Hindawi

Journal of Mathematics

Volume 2022, Article ID 4346234, 13 pages
https://doi.org/10.1155/2022/4346234

Research Article

@ Hindawi

Some New Upper Bounds for the Y-Index of Graphs

Durbar Maji ,! Ganesh Ghorai®,! and Faria Ahmed Shami >

'Department of Applied Mathematics with Oceanology and Computer Programming, Vidyasagar University, Midnapore 721102,

India

2Department of Mathematics, Bangabandhu Sheikh Mujibur Rahman Science and Technology University, Gopalganj, Bangladesh

Correspondence should be addressed to Faria Ahmed Shami; fariashami@bsmrstu.edu.bd

Received 25 November 2021; Revised 1 January 2022; Accepted 3 January 2022; Published 30 January 2022

Academic Editor: Naeem Jan

Copyright © 2022 Durbar Maji et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

In mathematical chemistry, the topological indices with highly correlation factor play a leading role specifically for developing
crucial information in QSPR/QSAR analysis. Recently, there exists a new graph invariant, namely, Y-index of graph proposed by
Alameri as the sum of the fourth power of each and every vertex degree of that graph. The approximate range of the descriptors is
determined by obtaining the bounds for the topological indices of graphs. In this paper, firstly, some upper bounds for the Y -index
on trees with several types of domination number are studied. Secondly, some new bounds are also presented for this index of
graphs in terms of relevant parameters with other topological indices. Additionally, a new idea on bounds for the Y-index by

applying binary graph operations is computed.

1. Introduction

In this paper, we only consider the molecular graphs (MG)
[1], which are simple and connected. In chemical graph
theory, molecules or molecular compounds are often mod-
elled by chemical structure as MG. The atoms of a molecular
compound are to be represented as the vertices of the MG,
whereas the edges represent the chemical bonds. Let & =
€ (V,E) be a MG with V(9) = {u;, 4y, . . ., .} as the vertex
set and E(%) = {e;,e,,...,¢,} as the edge set, such that
[V(€)=n and |E(Z)| =m. The degree of ueV(¥),
denoted by &(u/¥), is the total number of edges, which are
associated with . Obviously, 0<8<é(u/C)<A< (n-1),
where 6 = min{& (4/€)|u € €} and A = max{& (v/&)|v € E}.
A set SCV (¥) satistying the condition Yy € V (€)\S, N (¢)
N S+ } is called a dominating set of &. When ZCV (X)
satisfies the condition Yy € V(Z)~Z, &, (4, v) <« for some
v € R, where &, (4, v) denotes the distance between y and v,
is said to be a distance x-domination (DD;) set of &. The
(DD;) number ([2, 3]) of &, denoted by (,, is the minimum
cardinality among all & sets. The notations diam (&) = max
{ee Wl € V(¥)} and ey (4) = max{éy (u,v)|v € V(©)}
denote the diameter of ¥ and the eccentricity of u,

respectively. A path P is called a diameter path (DP) of &
when the length of P is equal to diam (&). We follow the book
[4] for the graph theoretical definitions and notations.

The graph invariant (GI) is a number that is uniquely
determined by a graph. The subset of (GI) s is topological
indices, which are used to predict several properties such as
physical, chemical, pharmaceutical, and biological activities of
chemical species. In 1947, the great chemist holder Wiener
initiated a first-time idea about the topological index (TI). He
presented the first TI, namely, Wiener index [5] to search the
boiling points of alkanes. After long years, Gutman and
Trinajstic [6] investigated two oldest GI s. They are defined as
M, (%) = Ypev ()5 (uE) and My () = ¥ yep(s) § (WG
(v/@), respectively. The concept of first general ZI was
considered by Li and Zheng [7]. It is defined as

i@ = 3 8(g)= X 1E ()G

Uuev (%) uveE(9)
(1)

where A € R —{0,1}. For A =3, it becomes forgotten to-
pological index proposed by Furtula et al. [8]. It is presented
as
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2
Fo)= Yy &)= g(L)+2(2)]
Wz(g) <$> WEEZ(?)[ (?) (G?)] (2)
Liu et al. ([9]) introduced the reformulated F-index of &
as follows:
RE(®)= Y &(2)= &(< +£2(f)]. 3
e;?) (?) e~gw) (?) g)| ©®

In [10], Milicevic et al. introduced the first reformulated
Zagreb index of a graph &. It is defined as

EM1(3)= z 52(6), (4)

ecE(9)

where &(e) = &E(u/8) +&(v/€) — 2. Recently, Alameri
et al. [11] introduced a GI named Y-index (YI) and defined
as

4 3 3( Y
= 3 G- 2 9@ @) o
Uuev (%) uveE(%)

The YT is the special case of the first general Zagreb index
for A = 4.

In this study, we obtain some new upper bounds (UB)
for the YI in terms of different graph parameters, on {, (9)
for tree of vertex n and TI s. We arrange the remaining work
as follows: Section 2 contains the UB for the YI on trees with
{,. Section 3 contains some UB for YI in behavior of some
relevant parameters. Section 4 collects some UB for YI under
several graph operations. Finally, Section 5 presents the
conclusions of the obtained results. To know more related to
this field, readers are referred to [12-17].

2. Preliminaries

To establish the main results, the following lemmas are
required.

Lemma 1. [I18]). Let T be a n(>3) vertex tree with
e=p,p, € E(T), a nonpendant edge. Suppose the union of
T, and T, isequal to T — p, p,, where p; € T fori € {1,2}.
Let T be a new tree obtained by taking an edge joining
transformation (EJT) of T on e. It is attained by identifying
p, € T, with p, € T, and also joining a pendent vertex s to
the p(= p,-= p,)- In short, we denote I = ¢ (T, p, p,). Then,
we get Y(T) <Y (T).

