8x4y4 +8x*y! +16xty” + 20x4y5 + 20x5y7 +28x°y  +24(s - 2)x6y7
(58)
+28(s— 2)x6y7 +7(s— 1)x7y7 +7(s— 1)x7y7]|x=y=1,
ND; =[256x"y"* +720x" y° + 1680x° y” + 2184 (s - 2)x"y + 686 (s = 1)x”y | l,_,c1»
ND; = 2870s — 2398.
(7) ND; is defined as Now, by using equation (46), we have
ND; =(D,S, +8,.D, ) (NM(G)| ;- (59)
ND; =(D,S, + 8,0, ) (f (%, )| seyors
ND; = (DxSy + Sny)(2x4y4 +4x'y’ +4x’y +4(s - 2)x°y + (s - 1)x7y7)|x:y:1,
60
ND; = [2x4y4 +2xtyt ¢ 15—6x4y5 + ? 497 4 ?xs)/ + 2—:xsy7 + ? (s-2)x%y" + ? (s=2)x%y +(s=1)x"y" +(s— 1)x7y7] |X:y:1, (60)
170 723
ND; :5(5—2)+2(s—1)+¥.
(8) NH is defined as Now, by using equation (46), we have
NH = (28,]) (NM (G))] s (61)
NH = (25,) (f (% )| s_yrs
NH = (2836])(2x4y4 +4x*y +4x°y +4(s - 2)x°y + (s - 1)x7y7)|x:y:1,
4 8 8 8 2 62
NH = [—xs Fox T — (s—2)xP = (s - 1)x14] |x:1, 62)
8 9 12 13 14
8 1 37
NH=—(s-2)+=-(s-1)+—.
13 7 18
(9) NI is defined as Now, by using equation (46), we have

NI =(S8.JD,D,)(NM(G))| (63)

x=y=1'
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NI =(S,JD,D,) (f (%, )| -y
NI = (Sx]Dny)(2x4y4 + 4x4y5 + 4x5y7 +4(s— 2)x6y7 + (s - 1)x7y7)|

x:y:l)

NI =(S,]) [32x4y4 +80x*y’ +140x°y” + 168 (s — 2)x°y’ + 49 (s — 1)x7y7]|

x=y=1
32 80 140 168 49
NI = [—xs e P (5= 2)xP = (s - 1)x14] |x:1,
8 9 12 13 14
168 7 221
NIl=— (-2)+=-(s-1)+—
13 2 9
(10) S is defined as Now, by using equation (46), we have
§ =(81Q2/DD) ) (NM(G))] -y (65)

$ =(S3QLIDLD}) (f (% YD) ecyers

S= (SiQ,ZIDiD;)(2x4y4 + 4x4y5 + 4x5y7 +4(s- 2)x6y7 +(s— 1)x7y7)|x:y:1,

8192 32000 171500 296352 117649
S:[ x° 4 x + X0+ (s—2)x"" + (s- 1)x12]|x:1,
216 343 1000 1331 1728

S =222.6536439 (s — 2) + 68.08391204 (s — 1) + 302.7203866.

(11) Fifth hyper M, Zagreb index is defined as Now, by using equation (46), we have
HM,G5(G) =(D} + D} +2D,D ) (NM ()| .,er.  (67)

HM,Gs(G,,) =(D + D} +2D,D,, ) (f (%, )] ey

HMle(Gt,S) = (Di + Di + 2Dny)(2x4y4 + 4x4y5 + 4x5y7 +4(s— 2)x6y7 +(s— 1)x7y7)|x=y=1,

HM,G5(G,,) = [{32x"y" + 32x"y* + 64x"y” + 100x"y” + 100x°y” + 196x°y” + 144 (s - 2)x°y” + 196 (s - 2)x°y’
+49(s = 1)x"y +49(s— 1)x"y'} + 2{32x"y* + 80x"y* + 140x°y” + 168 (s - 2)x°y” + 49(s = 1)x” y'}]]

HM,Gs(G,,) = 872s - 520.

(12) Fifth hyper M, Zagreb index is defined as Now, by using equation (46), we have
HM,G5(G) = D,D (DD, ) (NM(G),,.,.  (69)

x=y=1>

13

(64)

(66)

(68)



14 Journal of Mathematics

HM,G(G,,) = D,D,(D.D,)(f (x, )| cyers
HM2G5(GIS) = ( )(2)64)/4 +4x* Y +4x°y +4(s - 2)x°y + (s - 1)x7y7)|x:y:1,
HM,G(G,,) = ( D, )[32x"y" +80x"y” + 140x°y" + 168 (s = 2)x°y” + 49 (s = D)x"y" ||, o1, (70)
HM,G5(G,,) = [512x"y" + 1600x" y° + 4900x° y” + 7056 (s - 2)x°y” + 2401 (s — )x" y" || =1,
HM,Gs(G,,) = 9457s - 9501.

(13) Fifth arithmetic-geometric index is defined as Now, by using equation (46), we have

AG;(G) = %s}c’zs;’z(Dx +D,)(NM(G))loyey. (71)

1
AGS(Gt,s) = ESJIC/ZSJI//Z(Dx + Dy) (f ('x’ y))|x=y=l’
1
AGy(G)= 18178 (D, + D, ) 26y + 'y 4 4y + 4= 28y + 5 ¥y
1
AGS(GLS) = ES}C/ZS;/Z [8964)/4 +8x 'yt + 16x* Y’ +20x* Y’ +20x°y +28x°y7 +24(s - 2)x°y7 +28(s — 2)x°y’

(72)
+7(s - 1)x7y7 +7(s—- 1)x7y7]|x:y:1,

16 44 36 45 48 5, 52 6.7, 14 7.7
AG;( G, ) = + + +——=(s-2 + -1 1>
o(Gis) = | vie™ 7 ™ Y vt Y v O s O DY [l

13
AG4(G,,) = ;/_ (s=2)+(s—1) + 10.08166278.
(14) Fifth geometric-arithmetic index is defined as

GA; (G) = 28,J(D,”D}*) (NM (G))] .y (73)

Now, by using equation (46), we have

GA(Gy,) = 28,7 (DY?D)) (f (3 YDl scrs
GAS(G,)S) = ZSX](D}C/ZD;/Z)(2x4y4 + 4x4y5 + 4x5y7 +4(s— 2)x6y7 +(s— 1)x7y7)|x:1,

AVIS | BVID , 8VES s sv— b 2V 3 (74)
x° + X + x (s—2)x" + == (s - )x"* || s

GAs(Gis) = 8 9 12 14

8
GAs(G,,) = \/_ (s—2) +(s—1)+9.919285149.

Corollary 3. Let G, be a graphene network, with t > 2 and (1) M| = 68t — 22
s =1 then, its neighborhood degree-based graphical indices (2) M3 =233t — 166

are given by (3) Fy, = 484t — 346



Journal of Mathematics

(4) MI™ = (1/64) (2t - 5) + (9/100) (¢ — 2) + (19/40)

(5) NR, = (16)"2 + (20)*4 + (25)* (t — 2) + (35)%4+
(40)%2 (t — 2) + (56)*2 + (64)* (2t - 5)

(6) ND, = 3338t — 3364

(7) NDy = 2(2t — 5) + (129/20) (t — 2) + (3457/140)

(8) NH = (1/8) (2t — 5) + (33/65) (t — 2) + (209/90)

(9) NI = 4(2t - 5) + (225/26) (¢t — 2) + (1441/45)

(10) S = 95.5335277 (2t — 5) + 126.6858726 (t — 2)+
462.5892987

(11) HM,G5 (G, ) = 950t — 678

15
NM(Gt)s) = 2x4y4 +4x4y5 +(t-2)x"y +4x’y’ (75)
75
+2(t - 2)x5y8 + 2x7y8 + (2t - 5)x8y8.
Let,
NM(G,) = f(x, ). (76)

Then, we have
flxy) = NM(GLS) =2x*yt v axty’ + (1 -2)x°y
+4x’y’ +2(t - 2)x5y8 + 2x7y8 + (2t - S)xsys.

(12) HM,G; (G, ) = 12017t — 14846 (77)
(13) AGs(G,,) = (2t — 5) + 3.055480479 (¢ — 2)+ .
120861221 (1) M, is defined as
(14) GA, (G,) = (2t — 5) + 2.946017022 (¢ — 2)+ M{=(D,+D,)(NM(G))|,,-,. (78)
11.91483576
Now, by using equation (77), we have
Proof. NM -Polynomial of G, , for t >2 and s = 1, is given
by
M{ =(D,+D,)(f (% y)|seyers
M, = (Dx + Dy)(2x4y4 +4xty’ +(t - Z)XS)/S + 4x5y7 +2(t-2)x"y* + 2x7y8 + (2t - 5)x8y8)|x:y:1,
M, = [8x4y4 +8x*yt +16x*y’ +20x"y’ +5(t—2)x"y’ +5(t - 2)x°y” +20x°y +28x°y (79)
+10(t - 2)x°y" + 16 (t - 2)x"y* + 14x"y" + 167y +8(2t - 5)x°y" + 8(2t - 5)x°y*|| -y
M/ = 68t —22.
(2) M; is defined as
M; =(D,D,) (NM(G))l ;. (80)
Now, by using equation (77), we have
M; = (Dny) (f(x) y)) |x:y:1)
5= (Dny)(2x4y4 + 4x4y5 +(t - 2)x5y5 + 4x5y7 +2(t - 2)x5y8 + 2x7y8 + (2t - S)xsys)lx:yzl, (81)

M
M; =[32x"y" +80x"y” +25(t - 2)x°y* + 140x”y” + 80 (¢ - 2)x°y" + 112x7y" + 64 (2t - 5)x°°|
M;

= 233t - 166.

