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This study aims to present the notions of interpolative Pre$i¢-type set-valued contractions for the set-valued operators defined on
product spaces. With the help of these notions, we have studied the existence of fixed points for such set-valued operators. An
application of the obtained results is also discussed with the help of graph theory.

1. Introduction and Preliminaries

Banach [1] initiated the study of the existence of fixed points
for self-maps defined on a metric space. This study was
turther strengthened by Kannan and Chatterjea through
their fixed point results derived in [2, 3], respectively.
Following this study, Nadler [4] proposed a result to ensure
the existence of fixed points for set-valued maps. Presi¢ [5]
extended Banach contraction principle to the maps defined
on product spaces, that is, Q: R* — R, for any fixed k € N.
Afterwards, this result was extended by Ciri¢ and Pregi¢ [6].
The results of Predi¢ [5] and Ciri¢ and Presi¢ [6] are pre-
sented below.

Theorem 1 (see [5]). Let Q: RF — R, for any fixed k € N,
be a map on complete metric space (R,dy) and satisfies

k
dp(Q(risry 1), Q(ra 1, s T4)) < Zﬂde(”p"jﬂ)’
=

(1)

foz each ry,1y, ..., T} € R, where 31,55, ..., B =0 with
2 j-1 Bj < 1. Then, there exists a unique fixed point r € R of Q,
that is, r = Q(r,r,...,1).

k

Theorem 2 (see [6]). Let Q: R* — R, for any fixed k € N,
be a map on complete metric space (R,dy) and satisfies

dg (Q("1>7’2> cee >”k)>Q("2)”3> cee >”k+1))

(2)

<{max{dy (r;, 1)1 €{1,2,...,k}},
foreach r|,ry, ..., 7} Tk € R, where { € (0,1). Then, there
exists a unique fixed point re€R of Q, that is,

r=Q(r,r,...,1).

Karaplnkar [7] presented interpolative Kannan contrac-
tion by following the Kannan contraction as follows.

A map Q: (R,di) — (R,dy) is called an interpolative
Kannan contraction [7] if

dr (Qr, QD) < {dg (r,Qr) dg (L,QD', (3)

for each r,1 € R with r # Qr and [ # QI, where { € [0,1) and
e (0,1).

The above work of Karapinar [7] is adopted by several
researchers; for example, the notions of interpolative
Ciri¢-Reich-Rus type contractions in Branciari metric
spaces, and partial metric spaces are defined by Aydi et al.
[8] and Karapmar et al. [9], the notions of interpolative
type F-contractions are defined by Mohammadi et al. [10]
and Alansari and Ali [11], the notions of interpolative
Hardy-Rogers type contractions, and set-valued inter-
polative Hardy-Rogers type contractions are defined by
Karapinar et al. [12] and Debnath and Sen [13], the notion
of interpolative Suzuki-type contraction is discussed by
Fulga and Yesilkaya [14], and the notion of interpolative
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proximal contraction is discussed by Altun and Tasdemir
[15].

Gaba and Karapinar [16] redefined the notion of in-
terpolative Kannan contraction through modifying expo-
nential powers in a following way.

A map Q: (Rdgy) — (Rdg) is «called an
(¢, 9, 9,)-interpolative Kannan contraction if
dp (Qr, Q) < {ddy (r, Q)" d (1, QD™ (4)
dr (Q(wy, wp, -, wi), QP> o - -

< {dg (wy, Q(wy, w,, . ...

where y: RxR — R\{0} is a map, 9,9, € (0,1) with
9+9,=1, (e0,1), and Fix(Q)={reR:r
=Q(r,r,...,1)}

The purpose of this study is to extend and redefine the
concepts of interpolative Presi¢-type contractions by in-
troducing interpolative Presi¢-type set-valued contractions
for set-valued maps. We will also present a few fixed-point
results to study the existence of fixed points of such maps.

