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In this study, a ratio-dependent predator-prey model is investigated. The local stability and global stability of the nonnegative
boundary equilibrium and positive equilibrium of the model are discussed, respectively. Sufficient condition is obtained for the
existence of Hopf bifurcation at the positive equilibrium.

1. Introduction

Recently, the predator-prey models have been studied by
many authors [1-8]. In general, a predator-prey model has
the following forms:

{9& =xf(x) - p(x)y,

. (1)
y=kp(x)y-yg(y),

where x (t) and y (¢) are the densities of the prey and predator
population at time t, respectively. The function f (x) represents
the growth of the prey population rate, g(y) represents the
growth rate of predator population, and p(x) represents the
functional response function of predator population to prey
population. In [1], Xu et al. used the function p (x) = x*/(x* +
my?) as the functional response function of predator pop-
ulation to prey population. The time delay due to the gestation
of the predator is discussed in [1].

It is noted that in model (1), each individual’s prey
admits the same risk to be attacked by predators and each
individual predator admits the same ability to feed on prey.
This assumption seems not to be realistic for many animals.
In natural world, there are many species whose individuals
pass through an immature stage. Stage structure is a natural
phenomenon and represents, for example, the division of a

population into immature and mature individuals. In the last
two decades, stage-structured models have received great
attention [3-7, 9].

Based on above discussion, we study the following
predator-prey model:

. 10y, (1)

%, (1) = ry (8) = (dy +7,)x, (8) - %

X, (8) = ryx, (£) — dyx, (£) - ax% (®),

1 (2)
azxf (t-1)y,(t—1) B

x%(t—r)+my§(t—r)

» (t) = (ry+d3)y, (0),

L ¥y () =71y, (1) —dyy, (1),

where x, (t) and x, (t) are the densities of the immature and
mature prey at time ¢ and y, (t) and y, (¢) are the densities of
the immature and mature predators at time ¢. In model (2),
all parameters are positive constants. 7> 0 is the time delay
due to the gestation of the predator. x*/(x? + my?) is the
ratio-dependent functional response.

Model (2) is of the following initial conditions:
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x1(0) = ¢,(0) >0,
x,(0) = ¢,(0) =0,
y1(0) = 9,(6)>0,

¥2(0) = 9,(6)>0, 6 e€ [-7,0),

¢,(0)>0,

$,(0)>0,

¢, (0)>0,

9,(0)>0,6,(6), 6, (6), 9, (6), 9, (6)) € C([-7,0], RY,).

(3)

The organization of this study is as follows. In Section 2,
we discuss the local stability of the nonnegative boundary
equilibrium and the positive equilibrium of models (2) and
(3). The existence of a Hopf bifurcation for models (2) and
(3) at the positive equilibrium is also established. Sufficient
conditions are derived for the global stability of the non-
negative boundary equilibrium and positive equilibrium of
models (2) and (3) in Section 3, respectively.

2. Local Stability and Hopf Bifurcation

In this section, by analyzing the corresponding characteristic
equations, we study the local stability of each of nonnegative
equilibria and the existence of a Hopf bifurcation at the
positive equilibrium of models (2) and (3).
If rr,>d,(r; +d;), model (2) has a nonnegative
boundary equilibrium E, (x,, x,,0,0), where
y_rlrry—dy(ry +d))]

X, = s

a(r + dl)z

(4)
rry—dy(r, +d,)
a(ry+d,)

,_
Xy =

If (H)a,ry>d,(ry+  dj),rry—d,(ry +d))/a,d, >
dy(ry +dj)la,r,h, model (2) has a positive equilibrium
E*(x{,x3,y],3), where

r +

+

x| = X

1 2%
ry+d, +a;h/1+mh

+ 1 rr,
X, =— 5—d, ),
a\r,+d, +a,h/1 +mh
Y] = éhxf+ (5)
T
y; =hxj,
h= lazf’z —dy(r, +d;)

- \/ md, (r, + ds)
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The characteristic equation of model (2) at
E, (x1,x,,0,0) takes the following form:

[AZ +(ry +dy +dy +2ax;)A +rry —dy (1) + dl)]
(6)
: [)Lz +giA+gy+ hoe_M] =0,

where gy =ry+dy+dy, gy =d,(ry+ds3), hy = —ayr,.
When rr; >d, (r, +d,), all roots of equation,

/\2+(r1 +d; +dy +2ax;)A+rry —dy(r, +d;) =0,  (7)

are negative. Now, we consider the roots of the following
equation. A*+ g,A+ g, + hee™* = 0. By calculating, we
obtain

9? - 24, =di +(r, +d3)2>0,g(2) _h(z)

= di (rp+ d3)2 - (‘127'2)2'

(8)

When d, (r, + d3) > a,r,, we get gi — hi > 0. Therefore,
E, is locally stable for all 7>0. When d, (r, + d;) <a,r,, we
get g2 — h% <0. Thus, E, is unstable.