(3) Fy is defined as
Fy, =(D}+D;)(NM(G))|

—— (82)

x:y:li

Now, by using equation (77), we have
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Fy = (D2 + D) (f (6, 9D | ey,

Fy =(Di+D})(2x"y +4x'y’ + (t - 2"y  + 4"y + 2(t - 2)x"y® + 27" + (2t - 5)x"y*) | s

Fy = [32x"y" +32x"y" +64x"y + 100x"y” +25(1 = 2)x°y” + 25(t = 2)x”y” + 100x"y" +196x°y" + 50 ( ~ 2)x”y"
+128(t = 2)x"y" + 98xy" +128x" )" + 642t - 5)x"y" + 64 (2t = 5)x"y* |-,

Fy, = 484t — 346.

(83)
(4) M5™ is defined as Now, by using equation (77), we have
My" =(S,S,) (NM(G))l s (84)
M5 =(8,8,) (f (% ) eyers
My" = (SXS),)(Zx‘}y4 +ax* Y + (t-2)x"y" +4x°y 12t -2y  + 247y + (2t - S)xsyg)lx:yzl,
o _[2 44, 4 a5 1 55,4 5 2 58,2 78 1 5.8 (85)
M, =[Rx y +2—0x y +£(t—2)x y +£x y +4—0(t—2)x y +%x y +6—4(2t—5)x y ]|x:y:1,
1 9 19
M =— (2t-5)+—(t-2) +—.
2 =g AR TTRAT
(5) NR,, is defined as Now, by using equation (77), we have
NR, =(DgD5) (NM (G)) oy (86)
NR, =(DD) (f (36 y)leyers
NR, = DﬁDj)(2x4y4 +4xy +(t-2)x°y +4x°y +2(t - 2)x°y* +2x7 Y0 + (2t - 5)x8y8)|xzy:1,
NR, =[(16)"2x"y" + (20)"4x"y” + (25)" (t - 2)x°y° + (35)"4x"y" + (40)"2 (¢ - 2)x°y* + (56)"2x" y* + (64)* (2t - 5)x°3°] | .—, oy,
NR, = (16)"2 + (20)*4 + (25)° (t — 2) + (35)"4 + (40)"2 (£ — 2), +(56)"2 + (64)* (2t — 5).
(87)
(6) ND; is defined as Now, by using equation (77), we have

ND; =(D,D,)(D, + D) (NM(G))ly—pey. (88)
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ND; =(D,D,)(Dy + D) (f (%, )l eyers
ND, =(D,D,)(D, + D, )(2x"y* +4x"y* + (t = 2)x°y" + 4x°y" + 2(t - 2)x°y" + 2" y" + (2t - 5)x°y®) oy,

ND, = (Dny) [8x4y4 +8x 'yt +16x* Y’ +20x* Y’ +5(t - 2)x° Y’ +5(t - 2)x°y’ +20x°y +28x°y’

+10(t - 2)x°y" + 16 (t - 2)x°y* + 14x7y" + 16x7y° + 82t = 5)x"y* + 8(2t = 5)x°y° ||, ).

NDj; =[256x"y* +720x" y° + 250 (t — 2)x°y° + 1680x”y” + 1040 (t — 2)x” y* + 1680x” y° + 1024 (2t - 5)x°y* || - -1,
ND, = 3338t — 3364.
(89)
(7) NDj4 is defined as Now, by using equation (77), we have
ND; =(D,S, +S8,.D, ) (NM(G)| ;. (90)
ND; =(D,S, +S8.D, ) (f (%, )| epers
ND; = (DxSy + Sny)(2x4y4 + 4x4y5 +(t - 2)x5y5 + 4x5y7 +2(t - 2)x5y8 + 2x7y8 + (2t - S)xsys)lx:yzl,

16 20 20 28 10
ND; = [2x4y4 + 2y Y Y (-2 (- 2)x Y+ Xy XY+ — (- 2)x°
5 4 7 5 8 (91)
16 14 16
+? (t-— 2)x5)/8 + §x7y8 + 7x7y8 + (2t - 5)x8y8 + (2t - 5)x8y8 |x:y:1’
129 3457
NDy; =22t -5)+— (t-2)+——
20 140
(8) NH is defined as Now, by using equation (77), we have
NH = (28,]) (NM (G, (92)
NH = (28,7) (f (% 9)lxeyors
NH = (28,])(2x"y" +4x"y” + (t - 2)x°y” + 4x”y" + 2(t = 2)x"y* + 257" + (2t = 5)x°y* ) o
44 8,4 2 8 4 4 2 (93)
NH = [—x8 +ox +— (- 2)x" +=xP = (t-2)x =" = (2t - 5)x16] lez1>
8 9 10 12 13 15 16
1 33 209
NH=-(2t-5)+—({t-2)+—
8 65 90
(9) NI is defined as Now, by using equation (77), we have

NI =(8,JD,D,)(NM(G)) ey (94)
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NI =(8,JD,D,)(f (3% y)]seyers

NI =(S,.JD.D, )(2x +4x +(t-2)x +4x +2(t—-2)x +2x + (2t - 5)x >
Sx D, 4y4 4y5 ( ) 5)/5 5}/7 ( ) 5y8 7)/8 ( ) 8y8 |x Jm1

NI = (S,J)[32x"y* +80x"y” + 25(t - 2)x°y” + 140x°y” + 80 (¢ - 2)x°y* + 112xy" + 642t - 5)x°y* ||, =) (95)

32 80 25 140 80 112 64
NI = [—xs e + = (t-2)x X = (- 2)x X — (2t - 5)x16] |x:1,
8 9 10 12 13 15 16
225 1441
NI=4Q2t-5)+— (t-2)+——.
26 45
(10) S is defined as Now, by using equation (77), we have
$ =(S2Q,JDLD;)) (NM(G))] - . (96)

$=(S2QJDID) (f (% )] ey

S= (SiQ_z]DiD;)(2x4y4 + 4x4y5 +(t - 2)x5y5 + 4x5y7 +2(t - 2)x5y8 + 2x7y8 + (2t - 5)x8y8)|

x=y=1>
8192 ¢ 32000 , 15625 171500 128000 351232 262144 ¢7)
S = [ X%+ X+ (t-2)x% + x4 (t-2)x" + x4 (2t - 5)x14] |x:1,
216 343 512 1000 1331 2197 2744
S = 95.5335277 (2t — 5) + 126.6858726 (¢ — 2) + 462.5892987.
(11) Fifth hyper M, Zagreb index is defined as Now, by using equation (77), we have
HM,G;s (G) =(Dj + D + 2D,D,) (NM(G))|,—yr.
(98)
2 2
HM,Gs(G, ) =(D} + D}, + 2D, D, ) (f (%, )| 1o pmrs
HMIGS(Gt,s) = (Di + Di + 2Dny)(2x4y4 + 4x4y5 +(t— 2)x5y5 + 4x5y7 +2(t— 2)x5y8 + 2x7y8 + (2t - S)xgys)lx:yzl,
HM,G5(G,,) = [{32x"y" + 32x"y" + 64x"y” + 100x"y” + 25 (¢ - 2)x”y* + 25(t - 2)x°y” + 100x°y” + 196x° y
+50 (t - 2)x°y" + 128 (t - 2)x°y° +98x" y" + 128x"y" + 64(2t - 5)x°y" + 64 (2t - 5)x°)°}
+2{32x"y* + 80x"y" + 25(t - 2)x°y° + 140x°y” + 80(t - 2)x"y* + 112x7y* + 642t = 5)x"y*}] | ooy
HM,Gs(G, ) = 950t - 678.
(99)

(12) Fifth hyper M, Zagreb index is defined as Now, by using equation (77), we have
HM,Gs(G) = D,D,(D, Dy ) (NM(G))ls=yey.  (100)
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HM,G(G,,) = D,D,(D,D,) (f (3 ¥)|syes
HMst(Gas) = Dny(Dny)(2x4y4 +4xty +(t-2)x° Y +4x°y +2(t - 2)x°y* + 2x7 Y + (2t - 5)x8y8)|x:y:1,
HM,Gs(G,,) =(D.D, )[32x"y* + 80x"y” + 25(t - 2)x°y° + 140x°y” + 80 (¢t - 2)x°y" + 112x7 y* + 642t = 5)x°* || .o
HM,Gs(G,,) = [512x"y* + 1600x" y° + 625 (t - 2)x°y” + 4900x°y” + 3200 (t - 2)x° y* + 6272x" y* + 4096 (2t - 5)x°y* || .,
HM,Gs(G,,) = 12017t — 14846.
(101)
(13) Fifth arithmetic-geometric index is defined as Now, by using equation (77), we have
1
AG5(G) =-8,78,*(D, + D, ) (NM(G))| o1 (102)
Loinqir
AG5(Gyy) = 5878, (D + D, ) (f (6 YDl acyer
1
AG5(Gt’S) = ES)IC/ZS;,/Z(Dx + Dy)(2x4y4 +4x Yy + (t-2)x°y +4x°y +2(t - 2)x°y* +2x7y% + (2t - 5)x8y8)|x:y:1,
1
AGS(Gt,S) = ES}C/ZS;/Z [8x4y4 +8x*y* +16x% Y +20x* Y’ +5(t - 2)x°y” +5(t - 2)x"y" +20x°y +28x°y’
+10(t - 2)x"y + 16 (t - 2)x°y® + 1457 % + 1657 % + 8 (2t - 5)x%y® + 8 (2t - 5)x%y%]|._._,,
y y y y y Y lx=y=1
16 44 36 4,5 10 55, 48 5, 26 5.8
AG;(G, ) = Xy + Xy + t=2)x"y" + XY+ —=(t - 2)x
(Ges) = e avar™ Y o DN o g DX
30 5 4 16 8 8
: x'y" + 2t -5)x D>
2\/% y 2\/@ ( ) )’ |x7y71
AG5(Gy,) = (2t — 5) + 3.055480479 (¢ — 2) + 12.0861221.
(103)
(14) Fifth geometric-arithmetic index is defined as Now, by using equation (77), we have
GA;(G) = 28,J(D;*Dy*) (NM(G) ], (104)