The literature of metric fixed-point theory contains
several interesting results that are the generalizations of
Banach fixed-point theorem, for example, the study of
common fixed-point results for two or more maps [18] and
the study of the existence of fixed points for the maps defined
on generalized metric spaces, such as b-metric space [19],
partial metric space [20], dislocated quasi-metric [21],
hypergraphical metric space [22], and soft metric space
(23, 24].

cw,)) " dg (P Q(P1 s - -
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for each 7,1 € R with r # Qr and I # QI, where 9,,9, € (0,1)
with 9, + 9, <1 and { € [0,1).

Recently, Alansari and Ali [17] defined the notion of
extended interpolative Pre$i¢-type contraction map as
follows.

A map Q: R¥ — R, for any fixed k € N, on a metric
space (R,dy) is called extended interpolative Presi¢ type

contraction if, for each wy,w,,...,wr P> Pr--->Px
€ R\Fix(Q), we have
’pk))min{)’ (wl»Pl)vY(wz»Pz) ----- Y (wk’Pk)}
. (5)
D)7
Before the next section, we recall the Pom-

peiu-Hausdorft distance. The Pompeiu-Hausdorft distance
is a map Hy: CB(R) x CB(R) — [0, 00) defined by

HR(],K)=max{sude(j,K),sude(k,])}, (6)
jeJ keK

where dy (k,]) = inf{dg (k, j): j € J} and CB(R) represents
the collection of all nonvoid closed and bounded subsets of
(R, dp).

2. Main Results
We begin this section with the following definition.
Definition 1. A map Q: Rx R — CB(R) is said to be an

interpolative Presi¢ type-I set-valued contraction if, for all
wy, Wy, Py P, € R\Fix(Q), the following inequality exhibits

Hi(Qwyw2), Q(pys po))™ 0 7)7 (002)
< {max{dy (wy, py), dg (w5, Pz)}sl dp (w,, Q(wy, wz))SZdR (P Q(p1> Pz))93’

where y: R x R — R\{0} is a map, 9,,9,,9; € (0,1) with
9+9,+9=1, (€(0,1), and Fix(Q ={reR:
reQ(r,r)}l

With the help of below stated result, we will study the
existence of fixed points for the above map.

Theorem 3. Let Q: Rx R — CB(R) be an interpolative
Presic type-1 set-valued contraction map on a complete metric
space (R,dy). Also, consider that

(i) If min{y (wy, p,),y(w,, p,)} = 1, then y(z,,2,) = 1,
for all z, € Q(w,,w,) and z, € Q(py, p,)

(7)

(i) There exist w;,w, € R with min{y(w;,w,),
y(w,,z,)} =1, for all z, € Q(w,, w,)

(iii) For ~ each  sequence {r,} in R  with
Y (T s tir) = 1, Ym>my, for some natural number
my, and r,, — 1, we have y(r,,,r) =1, Vm>m,

Then, there exists an element r of R with r € Q(r, 7).

Proof. By hypothesis (ii), we get two points in R, say r, and
1, with

min{y(ro,7,),y(ri,2)} =1, Vz € Q(rg,r). (8)

Let r, € Q(ry,7,); then, by (7), we obtain
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d (12 Q(r1,75)) S Hp (Q(rgs 1), Q(ry, 7))oty Coridy (o)}

< {max{dg (rg, 1), dp (11> Tz)}sldR (r1Q(ro,

That is,
dg (15, Q (71, ”2))17
(r1,Q(ro ”1))92~

% < (maX{dR (ro) 7’1)’ dg (”1> rz)}SldR

(10)

Clearly, dg(r,Q(ry 1)) <max{dy(ry,ry),dg(r,15)}s
thus, by (10), we obtain

dy (r3Q(r1,75))' ™™ < {max{dy (o, 1 )o dg (r1o )}
(11)
As 1-9; =9, +9,, thus, by (11), we obtain

9)

r)) % d (r Q1)

dp(r2,Q(ry, 1)) < {max{dg (rg, 1), dg (r1,72)}- (12)