The characteristic equation of model (2) at E* is of the
form

A+ P2+ A+ PA+ P

9

+(QA* + QA + Qo)e_“ =0, ©

where Py =r +d, +a,a+d,+2ax] +r,+d;+d, P, =

dy(ry+ds)+ (ry+ds+dy) (ri+d, +a,a+d, +2ax3) +

(r, +d, +a,a)(d, + 2ax3;) — 11, P =d,(r,+d;)(r +

di+aa+d, +2ax3)+ (r, +d; +dy)[(r, +d, + a,a) (d,+

2ax}) —rri], Py =dy(ry +d3)[(ry +dy + a,a) (d, + 2ax3)-

7], Qy = —a,1,B,Q = —ayr,B(ry +dy +dy + 2ax3), Q=

—a,t,B(ry +dy)(d, +2ax3) —rr], a=2mx] ()/3’)3/[(x1')2
m(y3)’ 1B = (xDY(x))? +m(y3)’T

Let 7 = 0; then, (9) has the following form:

h R P3)L3 +(Py+ QZ))L2 +(PL+Q)A+Py+Q,=0. (10)
Note that P;>0. When

[(H,)]P5 (P, +Q;) > (P +Qy), (P +Q))

(11)
'[Pa(P2+Q2)_(P1+Q1)]>P§(p0+Qo)>0>

then positive equilibrium E* is locally asymptotically
stable.

Let (H,) and (H,) hold. If iw (w > 0) is a solution of (9),
by calculation, we can obtain

@+ fi0° + fro* + fLw* + fu =0, (12)

where
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f3=Pr=2P, =d2 +(ry+d;)" +(r; +d, +a,)” +(d, + 2ax)’ + 2rr, >0,

fr=Py+2P ~2P Py~ Q; = [di (ry +ds) ~ (az”zﬁ)z] +[(ry +dy + aya) (d, +2ax3) - rry ]|
+ [di +(ry + d3)2] [(r1 +d, + aloc)2 +(d, + chc;)2 + 2rr1] >0,

f1= P} =2PP, +2QyQ, — Q) =[d} (ry + d5)* — (ayryp)’][ (ry + dy)* + (d, + 2ax3)” + 27| (13)
+ [di +(ry + d3)2] [(r, +d, + a,a)(d, +2ax;) - rrl]2
+di(r,+d,) [Zaloc(rl +d;)+ (aloc)z] >0,

fo=P5=Q=(Py+Q)(Py~Qp),

when P;>Q,, E' is locally asymptotically stable for  in this case, (9) has a pair of roots tiw,. By (12), we
all 7>0. When P;<Q,, w, is the positive root of (12);  obtain

2k 1 Qa)z—Q Wt —P,w? + P +Qw P,w - Pyw
Tk=—n+—arccos( 25~ Qo) 220 0)2 : 02( — 0)’ k=0,1,2,..... (14)
@o  @o (Qwp) +(Q2"-’o - Qo)
Therefore, E* remains stable for 7 < 1. Differentiating (9) with respect to 7, we obtain that
A 40° +3P,0% + 2P,) + P, 2Q,1 +Q, T
JR— = 7 3 P + P -3 (15)
dr “AA+ P+ P A2+ P+ Py) MQAT+ QA+ Q) A
Hence, we get
sgn{d(ReA)} = sgn{ Re<dA)_1 }
dr A=iw, dr A=iw,
(3Pw; - P )(Pswy = Py) + 2(2w; — P, )(wy — Pywg + Py)
- seh 2 2)2 4 2 2
a)O(P1 - P3w0) +(a)0 - Pyw; + PO)
(16)
2Q(Q - Q) - Qf
' 2 2
(stg - Qlwo) +(Q2“’(2) - %)
6 4 2
~ sgn 4w, +3];3a)0 +2]2‘2a)0 +]:1 S0,
(Quwo) +(Q2w0 - Qo)
Therefore, as 7 = 7, w = w,, there is Hopf bifurcation. (i) Letrry >d, (ry +d,); ifa,r, <d, (v, + d3), then E, is
From above discussion, we have the following results. locally asymptotically stable; if a,r,>d,(r, +d;),
then E, is unstable.
Theorem 1. For model (2) with (3), we have the (ii) Assume (H,) and (H,) hold; if Py>Q,, then E* is

following: locally asymptotically stable for all T>0; if Py<Q,,



4
then there exists a 17,>0, s.t., E* is locally asymp-
totically stable if 0<1<7t, and unstable if 7> 7,,.
When t = 1), models (2) and (3) undergo Hopf bi-
furcation at E*.

