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Topological indices are graph-theoretic parameters which are widely used in the subject of chemistry and computer science to
predict the various chemical and structural properties of the graphs respectively. Let G be a graph; then, by performing sub-
division-related operations S, Q, R, and T on G, the four new graphs S(G) (subdivision graph), Q(G) (edge-semitotal), R(G)
(vertex-semitotal), and T (G) (total graph) are obtained, respectively. Furthermore, for two simple connected graphs G and H, we
define F-sum graphs (denoted by G, zH) which are obtained by Cartesian product of F (G) and H, where F € {S,R,Q, T}. In this
study, we determine first general Zagreb co-index of graphs under operations in the form of Zagreb indices and co-indices of their

basic graphs.

1. Introduction

Graph theory has given different valuable tools in which
likely the best tool is known as topological index (TI) that is
used to predict structural and chemical properties of graphs
such as connectivity, solubility, freezing point, boiling point,
critical temperature, and molecular mass, see [1]. The
medical behaviors and drugs’ particles of the different
compounds are discussed with the help of various T1s in the
pharmaceutical industries, see[2]. In addition, for the study
of molecules, the quantitative structures’ activity relation-
ships (QSAR) and quantitative structures’ property re-
lationships (QSPR) are very useful techniques which are
mostly performed with the help of TIs [3].

There are three basic types of TIs depending on the
parameters of degree, distance, and polynomial. According
to recent review [4], the degree-based TIs are mostly studied.
First of all, Wiener calculated the boiling point of paraffin
with the help of a degree-based TI, see [5]. Gutman and

Trinajsti introduced Zagreb indices and used them to
compute the different structure-based characteristics of the
molecular graphs [6].

Later on, Shenggui and Huiling characterized the graphs
for the first general Zagreb index [7]. Bedratyuk and Savenko
calculated the ordinary generating function and linear re-
currence relation for the sequence of the general first Zagreb
index [8].

Recently, Ashrafi et al. defined Zagreb co-index and
computed it for graphs which are formed using various
operations, see [9, 10]. Kinkar et al. computed the first
Zagreb co-indices of trees under different conditions, see
[11]. Mansour and Song established relationship between
Zagreb indices and co-indices of graphs [12]. Huaa and
Zhang computed sharp bounds on the first Zagreb co-index
in terms of Wiener, eccentric distance sum, eccentric
connectivity, and degree distance indices [13]. Gutman et al.
calculated relations between the Zagreb indices and co-in-
dices of a graph G and of its complement G [14, 15].
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In graph theory, the operations (union, intersection,
complement, product, and subdivision) play an important
role to develop new structure of graphs. Yan et al. computed
the Wiener index for new graphs using five different op-
erations L, S, Q, R, and T on a graph G such as line graph
L(G), subdivided graph S(G), line superposition graph
Q(G), triangle parallel graph R(G), and total graph T(G),
respectively, see [16]. After that, Eliasi and Taeri computed
Wiener indices of newly defined F-sum graphs represented
as (G,,rG,), where F € {S,R,Q, T} [17]. Furthermore, Deng
et al. calculated Zagreb indices [18], Ibraheem et al. [19]
forgot co-index, Liu et al. obtained first general Zagreb
(FGZ) index [20], and Javaid et al. [21] computed the bounds
of first Zagreb co-index; furthermore, they also studied the
connection-based Zagreb index and co-index [22] of these
graphs.

In this study, we computed FGZ co-index of graphs
under operations such as M, (G,gH), M,(G,zH),
M, (G,oH), and M, (G,H). The reset of the study is settled
as follows. Section 2 contains preliminaries. In Section 3, the
main results of our work are discussed, and Section 4 has the
conclusion of work.

2. Preliminaries

Let G be a simple and connected graph with vertex and edge
set denoted by V (G) and E(G), respectively. The degree of
vertex any vertex v in G is the number of edges incident on it
and denoted by d(v). Let G be a graph; then, its complement
is defined as [V (G)| = |V (G)| and uv¢G iff uv € G denoted
as G. Gutman and Trinajsti introduced the first and second
Zagreb indices as [6]

M, (G) = Z [de (p1) +dg(p2)]s

P1P2€E(G) (1)
M, (G) = Z [d6 (p1)ds (p2)]-

P1P2€E(G)

M)f (GysH) = 29(”26? - ”231) + +2961 (21, (e +&;) + 1y (ny = 2)]

0
i
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Ashrafi ét al. defined first Zagreb co-index M, (G) as
follows, see [10]:

M (G = )

[de (1) +dc (1)) (2)
N1y2¢E(G)

Let G be a graph; then, S(G) is obtained by adding one
vertex in every edge of G.