The fact (€ (0,1) yields the existence of some
73 € Q(ry,1y) satistying the inequality
dp(ry,13) < (1/\/Z)dR (r,,Q(ry,7,)). Thus, by the last two
inequalities, we obtain

dr (r573) <V max{dy (ro, 7). dg (r1,72)}- (13)

As 7y € Q(ry, 1), r3 € Q(r,15), and
min{y(rg,7,),y(r;,1,)} =1, by hypothesis (i), we get
y(ry,13) = 1. Thus, we say that min{y (r,1,),y (ry,r3)} = 1.
Again, by considering (7), we obtain

dy (r3, Q (rz) ”3)) <Hp (Q (r1> ”2)> Q (r2> ”3))mm{y(ﬁh)’ymh)}
<{max{dy (ry, 1), dg (1 73)} g (1 Q(r121)) " dp (73, Q10 13)) .

That is,

dp(r5,Q(r2 7’3))1_\93 < {max{dg (r1,1,),dg (15, ”3)}91+92-
(15)
As 1-9; =9, +9,, thus, by (15), we obtain
dp (13 Q(r,73)) < {max{dy (r1,75),dg (15, 73)}. (16)

As { € (0,1), then there is some r, € Q(r,,15) such that
dg(rsry) < (1/7/C)dg (13, Q(r,,73)). Thus, we obtain

dp(rsry) < \/Zmax{dR (ris7r3) dy(rams)} (17)

Continuing in that way, we reach to a sequence {r,,,} with
the facts r,,,,; € Q(r,,_;,7,,) for all m € N and

min{y (157 )s Y Ty T )} = 1, YVm € N, (18)

and
dR (rm“’ m+2) \/_max{dR( Tm-1> 1 ) dR( > m+1)}’ Vm e N.
(19)

For simplicity, we use dyp =dg(r,,1,,,) for each
m € NU{0}. We will show with induction that dp < "M

(14)

for eachm € N, where f = {"* and M = max{dRo/ﬁ, de//Sz}.
Trivially, dp <pM and dp < B*M. Suppose that

dp_ <B M, o)
dp <P 'MVEk23.
Then,
dp_ < max{dy ,dp }<p max{*M, " M} on
= ﬁkM, foreachk > 3.
Thus, dy <f™M, for each m € N. Now, by considering

this fact and the triangle inequality, for each g,n € N with
q>n, we obtain

gq-1 o
dR("w T’q) < Z dR(rj,rj+1) = Z de <

Hence, the convergence of Z ° B as B e (0,1), and the
above inequality yields that {r } is a Cauchy sequence in R.
Now, the completeness of (R,dy) yields the existence of a
point r* € R such that r,, — r*. By hypothesis (iii), we get
y(r,,r*)=1,as y(r,,1y) =1 VYmeN and r,, — r*.
Now, we claim #* € Q(r*, r*). If it is wrong, then, by (7), for
each m € N, we obtain

q-1
YPIM. (22)

j=n
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H Qs Py s Q7)) = Hr Qs Py ) Q")) ()7 )}

dR (rerZ’ Q (T'*, T’*)) < HR (Q (rm’ rm+1)’ Q (r*) T*))

dp(r',Q(r, 1)) <dg (r"s rypsn) + dp (1,40, Q7. 77))

(23)
<{max{dg (1, 7" ), dg (Tns1> r*)}'91 dg (7s1> Q (70> rmﬂ))SZdR (r,Q(r", r*))93.
That is,
* #1191 9 * * #\\V3 (24)
<{max{dy (1, 7" ), dg ("> )} AR (T 1> Q (T T 1)) 2 (r7, Q(r7,77)) ™.
By triangle inequality and (24), we obtain
(25)

<dy (”*’ Tona) + Cmax{dy (7,77 ), dg (71> r*)}sl X dp (71> Q7 7’m+1))92dR (”*> Q(r, r*)) E

Hence, by applying the limit as m — oo in (25), we get
dp (r*,Q(r*,r*)) = 0. This shows that the claim is true and
r* e Q(r*,r*). O
Example 1. Let R denote the set of all real numbers with a
usual metric dg (r,I) = |r — | for each r,I € R. Define maps

Q: RxR —> CB(R) and y: R x R — R\{0} by

[o,r—”], ifr,1>0,
Q(r,l)=

0, otherwise, (26)

ifr,1>0,

1)
y(r.D)=
1/4, otherwise.