GA(Gyy) = 285,J(D)?D)) (f (3, )l scrs

GAS(Gt)S) = ZS)C](D)IC/ZD;/Z)(2x4y4 +4x* Y’ + (t-2)x"y’ +4x°y 12t - 2"y  + 247y + (2t - 5)x8y8)|x:1,

2)x" (2t - 5)x" ||

x=1>

44/16 8+/20 24/25 84/35 4+/40
GAS(Gts): \/_x8+ \/_x9+ \/_(t—z)x10+—\1/2_x12+—\1/3_ (t -

L4V 15 26l
—X
8 9 10 15

+—
16

GAs(Gy,) = (2t — 5) + 2.946017022 ( — 2) + 11.91483576.

(108



20

FiGure 2: Subdivision graph of G, .

4. Neighborhood M -Polynomial of the Line
Graph of the Subdivision Graph of
Graphene Networks

In this section, we find neighborhood M -polynomial of the
line graph of the subdivision graph of graphene and calculate
neighborhood degree-based graphical indices of the line
graph of the subdivision graph of graphene by using its
neighborhood M -polynomial.

4.1. Line Graph of the Subdivision Graph of Graphene
Networks. The subdivision graph of graphene G, ; is denoted

NM(L(S(GLS))) =(t+ 6)x4y4 +2(t+ 2)x4y5 +2(s— Z)xSy5 +2(2s+t - 2)x5y8 + 25x8y8 +4(s+t— 2)368)/9

+(9st —8s =5t + 1)x”y’.

Proof. The line graph of the subdivision graph of graphene
has 2 (3st + 2s + 2t — 1) vertices and 9st + 4s + 4t — 5 edges.
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F1GURE 3: Line graph of the subdivision graph of G, .

by S(G,,), and the line graph of the subdivision graph of
graphene is denoted by L(S(G,;)). The line graph of the
subdivision graph of graphene has 2(3st +2s+2t—1)
vertices and 9st +4s + 4t — 5 edges [34]. The subdivision
graph of G, ; and the line graph of the subdivision graph of
G, are shown in Figures 2 and 3 respectively.

Theorem 4. Let L(S(G,,)) be the line graph of the subdi-
vision graph of graphene G, , with t #1 and s > 1 ; then, its
neighborhood M -polynomial is given by

(106)

The edge set of L(S(G,,)), for t#1 and s> 1, can be par-
titioned as follows:
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vl =} € B(L(5(6.,): .=
Fus] =} € B(L(6(6..): .-
el = € B(L(5(G3.))): 5.~
|Esg| =[{ur € B(L(S(G,))): 8, =
Fusl = fuv € E(1(5(6,.))): 8, -
[Egol =|{u € B(L(S(Gs))): 8. =
sl =} € B(L(5(6..): 5. -

Thus, the neighborhood M -polynomial of L(S(G;)),
fort#1 and s> 1, is

NM(L(S(G,))) = T maty'm.

i<j

21
y =4 =t+6=my,
, =50 =2(t+2) =my,
=5¢=2(s=2) =ms;
(107)

NM(L(S(G =(t+6)x" Y 2+ 2)x Y +2(5-2)x"y +2(2s + £t - 2)x°y® + 2sx® Y2 + 4 (s + £ - 2)x%)’ + (9st — 8s — 5t + 1)x°y’.
s y y y y y y y

This is the required neighborhood M -polynomial of
L(S(Gy,)), for t#1 and s> 1. O

NM(L(S(GLS))) = (t+8)x*y* +2tx*y’ +2tx°y% +2x%)% + 4 (t - 1)x®y’ + (4t - 7)x°y°.

Proof. The line graph of the subdivision graph of graphene
has 2 (3st + 2s + 2t — 1) vertices and 9st + 4s + 4t — 5 edges.
The edge set of L(S(G,;)), for t#1 and s = 1, can be par-
titioned as follows:'

|Eyal = [{uv € E(L(S(Gy))): 6., = 4.0, =4} =t + 8 = m,

|Eys| = [{uv € E(L(S(G.y))): 6. = 4.8, = 5} =2t = my 5

[Bss| =[{uv € E(LS(G.s)): 8= 5.0, = 8| = 2t = sy

|Egs| = [{uv € E(L(S(G.,))): 6. = 8.8, = 8} =2 = myq

[Bss| =[{uv € E(L(S(G.s))): 8 = 8.6, = o} = 4t = 1) = my

|Egs| = [{uv € E(L(S(Gy,))): 6, = 9,8, =9} =4t =7 = my
(110)

Thus, the neighborhood M -polynomial of L(S(G,,)),
fort#1 and s=1, is

(108)

Theorem 5. Let L(S (G,,)) be the line graph of the subdi-
vision graph of graphene G, ; , witht+1 and s = 1 ; then, its
neighborhood M -polynomial is given by

(109)
NM(L(S(G,))) = Z m; ix'y’,

i<j
NM(L(S(Gt)s))) = (t+8)x*y* +2tx*y’ + 2tx°y°

+2x8y8 +4(t- l)xgy9 + (4t - 7)x9y9.
(111)

This is the required neighborhood M -polynomial of
L(S(G,)), fort#1 and s = 1. O

Theorem 6. Let L(S(G,,)) be the line graph of the subdi-
vision graph of graphene G, ;, witht = 1 and s> 1 ; then, its
neighborhood M -polynomial is given by

NM(L(S(GLS))) =10x*y* +4x*y’ +2(s - 2)x°y°
+4(s — 1)x5y8+2(s— 1)x8y8 (112)

+4(s — l)xgy9 +(s— 1)x9y9.



22

Proof. The line graph of the subdivision graph of graphene
has 2 (3st + 2s + 2t — 1) vertices and 9st + 4s + 4t — 5 edges.
The edge set of L(S(G,,)), for t =1 and s> 1, can be par-
titioned as follows:

NM(L(S(Gy,))) = Y. my jx'y,

i<j

Journal of Mathematics

Thus, the neighborhood M -polynomial of L(S(G,y)),
fort=1and s>1, is

(114)

NM(L(S(Gt’S))) = 10x4y4 + 4x4y5 +2(s— 2)x5y5 +4(s- 1)x5y82(s - 1)x8y8 +4(s— 1)x8y9 +(s— 1)x9y9.

This is the required neighborhood M -polynomial of
L(S(G,,)), for t =1 and s> 1.

Now, we calculate neighborhood degree-based graphical
indices of the line graph of the subdivision graph of gra-
phene by using its neighborhood M -polynomial. O

Corollary 4. Let L(S(G;,)) be the line graph of the subdi-
vision graph of graphene network, with t #1 and s> 1 ; then,
its neighborhood degree-based graphical indices are given by
(1) M| = 162st + 28s + 30t — 126
(2) M3 = 729st — 225 + 19t — 579
(3) F}; = 1458st — 4s + 62t — 1198
(4) M5 = (1/81)(9st —8s =5t + 1) + (1/20) (2s + t —
2)(1/18) + (s+t—2) + (2/25) (s —2) + (1/16) (t + 6) +
(1/10) (¢t + 2) + (1/32)s
(5) NR, = (16)*(t + 6) + (20)*2(¢ +2) + (25)*2
(s=2)+ (40)*2(2s+t—2) + (64)*2s + (72)%4 (s +
t—2)+ (81)*(9st —8s—5t+ 1)
(6) ND; = 13122st — 2140s — 866t — 9926

(7) NDg =2(9st —8s—5t +1) + (89/20) 2s +t —2) +
(145/18)(s+t—2) +4(s—2) + 2(t + 6) + (41/10)
(t+2) +4s

(8) NH = (1/9) (9st — 8s — 5t + 1) + (4/13) (2s + t—

2)+ (8/17) (s +t=2) + (2/5)(s = 2) + (1/4) (t+6)+
(4/9)(t +2) + (1/4)s
(9) NI = (9/2)(9st —8s—5t+1) + (80/13) (2s+

t—2)+ (288/17)(s+t—2)+5(s=2)+2(t +6) +
(40/9) (t +2) + 8s

(10) S = 129.7463379 (9st — 8s — 5t + 1)+ 96.16829452
(2s+t—2)+ (55296/125) (s +t — 2) + (15625/
256) (s —2) + (512/27) (t + 6) + 46.64723032 (t +
2) + (65536/343)s.

