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In this study, we propose a new modifed hybrid conjugate gradient projection method with a new scale parameter φk for solving
large-scale nonlinear monotone equations. Te proposed method includes two major features: projection techniques and
sufcient descent property independent of line search technique. Global convergence of the proposed method is proved under
some suitable assumptions. Finally, numerical results illustrating the robustness of the suggested strategy and its comparisons
are shown.

1. Introduction

Te following system of constrained nonlinear monotone
equations is considered:

H(t) � 0, t ∈ C, (1)

where C⊆Rn is a nonempty closed convex set and
H: C⟶ Rn is continuous and monotone function. Te
monotone property of H means that

H t1(  − H t2( ( 
T

t1 − t2( ≥ 0, ∀t1, t2 ∈ R
n
. (2)

In many contemporary domains, some problems can be
turned into nonlinear monotonic equation problems, such
as variational inequality problems [1], image restoration
problems [2], signal reconstruction problems [3], fnancial
forecasting problems [4, 5], and optimal power fow control
problems in power [6]. It is very necessary to solve nonlinear
monotone equation.

At present, there are many ways to solve problem (1),
such as the Newtons method [7], Levenberg–Marquardt
method [8], and various variants of the method. Although
iterative approaches are recognized for their simplicity and
good convergence, each iteration of these methods requires a
substantial amount of space to compute and store the

Jacobian or comparable to the Jacobian, which is not
conducive to solving large-scale nonlinear monotone
equations. In order to efciently solve problem (1) and avoid
solving a linear system of equations at each iteration, the
emergence of the derivative-free method is necessary [9–11].

In recent years, a number of researchers have proposed
the conjugate gradient method in conjunction with the
projection method [12] for solving large-scale monotone
nonlinear equations. Sabi’u et al. [13] proposed the
Hager–Zhang conjugate gradient method for nonlinear
monotone equations using singular value analysis and
proposed two adaptive parameter choices: the frst by
minimizing the Frobenius condition number of the search
direction matrix; the other is achieved by minimizing the
diference between the maximum and singular values,
combined with the projection technique, using some ap-
propriate assumptions to demonstrate that the method
satisfes the global convergence, see [14, 15]. Yin et al. [16]
proposed a hybrid three-term conjugate gradient projection
method, whose search direction is close to the search di-
rection generated by the memoryless BFGS method and
possesses a descending characteristic independent of the line
search technique as well as a trust region characteristic.
Using the adaptive line search technique, the global con-
vergence of the method is established under certain mild
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conditions, and numerical experiments demonstrate that the
method inherits the benefcial properties of the three-term
conjugate gradient method and the hybrid conjugate gra-
dient method [17, 18]. Zhou et al. [19] proposed a novel
hybrid PRPFR conjugate gradient method with sufcient
descent and trust region properties. Te method can be
considered as a convex combination of the PRP method and
the FR method, while using the hyperplane projection
technique. In accordance with the acceleration step size,
global convergence is attained with the help of some suitable
assumptions. Experiments with numbers demonstrate that
the PRPFR method is more competitive for solving non-
linear equations and image restoration problems [20, 21].

In this paper, we propose a new hybrid conjugate gra-
dient projection method to solve (1). Interestingly, the new
search direction has better theoretical properties, that is, it
automatically satisfes the sufcient descent condition and
the trust region property. Te rest of the paper is organized
as follows. In Section 2, we detail the motivation for this
paper and propose a new algorithm. In Section 3, we
demonstrate that the search direction has sufcient descent
property and trust region property, and we obtain global
convergence under a few moderate conditions. In Section 4,
we solve six large-scale nonlinear equations numerically to
demonstrate the efectiveness of the proposed method. In
Section 5, we draw the conclusion.

2. Motivation and Algorithm

Tis section quickly reviews the conjugate gradient method’s
general formula, followed by a new hybrid conjugate gra-
dient approach based on adaptive line search. Finally, we
combine the suggested method with the projection tech-
nique to solve unconstrained optimization problems.

Due to its ease of use and storage, the conjugate gradient
approach has been efectively applied to the following un-
constrained optimization problems:

min
t∈Rn

h(t), (3)

where h: Rn⟶ R is a continuously diferentiable function.
Generally, these methods generate a sequence of iterates

recurrently by

tk+1 � tk + αkdk, k � 1, 2, . . . , (4)

where αk > 0 (it is the step size calculated by performing
some suitably precise or imprecise line search) and dk is the
search direction defned by

dk �
− Hk, k � 0,

− Hk + βkdk− 1, k≥ 1.
 (5)

Te term βk is a scalar known as the conjugate gradient
parameter. Diferent choices for the conjugate gradient
update βk lead to diferent conjugate gradient methods.
Tere are some famous conjugate gradient methods such as
the FR method [22], the PRP method [23], the DY method
[24], the LS method [25], the HS method [26], the CD

method [27], and so on.Te parameters wementioned are as
follows:

βFRk �
Hk

����
����
2

Hk− 1
����

����
2,

βPRPk �
H

T
k yk− 1

Hk− 1
����

����
2,

βDYk �
Hk

����
����
2

d
T
k− 1yk− 1

,

βLSk �
H

T
k yk− 1

− H
T
k− 1dk− 1

,

βHS
k �

H
T
k yk− 1

d
T
k− 1yk− 1

,

βCDk �
Hk

����
����
2

− H
T
k− 1dk− 1

,

(6)

where yk− 1 � Hk − Hk− 1 and the symbol ‖ · ‖ stands for the
Euclidean norm.

An important class of conjugate gradient methods,
hybrid conjugate gradient methods, has been proposed by
many scholars, in order to obtain a conjugate gradient
method with better performance than the classical one. For
example, Djordjević [28] combined the LS method and FR
method by convex combination form to get conjugate
gradient parameters:

βhyb � 1 − φk( βLSk + φkβ
FR
k , (7)

using the good practical performance of the LS method and
the strong convergence of the FR method.

Soon after, Zhou et al. [19] gave a variant of the PRP
method and FR method:

βMPRP
k �

H
T
k yk− 1

max μ dk

����
���� yk− 1
����

����, Hk− 1
����

����
2

 

,

βMFR
k �

Hk

����
����
2

max μ dk

����
���� Hk

����
����, Hk− 1

����
����
2

 

,

(8)

where μ> 0. Similarly, defne a new parameter

βPRPFRk � 1 − φk( βMPRP
k + φkβ

MFR
k . (9)

In [29], based on the MMWU method [30] and RMAR
method [31], Fanar and Ghada proposed a new hybrid
conjugate gradient method (HFG) as follows:

βHFG
k � 1 − φk( 

Hk

����
����
2

dk− 1
����

����
2 + φk

Hk

����
����
2

− Hk

����
����/ dk− 1

����
���� H

T
k dk− 1

dk− 1
����

����
2 .

(10)
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Tis technique is a convex mixture of two types of
conjugate gradient algorithms, and the search direction very
easily satisfed sufcient descent, besides conforming to
Newton direction under appropriate conditions. Te global
convergence of the proposed method can be established
when a strong Wolfe line search is performed. Shockingly,
this hybrid method not only performs better than the
classical conjugate gradient method but also outperforms
some complex conjugate gradient methods in many
problems.