3. Global Stability

In this section, by using an iteration technique, we discuss
the global stability of the nonnegative equilibria E, and E* of
models (2) and (3), respectively.

Theorem 2. Let
a,d,
2/’

hold; then, the nonnegative boundary equilibrium E, of model
(2) is globally stable.

[(H3)]rry>dy(r, +d,) +

a,ry<d,(ry+d;), (17)

Proof. It follows from the positive solution of model (2), and
we can obtain

Xy (0)<rx, (8) = (dy +11)x, (8),

_ , (18)
X, () = ryx, (t) — dyx, (1) — ax; (t).
By Lemma 2.2 of [5] and comparison, we have
-d d
limsupxl (t) < r[rrl 2 (rl +2 1)],
t—+00 a(r,+d,)
(19)

) rry—d,(ry +d,)
| 1-hntd)
imsup x, (t) < alr+d)

t—+00

r
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Therefore, there is a positive number t,, for sufficiently
small positive number ¢, such that as ¢ > ¢, x; (t) < x| +&.
Hence, for t >t, + 7, we derive that

a, (xl/ + e)zyz (t — T) - (rz + d3)y1 (t)’
(x] +2)" +my; (t—7) 20

yi(t)<

uy 5 (6) =7y, (8) —dyy, (8).
By Lemma 2.2 of [5] and comparison, we can obtain

lim y,(¢) =0,
tf-ﬁ—oo (21)
i 700

Therefore, there is a positive number t,.t,, such that if
t>t,, y,(t)<e.
For t > t,, we derive from model (2) that

lim inf x,(¢)>
t—+00

rry

a(ry +d, +a,/24/m)

1
lim inf x(t)>—
t—+00

By model (2), it follows that
. ae
X (1) >rx, (1) = (ry +d))x, (8) ——=x, (),
X
(24)

%y (£) = 112, () = dyx, (£) — ax ().
By Lemma 2.4 of [3] and comparison, we obtain that

[rry —dy(r, +d))]
a(r, +d1)2

"
liminf x, (¢) >
t—+00

>

(25)
- rry —d,(ry +d,)
1 f 1 2 1 1 ,
imin xz(t)Z—a(r1 vd)

t—+00

which together with (19) and (21) yields

. a

X (0)=rx, (8) = (ry +dy)x, (8) - ﬁxl (1)
(22)

%, (£) = 7y, (£) = dyx, (£) — ax (b).

By Lemma 2.2 of [5] and comparison, we have
rry B _
[rl +d, +a,/2m | =x

(23)

-d,|.
al|r,+d,+a,/2\m 2]

tir}}m (21 (1), %, (1), y, (1), y, (1)) = (%71, %5, 0,0). (26)

Hence, the equilibrium E, (x|, x5,0,0) of model (2) is
globally stable. U

Theorem 3. Assume (H,), (H,), and Py >Q, hold; if

rry—dy(ry+d;) 1
[(Hy)] > 2 ayry (ry +d;) )

<a,d,(ry +d;)h,

ad,

then the positive equilibrium E* (x7, x3, y1, ¥3) of model (2)
is global stability.

Proof. Let
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U,, = limsup x; (¢),

t—+00
L, = liminf x; (¢),

t.*woo (28)
U,, = limsup y; (1),

t—>+00

L, = Pglggyl (1), (@(=12).

By the first two equations of model (2), we can obtain
that

X, (0) <rx,y () = (dy +11)x, (2),

. i (29)
X, () = r1x, (t) — dyx, () — ax;, (1)
By Lemma 2.2 of [5] and comparison, we have
U, =limsupx, ()< rlrr —dy (n +2d1)] = M,
! t—+00 a(rl + dl)
(30)

) rry —d,(ry +d,)
U, =limsupx, (t)s——21 "1/ —
2 tﬁ+oop : a(r; +d,)

)
M2,

So, for sufficiently small positive number ¢, there exists a
positive number ¢, such that if t > ¢, then x, (t) < M7' + .

For t > t, + 7, by the last two equations of model (2), we
get

a, (M} + )y, (t-1)
(M7 +s)2 +my’s(t—1) (31)

y (D)<

—(ry +d3)y, (£).%, (1) = ryx, () = dyx, (2).