(11) HM G5 (L(S(G,,))) = 2916st — 48s + 100t — 2356

(12) HM,G5 (L(S(Gyy))) = 59049st — 15910s — 7813t —

40675

(13) AG5(L(S(G,,))) = (9st —8s— 5t + 1)+ ((13V/10)/
20)(2s+t—2)+ ((17+2)/6) (s +t —2) + 2(s —
2)+ (t+6)+ ((9v5)/10) (¢ + 2) + 2s.
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(14) GA5(L(S(G,,))) = (9st — 85— 5t + 1)+ ((8+10)/ Proof. NM -Polynomial of L(S(G,,)), fort#1 and s> 1, is
13)(2s+t—2) + ((48V2)/17) (s +t —2) + 2(s — given by
2+ (t+6)+ ((8V5)/9) (t +2) +2s

NM(L(S(GLS))) =(t+ 6)x4y4 +2(t+ 2)x4y5 +2(s— 2)x5y5 +2(2s+t - 2)x5y8 + 25x8y8

(115)
+4(s+t—2)x8y9 + (9st — 8s — 5t + 1)x9y9.
Let and then, we have
NM(L(S(G.,))) = f (%, y), (116)
f(6y) = NM(L(S(G,))) = (t +6)x*y* +2(t +2)x"y° +2(s - 2)x°y* +2(2s + £ = 2)x"y" + 25x"y° a1
117
+4(s+t— 2)x8y9 + (9st — 8s — 5t + 1)x9y9.
(1) M| is defined as Now, by using equation (117), we have
M{=(D,+D,)(NM(G))|-,-,. (118)
!
M{=(D,+D,)(f (% )| seyers
M, :(DX +Dy)((t + 6)x4y4 +2(t+ 2)x4y5 +2(s —2)x5y5 +2(2s+t - 2)x5y8 + 25xgy8 +4(s+t —2)x8y9
+(9st — 8s — 5t + 1)x9y9)|x=y=1,
M, = [4(t + 6)x4y4 +4(t+ 6)x4y4 +8(t+ 2)x4y5 +10(t + 2)x4y5 +10(s - 2)x5y5 +10(s - Z)xSy5 (119)
+10(2s +t = 2)x°y* +16(2s + £ - 2)x°y° + 165x°y® + 16sx°y°
+32(s+t— 2)368)/9 +36(s+t-— 2)x8y9 +9(9st — 8s— 5t + 1)x9y9 +9(9st — 8s— 5t + 1)x9y9] |x:y:1,
M = 162st + 28s + 30t — 126.
(2) M; is defined as Now, by using equation (117), we have
M; =(D,D,) (NM(G)l,-y;. (120)
M; =(D.D,) (f (% YD) ecyers
M; = (Dny)((t + 6)x4y4 +2(t+ 2)x4y5 +2(s- 2)x5y5 +2(2s+t - 2)x5y8 + 25x8y8 +4(s+t-— 2)x8y9
+(9st =8s =5t + 1)x° ") ooy
y )lx y=1 (121)

M; =[16(t + 6)x"y* +40(t +2)x"y” + 50(s = 2)x”y* + 80 (25 + £ — 2)x”y° + 1285x° y" + 288 (s + t - 2)x°y’

+ 81(9st — 8s — 5t + 1)x9y9] |x:y:1,
M, = 729st — 225 + 19t — 579.
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(3) Fy is defined as Now, by using equation (117), we have

Fy =(D + D) (NM(G))] 1oy er. (122)

FI*\7 =(D326 + Di)(f(x’y))lx:yzl’

Fy :(Di + Di)((t +6)x4y4 +2(t+ 2)x4y5 +2(s —2)x5y5 +2(2s+t - 2)x5y8 + 2$x8y8 +4(s+t-— 2)x8y9

+(9st — 8s — 5t + 1)x9y9)|x:y:1,

Fy =[16(t +6)x"y" +16(t + 6)x"y* + 32(t + 2)x"y* + 50 (£ + 2)x"y” + 50 (s = 2)x"y" + 50 (s - 2)x°y’ (123)
+50(2s +t — 2)xsy8 +128(2s +t — 2)365)/8 + 1285x8y8 + 1285x8y8 +256(s+t— 2)368)/9
+324(s+t-2)x"y” + 81(9st = 85— 5t + 1)x"y” + 81(9st - 8s — 5t + 1)x"y’ |
Fy = 1458st — 4s + 62t — 1198.

x:y:]a

(4) M45™ is defined as

7" =(8:8,) (NM(G))] ey ey (124)

Now, by using equation (117), we have

M =(8,8,) (f (% YD) lxcymrs
= (SxSy)((t +o)x* Yt 2t +2)x" Y +2(s - 2)x°y’ +2(2s + 1 - 2)x°y¥ + 25x°yP + 4 (s + £ - 2)x%y°

+(9st =85 = 5t + 1)x"y” )| oy

M [1(t+6)44+2(t+2)45+2( DY + 2 (25 +t-2x° Y + 2 sxbyt 4 (54— 2y 1)
=|— X — X — (s X — S — X —sx — (s _ x
2 16 Y 30 Yt Y+ Py y

v (95t — 85— 5t 4 1)x°y’ |

81 Vo b=y
M = (9t =85 =5t + 1) + o (25 +£—2) 4= (s =2) + e (= 2) 4= (£ +6) 4= (¢42) 42

=— (9st — 8s — — (2s _ (s _ Z(s— 1 1 1

2 81 20 18 25 16 10 D)

(5) NR,, is defined as
NR, =(DiD%) (NM(G))lcymr- (126)

Now, by using equation (117), we have
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NR, =(DgD5) (f (%, ) eyers
NR, = (DiD;)((t +6)x Yt +2(t+2)x"y +2(s—2)x°y +2(2s +t - 2)x"y* + 25x°y* + 4 (s + £ - 2)x%y’

+(9st — 8s — 5t + l)xgyg)lx:yzl,

NR, =[(16)*(t + 6)x"y" +(20)°2(t + 2)x" y* +(25)*2(s - 2)x”y°
(127)
+(40)°2 (25 + t - 2)x°y® + (64)"2s5x°y*

+(72)"4 (s +£ = 2)x"y” +(81)" (9t — 85— 5t + 1)x”y’ ||,y
NR, = (16) (£ + 6) + (20)“2 (£ + 2) + (25) 2 (s — 2) + (40)*2 (25 + t — 2) + (64)*2s
+(72)%4(s+t—2) +(81)%(9st — 8s — 5t + 1).
(6) ND, is defined as
ND; =(D,D,)(D, + D,) (NM(G))lyey.  (128)
Now, by using equation (117), we have
ND, =(D,D,)(D, +D,) (f (%, Y)|cymrs
ND,; = (Dny)(Dx + Dy)((t + 6)x4y4 +2(t+ 2)x4y5 +2(s— 2)x5y5 +2(2s+t— 2)x5y8 + 25x8y8

+4(s+t - 2)x8y9 + (9st — 8s — 5t + 1)x9y9)|x:y:1,

ND; =(D,D,)[4(t+6)x"y* + 4(t +6)x*y" +8(t +2)x"y” +10(t +2)x*y” +10(s - 2)x°y* + 10(s - 2)x°y’
+10(2s +t - 2)x"y* + 16 (25 +t - 2)x° y® + 165x* y® + 165x°y® + 32 (s + £ — 2)x%y’ (129)
+36(s+t— 2)x8y9 +9(9st — 8s — 5t + l)xgy9 +9(9st — 8s — 5t + 1)x9y9]|x:y:1,

ND; =[128(t + 6)x"y* +360 (¢ +2)x" y° + 500 (s — 2)x°y” + 1040 (25 + t — 2)x” y° + 2048sx" y°
+4896 (s +t —2)x"y’ + 1458 (9st — 8s — 5t + 1)x"y’ ||,y

ND; = 13122st — 2140s — 866t — 9926.

(7) ND; is defined as Now, by using equation (117), we have
ND; =(D,S, +8,D,) (NM(G)| ;. (130)
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ND; =(D,S, +8,.D,) (f (x, )| cyers
ND; =(D,S, +S,D, )((t +6)x"y* +2(t + 2)x"y” +2(s = 2)x"y" +2(2s + 1 = 2)x")" + 251" y"

+4(s+t— 2)xsy9 + (9st — 8s — 5t + 1)x9y9)|x:y:1,

8 10
ND; = [(t+6)x4y4 +(t +6)x4y4 +§ (t+ 2)x4y5 +T (t+ 2)x4y5 +2(s —2)x5y5 +2(s— 2)x5y5

(131)
10 16 32
+§ (25+t—2)x5y8 +? (2s+t—2)x5y8 +25x8y8 +25x8y8 +? (s+t—2)x8y9
36 2)x®y” + (9st - 8 Dx’y” + (9st — 8 Dx"y’ ||
+§ (s+t—=2)x"y +(9st —8s—5t+1)x y +(9st—8s—5t+1)x" y xmy=1>
89 145 41
ND; :2(9st—85—5t+1)+%(25+t—2)+ﬁ(s+t—2)+4(s—2)+2(t+6)+E(t+2)+4s.
(8) NH is defined as
NH = (28,]) (NM (G))l ;- (132)
Now, by using equation (117), we have
NH = (25,) (f (% »)|yrs
NH = (ZSXI)((t + 6)x4y4 +2(t+ 2)x4y5 +2(s— 2)x5y5 +2(2s+t— 2)x5y8 + 25x8y8 +4(s+t- 2)x8y9
+(9st — 8s — 5t + 1)x9y9)|x:y:1,
(133)