Inspired by above, a new convex combination is pro-
posed as follows:

βWF
k � 1 − φk( β1k + φkβ

2
k, (11)

β1k �
H

T
k wk− 1

max Hk− 1
����

����
2
, μ dk− 1

����
���� wk− 1
����

���� 

,

β2k �
Hk

����
����
2

μ dk− 1
����

����
2

+ Hk

����
����
2

 

,

(12)

where wk− 1 � yk− 1 + ‖Hk− 1‖sk− 1, sk− 1 � rk− 1 − tk− 1, μ> 1,
and the choice of the parameter φk satisfes the conjugate
condition in each iteration: dT

k yk− 1 � 0.
Clearly,

dk � − Hk + 1 − φk( β1kdk− 1 + φkβ
2
kdk− 1. (13)

Multiplying from the right both sides of the transposed
equation by yk− 1, we get

0 � − H
T
k yk− 1 + 1 − φk( β1kd

T
k− 1yk− 1 + φkβ

2
kd

T
k− 1yk− 1, (14)

and with some mathematical calculation, we obtain

φk �
− H

T
k yk− 1 + β1kd

T
k− 1yk− 1

β1kd
T
k− 1yk− 1 − β2kd

T
k− 1yk− 1

. (15)

If φk is outside the interval [0, 1], to maintain the convex
combination in (11), it can be fxed by

φk �

0, if
− H

T
k yk− 1 + β1kd

T
k− 1yk− 1

β1kd
T
k− 1yk− 1 − β2kd

T
k− 1yk− 1
≤ 0,

1, if
− H

T
k yk− 1 + β1kd

T
k− 1yk− 1

β1kd
T
k− 1yk− 1 − β2kd

T
k− 1yk− 1
≥ 1,

− H
T
k yk− 1 + β1kd

T
k− 1yk− 1

β1kd
T
k− 1yk− 1 − β2kd

T
k− 1yk− 1

, else.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(16)

For line search, the key is to obtain the step size at the
lowest cost. Terefore, the most widely used line search
proposed by Solodov and Svaiter [12] was used, for which
the step size is computed as αk � max aρi: i � 0, 1, . . .  such
that

− H tk + αkdk( 
T
dk ≥ σαk H tk + αkdk( 

����
���� dk

����
����
2
. (17)

Another commonly used technique is the line search
technique proposed by Zhang and Zhou [32], and the step
size αk � max aρi: i � 0, 1, . . .  satisfed the following
inequality:

− H tk + αkdk( 
T
dk ≥ σαk dk

����
����
2
. (18)

Recently, an adaptive line search approach that takes into
consideration a disturbance component was presented by
Liu et al. [33] and Guo and Wan [34], i.e., the step size αk �

max aρi: i � 0, 1, . . .  satisfed the following inequality:

− H tk + αkdk( 
T
dk ≥ σαkck dk

����
����
2
, (19)

where ck � ‖H(tk + αkdk)‖/max ‖H(tk + αkdk)‖, ]  and
]≥ 1. If ‖H(tk + αkdk)‖≥ ], then ck � ‖H(tk + αkdk)‖/‖H(tk

+αkdk‖ � 1; otherwise, if ‖H(tk + αkdk)‖< ], then
ck � (‖H(tk + αkdk)‖/])< 1.

To establish the algorithm, we introduce the defnition of
projection operator. Let C be a nonempty closed convex set
of Rn; then,

PC[t] � argmin ‖t − y‖|y ∈ C , ∀t ∈ Rn
. (20)

Also, it satisfes the nonexpansive property

PC[t] − PC[y]
����

����≤ ‖t − y‖, ∀t, y ∈ Rn
. (21)

We now go into great depth about our algorithm, based
on the abovementioned preliminaries.

3. Convergence Analysis

In order to show the global convergence of Algorithm 1, the
following assumptions need to be established:

(H 3.1) Te solution set of problem (1) is nonempty.
(H 3.2) Te mapping H is Lipschitz continuous on Rn,
i.e., there exists a constant L> 0 such that

H t1(  − H t2( 
����

����≤L t1 − t2
����

����, ∀t1, t2 ∈ R
n
. (22)

Te following lemma demonstrates that the direction of
the search satisfes sufcient descent condition and possesses
trust region property independent on any line search.

Lemma 1. For all k≥ 0, if the search direction dk is generated
by Algorithm 1, then the following two properties can be
satisfed:

H
T
k dk ≤ − 1 −

1
μ

  Hk

����
����
2
, (23)

dk

����
����≤ 2 1 +

1
μ

  Hk

����
����. (24)

Proof. For k � 0, it is easy to know that HT
0 d0 � − ‖H0‖

2 and
(23) and (24) hold.

For k≥ 1, it can be broken down into three cases for
discussion:
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(i) Firstly, if φk � 0, then βWF
k � β1k � (HT

k yk− 1/max
‖Hk− 1‖

2, μ‖dk− 1‖‖yk− 1‖ ).
If ‖Hk− 1‖

2 ≤ μ‖dk− 1‖‖wk− 1‖, then βWF
k � (HT

k

wk− 1/μ‖dk− 1‖‖wk− 1‖), and if ‖Hk− 1‖
2 > μ

‖dk− 1‖‖wk− 1‖, then βWF
k � (HT

k wk− 1/‖Hk− 1‖
2)<

(HT
k wk− 1/μ‖dk− 1‖‖wk− 1‖). It follows that

βWF
k � β1k ≤ (HT

k wk− 1/μ‖dk− 1‖‖wk− 1‖).
Multiplying both sides of (5) by HT

k , from (11) and
(12), we get

H
T
k dk � − Hk

����
����
2

+ β1kH
T
k dk− 1 ≤ − Hk

����
����
2

+
H

T
k wk− 1





μ dk− 1
����

���� wk− 1
����

����
H

T
k dk− 1





≤ − Hk

����
����
2

+
Hk

����
���� wk− 1
����

����

μ dk− 1
����

���� wk− 1
����

����
Hk

����
���� dk− 1
����

����

� − 1 −
1
μ

  Hk

����
����
2
.

(25)

According to (5), it is easy to obtain that

dk

����
���� � − Hk + β1kdk− 1

����
����≤ − Hk

����
���� + β1k dk− 1

����
����≤ Hk

����
���� +

H
T
k

����
���� wk− 1
����

����

μ dk− 1
����

���� wk− 1
����

����
dk− 1

����
����

� 1 +
1
μ

  Hk

����
����≤ 2 1 +

1
μ

  Hk

����
����.

(26)

(ii) Secondly, if φk � 1, then βWF
k � β2k � (‖Hk‖2/

μ(‖dk− 1‖
2 + ‖Hk‖2)).

As in the case of the frst case, we get

H
T
k dk � − Hk

����
����
2

+ β2kH
T
k dk− 1 ≤ − Hk

����
����
2

+
Hk

����
����
2

μ dk− 1
����

����
2

+ Hk

����
����
2

 

Hk

����
���� dk− 1
����

����

≤ − Hk

����
����
2

+
Hk

����
����
2

μ Hk

����
���� dk− 1
����

����
Hk

����
���� dk− 1
����

���� � − 1 −
1
μ

  Hk

����
����
2
,

(27)

Step 0. Select an initial point t0 ∈ C and the parameters ε> 0, σ, ρ ∈ (0, 1), m ∈ (0, 2), a> 0,
μ> 1, ]≥ 1. Let k � 0.
Step 1. Compute ‖H(tk)‖, if ‖H(tk)‖≤ ε, stop. Otherwise, go to Step 2.
Step 2. Compute dk by (5)–(12), and choose αk that satisfes inequality (19).
Step 3. Set rk � tk + αkdk. If ‖H(rk)‖≤ ε, stop and let tk+1 � rk. Otherwise, compute the next iterate tk+1 by
tk+1 � PC[tk − m · ξkH(rk)],

where ξk � H(rk)T(tk − rk)/‖H(rk)‖2.

Step 4. Set k: � k + 1, and go to Step 1.

ALGORITHM 1:
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dk

����
���� � − Hk + β2kdk− 1

����
����≤ − Hk

����
���� + β2k dk− 1

����
����≤ Hk

����
���� +

Hk

����
����
2

μ Hk

����
���� dk− 1
����

����
dk− 1

����
����

� 1 +
1
μ

  Hk

����
����≤ 2 1 +

1
μ

  Hk

����
����.

(28)

(iii) Finally, for 0<φk < 1 there exist a1, a2 in which
0< a1 ≤φk ≤ a2 < 1, and we can simply rewrite
formula (5):

dk � − Hk + βWF
k dk− 1 � − Hk + 1 − φk( β1k + φkβ

2
k dk− 1

� − φkHk + 1 − φk( Hk  + 1 − φk( β1k + φkβ
2
k dk− 1

� φk − Hk + β2kdk  + 1 − φk(  − Hk + β1kdk .