Lemma 2. [19]). If € is an n vertex MG graph withn = k + 1,
then { (%) = |n/x + 1].

Lemma 3. [20]). Let % and T be two trees with n and (x +
1)n vertices, respectively. Then, (. () = n holds iff at least
one of following conditions is satisfied:

(1) T is any (k+ 1)-vertex tree.

(2) T is equal to %"« obtained by taking # and n copies
of P,_, and then link with the j™ vertex of % to
exactly one end vertex in the j™ copy of P,_,.
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Lemma 4. [2]). If & contains the maximum value of the ZI s
among all MG s of n-vertices with {, (€) and S = {u € V(%)
1E(w/©)=1,{ (S -u)=( (©)}. If Sy+D, then |Ng(Sg)|
=1.

Lemma 5. [2]). Suppose u and v be two vertices in & such
that pi, pys---» Py and q;,q,, - - ., q, pendent vertices adja-
cent to p and q respectively. Define &' =% -{qq,,qq,,

) + P41 Py P} and G =G —{ppi,pp, ..,

pp.}t+1apy.aps - - --qp,}. Then either M;(%') is greater
than M; (%) or M;(€"") is greater than M,(%),i=1,2.

Lemma 6. [2]). Let T be a tree of order n with A and {, > 2.
Then k(, (T)< (n—A(T)).

Lemma 7. [21]). Suppose uv is any edge of & with n vertices.
Then, for any integer t >2

(i) E(WE),EW/D)lgzp = 12 (n-E(WE) - E(v/E)

+> (@, v))

(ii) 1&(W/©),E (W/G) + 15z =1 > (E (W E) =1 (7)) -
B(n), 2w/ G))

(iii) [E(W/G) + 1,d (v/ Q)5 = 0> (E(W/E) = > (4, 7))
—B(n),_,§(v/G))

(i) EWE) + LEW/E) + 1ggy = 02 ((> () + 1)+
B (n),, (§(u/E) +E(/E) +1)).

Lemma 8. [22]). (Radon’s inequality) Let x = (x;)i., and
y = (¥, be two sequences of positive real numbers. For any
a>0,

xqﬂ (21‘1—1 x.)oﬁ-l
> 6
; Vi (Zi:1 i) N

where the equality occurs for x; = py; for some constant p, for
alli=1,2,...,n.

3. Main Results and Discussions

3.1. Some UB for the YI on Trees with DD, Number. In this
section, we establish some sharp UB for the YI of graphs on
the trees as to the DD, number, {,. The set of all n vertex
trees with {, and the star of order (n—x{+ 1) with u,u,,

..>U,_¢ pendent vertices are denoted as 7, .. and
Sy—x( +1> TeSpectively.

Theorem 1. Let T be a tree of order n and it contains {, (T)
=2; then the UB of Y(J) can be expressed as Y (J)< (n
=21)* + (n=2(x+ 1)) + (16x + 1) + 16x — 15. The equality
holds for T& T, 5, where j € {1,2,...,k}.

Proof. Let 7 € 7, ., be a tree with a DP such that P: u,
Uy, ...,uy. For d <2k, there exists a DD, set {P‘Ld/zj} of 7, a
contradiction. In case d=>2x+2, also denoted by
I = ¢ (T, uu;,,) the tree obtained from I by EJT (Lemma
1) on the edge u;u;,, for some i€ {1,2,...,d -2}, then
((T) =2; therefore, T €T ,,,. But Y(I)>Y(9), a
contradiction. Thus, it is only s for d = 2x + 1.
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In this case, we consider a tree 7, , € 7, obtained
from the path P,,,, = wyw, ... Wy, by attachmg n—2(x+
1) pendent vertices to w, where a € {1,...,2x}. Moreover,
T =T48 for k+ 1 <oc<d— 1 and also Y(T.0) =
Y (T, ) forl<a#p<d-1.Consequently, 7 = 9Z,K,2) for
some«a € {1,2,...,«}. Therefore, the YI for the tree  can be
directly computed as Y () =Y (J,,,) = (n- 20)* + (n—
2(x+ 1)) + (16K + 1) + 16x — 15. O

Theorem 2. Consider an n vertex tree I that belongs to
T py3- Then, Y (T) < (n— 300 '+ (n=3(k+ 1)) +2(16x+ 1)
+16x — 15. The equality occurs as T ST, 5.

Proof. Given that 5 € 7, ;. Obviously n> (x + 1)(,,
Lemma 2. Also, the equality n = (x + 1), of Lemma 3 holds
the results. Now, we proceed to prove the theorem by in-
duction hypothesis (IH) on n. Assume that#n>3(x + 1) and
the statement is true for n — 1. Our main goal is to reach
T = ‘771,1(,3'

Let P = uyu, ...uy; and @ be a DP and minimum DD,
set of 7, respectively. Actually, we have to prove d > 2k + 2.
Otherwise, {u,,u,,,} is a DD, set, a contradiction. Let us
assume that {u,u, }CD such that (U V(T )\{u})
NZ=@and (UL, V(T )\u, HnD=0.

Y(?):Y(F]—oci)+4f3(é> 6£< )+4£( )

Choose u, (= a;),u,,...,uy (= a,) as the pendent ver-
tices of J and also (g ={l{ (T —a;) = (T)} for
1<i<t. If {5 = @, then {5 = {a]{ (T — o) = (T) -1}
for 1<i<t.

