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A relatively new and efficient approach based on a new iterative method and the Aboodh transform called the Aboodh transform
iterative method is proposed to solve space-time fractional differential equations, the fractional order is considered in the Caputo
sense. This method is a combination of the Aboodh transform and the new iterative method and gives the solution in series form
with easily computable components. The nonlinear term is easily handled by the new iterative method, to affirm the simplicity and
performance of the proposed method, five examples were considered, and the solution plots were presented to show the effect of
the fractional order. The outcome reveals that the approach is accurate and easy to implement.

1. Introduction

Fractional Calculus can be described as the field of math-
ematics that consists of ordinary and partial derivatives of
positive noninteger order. It is the generalization of classical
integral and differential equations [1, 2]. One major at-
tractive property of fractional calculus is the nonlocal
property.

Recently, various problems in Biology and Physics has
been modeled with fractional order derivative, an analytical
solution of the Fornberg—Whithan equation was presented
in [3], fractional model of the Rosenau-Hyman equation
which is a KdV-like equation was considered in [4], for
application of fractional derivative to Biology population
model see [5], the numerical study of HIV-1 infection of
CD4+ T-cell was presented in [6], Caputo-Fabrizio frac-
tional model of photocatalytic degradation of dyes was
studied in [7], a wavelet based numerical scheme for frac-
tional order SEIR epidemic of measles by using Genocchi
polynomials was presented in [8], and the investigation of
fractional order susceptible-infected-recovered epidemic

model of childhood disease was presented in [9]. Therefore,
it is extremely important to find an effective method of
solving fractional differential equations, as only the solutions
can give a better comprehension of the underlying problems.
Many researchers have presented different methods for
solving fractional differential equations such as reproducing
kernel discretization method [10], Chebyshev wavelet col-
location method, [11] Tichonov regularization method [12],
Chebyshev collocation method, [13] g-homotopy analysis
Shehu transform method [14], Fractional differential
transform, [15] Fractional variational iterational method
[16], and iterative Laplace transform method [17].

In 2016, the new iterative method was presented by
Daftardar-Gejji and Jafari to solve functional equations [18],
but now the iterative method has been used to solve many
integral and fractional order differential equations.
[5, 19, 20] But most of these methods considered a single
term time-fractional order differential equations.

In this paper, the main objective is to extend the Aboodh
transform iterative method to solve space-time fractional
differential equations with more than a single term fractional
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derivative. The fractional derivative is considered in Caputo
sense both for time and space, when o = f3 = 1, the space-
time fractional differential equations becomes the classical
differential equations. The rest of this paper is arranged as
follows: in Section 2, we gave some definitions and a pre-
liminary concept of Aboodh transform. In Section 3, we
described briefly the Aboodh transform iterative method for
space-time fractional derivative while in Section 4, a few
examples were considered to describe the efficiency of the
method. Finally, we concluded in Section 5.

2. Definitions and Preliminaries

In this section, we give some definitions and notions about
Aboodh transform.

Definition 1. Caputo time-fractional derivative of order
a >0 for the function Q(x,t) is defined as follows [1, 2]:

1
D;{Q(x,t) = T

m Jo (t-1)" (HQ(H) (x, 7)dr,

(1)

n-—1l<a<n.

Similarly, the Caputo space fractional derivative of order
>0 for the function Q(x,t) is defined as follows:

r (x - 1) F'Q" (x, 1)dt,
0

1
DPQ(x,t) =
I'(n- /3) (2)

n-1<p<n

Remark 1. DfQ(x,t) = DEQ(x, t) = 0, whenever Q(x,t) is
a constant.

Remark 2. DX = { (T(b+ /T (b-a+1)) t7%ifn—-1<
a<nb>a-1,00n-1<a<n,b<a-1.