(29)

Ten, we can get the relationship among dk, d1
k, and

d2
k:

dk � φkd
2
k + 1 − φk( d

1
k. (30)

From (26) and (28), we have

dk

����
����≤ a2 d

2
k

����
���� + 1 − a1(  d

1
k

����
����≤ a2 1 +

1
μ

  Hk

����
���� + 1 − a1(  1 +

1
μ

  Hk

����
����

≤ 1 − a1 + a2(  1 +
1
μ

  Hk

����
����≤ 2 1 +

1
μ

  Hk

����
����.

(31)

Obviously, the descending property can be obtained
by combining the step relationship (30) with (25)
and (27), and we get

H
T
k dk � φkH

T
k d

2
k + 1 − φk( H

T
k d

1
k ≤ a1H

T
k d

2
k + 1 − a2( H

T
k d

1
k

≤ a1
1
μ

− 1  Hk

����
����
2

+ 1 − a2( 
1
μ

− 1  Hk

����
����
2

� − 1 − a2 + a1(  1 −
1
μ

  Hk

����
����
2 ≤ − 1 −

1
μ

  Hk

����
����
2
.

(32)

Te proof is completed.
Te following lemma shows that Algorithm 1 can get a

step size and stop within fnite steps, which shows that this
line search is reasonable. □

Lemma 2. If assumptions (H3.1) and (H3.2) hold, then
Algorithm 1 stops with a fnite number of iterations.

Proof. Suppose that the assumptions are invalid or that
Algorithm 1 is not terminated. In this case, there exists a
constant ε0 > 0 such that

Hk

����
����≥ ε0, ∀k ∈ N∪ 0{ }. (33)

Suppose there exists k′, so that line search (19) does not
hold. Ten, for all m ∈ N∪ 0{ }, let αm

k′
� aρm, and we have

− H rk′( 
T
dk′ < σα

m
k′ dk′

����
����
2 H rk′( 

����
����

max H rk′( 
����

����, ] 
≤ σαm

k′ dk′
����

����
2
,

(34)

where rk′
� tk′

+ αm
k′

dk′
. It can be obtained by assumption

(H3.2) and formula (23) that

Journal of Mathematics 5



1 −
1
μ

  Hk′

�������

�������

2
≤ − H

T
k′ dk′
≤ H rk′

  − H tk′
  

T

dk′
− H rk′

 
T

dk′

< Lαm
k′ dk′

�������

�������

2
+ σαm

k′ dk′

�������

�������

2
� ρ− 1αm

k′ (L + σ) dk′

�������

�������

2
.

(35)

Using (24), we get

αm
k′ >

(1 − (1/μ)) Hk′

�������

�������

2

ρ− 1
(L + σ) dk′

�������

�������

2 >
(μ − 1)

2ρ− 1
(L + σ)(μ + 1)

> 0. (36)

Tis is contradictory to the defnition of αm
k′
. Tus, line

search (19) can attain a positive step size in fnite steps and
we complete the proof.

Te following outcomes are required in order to es-
tablish that Algorithm 1 has achieved global
convergence. □

Lemma 3. If assumptions (H3.1) and (H3.2) hold, let tk 

and rk  be the sequences generated by Algorithm 1, and t∗ is
the solution of problem (1); for all t∗ ∈ S, the sequence ‖tk −

t∗‖ converges. Ten, we have

lim
k⟶∞

αk dk

����
���� � 0. (37)

Proof. First, according to the defnition of rk  and line
search, we have

H rk( 
T

tk − rk(  � − αkH rk( 
T
dk

≥ σα2k dk

����
����
2 H tk + αkdk(

����
����

max H tk + αkdk(
����

����, ] 

� σ tk − rk

����
����
2 H tk + αkdk(

����
����

max Htk + αkdk

����
����, ] 

.

(38)

From (2) and t∗ ∈ S, the following relation holds:

H rk( 
T

tk − t
∗

(  � H rk( 
T

tk − rk(  + H rk( 
T

rk − t
∗

( 

≥H rk( 
T

tk − rk(  + H t
∗

( 
T

rk − t
∗

( 

� H rk( 
T

tk − rk( ≥ σ tk − rk

����
����
2
.

(39)

Ten, combining the relation above with equations in
Algorithm 1 and (21), we come to the conclusion that

tk+1 − t
∗����
����
2

� PC tk − ξkH rk(   − PC t
∗

 
����

����
2 ≤ tk − ξkH rk(  − t

∗����
����

� tk − t
∗����
����
2

− 2ξkH rk( 
T

tk − t
∗

(  + ξ2k H rk( 
����

����
2

≤ tk − t
∗����
����
2

− 2ξkH rk( 
T

tk − rk(  + ξ2k H rk( 
����

����
2

� tk − t
∗����
����
2

−
H rk( 

T
tk − rk(  

2

H rk( 
T

�����

�����
2

≤ tk − t
∗����
����
2

−
σ2 tk − rk

����
����
4

H rk( 
����

����
2

H tk + αkdk(
����

����

max H tk + αkdk(
����

����, ] 
⎡⎢⎣ ⎤⎥⎦

2

.

(40)

(40) shows the relation 0≤ ‖tk+1 − t∗‖≤ ‖tk − t∗‖, which
means that the sequence ‖tk − t∗‖ is decreasing and boun-
ded. Tus, the sequence ‖tk − t∗‖ is convergent, and the
sequence tk  is bounded. Combined with assumption
(H3.2), we have

H tk( 
����

���� � H tk(  − H t
∗

( 
����

����≤L tk − t
∗����
����≤L t0 − t

∗����
����. (41)

Terefore, ‖H(tk)‖ has an upper bound. Trough
Lemma 1 and the continuity of H, it is obtained that ‖dk‖ is
bounded; furthermore, sequence ‖rk‖ is bounded. Tis
shows that there is a constant M> 0 such that

H rk( 
����

����≤M, ∀k≥ 0. (42)

Let ‖H(tk + αkdk)‖/max ‖H(tk + αkdk)‖, ]  � c1, where
0< c1 ≤ 1.

Tis together with (40) implies



∞

k�0

c
2
1σ

2

M
tk − rk

����
����
4 ≤ 

∞

k�0
tk − t
∗����
����
2

− tk+1 − t
∗����
����
2

 

� t0 − t
∗����
����
2

− lim
k⟶∞

tk+1 − t
∗����
����
2 <∞.

(43)
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Since rk � tk + αkdk, the above formula implies that
limk⟶∞αk‖dk‖ � limk⟶∞‖tk − rk‖ � 0.

On the basis of the lemma above, we show that the
algorithm is globally convergent under certain
conditions. □

Theorem 1. If assumptions (H3.1) and (H3.2) hold, let se-
quence dk  and tk  be generated by Algorithm 1. Ten, we
have

lim
k⟶∞

inf Hk

����
���� � 0. (44)

Proof. It can be proved by contradiction. Assuming that
formula (44) does not hold, then there is a constant η> 0
such that ‖Hk‖≥ η, ∀k≥ 0. According toHT

k dk � ξ‖Hk‖‖dk‖,
where − 1≤ ξ ≤ 1, and formula (23), we get

− Hk

����
���� dk

����
����≤H

T
k dk ≤ − 1 −

1
μ

  Hk

����
����
2
. (45)

Moreover,

dk

����
����≥ 1 −

1
μ

  Hk

����
����
2 ≥ 1 −

1
μ

 η. (46)

Combining the above formula with Lemma 3, it is easy to
show that

lim
k⟶∞

αk � 0. (47)

We know that the sequences tk  and dk  are bounded
by Lemma 3 and formula (24), so there is a cluster point t

and an infnite index set N1 such that limk⟶∞tk � t, and
there is a clustering point d and an infnite index set N2 such
that limk⟶∞dk � d. Tere exists a αk � ρ− 1αk in line search
(19) such that

− H tk + αkdk( 
T
dk < σαk dk

����
����
2 H tk + αkdk(

����
����

max H tk + αkdk(
����

����, ] 

≤ σαk dk

����
����
2
.