When &(u;/T)>3, then {ay,...,aq,}NV(T)#@.
Taking {u,,uy } € D, so ( (T —x)={ () for x € {a,,

.o, 0, }NV (), a contradiction. Therefore &(u;/T) =2
forie€{1,2,...,6,d—x,...,d—1}.Clearly { (T —u,) =,
(7) -1, since &(u,/T) = 2.

Remark that &g (u;,u,,,) =« and (UX_ V(T )v)ND
=@.S0, U, €D. Likewise, uy_,_, € D. For d>2k + 2, the
vertices U, U1, Ug__1> Uy, are distinguished, a contra-
diction. So, d =2k +2 and D = {u,, 1,1, Uy}

On the other side, if & (u,,,/T) = 2,then I = P, _; and
{u,,uy_} is a DD, set, which is an inconsistency. Therefore,
E(u,1/9)=3 and also {, =3<m. When m>3, then
( (T — ;) =, (F)forsomei € {1,...,m},an impropriety.
So, m = 3. Thus, 7., is a path of which ended vertices are
U, and oy That is, &(u,,;, ;) = x. Hence, |V (T)| =
3(x + 1), which contradicts n>3 (x + 1).

Assume that v is a unique vertex o; which is a pendent
vertex with { (7 — ;) = (,(J). Note that E(v/T)<A<
(n - 3x), by Lemma 6. So, by the IH and the definition of
Y (T), we get

<(m-1-30)" +(n—1-3(k+1)) +2(16k + 1) + 16k — 15 + 4 (1 — 3x)° — 6 (n— 3x)* + 4 (1 — 3x) ™)

=(n-30)"+(n-3(k+1)+2(16x+ 1) + 16x — 15

Therefore, the equality arrives if and only if T — «;

T po1x3 and EW/T) = A = (n—3k), that is, T &I O

nK,3°

Theorem 3. Let I be a tree having n vertices and (. (T7) = 3.
If n=(k+1){, we have Y(T)< ({,— D* +4({, - 1)°+
({,—1)(6(, +5)+2(8x—3)(, — 8.The equality is attained

when TSI, .

Proof. Given that n = (x + 1){, for the tree I of n vertices
with DD, number, {, (>3). By Lemma 3, we get 7 = €«
for some tree & on (, vertices. Let us consider V (%) =
{u (1 Uy, ... u ). Then, &(u;/€)=&(v,/T)—1. Therefore,
Yor E(u/%) = 2({, - 1) since for every tree (assume ')
contalmng n-vertices with vertex set {x, x,, ..., x,} occurs
Zl LE(x;/T") = 2(n - 1). By the definition of the YI, we can
express

S () S () S () ) S ) s v

(8)

=Y (%) +4F (%) +6M, (%) +8({, — 1) +2{, + 16(x — 1){,

<Y(S; ) +4F(S; ) +6M, ((,) + 16k(, — 6(, — 8

= (- 1) 4G - 1)

+(C—1)(6¢,+5)+2(8xk—3){, -8



for equalities ¥&S; that imply 7T, . . O
Theorem 4. Consider T as an n-vertex tree whose DD,
number is (> 3. Then, Y (T )< (n— KCK)4 + (n— (k+ 1))+
(16K +1)(¢, — 1) + 16K — 15.

The equality occurs for T&T . .

Proof. Let 7T, be a tree containing a DP such that
P =uyu, ...u, that maximized the YI of graphs. The main
goal is to establish the maximization of Y (J) with respect to
T =T ,.c-Letus consider P to be a minimum DD, set of
T and also define {5 ={x e V(IMIE(x/T) = land(v (T
-x)=( (I} Uf Ty =, then { (T —u;) =, (T) - 1for
i=0,d. Also, for T #J, by Lemma 4, N5 (I')| = 1. In
case, uy, Uy € 'y, as d — 1> 1, we get {uy,uy; 1}S|Ng (To)l
that implies |[Ng (I's-)| > 1, a contradiction. Therefore, we
consider that {, (7 —uy) = (,(J) -1, and thus {u,,u,,,,
Uy JD, from Theorem 2.

By Lemma 1, applying EJT of & on any nonpendent edge
of 7, repeatedly for « = 1,...,x, it is to be constructed a

tree 7 from J such that 7 ,=S , where 7, is the

V(T *

component of I — {u,_uy, u,,,} having u,, for a =1,
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.., k. Then, we have 7 € JM( and also Y(9)<Y(9)

where the equality holds I

Now let =9 - Uag{l,m,,{}\(%){uaw|w € Ng; (U )~
{uoc—l’ uoc+1}} + U(X,E{l,”.,K}\((x,) uocw”w € NG‘ (uw)\{ua—l’
U,.1}} for some a, €{1,...,x}.

Then, by Lemma 5, we get Y(J )< T with equality if
and only if 7 =Y (J7).

Again, define by I =9" - {uarwlw € Ng- (g )~
{uar—h uoc,+1}} + {u;c+1w|w € N&”* (uar)\{ua,—l’ ua,+1}}' In
fact, let [N - (uar)\{ua',l,uaﬁl}l =p,p=0.