By Lemma 2.2 of [5] and comparison, we obtain

dy, o«
U,, = limsup y, (t) Sr—4hM1l =My,
2

t—>+00

(32)
U,, = limsup y, (f) = hM7' = M.
t—+00
Hence, U, <MY, U, <M7?, in which
1 2
M) = ayry —dy(ry + d3)M’f1,
mr, (1, +d3)
(33)

M{Z _hlh— dy(ry+ d3)M’f1.
md, (r, + ds)

Therefore, for sufficiently small positive number ¢, there
is t,>t, + 1, such that if t > ¢,, y, () <M}* +e.

U,, = limsup x, (f) <

r[rr1 - dz(r1 +d, + alN’f‘Nfz/(M’fl)2 + m(M{Z)Z)]

Fort > t,, by the first two equations of model (2), we have
. a
X () >rx, (£) = (ry +dy)x, (8) - ﬁxl (1),

%, (£) = 112, () = dyx, (1) — ax (b).

(34)

By Lemma 2.4 of [3] and comparison, we derive that

[rry —dy(r; +d, +a,/2v/m)]

L, = liminfx, ()>" L= N
b t—oo a(ry +d, +a,/24/m)
. rry—d,(ry +d, +a,/2+/m)
L, = liminf x, (f) > ——21 11 = N}
x, = liminfx, () 2 a(ry+d, +a,/2\/m) 1
(35)

Hence, for sufficiently small positive number ¢, there is
ty>t,, such that if t > 5, x, () > N]' —&.

For t >t; + 17, it follows from the last two equations of
model (2) that

: a, (N7 =€)y, (t - 1)
(t)2 2 1
PN - o e myl - (36)

—(dy +15)y, ()%, (t) = ryx, (£) — dyx, (t).

By Lemma 2.4 of [3] and comparison, we can obtain

o d,
L, = liminf y, () SEhNTI = N7,
(37)
L, =limsup y, (t) = hNT' = N72.
t—+00
Therefore, for sufficiently small positive number ¢, there
is a positive number t,>t;+ 7, such that if t>t¢,,
¥, (t) = N7J* — . In this case, by the first two equations of
model (2), we have

X (1) <rx, () = (dy +11)x, (2)

~a (N - (N —¢)
(M7 + ) +m(M* +¢)

x (1), (38)
%, () = 112, () = dyx, (1) — ax ().

For sufficiently small positive number ¢, if (H,) holds, by
Lemma 2.2 of [5] and a comparison argument, we can obtain

Xy

t—+00

Uy, = limsup x, () <

a(rl +d, + alN’le{Z/(M’fl)z + m(M{'Z)Z)2

rr; — dz(rl +d, + alNTIN{Z/(MTI)Z + m(M{Z)Z)

= 2

(39)

— )

t—+00

a(r, +d, +a, NN/ (M) +m(M])?)

= 5.



Therefore, for sufficiently small positive number ¢, there
is t5>t,, such that if t > t;, x, (£) < M3 +e&.
From the last two equations of model (2), we obtain that
for t>ts + 7,
X 2
o2 ECMZ -28) yzz(t Do (dy +13)y, (B),
(M5! +¢)" +my, (t-7) (40)

y (1)<

X, (1) = ryx, () — dyx, (1)

By Lemma 2.2 of [5] and comparison, if a,r, >d, (r, +
d;) holds, we have
, d
U,, = limsup y, (£) <My = M),
t—+00 T'2
(41)
U,, = limsup y, (t) ShM3' = M3?.

t—+00

r [rr1 - alz(r1 +d, +a, My MP(NT) +m (Nfz)z)]
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Hence, for ¢ > 0 sufficiently small, there is a Ty >T'5 + 7,
such that if £ > Ty, y,(t) <M5* +e.

Again, for sufficiently small positive number € and ¢ > t,
by the first two equations of model (2), we have

Xy (0) =7x, () = (dy +11)x, (2)

Ca (M3 +e) (M) +e)
(N = &) +m(N}* = ¢)

5% (1), (42)

%, () = 112, () = dyx, (1) — ax ().