(48)

Taking the limit of both sides of the above equation, for
all k ∈ N2, it turns out that

H(t)
Td> 0. (49)

Taking the limit of both sides of (19), we get

H(t)
Td≤ 0. (50)

Obviously, the above two formulas are contradictory.
Terefore, the assumption does not hold, that is,
limk⟶∞inf‖Hk‖ � 0. □

4. Numerical Results

In this section, in order to ensure the efectiveness of the
proposed algorithm (Algorithm 1), specifc numerical ex-
periments are given below. We denote the proposed Al-
gorithm 1 by WF, and compare with some existing

algorithms. Te conjugate gradient method in [35, 36, 37,
38] are denoted by JKL, EMDY, PDY, and HG, respectively.
Tese are derivative-free methods, where JKL and EMDY
methods are the state-of-the-art methods. Among them, the
JKL method, PDY method, and HG method use the line
search of formula (17), and the EMDY method uses the line
search of formula (18). All codes used were written inMatlab
R2015a and run on PC with 4GB of RAM and Windows 10
operating system.

For diferent methods, we choose the optimal
parameters:

WF:
ρ � 0.5, σ � 0.0001, a � 1, m � 1.5, mu � 3, ] � 1.25.
JKL: ρ � 0.55, σ � 0.0001, a � 1, m � 1.55, c � 0.6.
EMDY: ρ � 0.8, σ � 0.0001, a � 1, m � 1.2.
PDY: ρ � 0.5, σ � 0.01, a � 1, ξ � 0.1, c � 1.
HG: ρ � 0.4, σ � 0.0001, a � 1, c � 1.

We choose fve methods whose termination condition is
‖Hk‖≤ 1 × 10− 6 or NG + NI> 10000.

Te test questions are as follows:

Problem 1 [11]: set hi(t) � eti − 2, for i � 1, 2, . . . , n and
C � Rn

+.
Problem 2 [34]: set nonsmooth function hi(t) � 2ti −

sin|ti|, for i � 1, 2, . . . , n and C � Rn
+.

Problem 3 [11]: set logarithmic function hi(t) � ln(ti +

1) − (ti/n), for i � 1, 2, . . . , n and C � Rn
+.

Problem 4 [33]: set

h1(t) � 2t1 + sin t1(  − 1,

hi(t) � 2t1 + 2 ti− 1(  + sin ti(  − 1, fori � 2, 3, . . . , n − 1,

hn(t) � 2tn + sin tn(  − 1,

C � R
n
+.

(51)

Problem 5 [33]: set

h1(t) � t1 − e
cos h t1+t2( )( ),

hi(t) � ti − e
cos h ti− 1+ti+ti+1( )( ), fori � 2, 3, . . . , n − 1,

hn(t) � tn − e
cos h tn− 1+tn( )( ),

(52)

where h � (1/(n + 1)) and C � Rn
+.

Problem 6 [33]: set hi(t) � (eti )2 + 3 sin(ti)cos(ti) − 1,
for i � 1, 2, . . . , n and C � Rn

+.

Problems 1–6 use six initial points: t1 � (0.5,

0.5, . . . , 0.5)T, t2 � (1, 1, . . . , 1)T, t3 � (1.5, 1.5, . . . 1.5)T, t4
� (2, 2, . . . , 2)T, t5 �((1/21), (1/22), . . . , (1/2n))T, t6 �

((1/n), (2/n), . . . , 1)T. In addition, choose 5000, 10000,
150000, 20000, and 30000 as the dimension of the problem.

In addition, we compare the efcacy of the fve diferent
approaches by utilizing the performance characteristics that
Dolan and Moré [39] have provided. Assuming we have ns
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Table 1: Numerical results on problem 1.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

5000

t1 4/9/0.028/7.24E − 10 14/30/0.041/7.92E − 07 5/25/0.029/8.93E − 08 11/23/0.017/8.66E − 07 16/48/0.036/5.83E − 07
t2 4/10/0.020/4.54E − 12 15/32/0.044/4.02E − 07 6/31/0.030/2.24E − 08 11/23/0.020/2.69E − 07 18/55/0.039/4.18E − 07
t3 4/10/0.023/5.15E − 08 16/34/0.046/3.65E − 07 5/28/0.028/7.16E − 08 11/24/0.019/3.29E − 07 18/55/0.043/7.27E − 07
t4 5/13/0.023/3.22E − 11 15/33/0.044/8.64E − 07 6/33/0.031/8.18E − 08 13/29/0.024/3.04E − 07 18/56/0.042/7.83E − 07
t5 12/30/0.045/7.39E − 07 27/55/0.078/7.24E − 07 10/50/0.050/2.22E − 08 21/43/0.038/8.62E − 07 18/54/0.038/8.69E − 07
t6 14/36/0.052/5.88E − 07 34/72/0.094/8.95E − 07 13/68/0.067/2.50E − 08 25/51/0.043/9.69E − 07 19/57/0.038/3.92E − 07

10000

t1 4/9/0.021/1.02E − 09 15/32/0.073/3.66E − 07 5/25/0.044/1.26E − 07 12/25/0.035/2.45E − 07 16/48/0.059/8.25E − 07
t2 4/10/0.021/6.44E − 12 15/32/0.076/5.69E − 07 6/31/0.055/3.17E − 08 11/23/0.034/3.81E − 07 18/55/0.068/5.91E − 07
t3 4/10/0.021/7.28E − 08 16/34/0.085/5.17E − 07 5/28/0.047/1.01E − 07 11/24/0.035/4.65E − 07 19/58/0.072/3.69E − 07
t4 5/13/0.027/4.56E − 11 16/35/0.083/3.99E − 07 6/33/0.059/1.16E − 07 13/29/0.043/4.30E − 07 19/59/0.071/3.98E − 07
t5 12/30/0.062/6.81E − 07 30/62/0.144/5.33E − 07 9/47/0.081/2.23E − 07 22/45/0.064/9.08E − 07 19/57/0.070/4.42E − 07
t6 14/36/0.072/8.32E − 07 36/76/0.175/6.30E − 07 13/68/0.117/1.04E − 07 26/53/0.080/2.50E − 07 19/57/0.072/5.54E − 07

15000

t1 4/9/0.027/1.25E − 09 15/32/0.111/4.48E − 07 5/25/0.065/1.55E − 07 12/25/0.056/3.00E − 07 17/51/0.093/3.63E − 07
t2 4/10/0.029/7.86E − 12 15/32/0.110/6.97E − 07 6/31/0.078/3.88E − 08 11/23/0.050/4.66E − 07 18/55/0.093/7.24E − 07
t3 4/10/0.033/8.91E − 08 16/34/0.114/6.33E − 07 5/28/0.070/1.24E − 07 11/24/0.052/5.69E − 07 19/58/0.105/4.53E − 07
t4 5/13/0.039/5.59E − 11 16/35/0.119/4.89E − 07 6/33/0.082/1.42E − 07 13/29/0.057/5.27E − 07 19/59/0.105/4.88E − 07
t5 11/27/0.080/4.10E − 07 30/62/0.217/6.58E − 07 8/41/0.096/3.44E − 07 23/47/0.103/8.39E − 07 19/57/0.102/5.41E − 07
t6 15/38/0.111/1.37E − 07 37/78/0.269/4.12E − 07 13/68/0.170/1.96E − 07 26/53/0.111/2.97E − 07 19/57/0.100/6.78E − 07

20000

t1 4/9/0.036/1.45E − 09 15/32/0.146/5.18E − 07 5/25/0.086/1.79E − 07 12/25/0.070/3.46E − 07 17/51/0.116/4.19E − 07
t2 4/10/0.036/9.08E − 12 15/32/0.140/8.05E − 07 6/31/0.103/4.48E − 08 11/23/0.064/5.39E − 07 18/55/0.126/8.36E − 07
t3 4/10/0.040/1.03E − 07 16/34/0.151/7.31E − 07 5/28/0.089/1.43E − 07 11/24/0.062/6.57E − 07 19/58/0.130/5.23E − 07
t4 5/13/0.048/6.46E − 11 16/35/0.156/5.65E − 07 6/33/0.110/1.64E − 07 13/29/0.078/6.09E − 07 19/59/0.131/5.64E − 07
t5 10/25/0.100/4.78E − 07 22/48/0.211/4.37E − 07 8/41/0.128/3.65E − 07 24/49/0.135/7.96E − 07 19/57/0.125/6.25E − 07
t6 15/38/0.150/1.59E − 07 36/77/0.341/2.62E − 07 13/68/0.233/2.87E − 07 26/53/0.143/3.38E − 07 19/57/0.129/7.83E − 07