Then, £(u,/T*)=2fora=1,...,x and also 2 will be
the minimum DD, set of 7 *. It implies that all the vertices in
U oNg« (u )\{uo, ..., U} can be determined by u,,, € D.
Therefore, Z~{u,} will be a DD, set of T* —ug,...,u,.
Suppose that PN, g, (y) is the set of all private x-neighbors of
y upon P in I . Then, PN, g (u,,,)SV (T ")Nug, . .., U,.
Thus, D~{u,} will be a minimum DD, set of the tree

V() v (7 =(d(%2) +p>4 v2t (M) (p 1oy

It means that Y (7*) >Y (7"), where the equality holds

iff either p=0ie. T =39 or &(u,,,/T*) =2.
So far, we have proved Y (I 7)< (n— K(K)4 + (n— (k+
1)( )+ (16x+ 1) ({, — 1) + 16x — 15 with equality iff 7" =
T nx¢, by induction on {;.. We have from Theorem 2 that the
assertion is mathematics for n> (x + 1){, as well as { = 3.

Y(T) =Y (T ~{up,....u

= Y(ﬂ”n,,(,l)x)(‘,l) +4(n- K(K)3 -6(n- K(K)z +4(n-x(,)+ 16k
+(n—(k+ 1)) +(16x+1)({, -

= (n - K{K)4

where the equality holds iff T* — {ug, ..., u } = T 1o
and also &g+ (u,,,) =A=n-x{, and otherwise T =
T g, With &g (u,) = 2 for a = 1,.. ., k. Therefore, we can
conclude thatY (9)<Y(9)<Y(T*)<Y(T")< (n—
k()P + (n— (k+ 1)) + (16K + 1) ({, — 1) + 16K — 15 with
either equality if 7 =95 =295 295" =9, or 7= =
T with {g (1) = 2. Besides, 7" =T, .. O

Here, we determine some UB on the YI of trees con-
taining n-vertices with domination number ¢ ([23]). The
DD, number of a graph is said to be the domination number
of that graph if k = 1. If 7 is an n-vertex tree containing a DP

}) +4E (uml) 6£ (uml) +4£ ;c+1

T* —{ug, ..., u.}. Therefore, { (T* —{ugp...,u}) =~
1= (T —{ug,...,u}).
So, from the definition of YI, we have
)

>+3pf < "”)+2p f( "“) —4p’ —12p - 16)20

Now let us consider the affirmation contains for {, — 1
and all the vertices n> (x + 1) ({, — 1).

Because of { (T = {ug, ..., u }) and [V (T*) = {ug, . . .,
udl=m-x—-1)=(x+1)({, — 1), we get by the IH

1+ch (ug)

(10)
1) + 16k — 15,

such that P: uyu, ...u,, then denote by 7; the component
of T —{u;_u;, ulu,ﬂ} containing u;,i = 1 2,...,d-1. To
compute our main outcome, at ﬁrst, we will focus on the
following definition.

Consider 7, to be a tree constructed from a star K ,,
with involvement of a pendant edge to its { — 1 pendant
vertices. Note that 7, - € 7, a class of n vertex trees and
domination number ( Also, ( =1 occurs if 7 =9, .

Corollary 1. If 7 € T, then Y () < (n— O+ (n-20+
1) +17({ = 1) with equality holding for T&T ..
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Proof. For A =2, it occurs that I = P, (n>2). The equality
holds for 7 =9,,(=P,), T =T5;,(=P;)and T =T,
( = P,). But for n> 5, the above inequality is strict. Now, we
consider a diameter path P = ug, u;, ..., u,; and a minimum
dominating set & of 7 with A > 3. To prove the theorem, we
will take the way of IH on n. Let us consider that Theorem 1
is true for n — 1 and also the statement is to be proved as well
as truth by replacing n+1 from n.When {(J - {u,}) =
{(9), then by the IH we have

Y () = Y(T —{up)) + 4£3<‘;—1> - 6£2<§) + 45(%),
(11)

S(-1-0+ (n-20)+17(( - +4(n-{)’ -6(n-()’
+4&(m—{) (since &(u/T)<n-{, by Lemma 6) = (n-
O+ (n=20+1)+17({ = 1). The equality holds iff the
pendant vertex u, is adjacent to the vertex u; of degree
A=n-{( thatis, 7 =T,

Otherwise, assume that {(J - {uy}) = {(J) - 1. So, it
will be &(u,/T) = 2 which also implies that u; belongs to
every minimum dominating set, i.e., {(7 - {u,}) = {(9).
Therefore, we can obtain by the IH

Y(T) =Y (T ~{ug)) + 48 (/T ) = 68 (u)/T) + 4& (u,/T)

<n-C+1D)*+n-20+3)+17({-2)+ 16

(12)

=m-0'+(n-20+ D +17({ - 1),

where the equality holds iff 7 — {uy} =7, , and pen-
dant vertex v is adjacent to the vertex u, of degree 2, that is,
T = gn,(' O

3.2. Some UB for the YI of Graphs with respect to Some
Standard Parameters and Others TI. In this section, we
establish the some sharp UB for the YI of & - w - r to some
graph parameters such as n,m,d, A and others TI such as
M, (%),M,(%),F(%),EF(%),EM,(%). Let 2(%)={
(u,/18),E(u,18), ..., E(u,/€)}. If D(¥)={r}, then & is
said to be r-regular. If (&) ={r,s}, then & is (r,s)
biregular and so on. Motivating the proof technique as in
[24], we obtain an UB for YI in the following theorem.

Theorem 5. Consider & to be a (n, m) graph, i.e., & contains
n vertices and m edges. Then Y (&) <2m (6 + A) (8% + AY)-
nOA(8%+  SA+A*) + (8—1)(A® + 6A? + A) — £ (8% + o+
t2), where t is the integer defined by relation 2m —nd =t —
d(mod(A-9)), d<t<A-1 and the equality holds iff at
most one vertex of & has different degree from § and A.