(i) R(G) is obtained from S(G) by inserting an edge
between the vertices that are adjacent in G
(ii) Q(G) is obtained from S(G) by inserting an edge
between new vertices that adjacent edges of G
(iii) Apply both R(G) and Q(G) on S(G); then, T (G) is
obtained

Suppose two connected graphs G and H; then, their F —
sum graph is represented by G,pH having vertex set
[V(G,;H)| =V (G)UE(G)xV(H) and (y,,y,) (z,2,)
€ E(GpH) iff y,=2,€¢V(G) and y,~z,€Hy, =z,
€ V(H) and y,~z, € F(G), where F € {S,R,Q, T}.

For details, see Figure 1 and 2.

3. Main Results

This section contains results about FGZ co-index of graphs
under operations.

Theorem 1. Let G,H be S-sum graph; then, its first general
Zagreb co-index is given as

+ < ) [Mf*" QM (H)+ M]” (GM| (H) + My (H)(M}"(G) + M,""(G)) + M, " (H)
i=0

(M7 (G)+ M, (@) + MY (H)(Ee_i G)+ M (G)) + M7 QM (H) + M, (G)(M (H) + M, (H))],

(3)
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FiGure 1: Subdivision of Cs.

The graph P, i j The graph C,
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FIGURE 2: F-sum graphs for P; and P;.

where 0 =y — 1. Proof. Using equation (2), we have

M (G,sH) = Z [d(y1,21) +d(y2 7)),

y1y2) (21:2,) ¢ EGsH
(r72) (2022)

M (G,sH) = Z L Z [dGG+SH()’1>Zl)+d(93+sH()’2’Zz)]+ Z [dg+sH(yl’Zl)+dg‘+SH(y2’ZZ)]

z1,2,€H [ y,,,€V (S(G)-G) Y1.y2€V6

9 9
+ Z [dthH (yi21) +dg (¥ Zz)]
Y1726V (8(G)y,€V (G)y,€V (S(G)-G)

:ZA+ZB+ZC,



Ya= Y ¥ [dubim) g (2]
11726V B(G)-G) 214,V

Y A=2(r3e] —me,),

Y>B=YB +YB,+) By+) B+ ) Bs+ ) By,

2Bi= Y Y [dom(na) ey (n2)]

yeV(G) z,z, ¢ E(H)

=) 2 Z( >[d {)diy (20) +dS (n)diy (2,)]

yeV(G) z,z, ¢ E(H) i=0

=y Y Z( >9G‘i(y)[dj{(z1)+dj,(z2)],

yeV(G) z,z, ¢ E(H)

ZBz z Z [ G, H(yl’z)+d(6}+sH(y2’Z)]

y1Y,€E(G) zeV (H

=2 ) i( )[d“(yld (2) +dg (y,)dy; (2)]

1Y,€E(G) zeV (H) i=0

= 2 ZZ( )d;<z>[d2-"(y1>d2-"(yz>],

V1,26V z€H i=0

233: Z Z [dgth(yl’zl)+dg+sH(y2’z2)]

Y192€E(G) z,2,€E (H)

0

6 4 . . .
= > 2 Z(l,)[dé'uod;(zl)+d2’<y2>d’H(zz)],

Y19,€E(G) z,2,€E (H) i=0

ZB4= Z Z [dg+sH(y1’Zl)+d((9}+sH(y2’z2)]

Y192 ¢E(G) z,2,€E(H)

6 /0
= > 2 Z(J[d”‘(yl)d (21) +d% (3,)diy (2,)],

y1Y,¢E(G) z,z,€E(H) i=0

ZBS = Z Z [d?;+sH (y121) + d&SH (}’z,zz)]

¥192€E(G) 2,2, ¢ E(H)