30000

t1 4/9/0.050/1.77E − 09 15/32/0.208/6.34E − 07 5/25/0.123/2.19E − 07 12/25/0.102/4.24E − 07 17/51/0.172/5.13E − 07
t2 4/10/0.055/1.11E − 11 15/32/0.208/9.86E − 07 6/31/0.148/5.49E − 08 11/23/0.091/6.60E − 07 19/58/0.195/3.68E − 07
t3 4/10/0.056/1.26E − 07 16/34/0.222/8.95E − 07 5/28/0.134/1.75E − 07 11/24/0.097/8.05E − 07 17/53/0.175/4.09E − 07
t4 5/13/0.073/7.90E − 11 16/35/0.227/6.92E − 07 6/33/0.158/2.00E − 07 13/29/0.117/7.45E − 07 21/69/0.230/6.83E − 07
t5 12/29/0.160/2.37E − 07 26/56/0.358/7.75E − 07 8/41/0.200/2.88E − 07 23/47/0.192/4.52E − 07 19/57/0.186/7.66E − 07
t6 15/38/0.218/1.94E − 07 35/75/0.503/3.67E − 07 13/68/0.326/4.59E − 07 26/53/0.219/4.08E − 07 19/57/0.195/9.59E − 07

Table 2: Numerical results on problem 2.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

5000

t1 2/4/0.004/0 2/4/0.004/0 4/10/0.009/1.12E − 06 30/60/0.037/3.56E − 20 18/37/0.022/3.79E − 07
t2 2/4/0.004/0 2/4/0.004/0 1/3/0.002/0 31/62/0.037/7.49E − 20 18/37/0.024/7.61E − 07
t3 1/3/0.003/0 1/3/0.002/0 1/4/0.003/0 32/64/0.036/5.62E − 21 19/39/0.027/3.63E − 07
t4 1/3/0.003/0 1/3/0.002/0 1/4/0.003/0 33/66/0.038/9.36E − 22 18/38/0.023/6.14E − 07
t5 6/8/0.009/0 2/4/0.003/0 5/11/0.008/6.46E − 08 26/53/0.024/9.52E − 07 14/29/0.013/3.69E − 07
t6 10/13/0.014/3.12E − 07 17/19/0.024/1.97E − 07 6/13/0.014/7.93E − 07 35/71/0.044/6.36E − 07 18/37/0.022/4.42E − 07

10000

t1 2/4/0.007/0 2/4/0.006/0 4/10/0.016/1.59E − 06 30/60/0.072/8.47E − 20 18/37/0.041/5.36E − 07
t2 2/4/0.006/0 2/4/0.007/0 1/3/0.004/0 36/73/0.074/8.79E − 07 19/39/0.044/3.87E − 07
t3 1/3/0.005/0 1/3/0.004/0 1/4/0.005/0 32/64/0.068/1.19E − 19 18/38/0.039/4.76E − 07
t4 1/3/0.004/0 1/3/0.005/0 1/4/0.005/0 31/62/0.069/2.81E − 19 20/43/0.046/5.29E − 07
t5 6/8/0.013/0 2/4/0.004/0 5/11/0.012/6.46E − 08 26/53/0.037/9.52E − 07 14/29/0.023/3.69E − 07
t6 10/13/0.029/4.40E − 07 17/19/0.047/2.78E − 07 7/15/0.019/4.49E − 08 32/64/0.076/7.55E − 07 18/37/0.044/6.25E − 07

15000

t1 2/4/0.010/0 2/4/0.008/0 4/10/0.024/1.95E − 06 33/66/0.091/3.00E − 20 18/37/0.061/6.56E − 07
t2 2/4/0.010/0 2/4/0.011/0 1/3/0.006/0 30/60/0.097/1.26E − 18 19/39/0.058/4.74E − 07
t3 1/3/0.006/0 1/3/0.006/0 1/4/0.007/0 37/75/0.111/8.14E − 07 20/43/0.066/5.57E − 07
t4 1/3/0.007/0 1/3/0.007/0 1/4/0.008/0 31/62/0.103/4.21E − 19 20/43/0.065/6.48E − 07
t5 6/8/0.015/0 2/4/0.006/0 5/11/0.017/6.46E − 08 26/53/0.048/9.52E − 07 14/29/0.028/3.69E − 07
t6 10/13/0.035/5.38E − 07 17/19/0.063/3.40E − 07 7/15/0.025/5.49E − 08 36/73/0.112/6.61E − 07 18/37/0.053/7.65E − 07
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solvers and np test problems, compare the performance of
solving s ∈ S on the problem p ∈ P with the best perfor-
mance of any solver on the problem. Tis method is used to
compare andmeasure how well solver setSworks on test set
P. Te comparison between diferent solvers is based on

rp,s �
tp,s

min tp,s: s ∈ S 
. (53)

In order to obtain the performance curve of each solver s,
ρs(τ) is defned as the probability of solver s, that is, the
performance ratio of rp,s is within the factor τ ∈ R of the best
possible ratio. Its performance is superior to that of the
following distribution functions:

ρs(τ) �
1
np

size p ∈ P: log2rp,s ≤ τ , (54)

Table 3: Numerical results on problem 3.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

5000

t1 1/2/0.002/0 1/2/0.002/0 2/3/0.004/0 4/5/0.005/1.42E − 07 17/34/0.026/5.90E − 07
t2 1/2/0.002/0 1/2/0.003/0 2/3/0.004/0 5/6/0.007/6.26E − 09 18/36/0.030/7.24E − 07
t3 4/5/0.008/4.30E − 07 2/3/0.005/0 2/3/0.005/0 5/6/0.008/4.05E − 07 19/38/0.029/5.33E − 07
t4 5/6/0.011/1.46E − 08 3/4/0.006/0 3/4/0.006/0 6/7/0.010/2.36E − 09 19/38/0.030/9.08E − 07
t5 12/13/0.016/5.73E − 08 12/13/0.016/1.49E − 07 6/7/0.009/7.48E − 13 18/28/0.019/9.83E − 07 13/26/0.014/9.16E − 07
t6 16/17/0.025/4.64E − 07 17/18/0.029/5.45E − 07 6/7/0.011/0 22/34/0.029/8.49E − 07 18/36/0.028/4.02E − 07

10000

t1 1/2/0.004/0 1/2/0.004/0 2/3/0.007/0 4/5/0.010/9.73E − 08 17/34/0.049/8.32E − 07
t2 1/2/0.003/0 1/2/0.003/0 2/3/0.007/0 5/6/0.011/3.62E − 09 19/38/0.053/3.68E − 07
t3 4/5/0.014/3.11E − 07 2/3/0.007/0 2/3/0.008/0 5/6/0.012/2.93E − 07 19/38/0.056/7.52E − 07
t4 5/6/0.015/8.98E − 09 3/4/0.012/0 3/4/0.013/0 6/7/0.015/1.24E − 09 20/41/0.056/6.32E − 07
t5 12/13/0.023/4.90E − 08 12/13/0.027/1.61E − 07 6/7/0.014/1.46E − 08 19/30/0.035/7.46E − 07 13/26/0.022/9.15E − 07
t6 16/17/0.045/7.36E − 07 17/18/0.055/7.73E − 07 7/8/0.019/0 20/30/0.054/5.07E − 07 18/36/0.055/5.67E − 07

15000

t1 1/2/0.005/0 1/2/0.006/0 2/3/0.011/0 4/5/0.014/7.97E − 08 18/36/0.183/3.66E − 07
t2 1/2/0.004/0 1/2/0.004/0 2/3/0.009/0 5/6/0.016/2.74E − 09 19/38/0.082/4.50E − 07
t3 4/5/0.019/2.66E − 07 2/3/0.011/0 2/3/0.011/0 5/6/0.017/2.50E − 07 20/41/0.092/4.58E − 07
t4 5/6/0.024/6.97E − 09 3/4/0.017/0 3/4/0.017/0 6/7/0.020/8.93E − 10 21/44/0.084/6.56E − 07
t5 12/13/0.034/4.61E − 08 12/13/0.034/1.65E − 07 7/8/0.021/3.06E − 12 20/32/0.050/6.46E − 07 13/26/0.035/9.15E − 07
t6 16/17/0.068/9.46E − 07 17/18/0.079/9.49E − 07 7/8/0.029/0 20/30/0.071/4.83E − 07 18/36/0.081/6.94E − 07