2 4 4 4 4
NH=[_(t+6)x8+—(t+2)x9+—(s—2)x10+—(25+t—2)x13+—
8 9 10 13

8
sx 4 — (s+t-2)x"
16 17

2
+— (9st — 8s — 5t + 1)x'® lez1>
18
1 4 8 2 1 4 1
NH=—(9st=8s=5t+1)+——=(2s+t-2)+—(s+t-2)+—-(s=2)+-(t+6)+-(t+2) +-s.
g (9t —8s )+ 5 (28 )+ (s ) (=24 (t+6)+5(t42) + s

(9) NI is defined as Now, by using equation (117), we have
NI =(8,JD,D,)(NM(G))l,-,-;. (134)
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NI =(S,JD,D,)(f (% Y)lyers
NI = (Sx]Dny)((t + 6)x4y4 +2(t+ 2)x4y5 +2(s— 2)x5y5 +2(2s+t— 2)x5y8 + 25x8y8
+4(s+t - 2)x8y9 + (9st — 8s — 5t + l)xgyg)lx:yzl,

NI =(S,J)[16(t +6)x"y" +40(t +2)x"y” + 50(s = 2)x”y* + 80 (25 + £ — 2)x”y° + 1285x" y°

1
+288 (s +t —2)x"y’ + 81 (9st — 85— 5t + l)xgyg] l=y1> (135)

16 40 50 80 128
NI = [— (t+ 6)x® + — (t+2)x +—(s=2)x"0+= (2s+1t - 2)x" + = sx
8 9 10 13 16
288 5 81 s
+F (s+t-2)x +ﬁ(9st—85—5t+ Dx |l

9 80 288 40
NI:E(9st—85—5t+1)+B(25+t—2)+1—7(s+t—2)+5(s—2)+2(t+6)+?(t+2)+85.

(10) S is defined as
$ =(S:Q.J DD} ) (NM (G))] oy (136)

Now, by using equation (117), we have

8 =(S2QIDLD} ) (f (%, Yl acyers
S = (SiQ_Z]DiDi)((t + 6)x4y4 +2(t+ 2)x4y5 +2(s— 2)x5y5 +2(2s+t - 2)x5y8 + 2$x8y8
+4(s+t - 2)x8y9 +(9st — 8s— 5t + l)xgyg)lx:yzl,
4096 16000 31250 128000 524288
S =[— (t+6)x° + —— (t+2)x” + —— (s —2)x" + (2s+t-2)x" + sx'
216 343 512 1331 2744 (137)
1492992 531441
(st —2)x " + (9st — 8s — 5t + 1)x*¢ le=1>
3375 4096
55296 15625
S =129.7463379 (9st — 8s — 5t + 1) + 96.16829452 (2s +t — 2) + 5 (s+t-2)+ 56 (s-2)
512 65536
+—— (t +6) +46.64723032(¢ + 2) + s.
27 343
(11) Fifth hyper M, Zagreb index is defined as Now, by using equation (117), we have

HM,G;(G) =(D; + Dj +2D,D,) (NM (G))l y—yey.

(138)
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HM,G5(L(S(G,,))) =(Dy + Di +2D,D,,) (f (%, )] eyers
HM,Gs(L(S(Gy;))) =(D% + Dy +2D,D, )((t + 6)x"y" + 2(t + 2)x"y” + 2(s = 2)x°y” +2(25 + £ = 2)x"y°

+25x°y® +4(s+t-2)x"y” + (9st — 85— 5¢ + 1)x9y9)|x:y:1,

HM,Gs(L(S(Gy,))) = [{16(t + 6)x*y* + 16 (t + 6)x"y* + 32(t + 2)x" y* + 50 (¢ + 2)x"y” + 50 (s - 2)x°y”
+50(s —2)x"y° +50 (25 +t — 2)x"y* + 128 (25 +t — 2)x°y® + 128sx"y® + 1285x°
+256(s +1t — 2)x8y9 +324(s+t— 2)x8y9 + 81(9st — 8s — 5t + l)xgy9
+81(9st — 85— 5t + 1)x”y°} + 2{16 (£ + 6)x"y* + 40 (£ + 2)x* y* + 50 (s - 2)x°y’

+80(2s +1 —2)x y® + 128sx®y® + 288 (s + 1 — 2)x®y” + 81 (9st — 8s = 5t + )x” v’ H| ooy
y y y y x=y=1

HM,G5(L(S(G,,))) = 29165t — 485 + 100t — 2356.

(12) Fifth hyper M, Zagreb index is defined as

HM,G;(G) = D,D (DD, ) (NM(G))| (140)

eyt
Now, by using equation (117), we have
HM,G5(L(S(G,.))) = D,D,(D,D, ) (f (x, )| oy
HM,Gs(L(S(G,,))) = DD, (DD, )((t + 6)x*y* +2(t + 2)x*y* + 2(s = 2)x°y" + 225 + £ = 2)x°y* + 255" y*
+4(s+t—-2)x"y + (95t = 8s = 5t + )x’y”)| ooy
HM,G5(L(S(G,,))) =(D D, ) [16(t + 6)x*y* + 40 (¢t + 2)x"y” +50(s = 2)x”y° + 80 (25 + t = 2)x°y°

+1285x°y" + 288 (s + £ = 2)x°y” + 81(9st = 8s = 5t + 1)x"y’ ||,y

HM,G5(L(S(G,,))) =[256 (¢ + 6)x" y* + 800 (¢ +2)x" y° + 1250 (s — 2)x” y° + 3200 (25 + t - 2)x° " + 8192sx° y°

+20736 (s + = 2)x°y” + 6561 (9st — 85 = 5t + 1)x”y” ] )y

HM,Gs(L(S(G,,))) = 59049st — 159105 — 7813t — 40675.

(13) Fifth arithmetic-geometric index is defined as Now, by using equation (117), we have

(142)

1
AG;(G) = Esjjzs;“(Dx +D,) (NM(G))]yer-

(139)

(141)
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AG,(L(S(G,y))) = 38 S (D + D) G Dl
AGS(L(S(GLS))) = %Si/ZS;/Z(Dx + Dy)((t +6)x Y +2(t+2)x"y’ +2(s—2)x°y’ +2(2s + £ - 2)x°y® + 25x%y°
+4(s+1t— 2)968)/9 + (9st — 8s — 5t + 1)x9y9)|x:y:1,
AG5(L(8(Gy,))) = %s}c’zs;’z [4(t +6)x"y* +4(t+6)x"y" +8(t+2)x"y” +10(t +2)x"y” + 10(s - 2)x"y°

+10(s — 2)x5y5 +10(2s +t — 2)x5y8 +16(2s+t — 2)x5y8 + 16sx8y8 + lésxsy8

+32(s+1-2)x"y" +36(s+t —2)x"y’ +9(9st =85 = 5t + 1)x"y” + 9(9st =85 =5t + )x"y’ ||,y

8 44, 18 26 5 g
AG5(L(S(Gy,))) = Syt oy e (t+2)x"y’ +2\/_ (s-2)x"y o (Bt 2xy
2\/_ 8+ \6/§_ (s+t—2)xy +2\1/z_1 (9st—83—5t+1)x9y9 |x=y=1,
13+/10 17+2 95
AG5(L(S(Gis))) = (9st =85 =5t + 1) + === (25 + £ =2) + — = (s +£=2) +2(s =2) + (¢ +6) + — = (£ +2) + 25,

(143)

(14) Fifth geometric-arithmetic index is defined as

GAs(G) =28, (D’ D*) (NM Q). (144)

Now, by using equation (117), we have

GAs(L(S(Gyy))) = 28J(D,*Dy*) (f (%, YD) crs
GAs(L(S(G.))) = 2SI (D)D) )((t + 6)x*y* + 2t + 2)x*y* + 2(s = 2)x°y" + 2 (25 + £ = 2)x°y* + 25x°y°

+4(s+1t— 2)x8y9 + (9st — 85— 5t + 1)x9y9)|X:1,

GAs(1(5(G..))) = £(t o+ VB (o s £( ~2)x £(zs (o BVEE e (149)
: 9 16
+8\/ﬁ (s+t-2)x" +@ (9st —8s — 5t + 1)x'° ||_5
17 18
GAs(L(S(Gt,S)))=(9st—85—5t+1)+8\1/;_0(25+t—2)481\7/§(s+t—2)+2(s—2)+(t+6)%§(t+2)+25.
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Corollary 5. Let L(S(G,,)) be the line graph of the subdi- (9) NI = (9/2)(4t —7) +2(t +8) + (288/17) (t — 1)+
vision graph of graphene network, witht # 1 and s = 1 ; then, (1240/117)t + 8
its neighborhood degree-based graphical indices are given by (10) S = 129.7463379 (4t — 7) + (512/27)(t + 8) +
1) Ml’ =192t — 98 442.368 (t — 1) + 142.8155248t + 191.0670554
(2) M = 748t — 599 (11) HM,G5(L(S (Gt,s))) = 3016t — 2400
(3) F}, = 1520t — 1202 (12) HM,G5 (L(S (Gt,s))) = 51236t — 56423
(4) M2 = (1/81) (4t — 7) + (1/16) (t + 8) + (1/18) (13) AG5(L(S(G,))) = (4t =7) + (t+8)+  ((17v2)
(t = 1)+ (3/20)t + (1/32) /6)(t — 1) + 4.067941659¢ + 2
(5) NR, = (16)° ( + 8) + (20)°2¢ + (40)"2¢ + (64)" (14) GA; (L(S(G ) = (4t =7+ (t+8)+  (48V2/
24 (72)%4(t— 1) + (81)% (4t — 7) 17)(t = 1) + 3.93363300¢ + 2
(6) ND, = 12256t — 12030
(7) NDs = 2(4t = 7) + 2(t + 8) + (145/18) (t — 1)+ Proof. NM -Polynomial of L(S(G,,)), fort#1ands =1, is
(171/20)¢ + 4 given by ’