Definition 2. One parameter Mittag-Leftler function is given
as follows [5]:

00 Zk
E, (z) = ;}m, a,z € CRe(a) > 0. (3)

Definition 3. The Aboodh transform of Q(¢) is defined as
follows [5]:

M[Q(t)]=%J?Q(t)e’”dt=A(V), 20, (4)

The inverse Aboodh transform of function Q(t) if
A [Q(t)] = A(v) is defined as follows:

Q1) = [AW)]. (5)
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Remark 3. The Aboodh transform of the function Q(t)
satisfy the linearity property [5].

Definition 4. The Aboodh transform for Caputo time-
fractional derivative of order 8 is given as follows [5]:

m=1 ~ (k)
A[DPQ(x,1);v] = L [Q(x, )] = ) %,

k=0

(6)

m-1<p<m.

3. Basic Idea of the Proposed Method

Consider the space-time fractional partial differential
equation of the form.

D{Q(x,t) = ®(Q(x,1), DiQ(x,t), DY¥Q(x,6), DY Q(x,1)),
O<a,f<1,
(7)
with the initial conditions

QW (x,0)=h, k=01,....,m-1, (8)

Q(x,t) is the unknown function to be determine and
D (Q(x,t), DfiQ (x,1), DiﬁQ (x,1), DiﬁQ (x,1)) can be linear
or nonlinear operator of Q (x, t), DQQ (x,1), D,ZcﬁQ (x,t), and
Di Q(x,t) For convenience we represent Q (x, t) with Q, so
by applying the Aboodh transform to both sides of equation
(7) we have the following equation:

AQ(x,1)]
1 m_lQ(k)(X,O) J1o(0. DFo. D¥o. D
T\ AT e T [2(@ D@ p¥QDYQ)] )

9)

taking the inverse Aboodh transform, we get the following
equation:

Q(x,1t)

m=1 ~ (k)
o [4 (B8 alo(aniananta)) )]
14

Y\ k=0
(10)

The Aboodh transform iterative method gives the so-
lution in form of an infinite series.

Qx,t) =Y Q. (11)
i=0

Since @ (Q, DﬁQ, DiﬂQ, DiﬁQ) is either a linear or
nonlinear operator which can be decomposed as follows:
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o(Q DiQ D¥Q DFQ) = ©(Qy, DiQy, D¥Q,, DY Q)

0 i i-1 (12)
. z{cD( 3 (Qe D DY foe)> ] cD( (ok,DfiQk,DiﬁQk,Diﬂo)) }
i=0

k=0

Substituting equations (12) and (11) into equation (10)
we obtain the following equation:

0 |1 m—lQ(k)(x
;Qi(x,t)=.sz¢ I[W<ZW

k=0

B[zt
(2

Now, recursively, we compute the terms.

LT =% (k0
Qo(x,t):dl[yz%}

k=0

Q|’_‘

Qnt=a|

k=1

+ /[ ©(Qp DIy, D QD 3ﬁQo>]>]

gommana)f)] o
(gerasrasma)])

(s/[@(Qp DiQy D¥ Q. DY Q)] )]

(14)

e (g o) )
i=0 =

k=0

Ip1e

14

The series converges rapidly, for convergence see
[18, 21]. So the m-term analytically approximate solution of
equation (7) is given by the following equation:

m—1
Qxt) = ) Q. (15)
i=0

4. Application

Here, the Aboodh transform iterative method is applied to
solve five distinct space-time fractional differential equations
with suitable initial conditions.

Example 1. Consider the fractional Airy’s-like equation with
an additional term [22].

i~1
{@D( (Qk,D,’iQk,DiﬁQk,DiﬁQk)>H)} m=12....
k=1

D'Q(x,t) = DPQ+Q, 0<af<l (16)

With the initial condition,
Q(x,0) = x°. (17)

Applying the Aboodh transform on both sides of
equation (16), we obtain the following equation:

m-1 ~(k
I1Qe 01 = <Z%

k=0

+d [DiQ+Q] > (18)

taking the inverse Aboodh transform on equation (18), we
have the following equation:

m—1 ~ (k)
Qx,t) = o™ [VI < D %+ g/[DﬁQ+Q]>]. (19)

k=0



Using the Aboodh transform iterative procedure, we
obtain the following equation:

m—1 ~ (k)
Q) = [vi ( 2. 4szif;0)>]

k=0

— 'Q{fl [Q(X, 0)]