Hy (Q(wy, w,),Q(p1> p2))

< {max{dg (wy, py), dg (w, Pz)}sl dp (w,, Q(wy, wz))92dR (P2 Q(p1> Pz))93a

where y: RxR — R is a map, 9,,9,,9; € (0,1) with
9+9,+9=1, (€(0,1), and Fix(Q ={reR:
r e Q(r,n)}

Theorem 4. Let Q: Rx R — CB(R) be an interpolative
Presic type-II set-valued contraction map on a complete
metric space (R, dy). Also, consider that

(i) If min{y (wy, p1),y (wy, o)} > 1, then y(z,2,)>1,
for all z, € Q(w,, w,) and z, € Q(py, p,)

9

The hypotheses of Theorem 3 can be verified on the
above defined maps. Hence, there exists an element r of R
with » € Q(r, 7).

We now present an interpolative Pre$i¢ type-II set-
valued contraction map along with fixed-point result.

Definition 2. A map Q: Rx R — CB(R) is called an in-
terpolative Presic¢ type-II set-valued contraction if, for each

Wy, Wy, Py, Py € R\Fix(Q) with minfy (w,, p,),
y(w,, p,)} =1, we obtain

(27)

(i) There exist w;,w, € R with min{y(w;,w,),
y(wy, z))} 21 for all z, € Q(w;, w,)

(iii) For ~ each  sequence {r,,} in R  with
Y (T s Tyui1) 2 1, Y 2my, for some natural number
my, and r,, — 1, we have y(r,,,r) =1, Vm=m,

Then, there exists an element r of R with r € Q(r, r).

Proof. Hypothesis (ii) makes sure the existence of two points
in R, say r, and ry, that satisfies the following:
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min{y(rg,7,),y(r1,2)} > 1, Vz € Q(r, 1y). (28)

By defining one value of z € Q(r,,r,) as z =r, in the
above inequality, we reach to

dp(r2Q(ry,1,)) <Hg(Q(ro,11),Q(r1,13))
<{max{dy (ro,r1),dg (11, rz)}eldR (r1,Q (7o 7’1))925111 (r2»Q(rys 7’2))93-

dy (1, Q(r1,1,))"™ % < Cmax{dy (ro, 1), dp (11, 72)} " dp (11, Q (70, 7))

< {max{dg (r, 1), dg (i)}

Since 1 -9; =9, + 9,, thus, by (31), we obtain
dg (r2 Q(r1,13)) < Cmax{dy (r, 71), dg (r1,7,)}- (32)

From the above inequality and by the fact (1/~4/{)> 1,
there exists some r; € Q(r,,r,) such that

1
dp(ry13) <—dp(r2, Q(r72))
R \/? R (33)

< VCmax{dy (rg, 1), dg (r1,75)}-

Since min{y(ry,7,),y(r;,r)} =1 and r, € Q(rg, 1),
r3 € Q(r,,1,), by hypothesis (i), we get y(r,,r;)>1. By
proceeding the proof on the above steps, we reach to a

dR (rerZ’ Q (T'*, T’*)) < HR (Q (rm’ rm+1)’ Q(r*; T*))
< Cmax{di (7 7)o Cets i (i1 Q1 ) i (77, Q7))

dp(r',Q(r", 1)) <dg (r"s rypsn) + dp (1,42, Q7. 77))

* * *\19 , * % \\93
<dp (r", 1) + {max{dy (1, 77 ), dg (11> 7))} XdR(rmH’Q(rm’rmH))S dp(r,Q(r",r"))™.