(8) NH = (1/9) (4t —7) + (1/4) (t + 8) + (8/17) (t-
1)+ (88/117)t + (1/4)

NM(L(S(G,y))) = (t + 8)x"y* +26x" y* + 26x°y® + 26" y* + 4t - 1)x*y” + (4t = 7)x"y’. (146)
Let and then, we have
NM(L(S(G,,))) = f (% ), (147)
fx,y) = NM(L(S(GLS))) = (t+8)x*y +2tx*y’ +2tx°y® +2x%y0 14t - 1)y’ + (4t - 7)x7y0. (148)

(1) M| is defined as
M =(D, + D, ) (NM(G))] . (149)

Now, by using equation (148), we have
M/ =(Dy + D) (f (% Pl seyers
M| = (Dx + Dy)((t + 8)x4y4 + 2tx4y5 + 2tx5y8 + 2x8y8 +4(t - l)xsy9 + (4t - 7)x9y9)|x:y:1,
M, = [4(t +8)xty* +4(t +8)x*y* +8txy’ + 10txty’ + 10tx° y® + 1617y + 16x°y° + 16x%y° (150)
+32(t = 1)x°y” +36(t - Dx"y’ +9(4t = 7)x"y” + 9(4t = 7)x"y’ ||,y
M/ =192t - 98.

(2) M; is defined as Now, by using equation (148), we have
M; =(D,D,) (NM(G)) ;. (151)



Journal of Mathematics 31

M3 =(D,D,) (f (%, YD) eyers
M; = (Dny)((t +8)x*yt + 2ty + 2ty + 2%y + 4t - )Xy + (4t - 7)x9y9)|x:y:1, (152)
M; =[16(t + 8)x"y* + 40tx" y° + 80tx" y* + 128x°y* + 288 (£ - 1)x*y” + 81 (4t - 7)x°y° ||,y
M; = 748t — 599.
(3) FY is defined as Now, by using equation (148), we have
Fy =(D} + D) (NM (G))l -1 (153)
F =(D% + D) (f (% ) eymrs
Fy = (Di + Di)((t +8)xtyt + 2ty + 2ty  + 26y 4t - DXy 4 (4t - 7)x9y9)|x:y:1,
Fy =[16(t+8)x'y" + 16 (¢t + 8)x"y* + 32tx"y” + 50tx" y° + 506"y + 128tx” y° + 128x" y° + 128x° y° (154)
+256(t = 1)x°y” +324(t - 1)x°y” + 81 (4t - 7)x°y” + 81(4t - )"y’ ||, o1
Fy = 1520t — 1202.
(4) M5™ is defined as Now, by using equation (148), we have
My =(S,S,) (NM(G)]oyes. (155)
M;m = (sty) (f(x) y))lx:y:p
M;" = (SxSy)((t +8)x'y! + 2tx"y? + 267 y" +2x° )0 + 4t - DXy + (4t = 7)x"Y )] oy,
(156)

=
3
3

Il

1 44 2 45 2 58 2 gg 4 g 9 1 9 9]
— (t+8 +—t +—t +— +— (-1 +— (4t -7 s
[16( )x"y 0 XYttty 72( )xy 81( )Xy |x,},,1

1 1 1 3 1
My"=—(4t-7)+—(t+8)+—(t—1)+—t+—.
2 81( ) 16( ) 18( ) 20 32

(5) NR,, is defined as
NR, =(DD5) (NM(G))] oyes- (157)

Now, by using equation (148), we have

NR, =(D5D5) (f (% ) eyt
NR, = (Df‘cD';,)((t + 8)x4y4 + 2tx4y5 + 2tx5y8 + 2x8y8 +4(t - 1)x8y9 +(4f - 7)x9y9)|x=y=1)
NR, = [(16)“ (t+ 8)x4y4 + (20)"‘2tx4y5 + (40)0‘2tx5y8 + (64)“2368)/8 + (72)a4 (t - 1)368)/9 i (81)“ (4 — 7)x9y9] |x=y=1)

NR, = (16)" (t + 8) + (20)“2t + (40)*2t + (64)"2 + (72)"4(t — 1) + (81)“ (4t — 7).
(158)

(6) ND, is defined as ND; =(D,D,)(D, +D,)(NM(G)|,cpep.  (159)
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Now, by using equation (148), we have

ND; =(D,D,)(D, + D,) (f (%, )| yoyer»

ND, = (DXDy)(Dx + Dy)((t + 8)x4y4 + 2tx4y5 + 2tx5y8 + ZxSy8 +4(t—1)x°y + (4t - 7)x9y9)|x:y:1,

ND, =(Dny) [4(t +8)x*yt +a(t +8)x'y* + 8ty + 106"y’ + 1067y + 1667 y° + 16x°y° + 16x°)°
(160)
+32(t - D)x"y’ +36(t - Dx"y’ +9(4t = 7)x"y” +9(4t = 7)x"y’ || o,
ND; =[128(t + 8)x"y* +360tx"y” + 1040tx" y* + 2048x" y* + 4896 (t — 1)x"y’ + 1458 (4t = 7)x"y" || .,y
ND; = 12256t — 12030.
(7) ND; is defined as Now, by using equation (148), we have
ND; =(D,S, +8,.D,) (NM(G)|,_,-,. (161)
ND; =(D,S, +8,.D,) (f (%, )l e yes
ND; = (DxSy + Sny)((t + 8)x4y4 + 21.‘x4y5 + 2tx5y8 + 2x8y8 +4(t - l)xgy9 + (4t - 7)x9y9)|x=y=1,
8 10 10 16
ND; = [(t + 8)x4y4 +(t+ 8)x4y4 + gtx4y5 + th4y5 + gtx5y8 + ?tx‘r’y8 + 2x8y8 + 2x8y8 (162)
32 36
g (t- x®y’ + 5 (- Dx*y’ + (4t =7)x"y" + (4t = D)’y ||oyeys
145 171
ND:;=2(4t-7)+2(t+8)+—(t-1)+—t+4.
5= 2( ) +2(t+8)+ - (E-D+—t+
(8) NH is defined as
NH = (28,]) (NM (G)l - y-s- (163)
Now, by using equation (148), we have
NH = (28,7) (f (% y))| ey
NH = (ZSXJ)((t +8)x*yt +2txty” + 20’y 1 2%yt w4t - 1)y + (4t - 7)x9y9)|x=y=1,
(164)
2 4 4 4 8 2
NH = [f (t+8)x® +—tx” + —tx + —x"C + — (- D)x"7 + = (4t - 7)x18] |x=1,
8 9 13 16 17 18

1 1 8 8 1
NH=-(4t-7)+-(t+8)+—=(t-1)+—t+-.
9 4 17 117 4
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(9) NI is defined as Now, by using equation (148), we have
NI =(S,JD,D,) (NM(G)| o). (165)

NI =(S.JD,D,)(f (%, )] pers
NI =(S.JD,D,)((t+8)x"y" + 2tx"y” +2tx°y* + 2x°y* + 4(t - Dx*y” + (4t = 7)x"y’ ) .oy

NI =(SJ)[16(t +8)x"y" +40tx" y* + 80tx’y* + 128x°y® + 288 (t - 1)x°y” + 81 (4t = 7)x"y’ ||, o

(166)
16 40 80 128 288 81
NI = [— (£+8)x® + a4 20 pxel3 4 220516 200 ()17 O gy 7)x18] Lot
8 9 13 16 17 18
9 288 1240
NI==(4t-7)+2(t+8) +—(t—-1)+——1t+8.
2 17 117
(10) S is defined as Now, by using equation (148), we have
$ =(81Q.J DD} ) (NM(G))] oyer. (167)
8 =(S3QLJDLD3) (f (56 Yl myers
S= (SiQ_ZIDiDj)((t +8)xtyt 4 2ty 2ty  + 26% Y 4t - DXy 4 (4t - 7)x9y9)|x:y:1,
4096 16000 128000 524288 1492992 531441 (168)
S = [— (t +8)x°® + tx” + tx' ¢ x4+ (t— Dx"” + (4t - 7)x16] |x:1,
216 343 1331 2744 3375 4096

512
S =129.7463379 (4t - 7) + 57 (t+8)+442.368 (t — 1) + 142.8155248t + 191.0670554.

(11) Fifth hyper M, Zagreb index is defined as
HM,G5(G) =(D} + D}, + 2D,D, ) (NM (G)l ..
(169)
Now, by using equation (148), we have
HM,G5(L(S(G,,))) =(D3 + D}, + 2D, D, ) (f (%, )| e yrs
HM,G5(L(S(G,))) =(Di + D}, +2D,D, )((t + 8)x" y* + 2ex'y® + 265 y® + 2x°y" + 4.(£ = )"y’ + (4 = 7)x"y” ) ooy
HM,Gs(L(S(Gy,))) = [{16(t + 8)x"y* + 16 (¢t + 8)x"y* + 326x*y” + 50tx"y” + 50£x7 y* + 128¢x° y°
+128x8y8 + 128368)/8 + 256 (t — l)xsy9 +324(t — l)xsy9 + 81 (4t — 7)x9y9 + 81 (4t — 7)x9y9}
+2{16 (¢ + 8)x" y* + 40tx"y” + 80tx"y* +128x"y" + 288 (t - 1)x"y’ + 81 (4t - )"y} || o,
HM,G5(L(S(G,,))) = 3016t — 2400.
(170)
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(12) Fifth hyper M, Zagreb index is defined as Now, by using equation (148), we have
HM,G;5(G) = DDy (DD, ) (NM (Gl mpey.  (171)

D,D,(D.D,)(f (%, ) eyers
= Dny(Dny)((t +8)xtyt +2txty’ 2ty 4 2x%y w4t - )Xy + (4t - 7)x9y9)|x:y:1,

S

[256 (¢ + 8)x"y* + 800tx"y* + 3200tx" y° + 8192x" y° + 20736 (t - 1)x"y’ + 6561 (4t - 7)x”y’ || _ -y

(L(8(Ges)))
(L(8(Ges)))
HM,Gs(L(S(Gs))) = (DD, ) [16(t + 8)x"y" + 40tx"y” + 80"y" +128x°y" + 288 (¢ = 1)x"y” + 81 (4t = D’y [[xyrs (172)
(L(8(Gs)))
(L(5(G,,))) = 51236t — 56423.