Proof. Consider x; as the number of vertices of degreeiin &.
From the definition of YI, we can write

A-1
Y () = 8*'x5 + A'x, + Z i*x;
i=0+1

(13)

Obviously,

(14)

After calculation, we get

1 A+1
X5 [nA -2m+ Z (i—A)x;], (15)

A-¢ i=0+1

A+1

X\ = ﬁ [Zm— nd+ Y (8-i)x,].

i=0+1

(16)

Using (15) and (16), we have

84 A+1 A4 A+1 A-1 .
= nA—2m+Z(z—A)xi]+A_6[2m—n6+Z(&—z)xi +sz,-. (17)

A=6 i=0+1 i=0+1 i=0+1
A-1

Ai(S Y (o G-8)+ M@ - i) +i' (A=)«

i=0+1

= ﬁ [6* (nA = 2m) + A* (2m - nd)| +



Actually, the term &* (i — A) + A*(8 — i) + i* (A — &) will
be negative for §+1<i<A-1. So, the Y (¥) will be
maximum if x; =0 for i =+ 1,...,A — 1. Therefore, (15)
and (16) become to x5 =nA-2m/A-¢§ and x, =2m-—
nd/A — §. These two equations require that

2m —nd = 0(mod (A - 9)). (18)

If the requirement is not true, we choose x; such that
n,=landx; =0foralli=d&+1,...,A -1, except fori =t.
Then, (15) and (16) become x5 = nA — 2m + k — A/A — § and
x, =2m — (n—1)6/A — § which satisty conditions 3 and 4.
In [25], there survives a n vertex graph & of which one vertex
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with degree 0 when #n and § are both odd. If we add the edges
to this graph, the vertex degrees increase one at a time up to
A. There occurs 2m —nd =t — § (mod (A — §)) that implies
that the degree of one more vertex may be increased up to ¢.
Therefore, there exists a graph of order »n and size m along
with a unique vertex of degree ¢ that different from § and A.

Suppose now that the graph & contains two vertices of
degrees i and k for § + 1 <i<k <A — 1. If the sum of vertex
degrees remains the same by reducing the first vertex degree
by 1 and increasing the second vertex degree by 1, the value
of the YI is replaced by

(0= =1)(A°+0A2 + A= (i = 1)(6" + (i - D8+ (i - 1)%))) = (8 - i) (A + 0A% + 8°A - i(8 +i6 + %))

+ (8= (k+1)(A%+ A% + A = (k+ 1)(8* + (k + 1)8 + (k +1)*)) = (8 = k)(A® + 64 + 8*A — k(6 + kS + k%))

=(k+1)* = (-1 +3(k° =) + 3(k* +i*) + (k= i) > 0.

It means that condition 8 is not true, and it will be the
optimal choice of the quantities x; =0 for § + 1<i<A -1

Y (9)<2m(8+ A)(8” + A%) - nBA(8* + 0A + A%) + (8- 1)(A® + 8A° + 6A) — (8% + 6 + £7).

Theorem 6. If & is a (n,m) graph, then

3M;(9)
n

Y (%) <EF (%) + 6EM, (%) + 12M, (%) — 16m,

(21)

(EI19) +EKID)

(19)

such that x, = 1 (except for i = t). Therefore, we can con-
clude from (17) that

(20)

O
where the equality holds iff either & is regular or semiregular
bipartite graph.

Proof. Using Lemma 8, for a =1, setting x; =&(j/%)
+&(k/€) and y; = 1/E(jI€) + 1/§(k/€) for the graph ¥ in
(1), we have

(3 jker@§ (G1%) + E(kID))’ o

) VE(GIG) + 1E(KIE) ™ ¥ jkep () (VE(IG) + 1/¢(kI%))

o 3 O

jkeE(%)

Also,

jkeE(

)=
n

PACOREHEPACORIO)

(23)
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1
'

ecE(%)

2, (5)02) o] e-2)-<(2) <)
(5)2 3 e 3 de) i 3 2@ (5)

ecE(%)

jkeE(%)

- %EF(?) +2EM, (%) + 4(M, (%) - 2m) +§m —%Y(?).

since Y oep(9)§ (e/9) = Yicv (12§ ((IL(Z)) = M, (F) -
From (23) and (24), M{(%)/n<1/3EF(%)+2EM,
(%) +4(M,(©)- 2m) + 8/3m — 1/3Y (D). O

Theorem 7. Suppose a graph & that contains n vertices and
m  edges. ThenY (Z)<M,(%)(F(%)-M,(9)), with
equalities $&P,.

- 3 e 3,

2 ) ()] 2 156

uveE (%) uveE (%)

Setting a; = £(u/€) + E(W/€) and b, = & (u/€) + & (v/
—&W/¥)E(v/I€) and p = q = 1, then by Jensen’s theorem
= M, (9)(F(9) - M, (£)). O

Theorem 8. Let G be a graph of n order and m size. Then,
Y (%) < 16m*/~/nt® {1/4(A/6)16/3 + 4/36/A} The equality
occurred when & is regular graph.

Proof. We prove the
inequalities.
If1<x,y<00, p;,q;>0and ¢q! < pr <¢q for 1<i<n,

then
($e) (5

so (Y(9)"*n*? < 2mi1/4 (A10)'°7 +4/38/A}, ie., Y (%)<
16m*/~/ an{I/AL(A/S)16 > 4/38/A} . This completes the
proof. O

theorem using the following

M=

Theorem 9. For an n vertex graph &, we have Y (¥)
< (F(9)*. The equality is satisfied when € is regular.