20000

t1 1/2/0.007/0 1/2/0.007/0 2/3/0.013/0 4/5/0.019/6.98E − 08 18/36/0.106/4.23E − 07
t2 1/2/0.005/0 1/2/0.005/0 2/3/0.014/0 5/6/0.020/2.28E − 09 19/38/0.098/5.19E − 07
t3 4/5/0.026/2.41E − 07 2/3/0.014/0 2/3/0.014/0 5/6/0.023/2.27E − 07 21/44/0.112/4.50E − 07
t4 5/6/0.030/5.88E − 09 3/4/0.022/0 3/4/0.022/0 6/7/0.026/7.23E − 10 21/44/0.112/7.57E − 07
t5 12/13/0.044/4.47E − 08 12/13/0.051/1.67E − 07 7/8/0.027/3.85E − 12 20/32/0.058/8.44E − 07 13/26/0.043/9.15E − 07
t6 17/18/0.092/8.96E − 07 18/19/0.109/6.50E − 07 7/8/0.038/0 21/32/0.096/7.83E − 07 18/36/0.089/8.02E − 07

30000

t1 1/2/0.009/0 1/2/0.010/0 2/3/0.020/0 4/5/0.026/5.88E − 08 18/36/0.149/5.18E − 07
t2 1/2/0.007/0 1/2/0.008/0 2/3/0.019/0 5/6/0.030/1.78E − 09 19/39/0.150/9.43E − 07
t3 4/5/0.036/2.16E − 07 2/3/0.021/0 2/3/0.021/0 5/6/0.037/2.02E − 07 21/44/0.167/5.51E − 07
t4 5/6/0.044/4.69E − 09 3/4/0.033/0 3/4/0.034/0 6/7/0.036/5.50E − 10 21/44/0.174/9.26E − 07
t5 12/13/0.064/4.32E − 08 12/13/0.068/1.70E − 07 7/8/0.044/3.98E − 12 22/34/0.085/2.26E − 09 13/26/0.075/9.15E − 07
t6 18/19/0.137/7.90E − 08 18/19/0.152/7.96E − 07 7/8/0.058/6.51E − 08 23/36/0.149/6.18E − 07 18/36/0.145/9.81E − 07

Table 2: Continued.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

20000

t1 2/4/0.011/0 2/4/0.013/0 4/10/0.029/2.25E − 06 36/73/0.139/6.99E − 07 18/37/0.087/7.58E − 07
t2 2/4/0.012/0 2/4/0.013/0 1/3/0.008/0 37/74/0.212/2.04E − 20 19/39/0.080/5.47E − 07
t3 1/3/0.008/0 1/3/0.008/0 1/4/0.009/0 37/75/0.148/9.40E − 07 20/43/0.084/6.43E − 07
t4 1/3/0.008/0 1/3/0.009/0 1/4/0.010/0 30/60/0.121/2.84E − 19 21/48/0.096/6.22E − 07
t5 6/8/0.018/0 2/4/0.008/0 5/11/0.023/6.46E − 08 26/53/0.065/9.52E − 07 14/29/0.037/3.69E − 07
t6 10/13/0.046/6.21E − 07 17/19/0.075/3.92E − 07 7/15/0.034/6.34E − 08 36/73/0.149/7.63E − 07 18/37/0.076/8.84E − 07

30000

t1 2/4/0.017/0 2/4/0.017/0 4/10/0.041/2.75E − 06 36/73/0.212/8.56E − 07 18/37/0.127/9.28E − 07
t2 2/4/0.018/0 2/4/0.019/0 1/3/0.012/0 37/75/0.218/9.13E − 07 20/43/0.128/5.80E − 07
t3 1/3/0.010/0 1/3/0.011/0 1/4/0.013/0 30/60/0.170/1.61E − 18 20/43/0.122/7.88E − 07
t4 1/3/0.011/0 1/3/0.011/0 1/4/0.016/0 38/77/0.224/7.43E − 07 21/48/0.148/7.62E − 07
t5 6/8/0.027/0 2/4/0.012/0 5/11/0.029/6.46E − 08 26/53/0.092/9.52E − 07 14/29/0.054/3.69E − 07
t6 10/13/0.064/7.59E − 07 17/19/0.119/4.81E − 07 7/15/0.048/7.77E − 08 36/73/0.210/9.34E − 07 19/39/0.109/3.89E − 07
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Table 4: Numerical results on problem 4.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