Thus, by taking the limit m — oo in (37), we get
dp(r*,Q(r*,r*)) = 0. This shows that the supposition is
wrong and r* € Q(r*,r"). O

5
min{y (ro,7;),y (r,7,)} 2 1. (29)
Thus, by (27), we obtain
(30)
That is,
(31)

sequence {r,,} of the formr,, € Q(r,,_;,r,,) for allm e N

1>
and
min{y (157 )s Y Ty Tes )} = 1, VM € N, (34)
and
dr (Fypst>Tmsn) < VEmax{dg (717 )sdg (Fps Tonsr ) > VM €N,
(35)

By viewing the above inequality and the proof of the
above theorem, we conclude that {r,,} is a Cauchy sequence
in R, and there exists a point r* € R with r,, — r*. From
hypothesis (iii), we have y(r,,,r*)>1 for each m € N. This
implies min{y(r,,,7*),y(r,..1,r*)} =1, Vm € N. Suppose
that r* ¢ Q(r*,r*). Then, by (27), for each m € N, we obtain

(36)

By triangle inequality and (36), we obtain

(37)

2.1. Results for Extended Interpolative Presi¢ Type Set-Valued
Operators. 'This section presents the extensions of the above
listed results. Theorems 5 and 6 can be considered as an
extended version of Theorems 3 and 4, respectively.
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Theorem 5. Let Q: R* — CB(R), for any fixed k € N, be  map on a complete metric space (R,dy), that is, for every
an extended interpolative Presié type-I set-valued contraction — wy, Ws, ..., Wy P1> Pas- - -»> Pr € R\Fix(Q), we have

Qs wss -0, Q(prs pos - py)) ™0 ) (et (o)
< max{dy (w;, p;): i € {1,2,..., k}}™ (38)
x dp (W Q(wp, Wy, - - -, wk))szdR (Po Q(P1> P2+ - Pk))‘%’

where y: Rx R — R\{0} is a map, 9,,9,,9; € (0,1) with Then, there exists an element » of R with
9,+9,+9,=1 (€(0,1), and Fix(Q ={reR: reQ(r,r,...,r).
r e Q(r,r,...,r)}. Also, consider that k—times

() If  min{y(wy, p1),y(Wy, pa)s- -y (Wi p)} =1, Proof. Hypothesis (ii) says that there are points 71,75, . .., ¢
then y(z,,z,) =1 for all z; € Q(w,,w,,...,w;), in R satisfying the condition:
2, € Q(P1s Pas- - > Pi)- .
min{y(r,7,),y(r73)s ..,y (162
(ii) There are w,, w,, ..., w; € R satisfying w(rer)y(rars) r(re2)) (40)
. =1, VzeQ(r,ry...,1)
minfy (. w,). y (W w5).- .y (W 2)}

=1, Vz € Q(wy,w,, ..., wy).

(39) Thus, for r,, € Q(r, 7y, ...,7;), we obtain

min{y (ry,75),y (ra73)s -y (o T )} = 1. (41)
(iii) For ~ each  sequence {r,} in R  with .
Y (T 1) = 1, VM =my, for some natural number Then, by (38), we obtain
my, and r,, — 1, we have y(r,,,r) =1, Vm>m,,.

Ap(reas Q(ry Ty s 71) SHR(Q(ris s o 1y Q1 gy gy )y (2 ()t (ot )}

(42)
<{max{dy (r;, ;) i € {1,2,... ,k}}sl Xdp(reQ(r, 1y - .. ,rk))SZdR (s> Q15735 - - ,rk+1))93.
That is,
dp (T, Q1735 - ”’I«rl))lﬂ93 (43)
<Cmax{dy (ririy): i € (L2, K dg (ro Q(rpsra - o)™
1
d (Tie1> Th2) SWdR Tk Q(ras 735 Thn)
Since  dp(r, Q(ry,ry, ..., 1)) <max{dy (r;r;,,): i € (46)

{1,2,...,k}}, thus, by (43), we obtain < VT max{dy (riyri,): i €{1,2,.. ., k}}.
dp (ree> Q1735 7’k+1))1_93