0

0
=2 ) Z(J[d* () (20) + di' ()i ()]s

y1Y,€E(G) z,2, ¢ E(H) i=0
0
ZB6: Z Z [ch}’1 1)+ dG+5H(y2’Z2)]
1192 ¢E(G) 2,2, ¢ E(H)

0

0 , ‘ ‘ ,
= > ) Z(l.)[df;'l(yl)d;{(zl)+d2-’<y2>da<z2>],

y1Y,¢E(G) 2,2z, ¢ E(H) i=0

Journal of Mathematics
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: 0 i i+ —i .
2B=) < >[Mf_’(G)M1 Y(H) + MV (GM (H)
0

i= ]

1

i+1

M (M @)+ FT@) 3 (Mt @)+ T @),

ZCz ch +ZC2+ZC3+ZC4+ZC5,
ch = Z Z [désH (y1-2) +dg+sH ()’Z)Z)]

7192 4E(8(G)y,€V (G)y,€V (S(G)-G) 2€H

_ Y y i <f>[dg"(yl)d;(z)+29]

71724E(S(G)y €V (G)y,€V (S(G)-G) 2€H i=0

0 /6 ) )
Z( ) >E91 (G)M (H) + 2nye, (= 2),
i

i=0

ZCZ = Z Z [d?9+SH (ypz)+ dg+sH ()’2’22)]

¥152€E ($(G)y,€V (G)y,€V (S(G)-G) 212, €E (H)

Z Z Z ( . >[dgl (J’l)le (z1) +29],

¥17:€E (S(G)y,€V (G)y,€V (S(G)-G) 212, €E(H) i=0 \ 1

ZC3 = Z Z [dequ (ypz) + dgGﬁH ()’2>Zz)]

ylyZEE(S(G)yléV(G)yzeV(S(G)—G) 2,2, ¢ E(H)

0 6 . .
2 ) Z( i )[d%" (7)) (21) +27),

Y1)2€E (S(G)}’lev(G)hGV(S(G)*G) 212, ¢ E(H) i=0

ZC4 = Z Z [d&sH (yi21) + dgGﬁH ()’2’22)]

y172 £E (S(G)y €V (G)y,€V (S(G)-G) 212, €E(H)

0 /6 4 4
2 2 Z( ,)[dé‘l (r)di (21) +27),

y17,£E (S(G)y, €V (G)y,€V (S(G)-G) 212,€E(H) i=0 \ 1

ZCS = Z Z [d&SH (y1r21) + d?LSH (;Vz’zz)]

71724E(8(G)y,€V (G)y,€V (S(G)-G) 212, ¢ E(H)

. ) 5 3

¥152¢E (S(G)y,€V (G)y,€V (S(G)-G) z12, ¢ E(H) i=0

0 : .
_ >[dg_’ 1)y (1) + 2],

1

0.0 i —0-i —i —i ———i —y-i i ———i
2.C= Z( >[M’1 (H)<M19 (G) + M} ’(G)) + M (GM,' (H) + M," " (G)(M| (H) + M, (H))]

i=0 \ 1

+2%en, (e, +&,). (4)

We arrived at desired result by putting the values in ~ Theorem 2. Let G,z H be R-sum graph; then, its first general
equation (4). O  Zagreb co-index is given as
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— _ 076
M (G,zH) = 29(n§e§ - nzel) + 2%, [2n, (e, + &) + 1y (1, - 2)]2 Z ( i )
i=0

[ f‘ (G)Ml’“ (H) +(MY(G) + MY (@) 4 3 () (M (G)+ ()] ©)
(@M(m+MWKMM(m+M(H»‘_7WMM(m+M(Hn
where y = 0 — 1. Proof. Using equation (2), we have

M'GH = > [de()/1>21)+d9()’2>zz)]’
(}’1»)’2) (21>zz)¢EG+RH

M}l’ (GrH) = Z Z [d(e_LRH (yi21) + d&RH (J’z’zz)] + Z [d G H (12 d G xH (J’z’zz)]
212,€H 1 y1,,€ (V(R(G)-G) Y12€Ve (6)
+ Z [d&RH (y1-21) "’d&RH(J’z’Zz)]

Y1oYy2€V (R (Gl ))}’1 eV (Gl);"z €V (R(G)-G)

ZA +ZB +ZC.