2
14

3
'X >

Q60 = [ (r[DhQ, +u))

—d_l[ T(4)x>F . xS]
- v2+“l"(4—[3) V2+o¢

B T (4)x> P P
CT(a+ 1) (4-p) Tlavt 1)

Journal of Mathematics

(20)

Q) =o' [ o (e [DA(Qy + @) + (@ +Q)])] = o [s ([P + Q))]

~ 1[ T(4)x>F . T (4)x %
- V2+ar(4 _ /3) V2+2ar (4 _ zlg)

T (4)x> 2T (4)x P

2F(4)x3_ﬁ +x_3 X ] 1[ 1"(4)x3_ﬁ X ]
V2+206r (4 _ ﬁ) VZ‘HX

212a |
V

-+
V2+(Xr (4 _ ﬁ) V2+0t

3.2
xt

“TQa+t DI(4-2f) T(A-Pra+1) Ta+t1l)

and so on. The series solution is given by the following
equation:

Q(x,1) =Qu+Q; +Qy +---. (21)

Figure 1 represent the solution plots of equation (16)
when a = 8 =.02,.04,.06,.08,2,.4,.6,.8 at x =1 and t=1,
respectively. While the remaining are the surface plots.

Example 2. Consider the nonlinear space-time fractional
Fokker-Planck equation [23].

k=0

D{Q(x,t) = Dg(@> _<EQ2>X +(Q2)xx, 0<a, <1

3 X
(22)
With the initial condition,
Q(x,0) = x°. (23)

Applying the Aboodh transform on equation (22), we
obtain the following equation:

el (3 L0 e ap(50) (1) (). )

taking the inverse Aboodh transform, we have the following

equation:
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FiGure 1: Comparison of the solution at various values of alpha and beta.
1 (7=1QW (x,0) x 4
—1 > 2 2
Q) =o' | ;W“?’[Dﬁ(—Q)—(;Q >x+(Q )xx] : (25)
=0

Using the Aboodh transform iterative method proce-
dure, we obtain the following equation:
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m—1 ~ (k) 0
Q1) = Li < Yy %)]

k=0

A[Q,0)
[ 55)

v

2
x b

Q (x,t) =g [ia (d[Dfi(ng) _<%Q§>x +(Q§)xx:| )]

14

_ dl[ 25" F ]
- T (4 _ ﬂ)v2+oc
B 27 P
TMA4-Blr(a+1)

Q(xt)=d" [%(M[D€<§ (Qo + Ql)) _(;(Qo + Q1)2>x +(Qy + Ql)ix])] (26)

~or[e([pl(Gen) -((3), +(@).] )]
L 2 F 2T (3 - p)x (4-p)16x>#
- [r(4 R AT (4— BT (328 T(4— Bt ]

e [ (5-2p)16x* % LGP /3)x3ﬁ:|
[[(4- BT (a+1)]"v* I(4- B>

d1[4(6—2/5)(5—2ﬁ)1"(2a+ Dxt# 25°7F ]

[[(4- BT (a+ DV T(4-pp*™
- 2T (5 - p)x* e CEERICE B> P2 (8-8B)(5 -2 (2a + 1)x* #1*®
AT (4-PT(5-28T(2a+1) T(A-BrQa+1) [T(4- AT (a+ D TGa+1)
and so on. The series solution is obtained as follows: Setting 5 = 1 in equation (27), we obtain the following
Q) =Qp+Q; +Qy +--- equation: 2
) t* t*
-Ba ,t) = 1 .
_ i, Qxt) x( Ta+D) TQa+1) " )
B T(4-pBTl(a+1) , (28)
3 5 [ee] tux
L G- P e - ;r(m +1)
3r(4-Pr(5-28TrR2a+1) (27)
The solution obtained in equation (28) converges to the
(4-4p) (4 - [S)x3_ﬁt2“ exact solution in a closed form as i — oo,
r(4-pra+1) o e

Q(x,t) = x° lim 27
(8- 88)(5 - 2B)T (2a + 1)x* % e latD) (29)

C4- Pra+t DPTGatrl) = X*E, ().
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So, by setting a = 1, we obtain the following equation:
Q(x,t) = x%¢'. (30)

Which is the same solution obtained in [23]. Figure 2
represents the solution plots of equation (22) when o = 3 =
.02,.04,.06,.08,.2,.6,.8 at x = 1 and t = 1 respectively. While
the remaining are the surface plots.