5000

t1 27/92/0.090/8.52E − 07 48/144/0.144/
8.73E − 07

35/300/0.220/
5.76E − 07

38/115/0.066/
9.98E − 07

24/101/0.062/
5.04E − 07

t2 27/93/0.092/5.73E − 07 43/133/0.131/
8.44E − 07

35/301/0.221/
8.76E − 07

37/112/0.068/
9.38E − 07

25/105/0.054/
5.69E − 07

t3 30/101/0.100/
6.30E − 07

51/151/0.149/
8.29E − 07

47/391/0.302/
4.77E − 07

38/115/0.067/
8.12E − 07 23/95/0.051/8.61E − 07

t4 32/107/0.102/
9.94E − 07

43/131/0.138/
8.29E − 07

43/361/0.279/
4.89E − 07

37/112/0.071/
8.88E − 07

28/118/0.063/
3.54E − 07

t5 29/98/0.089/8.87E − 07 39/124/0.114/
4.82E − 07

50/416/0.311/
5.70E − 07 32/97/0.057/8.85E − 07 22/92/0.061/4.92E − 07

t6 27/92/0.085/7.19E − 07 38/121/0.115/
8.74E − 07

76/629/0.485/
6.69E − 07

33/100/0.061/
6.77E − 07 23/96/0.049/8.90E − 07

10000

t1 25/86/0.157/7.71E − 07 44/135/0.255/
8.78E − 07

33/284/0.415/
6.82E − 07

38/115/0.127/
8.79E − 07 21/87/0.104/6.60E − 07

t2 28/95/0.160/8.78E − 07 43/134/0.243/
9.47E − 07

31/269/0.371/
7.53E − 07

37/112/0.126/
9.17E − 07 23/96/0.093/9.35E − 07

t3 37/122/0.212/
9.40E − 07

40/127/0.235/
6.04E − 07

36/307/0.442/
5.32E − 07

37/112/0.121/
8.42E − 07

24/100/0.103/
6.65E − 07

t4 35/116/0.206/
9.76E − 07

41/128/0.235/
7.82E − 07

37/314/0.443/
5.27E − 07

37/112/0.122/
7.76E − 07

24/100/0.100/
8.62E − 07

t5 27/92/0.166/9.26E − 07 37/122/0.222/
3.70E − 07

31/269/0.376/
6.02E − 07

33/100/0.111/
7.70E − 07 23/96/0.098/8.08E − 07

t6 25/86/0.218/7.42E − 07 41/129/0.351/
9.46E − 07

31/268/0.561/
7.68E − 07

38/115/0.184/
8.01E − 07 22/92/0.136/7.26E − 07

15000

t1 28/95/0.237/9.71E − 07 41/129/0.354/
7.73E − 07

33/285/0.590/
6.80E − 07

38/115/0.181/
7.81E − 07

25/105/0.156/
7.75E − 07

t2 31/104/0.261/
9.76E − 07

43/132/0.364/
9.62E − 07

33/283/0.587/
5.68E − 07

37/112/0.191/
8.88E − 07 23/95/0.140/8.67E − 07

t3 35/117/0.303/
5.68E − 07

40/125/0.340/
9.44E − 07

34/291/0.597/
5.58E − 07

37/112/0.190/
7.44E − 07

25/106/0.150/
9.66E − 07

t4 27/92/0.241/5.07E − 07 33/108/0.288/
8.33E − 07

37/316/0.657/
6.70E − 07

33/100/0.158/
6.95E − 07 22/91/0.131/8.12E − 07

t5 27/92/0.234/9.12E − 07 36/119/0.310/
6.57E − 07

35/301/0.616/
5.44E − 07

33/100/0.161/
8.38E − 07 23/96/0.143/5.30E − 07

t6 29/99/0.433/6.08E − 07 46/140/0.483/
9.32E − 07

46/388/1.064/
8.32E − 07

38/115/0.242/
8.67E − 07 23/97/0.174/9.81E − 07

20000

t1 29/99/0.329/6.96E − 07 40/125/0.440/
7.82E − 07

35/301/0.826/
6.31E − 07

37/112/0.235/
9.79E − 07 23/95/0.178/7.88E − 07

t2 35/117/0.385/
4.74E − 07

37/120/0.417/
6.96E − 07

31/268/0.740/
5.95E − 07

37/112/0.312/
8.48E − 07

24/102/0.208/
7.98E − 07

t3 36/119/0.393/
9.75E − 07

36/114/0.398/
9.22E − 07

32/275/0.744/
5.80E − 07

37/112/0.246/
7.37E − 07

30/130/0.252/
3.72E − 07

t4 25/86/0.281/7.24E − 07 30/104/0.348/
8.35E − 07

35/300/0.821/
7.13E − 07

33/100/0.208/
7.48E − 07 23/96/0.183/4.52E − 07

t5 27/92/0.311/8.88E − 07 38/124/0.437/
7.51E − 07

38/324/0.901/
5.22E − 07

33/100/0.210/
8.95E − 07 23/96/0.175/6.19E − 07

t6 24/83/0.328/9.44E − 07 33/112/0.466/
6.08E − 07

33/284/0.958/
7.53E − 07

33/100/0.260/
7.93E − 07 23/96/0.219/3.89E − 07

30000

t1 29/98/0.495/8.30E − 07 39/125/0.644/
8.74E − 07

32/276/1.124/
9.77E − 07

37/112/0.353/
9.54E − 07 21/87/0.255/6.96E − 07

t2 36/120/0.585/
6.17E − 07

41/128/0.682/
7.81E − 07

46/381/1.554/
5.96E − 07

37/112/0.354/
8.22E − 07 22/91/0.254/5.56E − 07

t3 39/128/0.630/
6.93E − 07

38/120/0.616/
8.52E − 07

39/332/1.336/
6.66E − 07

36/109/0.344/
9.84E − 07 23/97/0.268/9.14E − 07

t4 38/126/0.623/
5.47E − 07

36/118/0.603/
6.67E − 07

39/332/1.369/
6.36E − 07

37/112/0.352/
8.23E − 07

28/121/0.326/
7.65E − 07

t5 24/83/0.392/7.69E − 07 33/111/0.592/
8.48E − 07

32/276/1.123/
7.89E − 07

33/100/0.323/
8.33E − 07 22/91/0.259/7.99E − 07

t6 27/92/0.470/8.56E − 07 36/121/0.621/
4.89E − 07

41/347/1.422/
4.98E − 07

33/100/0.321/
9.87E − 07 23/96/0.267/7.77E − 07

10 Journal of Mathematics



Table 5: Numerical results on problem 5.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

5000

t1 3/5/0.009/6.07E − 07 13/15/0.040/1.75E − 07 6/13/0.024/6.42E − 07 37/75/0.086/9.71E − 07 19/39/0.052/5.91E − 07
t2 3/5/0.010/5.66E − 07 13/15/0.039/1.94E − 07 6/13/0.026/4.97E − 07 37/75/0.088/7.52E − 07 19/39/0.048/4.58E − 07
t3 3/5/0.009/4.70E − 07 12/14/0.037/9.98E − 07 6/13/0.024/3.53E − 07 36/73/0.098/8.88E − 07 18/37/0.042/9.02E − 07
t4 3/5/0.011/3.17E − 07 12/14/0.037/7.20E − 07 6/13/0.024/2.08E − 07 35/71/0.080/8.73E − 07 18/37/0.045/5.32E − 07
t5 3/5/0.009/5.09E − 07 13/15/0.041/5.86E − 07 6/13/0.024/7.87E − 07 38/77/0.090/7.14E − 07 19/39/0.046/7.24E − 07
t6 5/8/0.018/1.24E − 10 17/19/0.053/7.48E − 07 6/13/0.025/6.48E − 07 37/75/0.088/9.79E − 07 19/39/0.046/5.96E − 07

10000

t1 3/5/0.018/1.52E − 07 11/13/0.063/8.12E − 07 6/13/0.045/9.09E − 07 38/77/0.176/8.24E − 07 20/43/0.094/7.99E − 07
t2 3/5/0.018/1.42E − 07 11/13/0.063/8.84E − 07 6/13/0.048/7.04E − 07 38/77/0.167/6.38E − 07 19/39/0.084/6.47E − 07
t3 3/5/0.018/1.17E − 07 11/13/0.063/8.15E − 07 6/13/0.048/4.99E − 07 37/75/0.175/7.54E − 07 19/39/0.084/4.59E − 07
t4 3/5/0.018/7.93E − 08 10/12/0.058/8.49E − 07 6/13/0.047/2.94E − 07 36/73/0.165/7.41E − 07 18/37/0.086/7.52E − 07
t5 3/5/0.017/1.27E − 07 11/13/0.064/6.72E − 07 7/15/0.052/4.45E − 08 39/79/0.185/6.06E − 07 21/47/0.099/6.91E − 07
t6 4/7/0.025/5.62E − 07 14/16/0.098/6.89E − 07 6/13/0.047/9.16E − 07 38/77/0.178/8.31E − 07 20/43/0.091/8.06E − 07

15000

t1 3/5/0.026/6.75E − 08 11/13/0.092/5.86E − 07 7/15/0.082/4.45E − 08 39/79/0.265/6.05E − 07 21/47/0.149/6.91E − 07
t2 3/5/0.026/6.30E − 08 11/13/0.093/5.32E − 07 6/13/0.069/8.62E − 07 38/77/0.249/7.81E − 07 20/43/0.136/7.58E − 07
t3 3/5/0.025/5.22E − 08 11/13/0.090/4.44E − 07 6/13/0.067/6.11E − 07 37/75/0.254/9.23E − 07 19/39/0.121/5.62E − 07
t4 3/5/0.024/3.53E − 08 10/12/0.088/8.90E − 07 6/13/0.068/3.60E − 07 36/73/0.251/9.07E − 07 18/37/0.119/9.21E − 07
t5 3/5/0.023/5.66E − 08 11/13/0.089/6.39E − 07 7/15/0.074/5.45E − 08 39/79/0.261/7.42E − 07 21/47/0.149/8.46E − 07
t6 4/7/0.036/3.06E − 07 15/17/0.123/8.73E − 07 7/15/0.079/4.49E − 08 39/79/0.259/6.10E − 07 21/47/0.143/6.97E − 07

20000

t1 3/5/0.033/3.79E − 08 11/13/0.121/5.98E − 07 7/15/0.104/5.14E − 08 39/79/0.337/6.99E − 07 21/47/0.198/7.98E − 07
t2 3/5/0.033/3.54E − 08 11/13/0.122/4.89E − 07 6/13/0.093/9.95E − 07 38/77/0.327/9.02E − 07 20/43/0.187/8.76E − 07
t3 3/5/0.032/2.94E − 08 11/13/0.120/3.71E − 07 6/13/0.090/7.06E − 07 38/77/0.364/6.40E − 07 19/39/0.168/6.49E − 07
t4 3/5/0.033/1.98E − 08 11/13/0.118/2.36E − 07 6/13/0.090/4.16E − 07 37/75/0.325/6.29E − 07 19/39/0.166/3.83E − 07
t5 3/5/0.032/3.18E − 08 11/13/0.123/7.10E − 07 7/15/0.102/6.30E − 08 39/79/0.338/8.56E − 07 21/47/0.187/9.77E − 07
t6 3/5/0.033/7.94E − 07 13/15/0.141/5.08E − 07 7/15/0.106/5.18E − 08 39/79/0.342/7.05E − 07 21/47/0.194/8.04E − 07