(13) Fifth arithmetic-geometric index is defined as Now, by using equation (148), we have

1
AG; (G) = Esjjzs;”(Dx +D,)(NM(G))] oy (173)

AGS(L(8(G,,))) = %s}jzs;’z(px +D,) (f (%, YDl aeyers
AGS(L(S(GLS))) = %Si/ZSj,/Z(Dx + Dy)((t + 8)x4y4 + 2tx4y5 + 2txsy8 + 2x8y8 +4(t - 1)x8y9 + (4t - 7)x9y9)|x:y:1,

1
AGS(L(S(GLS))) = ESi/ZSj,/Z [4(t +8)x*yt + 4t +8)x"yt + 8tx*y” + 10ty + 10x° Y + 1627 y° + 16x°y°

+16x°y" +32(t = D)x*y” + 36 (t - Dx*y” + 9(4t - 7)x"y” + 9(4t - 7)x°y° || o1

8 4 4 18 4.5 26 5 8 32 53 68 8.9 18 9.9

AG4(L(S(G, =|—=(t+8 t —t — —(t-1 4t -7 —y=1>

(LU8(Ge))) = g 950 4 g s 0 g 0 a7 X e WX e

17v2
AG5(L(S(Gy,))) = (4t =7) + (£ + 8) + V2 (1) + 4067941659t + 2.
’ 6
(174)

(14) Fifth geometric-arithmetic index is defined as Now, by using Equation (16), we have

GA; (G) = 28,J(D,”D}*) (NM (G))] .. (175)
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GA5(L(S(Gt’S))) = ZSx](Dme;/Z)((t +8)xtyt + 2ty + 2ty  + 2% yP + 41 - )Xy + (4t - 7)x9y9)|x:1,

2416 4+/20 4+/40 4+/64 8/72 2+/81
GAS(L(S(G.))) = | 2L (r 4 gy + V20 130, IVAD a0 AVOH a6 VT2 (g7 2 281 (g oy,
k 8 9 13 16 17 18
48+/2
GA-(L(S(G =(4t-7)+(t+8) + t—1)+ 3.93363300f + 2.
S(L(S(Gyy))) = (4t =7+ (¢4 8) + == (£ - 1)
(176)

Corollary 6. Let L(S(G;,)) be the line graph of the subdi-
vision graph of graphene network, witht = 1 and s> 1 ; then,
its neighborhood degree-based graphical indices are given by

(1) M{ = 190s — 94

(2) M3 = 704s — 517

(3) F}, = 1454s — 1070

(4) M5™ = (2/25)(s —2) + (2581/12960) (s — 1)+
(33/40)

(5) NR, = (16)“10 + (20)*4 + (25)*2(s - 2)+
(40)*4(s— 1)+ (64)"2(s = 1) + (72)%4(s— 1) +
(81)%(s—1).

(6) ND; = 10982s — 9482

(7) NDg = 4(s—2) + (1033/45) (s — 1) + (141/5)

O

(8) NH = (2/5) (s — 2) + 1447083962 (s — 1)+ (61/18)
(9) NI =5(s—2)+ (18453/442) (s — 1) + (260/9)
(10) S = (15625/256) (s — 2) + 955.5179823 (s — 1)+
282.9240903
(11) HM, G5 (L(S(G,,))) = 28625 — 2104
(12) HM, G5 (L(S(G,))) = 431395 — 40229
(13) AGs(L(S(G,,))) = 2(s —2) +11.11789938 (s — 1)
+14.02492236
(14) GA; (L(S(G,,))) = 2(s - 2) + 10.88510763 (s — 1)
+13.97523196

Proof. NM-Polynomial of L(S(G,,)), fort =1and s> 1, is
given by

NM(L(S(Gt)S))) = 10x4y4 + 4x4y5 +2(s— 2)365)15 +4(s— l)x5y8 +2(s— 1)x8y8 +4(s— l)xgy9 +(s— 1)x9y9. (177)

Let
NM(L(S(Gy))) = f (% »), (178)

and then, we have

flx,y)= NM(L(S(GLS))) =10x*y* +4x"y’ +2(s = 2)x° Y +4(s - D)’ yP + 2(s - D’ yP + 4(s - Dx®y’ + (s - 1)y’ (179)

(1) M is defined as

M{ =(D, +D,)(NM(G)|,—y-:. (180)

Now, by using equation (179), we have
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M{ =(Dy+ D)) (f (5 7Dlcyr
M| =(D, +D,)(10x"y* + 4x"y* +2(s ~ 2)x"y" + 4 (s~ Dx"y* +2(s — Dx®y* +4(s = D2 + (s - Dx'y°) oyrs
M =[40x"y" + 40x"y" + 16x"y* +20x"y* +10(s = 2)x°y +10(s = 2)x°y* + 20 (s - Dx’y* +32(s - )" y*
+16(s = Dx"y* +16(s = Dx’y°* +32(s = Dx°y” + 36 (s = Dx"y’ +9(s = D)x"y’ +9(s - Dx"y’ || o 21
M/ =190s — 94.
(181)
(2) M;3 is defined as
M; :(DXDJ’)(NM (G))|x:y:1' (182)
Now, by using equation (179), we have
M; =(DXD)/) (f(x’ )’))|x:y:1,
M; =(D,D,)(10x"y* + 4x'y® + 2(s = 2)x°y* + 4(s = Dx’y* + 2(s = Dx’y* +4(s - D’y + (s = D2y )| ooy,
M; = [160x4y4 + 80x4y5 + 50 (S - 2)x5y5 + 160 (S _ l)xSyS +128 (S _ 1)x8y8 +288 (S _ 1)x8y9 + 81 (S _ 1)x9y9]|x:y:1’
M, = 704s - 517.
(183)
(3) Fy, is defined as Now, by using equation (179), we have

Fy =(D} + D)) (NM(G))] (184)

x=y=1-

Fy =(D% + D3) (f (% 9]y

Fx

(Di + Di)(10x4y4 + 4x4y5 +2(s— 2)x5y5 +4(s- 1)x5y8 +2(s- l)xgy8 +4(s— l)xgy9 +(s- 1)x9y9)|x:y:1,
Fy, =[160x"y* +160x"y* + 64x"y” + 100x"y” + 50 (s - 2)x"y” + 50 (s — 2)x” y° + 100 (s — 1)x°y® + 256 (s - 1)x°y°

+128(s - 1)x’y® + 128 (s — Dx"y® + 256 (s - 1)x°y” + 324 (s = Dx"y’ + 81 (s = D)x’y” + 81 (s = Dx’y”] [,y
F\" = 1454s — 1070.

(185)

(4) M5™ is defined as Now, by using equation (179), we have
My" =(8,8,) (NM ()| s (186)
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M2m :(sty) (f(xs }"))|x=y=1,

My :(SxSy)(10x4y4 + 4x4y5 +2(s— 2)xsy5 +4(s— l)xsy8 +2(s— l)xsy8 +4(s— I)xSy9 +(s— l)xgyg)lx:yzl,

10 4 4 4 45 2 5.5 4 5.8, 2 s 8 4 s 0, 1 9.9
Mgm:[l—6xy to0* 7 +£(s—2)xy +4—0(s—1)xy +a(s—1)xy +ﬁ(s—1)xy +a(s—1)xy ]|x:y:1,
2 2581 33
My =—(s-2)+ (s-1)+—
25 12960 40

(187)

(5) NR,, is defined as
NR, = (Df;Dj) (NM (G))lyey- (188)

Now, by using equation (179), we have
NR, =(DDS) (f (6, ) vcyers
NR, = (DzD;)(10x4y4 + 4x4y5 +2(s— 2)x5y5 +4(s—- 1)x5y8 +2(s— 1)x8y8 +4(s- 1)x8y9 +(s— 1)x9y9)|x:y:1,
NR, =[(16)"10x"y* + (20)*4x"y” + (25)*2(s = 2)x°y” + (40)*4 (s - 1)x’y" + (64)"2(s - 1)x"y°
+72)%4(s = )x°y” + (81)" (s = D)x"y’ || o pers

NR, = (16)*10 + (20)"4 + (25)"2 (s — 2) + (40)*4 (s — 1) + (64)"2 (s — 1) + (72)*4 (s — 1) + (81)* (s — 1).
(189)

(6) ND, is defined as Now, by using equation (179), we have
ND; =(D,D,)(D, + D,) (NM(G))lyey.  (190)