By Lemma 2.4 of [3] and comparison, if (H,) holds, we
can obtain

L, = liminf x, (t) > . . = N3,
e a(ry +d, +a,M3' M/ (N}')" +m(N7?)")
(43)
rry —dz(rl +d, +a1M§1M§Z/(N’f‘)2+m(N{2)2) .
L, =liminf x, () > ; — : = N2
Pt a(ry +d, +a,M5' M/ (NY')" +m(N7?) )
So, there is a positive number t,>t,, for t>t,, d
x 7=76 7 92! 4 X
x; (1) =N;' —e M;, :r_hM”’
For sufficiently small positive number ¢ and >, + 7, : )
from the last two equations of model (2), we can derive M)* = hM,,
2 r
, a, (N3 —¢) y,(t—1) N = 5 SN2,
()2 (N3 = o +myl(t— 1) = (d3 +13)y, (1), (48) ri+d; +a NN (M) +m(M2 )
N* rry - dZ(rl +d+ alMﬁ‘Mﬁz/(Nﬁil)z + m(Nﬁil)z)
¢, (1) = t) — dyx, (1) =
(D) =%, (8) = dyx, (1) ! a(rl +d, + ale‘Mﬁz/(Nf_l)z + m(N,}ﬁl)z)
By Lemma 24 of [3] and comparison, if d
a,r, >d,(dy +1,), we have N :r—4hN;‘1,
2
d
U, = limsup y, (t)>—2N;' = N3, N2 = hN,".
&)

t—+00

(45)
U,, = limsup y, () > hN3' = N2

t—+00

Repeat the above process; for 1> 2, we can obtain eight
sequences:

My, M2, My, M2, NG NG N N (n=1,2,),  (46)
in which
.

ro+d +a, N2 N2 (M) +m(M2

n—1

X1 _
M, =

n>

M2
2
)

M2 = rry — dz(rl + dl + alN;l—lNii1/(Mﬁ‘_1)2 + m(Mi:il)z)
n a(rl +d, + alNi:l—lNiil/(M;ﬁ_lf + m(MZil)z)

(47)

It is noted that
Ny <L, <U, <M, Ny <L, <U, <My, (i=12). (48)

Direct calculation, we have M, and M}’ as nonin-
creasing, and Nii and N} as nondecreasing. Therefore,
the limits of sequences in M, M, Ny, and N exist. Let

limt — + ocoM, =X,
limt — + ocoN,' = x;,
i Vi -5 (49)
limt — +ooM;' =7y;,

limt — +coN}' = Vo (i=1,2).
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We have
;

X = %2>

ritdy+axy/ (El)z +m(¥,)

_ M- dz(”l +d + ax,y,/ (El)z + m(%)Z)

X, = = — ,
a(ﬁ +d + aﬁlzz/(xl)z + m(yz)z)
d,
5=y
Y1 ) X1
¥, = hxy,

7
B r
1 ry+d, + alflyz/(ﬁl)z + m(22)272)
rry - d2<r1 +d, + aJJz/(&)Z * m<22)2>
%2 a(ﬁ +d, +a;%, 7,/ (21)2 + m(Zz)z 0
y, = f—;‘hxl,
¥, = hx.

Now, we prove that X; = x;,y; = y , (i = 1,2). By (50),
we can obtain B

a[(ry+d,)(1+mh®) (%) +ah(x,)] = r(1+mh*)[rr) = d, (r, + d,)] (%,)’
—rdya,h(1+mh?) (%)) (x,)%,

a[(ry+dy)(1+mh’) (x,)* + ah(%,)°] = (1 +mh®) [rry = dy (r, +d,)] (x,)°
—rdya,h(1+mh®) (x,) (%,)".

From above two equations, we have

a[ (ry + d1)2(1 + mh2)2 - (alh)z] [(&)2 + (21)2] (%) +x,) (%, - x;)

(51)

(52)

= [(1 + th) (rry —d,(r, + dl))( (x,)" +%,x, + (51)2) + rdzalh(l + mhz)flgl] (%, —x))-

If X, # x,, then we obtain

al (o V(14 mb?) = @) [ () + 2] R+ )

= (1 + mhz) [rry —d,(r, +d;)] [(El)2 + XX + (51)2] + rdzalh(l + mhz)flgl‘

Since rry>d,(r; +d;), x;>0,x, >0, therefore,
(ry +d))(1 +mh?)>a,h. This is a contradiction. So,
X, = x;. By (50), we have X, =x,y, =y, and y,=y..
Therefore, the positive equilibrium E* is globally stable.

4. Discussion

In this study, we have studied a ratio-dependent pred-
ator-prey model with stage structure for the prey and
predator. A time delay due to the gestation of the predator
is considered. By using the eigenvalue theory, we have
obtained the sufficient conditions for the local stability of
the nonnegative equilibria of model (2). The existence of
Hopf bifurcation is given. By the iteration technique and
comparison arguments, sufficient conditions have been

(53)

established for the global stability of the nonnegative
equilibria. From Theorem 2, we know that if (H;) holds,
the predator population will go to extinction. By Theorem
3, we learn that if (H,) and (H,) hold, then both the
predator and prey species of model (2) are permanent
(10, 11].
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