Example 3. Consider the one-dimensional space-time dif-
fusion equation [24].

Df =D¥Q+Di(xQ), 0<af<l. (31)
With the initial condition,
Q(x,0) =1. (32)

m-1 ~ (k)
- [ (355

k=0

_ ﬂ—l |:Q(x’ 0):|

2
b

= 1)
Qxt)=o" [Vi (s/[DFQy + D% (xQy)]) |

-1 xl_’B
=d At m
T p)
x!Pe

“T(a+ DI (2-p)

Applying the Aboodh transform on equation (31), we
obtain the following equation:

MZ_I QY (x,0)

2—a+k

A[Q(x,1)] = V—la < + &Y[Di’BQ + Di (xQ)] >

k=0
(33)

Taking the Aboodh transform inverse of equation (33),
we obtain the following equation:

m-1 ~ (k)

Qx,t)=of " [Vi ( Y %+d[p§ﬂqmﬁ(x@)]>].
k=0

(34)

Using the Aboodh transform iterative procedure, we
obtain the following equation:

(35)

Q(x0) = [ (A [DF (@ + Q) + DE(x(Q + Q)| - o [ e (#[DFy + D (x)])]

r(3-px

— ﬂ_l[ xl_ﬁ

1-p
r(2-p) 2t I(3— _ 2+2a:| ~d [ )i 2+a]
v 3=-2pT(2-pPyv re-pw

B 2 _ﬁ)xz—zﬁtza
T TG-2PT(Ra+1)

The series solution is obtained as follows:

Q(x,t) =Qy+Q +Qy + -+

X7
T AT D (36)
N (2 _ ﬁ)xz— Zﬁtzx

IG-2pTa+1)

Setting 3 = 1 in equation (36), we obtain the following
equation:

Q( t)_l tot tth
YOS A ) TQa+ )
(37)
0 titx
:Zr(iml)‘

i=0



Q(x.t)