<{max{dy (r;,1i11): i € {1,2,...,k}}

Hypothesis (i) implies that y(ri,,7,,) =1, since
9,49, (44) min{y(r,7,),y(r5,73)s .. Y (i)} = 1 and
. Tie1 € Q(risra .o 1)y Trar € Q(ryy 73y 7yy). By the

Since 1 -9, = 9, +9,, then (44) gives repeated application of hypothesis (i) and (38), we reach to a
—v3— Y 2>

sequence {r,,} with the facts 7,,,,; € Q(r,s "pi1> - > Taiet)
(i Qrars ) [ ordllmeNand
S(max{dR (7’1 7’i+1)2 i€ {1, 2,.. ,k}} ( ) min{y(rm’rm+1)>Y(rm+l’rm+2)>' : '>y(rm+k—1’rm+k)} (47)
=1, N,
As (1/4/0)>1, thus, there exists vim €

Tier € Q(ry,15,...,1),,) of a form and
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dR (rm+k’ rm+k+1)

<V max{dy (7, 1sioTosi): § € (1,2, ., k}}, Vm € N.
(48)

For simplicity, take dp = dg(r,,,7,,,,) for each m € N;
from (48), we obtain

dp  <V{max{d, :ie{l,2,....k}},VvmeN.  (49)

Now, we prove by induction that dy <f"M for each
m e N, where B =" and
M = max{dy IB,dg IB*, ..., dy /B"}. Trivially, d, <p'M, for
each i€{1,2,...,k}. Suppose that dRiS[)’iM for each

ie{mm+1,...,m+k— 1} for some given m, as induction
hypothesis. Then, by (49), we obtain

dg < \/Zmax{dRm_M: iefl,2,... ,k}}
< \/Zmax{/jm_”iM: i€f{l,2,... ,k}}

Hence, it is shown by induction that d, < ™M, for each
m € N. This fact along with triangle inequality yield that

q-1 q-1 q-1 .
dR(rn’rq)S ZdR(rj’rﬁl) - ZdeS Zﬁ]M’ (1)
j=n j=n J=n

for each g, n € N with g > n. Hence, the above inequality and
the convergence of }°° f’ ensure that {r,} is a Cauchy
sequence in R. Now, the completeness of (R, d}) yields the
existence of a point r* € R with r,, — r*. By hypothesis
(iii), we get y(r,,r*)=1,VmeN, as y(r,,",..1)
=1,VmeN and Now, we claim that
r* e Q(r*,r*,...,r*). Suppose it is wrong, then, by (38), for
each m € N, we obtain

®
Yy — 1.

(50)
= pp"M
— ﬁm+kM
HR (Q(rm’rmﬂ’ e ,Tm+k_1),Q(1"*,T*, te ,1’*))
= HR (Q(rm) Vingls - - - )rm+k71))Q(r*7 r*a e r*))min{Y(rm’r )’Y(rm+l’r ) ))))) Y(rmk?l)r )} (52)
<{max{dg (1,7 )i €{1,2,... ,k}}91
9, * ok #1193
X dp Tk 15 Q (T s Tnsts - - s Tmaiee1)) dr (r55Q(r 1", o r7)) ™,
That is,
dR (Tm+k,Q(T*,T*, te ,T"*)) SI_IR (Q(rm’rmﬂ’ ce ’rm+k—l)’Q(r*’r*’ Ce ,T*))
<{max{dg (1,177 ): i € {1,2,...,k}}‘91 (53)
92 * * * Y
XdR(rerk—l’Q(rm’rrrHl" "’rm+k—1)) dR(r ,Q(T T 5T )) .
By triangle inequality and (53), we obtain
dp(r’,Q(r" 1", .. ")) <dr (r" 1) +dg (1o Q(r 751", 1Y)
<dp(r’, 1) + {max{dy (r,,, 1" ): i€ {1,2,... ,k}}9l (54)