Proof. Let x;,x,,...,x, be n positive real numbers, and let
s, t be positive rational numbers. Then, by Jensen’s inequality

([26]) (X%, f V< (31, x9S if t > s> 0. The equality holds
1ff X, =x, =--- = x,. Considering x; = &(u;/&) for t =4,

>l

(24)

Proof. 1f (a), (b), ..., (I) are positive numbers sets with m
elements in each set and p,q,...,t are positive numbers
such that p+q+---+t>1, then by Jensen’s theorem
i (apbq D)<l a) (R )T (X L) We
know

RO GORIOR O]
EOROLO)

(25)

" 1/x " 11y "
<Z Pf) (Z qu> <c (¢ ‘P)Zpi%’ (26)
i=1 i=1 i=1

where ¢, (¢, ¢) = max{l/x((b/(p)l/y +1/y (p/$)"*, 1/x (¢!
gb)“y + 1/y(¢/<p)1/x} is a constant with some positive con-
stants ¢, ¢. If p; > 0 for some 1 <i < n, then the equality holds
if and only if ¢ = ¢ and p¥ = ¢q, for every 1 <i<n. Setting
p;=&w;/%), g;=1 and x =4,y =4/3 and also ¢ =&,
¢ = A*, we have

4/3 4/3 1/4 4/3 1/4
o 4 (A* 1/A* 8! L
1> <max{—<E> +g<¥) ’Z<§) 3( ) }ZE (27)

s = 3, then we have (Z; 154( N < (B0, 8 (u9)'?,
that is, Y (%) < (F (%)) 0

Theorem 10. Let & be a (n, m) graph. Then, Y (&) < 8%+
AZ)MI(?)—n(?ZAZ. The equality is attained when & is
regular.

Proof. Suppose x;, ¥;, h and H are the positive real numbers
such that hx; <y, <Hx; for i = 1,2,...,n. Then, by Diaz-
Metacalf 1nequahty [27] Yroyi+hHY!L, <(h+H)
YL, x;y; ant the equality is attained if and only if y; = hx;



and y; = Ha;. Now taking x; =1 and y; =& (/%) and
h=82,H=A,weget

o (Ui 2,2 % 2 2\ C 2 Ui
ZE<§>+5A i:zllg((s +A)ZE(§). (28)

i=1 i=1

Thus, Y (%) < (8* + A2)M, (%) — nd*AZ. O

Theorem 11. Let & be a graph whose number of vertices is n
and edges m. Then,

B(n) (A - 8)* (A% + A8 +6%) + 2mF ()

Y (%)< (29)

n
The equality is attained iff x, =x, =---=x, and z, =
zy=---=2z, and also (n) =n[n/2](1 - 1/n[n/2]), where

[x] is the largest integer greater than or equal to x.

Proof. Let x; and z; be positive real numbers for which there
exist real constants x,z, X and Z such that x <x; <X and
z<z;< Z for 1 <i<n, respectively. Then, we have (discrete)

Y(9)< (3A+O)F (8) —{(n—1) (A= 8) +36° = 36A}M, (¥) = (n— 1) (2m — nA)8” — 4 (n — 2)mdA

+2mA® + 6méA* - SA°n

with equality holds if and only if € is (A, d) biregular.

Proof. We have from [28] that Y (¥) = (n— 1)F (%) - Y (%),
where Y (%) be the Y-coindex of €. From [29],
F(&)<M,(2)(A+26) - 8% (2m — nA) — 4mdA. Define by
X(%) = (n= DY ey () EWIF) - A)? (Ew/g) - &)

Journal of Mathematics

Gruss inequality ([27]) [n Y1, x;z; — Yoy X Yoy 2il < B (0)

(X=-x)(Y - y).
The equality controls iff x,=x,=---=x, and
Z,=2,==2,

By setting x; = £ (/%) and z; =&(u/%) for every
i=1,2,...,n we have X = A’ and x = &°.
Then, the inequality becomes

(30)
So, Y(%)<B(n)(A-08)*(A*+ A8 + 6%) + 2mF (€)/n. This
completes our claim. O

Corollary 2. Since f(n)<n?/4, therefore Y (&)<n*(A
—8)*(A? + Ad + 8%) + 8mF (%)/4n.

Theorem 12. Let & be a (n,m) graph. Then,

(31)

Yuev(z) (§(W/8) - AP (E(w/€) - 8). Since X(¥€)=0, we

have Y (€) > {(n—1)(8 + 2A) + 3A* + 36A}M, (%)- (3A +

8)F (L) — 2mA? + §A? — 4mbA — 2mA> — 6md A + SA*n.
After simplification, we get the required result. O [

Theorem 13. Let & be a (n,m) graph, we have

Y (%)< (2x+ A+ )F(F) —(x* + 8A)M, () + 2mx{20A + x (8 + A)} - x*SA. (32)

The equality holds when & be a (A, 8) biregular graph and
also § <x <A, where x be a positive real number.

Proof. Define by F,(9) =) oy [§(u/9) - x)2[E(u/©)-
y][E(u/C) —z].Setting §<x<A, y=A and z =4, then
F, (%) <0. Thus,

F (9) =[Y(9) - (2x+ A+ OF(Z) +(x” + 0A)M, (€) - 2mx{20A + x (8 + A)} + x*5A] <. (33)

Theorem 14. Let & be a (n,m) graph. Then,

Y(©)<(4A-6)F(E)—{AA-1)+(2A-1)(2A-5)+(A-2)(A-3)}M, (%)
+2m{(A-2)(A-3)(2A-1)+ A(A-1)(2A - 5)} — nwx yz.

(34)
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The equality occurs when & is a tetra-regular graph.