00—
0 0.1

—— a=f=.02 —H—a=f=2
—-o-a=3=.04 ——-a=f=4
- a=f=.06 ¥ a=p=.6
~~~~~~ a=p=.08 a=5=.8

Q(x.t)
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FiGURE 2: Comparison of the solution at various values of alpha and beta.

The solution obtained in equation (37) converges to the
exact solution in a closed form as i — oo,

00 tl{X
Q(x,1) = ,lﬂ,‘golzr(zm 1) (38)
= E, (t%).

So, by setting « = (1/2),
equation:

we obtain the following

Qx,1) = E(y (t"?). (39)

Which is the solution obtained in [24] using the natural
transform method. Figure 3 represents the solution plots of
equation (31) when « =pf3=.02,.04,.06,.08,.2,.4,.6,.8 at

x =1 and t=1, respectively. While the remaining are the
surface plots.

Example 4. Consider the space-time fractional Airy’s partial
differential equations [22].

D*Q(x,t) = DFQ, 0<ap<l (40)
With the initial condition,
Q (x) 0) = (41)

Applying the Aboodh transform on equation (40), we get
the following equation:
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m—1 ~ (k)
Q)] = V(Z%

k=0

+4[DFQ] > (42)

taking the inverse Aboodh transform of equation (42), we
get the following equation:

k=0

—1 m-1 ~ (k) ,0
Qy(x,t) = o™ 7(2%

—g!

2
14

[Q(x, 0)]

3

>

1
=-x
6

Q (x,t)y=d"

. r 3B
= d_ _—_—
[T(4- 3/3)v2+"‘]

x3—3ﬁt¢x
TTMA-3BT(a+1)

[is(o[p¥a])]

Q(x,t) =

'Q" (x,0)
< Z 2 T 2 —atk

+4[DFQ] >] (43)

Using the Aboodh transform iterative method proce-
dure, we obtain the following equation:

)

(44)

Q0 =" [ (/[DF (@ + Q)])] - [ ¢ ([DFQ])]

T (4)x>” 3

ol ) ]
- 6T (4 — 3BV T (4-3pW""

:0’

and so on. The series solution is obtained as follows:

Qx,1) =Qy+Q; +Q, +
1, JESET (45)

=6 TT@-3pra+n 0t

for alli>1, Q;(x,t) = 0. Setting = 1 in equation (45), we
obtain the following equation:

(04

t
3
) ==X +—————<+0+0+---
Qlat) =+ 503D
(46)
1 o
et
I'a+1)
We obtain the exact solution when a =1,
Q(x,t) = —x +t, (47)

1 m—1 ~ (k) ’0
A1Qx, 1) =—a<Z %+

Yo\ k=0

which is the solution obtained in [22]. Figure 4 represents
the  solution plots of equation (40)  when
a=[=.02,.04,.06,.08,.2,.4,6,.8 at x=1 and t=1 re-
spectively. While Figure 5 is the surface plots.

Example 5. Consider the nonlinear space-time fractional
Fokker-Planck equation which consists of a single term
time-fractional order and three terms of space fractional
order [23].

2
D{Q(x,t) = Di(?) —Di(m) +DF(Q%), 0<apsl.
X
(48)
Subject to the initial condition,
Q(x,0) = x°. (49)

Applying the Aboodh transform on equation (48), we
obtain the following equation:

&i[D (x3Q> Dﬂ< Sz> +fo(Q2)D, (50)
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taking the inverse Aboodh transform, we get the following
equation:

m—1 ~ (k) 2
Qx,t) = ™! Vi y %+ sf[Dﬁ(?) - Dﬁ(%) +fo(Q2)] . (51)
k=0 YV

Using Aboodh transform iterative procedure, we get the
following equation:



Journal of Mathematics

1.4 — 1.4 -
1.2 1.2
1 Lr
—~ 087 = 0.8
5 5
< o6t < o6}
04 | 0.4 S e s % A%k __k__ K% __%__%
021 0.2€ b
0 % 3 0 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X t
— a==.02 —H—a=f=2 — a==.02 —F—a=f=2
o a=f=.04 ———a=f=4 - a=f=.04 - a=f=4
+a=ﬁ=,06 * (x:ﬁ:.6 +a:ﬁ=.06 % a:ﬁ=.6
...... 06=ﬂ=.08 . 06=ﬁ=.8 ~-~--~0£=ﬁ=.08 . a:ﬁ=.8

F1GURE 4: Comparison of the solution at various values of alpha and beta.

0.0
10 00 1.0

FiGure 5: Comparison of the solution at various values of alpha and beta. (a) Early strength. (b) Early strength loss rate.
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B —1 mle(k)(x)o)