Using equation 4, we directly have

Z A= 26(”3‘% - ”261)’
YB=)B+) B,+) By+) B+ B,
ZB = Z Z [dgARH (».21) +dg}+RH (s Zz)]

yeV(G) z,z, ¢ E(H

076 , . . .
=2 2 Z(1.)[2d2’<y>d;<z1>+zd2’<y>d;<z2>]
) i=0

yeV(G) z,z, ¢ E(H) i=
0

2y Y z(f)dg-f(w[d;(zl)mg(zz)]:zi(i) MY G (1),

yeV(G) z,z, ¢ E(H) i=0
0 0
Z B, = Z Z [dG+RH (ri-21) +dg (}’2’22)]
¥1¥2€E(G) z,z,€E (H)
0

0 , , . ‘ 076 A ,
Y 3 () o) 20 oy )] =2 3 )t @ an,

¥192€E(G) z,2,€E(H) i=0

Z Z [dgLRH (y1>21) +d2;+RH ()’2’22)]

7172 ¢E(G) z,2,€E(H)

> oy o3(" )[Zdé"'(n)d;(zo+zd§;"<yz>d;<zz>}=zg(f)W"<c>M;“<H>,

Y1Y2¢E(G) z,2,€E(H) i=0

ZB4= Z Z [G+RH(y1>Z1)+d(03+RH(y2’Z2)]

Y1Y,€E(G) 2,2, ¢ E(H)

- 33 () O ) 2 O ) =23 it

¥12€E(G) z,z, ¢ E(H) i=0

2By
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ZBSZ Z Z [dgmH()’l’ZJ+dg+RH()’2’22)]

Y172 ¢E(G) 2,2, ¢ E(H)

D) Z( )l Ot ) 2 Ot )] =23 Yo o

11Y2¢E(G) 22, ¢ E(H

i+1 (H),

1+1

Y B=2 Z( i )[M?"' QM (H) +(M](G)+ M," " (G)) +M
i=0

YC=YCi+)YCo+) Ci+ ) Ci+ ) Cs,
ZC1 = Z Z [d&RH (y1,2) + d(elRH (J’z’z)]

3172 ¢E (R(G)y €V (G)y,€V (R(G)-G) 2€H

- > > 3 ()t oy 2]

7152¢E (R(G)y,€V (G)y,€V (R(G)-G) #€H i=0

(M6 + M @),

9 .
=2 Z( 6. )Mle’ (G)M' (H) + 2%nye, (n, - 2),
i=0 \ 1
ZCZ ) Z Z [déRH (J’pzl)"'d&RH (yz,zz)]

7172€E (R(G)y,€V (G)y,€V (R(G)-G) Z12,€E (H)

- Y Y i(?)[zd*)‘ (y)dy; (z1) +2°]

$1,€E (R(G)y, €V (G)y,€V (R(G)-G) Z12,€E (H) i=0
0 0
Z G = Z Z [dG,rRH (y121) + dg. .1 ()’2>Zz)]
7152€E (R(G)y,€V (G)y,€V (R(G)-G) Z12; ¢ E(H)

0

- y y Z( ? ) [2d57 (3))dly (2,) +2°)

7152€E (R(G)y,€V (G)y,€V (R(G)-G) z12, ¢ E(H) i=0

ZC4 = Z Z [dgmH (yiz1) + d(03+RH ()’2>Zz)]

7172 ¢E(R(G)y,€V (G)y,€V (R(G)-G) 212, €E(H)

_ 5 > 3(7) e a2

3172 ¢E (R(G)y;€V (G)y,€V (R(G)-G) 212,€E (H) i=0
6 6
Z Cs = Z Z [dG”{H (yiz1) + dg, .1 (y2 Zz)]
3172 ¢E (R(G)y, €V (G)y,€V (R(G)-G) 712, ¢ E(H)
%[0 0—i i 0
= Z Z Z . [ch (J’l)dH(zl)+2 ]
7172 ¢ER(G)y, €V (G)y,€V (R(G)-G) 2,2, ¢ E(H) i=0 \

Yc= 22( )[ (G)M} (H) + M} (G)(M} (H) + My (H)) + M," ' (G)(M (H)+ﬁ{(H))]

+ 2%, [2n, (e, + &) + 1y (1, —2)]. (7)