Proof. Suppose that

o= 3 [(2) ol o) )

uevV (%)

=Y(?)—(w+x+y+z)F(?)+{xw+(w+x)(y+z)+yz}M1(?)

(35)

—2m{(w + x)yz + (y + 2)xw} + wxyz,

where w, x, y,z are the positive real numbers.Setting w =
Ax=A-1,y=A-2 and z=A-3, then F,(G)<0.
Therefore, we get the required result. The equality is satisfied
when & is a tetra-regular graph. O

Corollary 3. Let & be a graph with n vertices and m edges.
Then,Y (£) < (3A + 8)F (%) = 3A(A + )M, (%) +2m A* (A

+38) — A*Sn and also Y (%) < (38 + A)F (%) — 38 (8 + A)M,
(%) +2mé8” (8 + 3A) — 8’ An with equality holding when € is
a (A, 9) biregular graph.

Proof. Consider an auxiliary function F;(%) =} v (%)
[EW/E) - x]P[Eu/®) —y], where x and y are the real
numbers. Thus,

F;(9) = Z [E4<E> - (3x+ y)53<%) +3x(x + y)£2<%> —xP(x+ 3y)£<%> + x3y] =Y(®)-0CBx+y)

ueV (%) g

(36)

-F(&)+3x(x+3y)M, (%) —2mx® (x + 3y) +x3yn.

Taking x=A, y=6 then F;(¥)<0 and Y (¥)< (3A+
OF (€)= 3A(A + 8)M, (%) + 2mA* (A + 38) — A*6n.  Also
for x = §and y = A, we have F5 (¥) <0. Thus, Y (9) < (30+
A)F(%) = 38(8 + A)M, (€) + 2m8* (8+ 3A) — 8 An. O

Corollary 4. Let & be a graph of order n and size m. Then,

Y (@) <{(n-1)BA-1)+3AQA - 1)}M, (%) - (4A - 1)F(©) - 2m(n— 1)A(3A - 2) - 2mA® (4A - 3)

+A(A-1D)(n+A-1n

where the equality is satisfied iff & is a (A, A - 1) biregular

graph.

(37)

Proof. Define by F4(?)=(n—I)Zuev(g)[f(u/?)—A]z[f
W/Z) = (A=1D)] =Y ey () [E W/ G) = AP [E(w/G) - (A-1)]

@00 3 () i)-0-0]- 3 [{(3)-a ) -

ueV (%)

< (n-1[F(2) - (3A - 1)M, (€) + 2mA (3A - 2) - A’ (A= 1)n] = Y (¥) + (4A - )F () - 3A(2A - 1)

M, (%) +2mA* (4A - 3) = A’ (A - D)n.

Since F,(£)<0

ueV (%)

(38)

V(%) <{(n-1)(BA-1)+3A(2A - )}M, (%) — (4A - DE(Z) — 2m(n — 1)A(3A — 2) — 2mA> (4A - 3)

+ A (A-1D)(n+A-1Dn

(39)
O



10

Corollary 5. If € is a graph with n vertices and m edges, the
upper bounds of the Y (¥) are given by 3A(n+2A-1)
M, (%) - 4AF (%) +nA*(n+A—1) —2mA*(3n+4A - 3).
The equality holds if € is a regular graph.

Proof. Similarly, it is to be proved by defining F (%) =

(n=1)Y ey () [EWE) = AP = Y ey (1 [E(W/F) = A]*. Ob-
viously, F5 (%) <0. O

In 2005, Klavzar et al. [30] introduced the generalized
Sierpinski graph gS(%,t). It is obtained from S(¥Z,t) by
adding a new vertex u, called the special vertex of gS(&,1),
and edges joining u with all extreme vertices of S(&,1).

1

Y(gs@ =y Y

uveE (%) i,j=0

By applying Lemma 7, we have

)

uveE (%)

() > wn) -pomi(5)

+(n2(8(5) - pwn) - onat(4

Q

{72 )+ 1)+ B0, (8(55) + ¢

< Y [FPm-28 40 (uv)(24

uveE (G)

(2)-3)

OO TR

Journal of Mathematics

Theorem 15. Let & be a graph of order n and size m and let
gS(&,t) be its generalized Sierpinski graph with dimension
t>2. Then, the YI of gS(%,t) is given by
Y (gS(%,1)) <2mA°(n'™" + 4n'"% + 4B(n), ;)
(40)
+2m(n' "% + B(n),,)(6A% + 4A +1).

The upper bound is achieved iff & is a A-regular graph.

Proof. The YI of gS(&,t) can be defined as

Hn' 72 (> (uv) + 1) + B(n),, (24 + 1)) (2(A + 1)°)]

= 2mA3(nt_1

4. Some UB for YI under Some
Graph Operations

In this section, we derive some UB for YI under several
graph operations. Let &; be a graph with the vertex set
[V (€,)| = n; and the edge set |E(Z;)| = m; for i = 1,2. For
each u € V() and v € V(Z,), we get £E(u/G,)<A(Z))
and {(v/G,) <A(E,).

4.1. Cartesian Product. The Cartesian product ([31]) of &,
and &,, denoted by &, ® Z,, is the graph with vertex set

+4n' " + 4B(n),, ) + 2m(n' "% + B(n),_,)(6A% +4A + 1).

I (CORRECOR)! a
7))
€@ () )
() 1) ()
u 3 v 3 (42)
) (CORECORI
N+ 2(n (A= (u,v) — Bln) LA ) (A + (A +1)°)
O
V(€,®%,) =V (g, xV(¥Z,) and its degree distribution is

E((u,)/€,0%,) =Wl +EWE,).