,t =.Q{1 —
Qo (x,1) ¥ <k§ Atk
1 [Q(x,0)
—g! > }
= xz,
a1 xQ 4Q?
Qen=a _7<M[D€(T°) - Dﬁ(T") + D?f’(oé)] )]
g uxF axf ]
T TG -2pv T - P

o e
TT(5-28T(a+1) T@4-pPT(a+1)

s B 0590 (19258 )

S CEC R )]

o7 [ 8T (6 - 2B)x" 22I(5 - p)x*% I (4)x*# ]

T(5—2B)T (637" 3T(4— P (528" @ 3T (4 Bp™

oot 11520 (8~ 4B)T (2 + D ¥F  19r(6-2p)x" ]
LIT(5 - 2B)T (a+ 1)]’T(8 = 58" T'(5-2B)I (6 - 3p0***°

+a!

[ —1936T (6 — 2B)T (2a + 1)x" . 4,224 (7 = 3p)T 2o+ 1)x** }
L[T(4 - BT (a+ DI’T(6 -3/ T'(5-2B)T (a+1)°T(4— )T (7 — 4>
(52)

176 (5- P« ar@)x’f L 576T(9- 4P Qa+ 1)x* % ]
[T (4—B)T(5- 20" T(4— P [I(5- 28 (a+ 1)]°T(9 - 64)v* "

vl ~1056T (8 — 3B)T (2a + 1)x”~*F L, 48T 2B)x" ]
LIT(5 - 2B8)T (a+ DI’T (4 - BT (8 - 58)v**  T'(5-2B)T(7 — 4B)v****

o[ 48T -2PT 2at D" *# L e —-B)x" . 245+ ]
L[T(4— BT (a+ DI’T(7 - 4B)v* > T (4- BT (6-3p)v*"™™* T(5-2p*"

o [ 24xt % 22x°7F
[T(5-2B)v*" T (4-pBw**™

8T (6 - 2B)x" Fr*® _ 11520(8 - 4T Qar+ 1)x’Fr*
T(5-2B) (6 38T (2a+1) [I(5- 2B)I (a+1)]°T(8 - 58) (3 + 1)

_ 2r(s-pxtet ) 4224T (7 - 3B)T (2@ + 1)x" ¢
3T (4-PT(5-2)T(2a+1) T(5-2B8)T (a+1)°T(4— BT (7 - 48T (Ba+ 1)

14361 (6 - 2B)T (2 + Dx™ ¥ 1921 (6 - 2B)x" ¥
[T(4- BT (a+1I’T(6-38T(Ba+1) T(5-2B8T(6-3BT(2a+1)

L 1761 (5~ B)x' L ST6L(9- 4B 2a+ 1)
T(4-BT(5-2/)T2a+1) [T(5- 28T (a+ 1]’T(9- 68T (B + 1)

- 1056T (8 — 3T (2 + 1)~ P> . 4sro- 2B)x" e
[T(5- 2B)T(a+1)]’T(4-Br (8 -58T (Ba+1) T'(5-2BT(7-4B) (2a+1)

484T (7 - 2P)T (2 + 1)x* L, MrG- Bx>Fe
[[(4- BT (a+ 1) T(7-4BT (Ba+1) L(4-PT(6-3BT(2a+1)
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and so on. The series solution is obtained as follows:
Qx,t) =Qy+Q; +Qy +---. (53)

Setting a = § = 1 we get the following equation:
28
Q(x,t) =x2+x2t+T+~-

, (54)
2 t
=x (1+t+—+---).
2
Hence,
2oot_i
Q(x)t) =X Zl_'
=0 (55)
2t
=x"e,

which agrees with the exact solution obtained in [23], also it
is similar to the solution obtained in Example 2. The reason
being that in Example 2, only one space fractional derivative
term was considered while here three terms of space frac-
tional derivative was considered.

5. Conclusion and Future Work

We proposed the Aboodh transform iterative method for
the solution of space-time fractional differential equation
with fractional order derivative in more than one term.
The proposed method is efficient and effective, the method
combined the Aboodh transform which is a modification
of the Laplace transform with the new iterative method.
To the best of our knowledge, no attempt has been
recorded regarding the approximate analytical solution of
space-time fractional differential equations using the
Aboodh transform iterative method which is the novelty
of this study.

The new iterative method decomposes the linear and
nonlinear term. Some examples were considered, if« = § =
1 the fractional differential equations becomes the classical
differential equations. Aboodh transforms iterative method
yields closed form solutions in this study and exact solu-
tions in some cases. Also, the effect of the fractional orders
a and B are displayed in Figures 1 to 5, this is left for the
readers in different fields of study to transcribe for different
applications.

In the future, we hope to extend the Aboodh transform
iterative method to solve boundary value problems with
consideration for other fractional order differential equa-
tions which till date have not been solved either analytically
or numerically.
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