We arrived at desired result by putting the values in ~ Theorem 3. Let G,oH be Q-sum graph; then, its first general
equation (6). O  Zagreb co-index is given as
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MT(GJrQH) = +49r12e1 (1, —2) +4e; (n, +2) (e, + ;)

()

M(I,,,» (G)EM (H) + M¥—i (G)Mil (H) + Mi1+1 (H)(MW (G) + EY*I‘ (G))

(8)
M E(MI () + MG + M (H)(E*" G)+ M (G))
+ M7 (G)M, (H) + M," ™ (G)(M} (H) + M, (H))] + o,
where y = 0 — 1. Proof. Using equation (2), we have
MY(G+QH) = z [de(yl’zl)+d0(y2’22)]’
(}’1’}’2) (Zl’zz)fE(GwH
0 0 9 0
W(GJrQ ) = Z |: [dG+sH (rv21) + dg (}’Z’Zz)] + Z |:dG+QH (yi21) + dg 1 (y222)
212,€H [ y1,y,€(V(Q(G)-G) Y1Y2€Vg
9)
* Z [d&QH(J’pZJ+d(0;+QH(J’2>Zz)]:|
Y1Y2€V(S(G))y, €V (G)y,€V(Q(G)-G)

=ZA +ZB+ZC,
ZA: Z Z [dg‘@H(yl’Zl)+dg‘+QH(y2’ZZ)]:‘xl'

11,726V (Q(G)-G) 21,2,V g,

Using equation 4, we directly have

6 i ——i+ —i i i+ —i SYala
ZB=Z(1')[M?’(G)M1 L(H) + MY (G)M; (H) + My (E)(MY (G) + M, (G))

0
i=0

i+l

3, (M @)+ M7 0))]
ZC = ZCI +ZC2 +ZC3 +ZC4+ZC5,
2.Ci= > >

Y172, ¢E(Q(G)y,€V (G)y,€V (Q(G)-G) zeH

>3 ()1t 0oy 0]

1172 ¢E(Q(G)y,€V(G)y,eV(Q(G)-G) z€H i=0

0 0
dg u (yi-2) + dg.u (2> Z)]

b 70\ » )
) Z( i )Mle (G)M, (H) + 40”261 (n,-2),
i=0
ZCZ = Z Z [dgaQH (ri-21) + d&QH (}’2’22)]

Y172,€E(Q(G)y,€V (G)y,€V (Q(G)-G) z,z,€E(H)

_ 5 > (7)o )] -

070
9172€E(Q(G)y,€V (G),€V (Q(G)-G) z,z,€E (H) i=0 o\ 1

( )M{"’ (G)M' (H) + 4% 2¢,e,,
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0 0
ZC3 = Z z [dQQH (y1-21) + dG+QH (J’2>Zz)]
7172€E(Q(G)y,€V (G)y,€V (Q(G)-G) 2,2, ¢ E(H)

o /0 0 | |
i 2 2 Z( .>[d9_ ()i (1) +2°] = < >M¥’ (G)M, (H) + 4", e,,
1

¥172€E(Q(G)y,€V (G)y,€V (Q(G)-G) z,2, ¢ E(H) i=0 et

6 0
ZC4 = Z Z [dQQH(}’l’Zl)+dG+QH(J’2>Z2)]
Y19, ¢E(Q(G)y,€V (G)y,€V (Q(G)-G) z,z,€E (H)

9 o /0 , ,
Z( )[de‘ y))dy (2, +4]-Z< )EV"(G)M'I(H)+49+lelez(n1_z),
717, ¢E(Q(G)y,€V (G)y,€V (Q(G)-G) z,2,€E (H) i=0 i=0 \ {

ZCS = Z z [daQH (y1-21) +dg+QH ()’z»zz)]
1172, ¢E(Q(G)y,€V (G)y,eV(Q(G)-G) z,z, ¢ E(H)

= > > i<6>[d9_(yl)dl (z) +47] =

Y172 ¢E(Q(G)y,€V (G)y,eV(Q(G)-G) z,z, ¢ E(H) i=0 i

< >EV"’ (G)M, (H) + 4% eje; (n, - 2),

0
i=0

0 /6 ‘ ' ' ' ' | | B
2.0+ Z( )[‘Wl (@) + M7 (@) + MU (GM (H) + B, Q)M (1) + B (1) |

i=0 \

+ 4% [mye, (n, - 2) + 4e, (n, +2) (e, + &,)].
(10)