X dR (rm+k—1’Q(rm> Tisls -+ o5 Tl 1))92dR (}’*,Q(}’*, T*, e

SR



After applying the limit as m — o0 in (54), we get
dp(r*,Q(r*,r*,...,r*)) = 0. Hence, the claim is true and
r* e Qri,r*, ..., r"). O

Theorem 6. Let Q: R* — CB(R), for any fixed k € N, be
an extended interpolative Presi¢ type-I1I set-valued contrac-
tion map on a complete metric space (R, dy); that is, for every

Wy, Wy, - .« Wy P> P2 - -» Pr € R\Fix(Q) with
min{y (wy, p;), Y (W, P2)s - - > Y (Wi Pr)} = 1, we have
Hy (Q(wy, wy, -+ s wy ), Q(prs Pas -+ Pr))
<{max{dy (w;, p;): i € {1,2,... ,k}}s1
x dp (W, Q(wy, wy, .. . >wk))92dR (P Q(P1> o> - ')Pk))ss)
(55)

where y: RxR — R is a map, 9,,9,,9; € (0,1) with
9 +9,+9=1, (€ (0,1), and
Fix(Q)={re R:r € Q(r,r,...,1)}. Also, consider that

(i) If min{y (wy, p,), Y (Wy, po)s - - 5y (W p} 2 1,
then y(z,,z,)21, for all z; € Q(w,w,,...,wy)

and z, € Q(Py> Pas- - > Pr)-

Hy (Q(wy,w,, . ..

x dp (wy, Q(wy, w,, . . .

where y: R x R — R\{0} is a map, 9,,9,,9; € (0,1) with
N+9+9=1, (e (0,1), and
Fix(Q)={reR:r € Q(r,r,...,1)}. Also, consider that

7wk))Q(w2,w3,...,wk+l
S(max{dR (wi>wi+1)5 i€ {1,2,...,k}}91

> wk))SZdR (W1 Q(wy, wy, . ...
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(ii) There are w,,w,, ..., w, € R satisfyin
LW k ymng

minfy (o wn) vy )y
>1, Vz € Q(wy,w,, . .., wy),
(iii) For ~ each  sequence {r,} in R  with

Y (T Truer) = 1, Y =my, for some natural number
my, and r,, — r, we have y(r,,,r) =1, Vm=>m,.
Then, there of R with
reQ(r,r,...,1).

exists an element r

This ]}_ensnlllﬁ can be proved on the similar steps as the
proofs of Theorems 5 and 4 are obtained. By considering
P1 =Wy Py = Ws, ..., Py = Wy and denoting p, = wy,, in
Theorems 5 and 6, we get the following results.

Theorem 7. Let Q: R* — CB(R), for any fixed k € N, be a
set-valued map on a complete metric space (R, dy) such that,
for every wy,w,, ..., w, Wi, € R\Fix(Q), we have

(57)
9
’wk+1)) %
(iii) For ~ each  sequence {r,} in R  with

Y (T Tusr) = 1, Vm>my, for some natural number
mgy, and r,, — 1, we have y(r,,,r) = 1, Vm>m,,.

(i) If min{y(w;,w,),y(w,, ws),...,y (W we,)} =1, Then, there exists an element r of R with
then y(z,,z,) =1, for all z; € Q(w,,w,,...,w) reQ(r,r,...,r).
and z, € Q(W,, Wi, . . ., Wiyp)- k-times
(ii) There are wy, w,, ..., w; € R satisfying Theorem 8. Let Q: R* — CB(R), for any fixed k € N, be a
. set-valued map on a complete metric space (R, dy) such that,
min{y (wy, w,), y (W, ws), - ..,y (g 2)} (58) for every wy,w,, ..., w, Wy, € R\Fix(Q) with
=1, Vz € Q(wy, Wy, . .., W), min{y (w;, w,), y(wy, w3), .. ., Y (W wiy )} > 1, (59)
we have
Hp (Q(wy, wy, - wy ), Q(wp, wss - -, Wiy )
< {max{dy (wpw;,,): i € {1,2,..., k" (60)

X dp (W, Q(wy, wy, . ..

where y: RxR— R is a map, 9,,9,,9; € (0,1) with
9 +9+9 =1 (e€(0,1) and Fix(Q ={reRre
Q(r,r,...,r)}. Also, consider that

> wk))szdR (Wi Q(wz) Ws, ...