ND; =(D,D,)(D, +D,) (f (x, )| oyers

ND, :(D Dy)(Dx + D},)(10x4y4 + 4x4y5 +2(s— 2)x5y5 +4(s— 1)x5y8 +2(s— l)xgy8 +4(s— l)xsy9 +(s— 1)x9y9)|X:y:1,

ND, =(D,D,)[40x"y* + 40x*y* + 16x"y* + 20x"y* + 10 (s - 2)x°y° + 10(s = 2)x°y° + 20 (s - )x°y*

Xy
+32(s - 1)x5y8 +16(s — 1)968)/8 +16(s — l)xsy8 +32(s— l)xsy9 +36(s— 1)x8y9 +9(s— 1)x9y9 +9(s— 1)x9y9] |x=y=1,
ND, =[1280x"y" + 720x"y* + 500 (s — 2)x°y* + 2080 (s — 1)x”y* +2048 (s — 1)x*y" + 4896 (s - 1)x°y” + 1458 (s - )x”y’ || .- -1,

ND, = 109825 — 9482.
(191)

(7) ND; is defined as ND; = (DS, + 5,0, ) (NM (- (192)
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Now, by using equation (179), we have

ND; =(D,S, +5,D,) (f (s )| voper;
ND;, :(DxSy +Sny)(10x4y4 +4x' Y +2(s=2)x° Y +4(s - D)’y  +2(s - Dx* Y  + 4(s - Dx®y’ + (s - 1)x9y9)|

x=y=1

16 20 20
ND; = [10x4y4 +10x*y* + ?x4y5 + Zx4y5 +2(s=2)x"y" +2(s - 2)x°y + < (s—1xy*

(193)
+3—; (s— l)xsy8 +2(s— 1)x8y8 +2(s— 1)9c8y8 +%2 (s- 1)x8y9 +% (s- 1)x8y9 +(s— 1)x9y9 +(s— 1)x9y9]|x=y=1,
1033 141
NDS :4(5—2)"’?(5— 1)+?
(8) NH is defined as
NH = (28,]) (NM (G))] - (194)
Now, by using equation (179), we have
NH = (28,]) (f (%, YD)l oy
NH = (ZS,C]')(10x4y4 +4x Y +2(5-2)x° Y +4(s - DXy  +2(s - DXy +4(s - 1Dx®y’ + (s - l)xgyg)lx:yzl,
203 84 4 10, 8 53, 4 16, 8 17, 2 18 (195)
NH :[gx +§x +E (s=2)x +1—3 (s=1x +1_6 (s=-1x +1—7 (s=1x +1—8(s— 1)x ]|x:1,
2 61
NH = S (s—2)+1.447083962(s — 1) + 15
(9) NI is defined as Now, by using equation (179), we have
NI =(S,JD.D,)(NM (G))|,y- (196)
NI =(S.JD,D,)(f (%, ) eyers
NI = (Sx]DXD),)(10x4y4 +4x'Y +2(s-2)x° Y +4(s - D)’y  +2(s - Dx®yP + 4(s - DBy + (s - 1)x9y9)|x:y:1,
NI =(S,J)[160x"y* + 80x"y” + 50 (s = 2)x"y* + 160 (s — 1)x"y* + 128 (s — 1)x"y* + 288 (s — )x"y’ + 81 (s = )x”y’]| =)o (197)
NI = [@xs +@x9 + 0 (s—2)x" +@ (s—Dx"+ 128 (s—1)x'® +§ (s-Dx"7 + 81 (s— l)xls] |X:1,
8 9 10 13 16 17 18
NT=5(s—2)+ 083 (1) 420
442 9
(10) S is defined as Now, by using equation (179), we have

$=(81Q.JD}D}) (NM(G)),ys (198)
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S =(S2QIDLD; ) (f (%, Y] ecyers
S= (SiQ_ZJDiDi)(le4y4 + 4x4y5 +2(s - 2)x5y5 +4(s - l)xsy8 +2(s— l)xsy8 +4(s— l)xgy9 +(s— l)xgyg)lx:yzl,
) [40960x6 32000 7 31250 ) s 256000 o 524288 g 1492992 e 34D 1)x16] s
216 343 512 1331 2744 3375 4096
15625
S = oo (5=2)+ 9555179823 (s — 1) +282.9240903.
(199)
(11) Fifth hyper M, Zagreb index is defined as Now, by using equation (179), we have
HM,Gs (G) =(Dj. + D, +2D,D, ) (NM (G))l 1.
(200)

HM,Gs(L(S(Gy,))) =(D% + D} +2D,D, ) (f (x, Y)|oyes

HMIGS(L(S(GLS))) = (Di + Di + 2Dny)(10x4y4 + 4x4y5 +2(s— 2)365)/5 +4(s— l)xsy8 +2(s— l)xsy8
+4(s — l)xgy9 +(s— 1)x9y9)|x=y=1,

HMIGS(L(S(GLS))) = [{160x4y4 + 160364)/4 + 64x4y5 + 100x4y5 +50(s - 2)365)/5 +50(s - 2)x5y5
+100(s — 1)x°y®* +256 (s — 1)x°y* + 128 (s — 1)x®y® + 128 (s — 1)x*y* + 256 (s - 1)x°y’
+324(s — l)xgy9 +81(s— l)xgy9 +81(s— l)xgyg} + 2{1603«14)/4 + 80x4y5 +50(s — 2)x5y5
+160 (s — x"y® + 128 (s - D)x*y® + 288 (s = Dx"y” + 81 (s = D"y} | oo o1

HM,G5(L(8(G,,))) = 2862s - 2104.
(201)

(12) Fifth hyper M, Zagreb index is defined as Now, by using equation (179), we have

HM,G5(G) = D,D (DD, ) (NM(G))] ;. (202)
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HM,G5(L(S(G,))) = DyD,(D,D,) (f (%, )l yers

HM,Gs(L(S(G,,))) = D,D,(D,D, )(10x*y* + 4x*y” + 2(s - 2)x°y” + 4(s - )x"y* + 2(s - Dx"*
+4(s = Dx"y’ + (s = Dx"y" )| oy,

HM,G5(L(8(G,,))) =(D,D, ) [160x" y* + 80x"y* + 50 (s — 2)x”y* + 160 (s - 1)x°y" + 128 (s - 1)x"y*
+288(s = 1)x°y” + 81 (s = )x’y"] .oy

HM,G5(L(S(G,,))) = [2560x"y* + 1600x"y” + 1250 (s - 2)x°y” + 6400 (s = 1)x°y* + 8192 (s - 1)x"*
+20736 (s — )x*y” + 6561 (s = )x”y’ || .oy

HM,G5(L(8(G,,))) = 43139s — 40229.

(13) Fifth arithmetic-geometric index is defined as
1
AG; (G) = Es}jzsyz(Dx +D,)(NM(G))] oy (204)
Now, by using equation (179), we have
1
AG5(L(S(Gi,))) = 3882 (D + D, ) (f (6. ) ey
1
AGS(L(S(GLS))) = ES}C/ZS;/Z(Dx + Dy)(10x4y4 + 4x4y5 +2(s- 2)x5y5 +4(s- l)xsy8 +2(s— l)xgy8
+4(s—1)x*y” + (s - 1)x9y9)|x:y:1,
1
AGS(L(S(GLS))) = ESi/ZS;,/Z [4Ox4y4 +40x*y* + 16x*y° +20x*y° + 10(s - 2)x°y” + 10 (s - 2)x°y’
+20(s — l)xsy8 +32(s— l)xsy8 +16(s— l)xgy8 +16(s— l)xsy8 +32(s— 1)x8y9
+36(s — 1)x8y9 +9(s— l)xgy9 +9(s— 1)x9y9] |x=y=1,

52 32

80 44 36 45 20 5.5 5.8 8.8
AG(L(S(G,\))) = | —— — —_(s-2 + -1 + -1
5(((”))) 2\/ny+2\/%xy+2\/ﬁ(s )x”y 2\/E(s )X’y 2\/@(5 )x"y
68 s 9 18 9 9
—(s—1 + -1 .
N (s=1x"y VAT (R V=5 T | P
AG5(L(S(G,y))) = 2(s —2) + 11.11789938 (s — 1) + 14.02492236.
(14) Fifth geometric-arithmetic index is defined as Now, by using equation (179), we have

GA, (G) = 28,J(D,*D}?) (NM(G))] .. (206)

(203)

(205)
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GAs(L(S(G.))) = 28.J(DY* DY) (f (% )| ors

GAS(L(S(GLS))) = ZSx](Di/ZD;,/z)(10x4y4 +4x' Y +2(s-2)x° Y +4(s - DXy +2(s - Dx®y* +4(s - 1)xby°

Hs = Dx"y’ )]s

Gaa(s(6)) =25+ B

24/81

+1—8 (S — 1)X18:| |X:1,

2)x

GAs(L(S(G,,))) = 2(s - 2) + 10.88510763 (s — 1) + 13.97523196.

5. Conclusions

Graphene is an allotrope of carbon consisting of a single
layer of atoms arranged in a two-dimensional honeycomb
lattice nanostructure. It was an interesting problem to give
an easy way to compute its topological indices. In this article,
we established NM-polynomials for the graph of graphene
and the line graph of the subdivision graph of graphene. By
applying some basic roles of calculus, we computed serval of
its neighborhood-based indices. The established NM-poly-
nomials can also be used to compute the remaining
neighborhood-based topological indices.
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