We arrived at desired result by putting the values in ~ Theorem 4. Let G, H be T-sum graph; then, its first general
equation (9). O  Zagreb co-index is given as

M (G,rH) = 46(11%6? - nzel) +2

0,76 R
Z( 1, )[ M GM, T (H) +(M](G)+ M (G))
i=0

(11)
M EY(MYT(G) + M) M (G)MY (H) + M (G)(M] (H) + M (H))
+ E"’ (G)(M (H) + M (H))] +4° [mye, (n, - 2) + e, (n, +2) (e, + )],
where y =0 — 1. Proof. Using equation (2), we have
W(G”H) = Z [de(yl,zl)+d9(y2,z2)],
(}’p}’z) (zl,zz)giE(G”«H
W(GJH) = Z Z [dg+sH(y1’Zl)+d9 G, H (¥2 2, ] Z [ GTH(yl’ 6+TH(y2’Z2)]
21,2,€H | y,,9,€ (V(T(G)-V(G)) Y1026V (12)
+ Z [dg+TH (y1-21) +dg+TH ()’2’22)]

V15,026V (8(G))y,€V (G)y,€V (T (G)-G)

=ZA+ZB+ZC.
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Using equation 9, we directly have

ZA = 46(71;@% - nzel). (13)

Journal of Mathematics

The value ) A and ) B are by equations (7) and (9)
asfollows:

ZC=ZC1+ZC2+ZC3+ZC4+ZC5,

Yo -

0 0
Z [dGWH (y1.2) + dg,.u (¥ Z)]
917, ¢E(T(G)y,€V (G)y,€V (T (G)-G) zeH

_ D Y (R ATAENERY

V1Y, ¢E(T(G)y, €V (G)y,eV (T (G)-G) zeH i=0

0
= ZZ( ' )—6 "(G)M' (H) + 4%ne, (n, - 2),
i=0\ !

Y-

[dgHH (y121) + dg”H (¥ Zz)]

Y1Y2€E(T(G)y,€V (G)y,€V (T (G)-G) z,z,€E (H)

> 3 (e v0dy e+ o)

y19,€E(T(G)y, €V (G)y,€V (T (G)-G) z,z,€E(H) i=0

Yo -

[dGqH (ypz)+ dqu (2 Zz)]

Y1Y2€E(T(G)y,€V (G)y,€V (T (G)-G) z,z, ¢ E(H)

D Z( Y2t Oy e + ]

Y192€E(T(G)y,€V(G)y,eV(T(G)-G) z,z, ¢ E(H

(14)

=2 Z( i )M{" (G)M, (H) + 4% e,
i=0

Y-

Z [dgﬂH (yiz) + dg,;TH ()’2»22)]

1Y, ¢E(T(G)y,€V(G)y,eV(T(G)-G) z,2z,€E (H)

Y i ( )[2d9‘ (y)dy (z1) + 4%

Y192 ¢E(T(G)y,€V (G)y,€V (T (G)-G) z,2z,€E (H) i=0

o 0\ —i i +
- 220( i )Mly (G)M' (H) + 4% e e, (n, - 2),

ye.-

Z [dg+TH (yiz1)+4d

?LTH (Yz’zz)]

y1Y2, ¢E(T(G)y,€V (G)y,€V(T(G)-G) 2,2, ¢ E(H)

D Z( 2t Oy )+ 1)

Y1Y2,¢E(T(G)y,€V(G)y,eV(T(G)-G) 2,2z, ¢ E(H) i=0

SOy i o —
- zzo( i )Mﬂ (G)M,' (H) + 4" e/e; (n, - 2).

By substituting the values of > A, ¥ b, and Y C in
equation (12), we obtained required proof. O

4. Conclusion

The study of the basic or factor graphs is an interesting
problem in the theory of graphs where the original graphs
becomes complex. In this study, we have computed FGZ co-

index of graphs under operations such as M, (G, gH),
M, (G,zH), M, (G,qH), and M, (G,rH) in the terms of
indices and co-indices of their basic or factor graphs.
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