> Wit ))83 >

(i) If min{y(w,,w,), y(w,, ws), ...,y (W, wi, )} 21,
theny(z,,z,) 21 forallz, € Q(w,,w,,...,wy) and

Z5 € Q(Wy, Wi, - - ., Wiyy)-
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(ii) There are wy,w,,...,w, € R satisfyin
W k ying

¥ (Wi 2)}

min{y (wy, w,),y (wy, ws), - ..

>1,Vz € Q(wy,w,,...

(61)
’wk)’

(iii) For ~ each  sequence {r,} in R  with
Y (T Tusr) 2 1, Y= my, for some natural number
my, and r,, — 1, we have y(r,,,r)>1, Vm=>m,.

following, assume that G, = (V,, E;) be a directed graph
defined on a metric space (R, dy) with vertex setV, = R and
edge set E; C R x R contains all loops, but it has no parallel
edge. From Theorem 8, by defining y(w,r) =1 for each
w,r € Rwith (w,r) € E, for otherwise, y(w,r) = 0, we get
the following result.

Theorem 9. Let Q: R — CB(R), for any fixed k € N, be a

Then, there exists an element r of R with  set-valued map on a complete metric space (R,dy) equipped
reQrr...,r). with  the  graph G, such  that, for  every
—times Wy, Wy, .. . Wy, Wiy, € R\Fix(Q), with
3. Application (w,w,), (Wy,ws), ..., (W wiy,) € Ey, (62)
In this section, we obtain the following application of the |, 1,..,
above result through a combination of graph theory. In the
Hp (Q(wp wy, .- wyi ), Q(wo, wss - -, Wiy )
< max{dy (wpw;,): i € {1,2,..., k" (63)

X dp (wy, Q(wy, w,, . ...

where 9,,9,,9; € (0,1) with 9, +9, +9; =1, { € (0,1) and
Fix(Q)={reR:r € Q(r,r,...,1)}. Also, consider that

(i) For all W, Wy, . . Wy, Wiy € R with
(wy, wy), (Wy, w3), ..., (W, wy,) € Ey, we  have
(21,2,) € Ey, for all z; € Q(wy,w,,...,wy) and
Z5 € Q(Wy, Wy, .« ., Wiyy)-

(ii) There are wy,w,, ..., w; € R with

(Wi, w,), (Wyo w3), - Wy, wi) (W 2) (64)
€ E;, Vz € Q(wy, w,, . .., wy).
(iii) For  each  sequence {r,} in R  with

("> T's1) € Eg» YmM=my, for some natural number
my, and r,, — r, we have (r,,,r) € E;, Ym>m,.

Then, there of R with

reQ(r,r,...,r).
k—times . . .
Sarwar et al. [25] studied the existence of the solution of

Caputo-Fabrizio fractional derivative of order y, which is
defined as

exists an element r

vy = N [_L . ]
Dtu(t)—l_yjou(r)exp 1_y(t 7) |dT, (65)

under boundary condition u(0) = 0, where N (y) is a nor-
malization function satistying N(0)=N(1)=1 and
a<t<t1<b, by using an interpolative Dass and Gupta ra-
tional-type contraction condition. Through the work of
Sarwar et al. [25], it is obvious that the existence of the
solution of above defined Caputo-Fabrizio fractional

9,
s wy)) dg (Wi, Q (w5, w, - ..

9
’wk+1)) %

derivative can also be discussed by an interpolative Kannan
contraction that is a particular case of our work.

4. Conclusion

The notions of interpolative Presi¢-type set-valued con-
tractions for the set-valued operators defined on product
spaces along with fixed-point results are presented. These
notions can also be considered as an extended version of
interpolative Presi¢-type contractions.
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