Theorem 16. The YI of &, ®%, satisfies the following in-
equality:

Y(%,0%9,) <nn,[A*(©,) + A*(Z,) + 473 (Z))A(%,) +
4N (C)N (G,) + 6A* (%))A*(%,)] with equality occurring
when &, and &, are regular graphs.

Proof. By the definition of Y-index, we have
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Y(9,09,)

x5
(wV)eV (€,x%,) G %%,

11

Z Z u 4 (43)
ueV (?l)vEV(JZ) [ 1 2

<mymy [AF(F,) + A*(9,) +40° (9))A(%,) + 4A(%,)A° (F,) + 60 (8,)A*(9,)).

The inequality must be equality if &(u,/%,) +&(v,/E,) =
E(uy/ %)) + E(v,1%,) for any uy,u, € V(%) and v;,v, €V
(%)). O

4.2. Join. 'The degree of a vertex u for the join [32] of &, and
9,, denoted by &, + &,, is given by

f(%) tn, ifueV(9,)
f(;1+ f‘%) - (44)
E(%) +n, ifueV(g,)
2

Y(%,+%)= Y

)

Theorem 17. The UB on the Y-index of two graphs &, and
&, for join is given by

Y (%, +9,) <2m (A(%)) +ny)° +2my (A (%) + 1))’
+mn, [ (A(%) + ”‘2)3 +(A(9,) + ”1)3]~
(45)
The equality holds when &, and &, are regular graphs.

Proof. By the definition of the YI, we get

) ) () )]
2 )

s s (46)
n 2 ) ) (o))
<2m, (A(%,) +n,) +2my (A(,) +n)’
+ nlnz[(A(?l) + n2)3 +(A(%,) + n1)3].
O

4.3. Composition. For the composition &,[%&,] of two
graphs &, and &, [11], the degree of a vertex (u,v) €V
(€,[%,]) is given by d((u,v)/€,[%,]) =né(ul &) +¢&
vg,).

e 3 3 2)(2)]

ueV (9,) veV (%,

Theorem 18. The UB of YI for &,[%,] is given by Y (&,
[€,]) < A (G,) + nyn, A (G,) + 6mmA* ()N
(G,) + 4nmiA* (G)A(G,) + 4nnA(G))A>. The equality
carries for §, and G, regular graphs.

Proof. From the definition of Y-index, we have

(47)

<A () + mmy At (€,) + 6nmA* (€,)A (€,) + anmy A’ (€,)A(E,) + dnms A (€))A°
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4.4. Corona Product. For Corona product [33] of &, and &,
denoted by &,0%,, the degree of a vertex u € ,09, is
given by

Journal of Mathematics

f(;) +n, ifuev(g))

where &, ; is the i-th copy of the graph ,.

Theorem 19. Let & = &,0E, be the corona product of &,
and &,. Y (&) satisfies the following inequalities Y (¥) <n,

; (48)

E(%) +1 ifueV(9,,),i=12...,n,

[A(%)) +m,)* +nn, [A(%,) + 1]*. The equality holds when
g, and &, are regular.

Proof. From definition of YI, we have

Y(9,0%,) = Z (f(%)ﬂaz) +n, Z <£(%)+1)
ueV(?l) 1 uEV(?Z) 2

<n [A4 (9,) +4n,A° (9,) + 607 () + 4 A (Z)) + né]

(49)

+mn, [A4(?2) +40°(,) + 6A(%,) +4A(E,) + 1].

4.5. Strong Product. Consider &((u,v)/&, *&,) =& (u/
G)+EW8,) + E(u/€,) (v/Z,) as a degree distribution of a
vertex (u,v) in the strong product [11] &, % &,.

O
Theorem 20. The sharp UB of YI for &, + &, is given by

Y(9, % 9,) <mm, [A*(9)) + A (%,) + A* (€)M (%))
+6A° ()0 (9,)(A% (%)) + A* (%,) + 1)
+4A(Z)M(G,)(A° (%)) + A (F,) + A (%,)A* (%)) (50)
+A%(9))0° (%,) + A (%)) + A (%))
+120% (%,)A(%,) (A(%)) + A(%,) + A(%))A(%,))].

The equality occurs when &, and &, are regular.

5. Application

As an application, we compute the YI of Cq, Fullerene, by
using Theorem 11. Fullerenes are the molecules such as cage-
like polyhedra, containing solely carbon atoms. Fullerenes
contain the networks of pentagons and hexagons. Here, we
consider the fullerene Cg, such that molecules made up
entirely of n (natural number) carbon atoms contain twelve
pentagonal sides and (/2 — 10) hexagonal faces, where
n( #22)>20. For the graph representing fullerene Cg, which
is given in [34], we have F(Cg;) = 2160. The number of
edges(m) in fullerene Cg, is m =nr/2 = 80 x 3/2 = 120.

Thus, by Theorem 11, Y (€) < (n) (A - 8)% (A%+ AS + 6%+
2mF (€)n= 2 x 120 x 2160/80 = 6480.

6. Conclusion

The YT is one of the new chemical descriptors, which passes
the test of having a highly correlation with the physi-
ochemical properties it claims to describe in [11]. It comes as
no surprise. Then, we determine some new UBs for the YI
using various parameters such as order, size, maximum
degree, minimum degree, distance x-domination number,
and some other topological indices. Furthermore, some
sharp UB for the YI based on graph binary operations are
obtained. At last, we consider an application for YI index of
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Cjg, Fullerene. The appeal of computing the UB is of course
their generality and simple proofs. Along in this line, de-
termining new lower bounds for YI is considered to be
studied in the future.
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