30000

t1 3/5/0.048/1.69E − 08 11/13/0.181/7.04E − 07 7/15/0.155/6.29E − 08 39/79/0.501/8.56E − 07 21/47/0.283/9.77E − 07
t2 3/5/0.051/1.57E − 08 11/13/0.175/5.50E − 07 7/15/0.153/4.88E − 08 39/79/0.513/6.63E − 07 21/47/0.278/7.57E − 07
t3 3/5/0.045/1.31E − 08 11/13/0.177/3.94E − 07 6/13/0.131/8.64E − 07 38/77/0.497/7.84E − 07 20/43/0.268/7.60E − 07
t4 3/5/0.045/8.82E − 09 11/13/0.181/2.36E − 07 6/13/0.129/5.10E − 07 37/75/0.485/7.70E − 07 19/39/0.254/4.69E − 07
t5 3/5/0.042/1.41E − 08 11/13/0.177/8.59E − 07 7/15/0.153/7.71E − 08 40/81/0.520/6.29E − 07 24/59/0.343/3.67E − 07
t6 3/5/0.047/4.32E − 07 13/15/0.212/8.94E − 07 7/15/0.156/6.35E − 08 39/79/0.508/8.63E − 07 21/47/0.284/9.85E − 07

Table 6: Numerical results on problem 6.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

5000

t1 1/2/0.003/0 1/2/0.004/0 1/2/0.004/0 1/2/0.002/0 14/57/0.056/8.20E − 07
t2 1/5/0.009/0 1/6/0.009/0 1/3/0.006/0 1/3/0.003/0.00E+ 00 13/53/0.050/8.96E − 07
t3 1/2/0.004/0 1/2/0.004/0 1/2/0.004/0 1/2/0.002/0 15/62/0.060/5.10E − 07
t4 1/3/0.006/0 1/8/0.014/0 1/3/0.006/0 14/46/0.048/2.18E − 07 16/69/0.068/4.89E − 07
t5 1/5/0.004/3.14E − 16 10/41/0.034/5.99E − 07 3/14/0.014/8.24E − 11 18/55/0.026/6.90E − 07 11/45/0.021/8.47E − 07
t6 17/61/0.093/2.18E − 08 13/54/0.071/3.83E − 07 —/—/—/— 23/71/0.069/7.31E − 07 16/66/0.061/6.73E − 07

10000

t1 1/2/0.006/0 1/2/0.007/0 1/2/0.007/0 1/2/0.004/0 15/61/0.112/2.97E − 07
t2 1/5/0.016/0 1/6/0.019/0 1/3/0.010/0 1/3/0.006/0.00E+ 00 14/57/0.099/3.25E − 07
t3 1/2/0.006/0 1/2/0.008/0 1/2/0.008/0 1/2/0.004/0 16/68/0.119/4.32E − 07
t4 1/3/0.009/0 1/8/0.027/0 1/3/0.012/0 14/46/0.094/3.09E − 07 16/69/0.123/6.91E − 07
t5 1/5/0.005/3.14E − 16 10/41/0.054/5.99E − 07 3/14/0.022/8.24E − 11 18/55/0.046/6.90E − 07 11/45/0.031/8.47E − 07
t6 18/65/0.171/1.50E − 07 13/54/0.140/5.42E − 07 —/—/—/— 24/74/0.123/2.28E − 07 16/66/0.111/9.54E − 07

15000

t1 1/2/0.008/0 1/2/0.010/0 1/2/0.010/0 1/2/0.006/0 15/61/0.167/3.63E − 07
t2 1/5/0.021/0 1/6/0.029/0 1/3/0.015/0 1/3/0.009/0.00E+ 00 15/63/0.163/8.73E − 07
t3 1/2/0.009/0 1/2/0.011/0 1/2/0.010/0 1/2/0.007/0 16/68/0.186/5.29E − 07
t4 1/3/0.016/0 1/8/0.037/0 1/3/0.017/0 14/46/0.138/3.78E − 07 17/77/0.208/8.15E − 07
t5 1/5/0.008/3.14E − 16 10/41/0.076/5.99E − 07 3/14/0.025/8.24E − 11 18/55/0.069/6.90E − 07 11/45/0.047/8.47E − 07
t6 18/65/0.259/1.72E − 07 13/54/0.204/6.64E − 07 —/—/—/— 24/74/0.182/2.79E − 07 17/70/0.1667/2.99E − 07
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Table 6: Continued.

Dim Initial WF JKL EMDY HG PDY
NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖ NF/NI/CPU/‖H∗‖

20000

t1 1/2/0.011/0 1/2/0.013/0 1/2/0.014/0 1/2/0.008/0 15/61/0.226/4.19E − 07
t2 1/5/0.028/0 1/6/0.038/0 1/3/0.023/0 1/3/0.011/0.00E+ 00 16/67/0.230/2.58E − 07
t3 1/2/0.013/0 1/2/0.015/0 1/2/0.015/0 1/2/0.009/0 16/68/0.235/6.11E − 07
t4 1/3/0.019/0 1/8/0.050/0 1/3/0.020/0 14/46/0.180/4.37E − 07 18/83/0.302/6.07E − 07
t5 1/5/0.010/3.14E − 16 10/41/0.102/5.99E − 07 3/14/0.031/8.24E − 11 18/55/0.090/6.90E − 07 11/45/0.068/8.47E − 07
t6 18/65/0.331/1.74E − 07 13/54/0.275/7.66E − 07 —/—/—/— 24/74/0.259/3.23E − 07 17/70/0.2252/3.46E − 07

30000

t1 1/2/0.016/0 1/2/0.022/0 1/2/0.022/0 1/2/0.011/0 15/61/0.365/5.14E − 07
t2 1/5/0.044/0 1/6/0.052/0 1/3/0.030/0 1/3/0.016/0.00E+ 00 16/67/0.341/3.16E − 07
t3 1/2/0.018/0 1/2/0.022/0 1/2/0.020/0 1/2/0.013/0 16/71/0.372/7.58E − 07
t4 1/3/0.027/0 1/8/0.076/0 1/3/0.033/0 14/46/0.264/5.35E − 07 18/83/0.444/7.44E − 07
t5 1/5/0.013/3.14E − 16 10/41/0.144/5.99E − 07 3/14/0.043/8.24E − 11 18/55/0.128/6.90E − 07 11/45/0.091/8.47E − 07
t6 18/65/0.481/5.58E − 07 13/54/0.397/9.39E − 07 —/—/—/— 24/74/0.367/3.96E − 07 17/70/0.3493/4.24E − 07
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Figure 1: (a) Performance profle on NG. (b) Performance profle on NI. (c) Performance profle on CPU.
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where size A is the number of items in set A and τ ≥ 0. In the
event that the solver s is unable to fnd a solution to the
problem p, we will adjust the ratio rp,s to a value that is
sufciently high.

Tables 1–6 display all numerical fndings derived from
the fve approaches. In the tables, “Dim” represents the
dimension of the problem, “Initial” represents the initial
point, “—” indicates that the method failed to converge
inside the iteration termination condition, “NI” refers to the
number of iterations, “NF” refers to the number of function
evaluation, “CPU” denotes the CPU time, and “‖H∗‖” refers
to the fnal value of ‖Hk‖ when the program is stopped. In
problem 3, the MEDY method outperforms the WF method
at some initial points; however, in problem 6, the MEDY
method cannot fnd the corresponding solution for initial
point t6. In problem 4, the PDY method is superior to the
WF method in the number of iterations. It can also be
observed that in most of the remaining problems, the FW
method has better performance than other methods in terms
of the number of iterations, the number of function eval-
uation and CPU time.

As shown in Figures 1, compared with JKL, EMDY, HG,
and PDY methods, the proposed method achieves about
70%, 55%, and 43% wins in terms of the number of itera-
tions, function evaluation, and CPU time, respectively.Tese
demonstrate that when compared to the JKL and MEDY
methods, the FW method is more robust in terms of the
number of iterations, the number of function evaluation,
and CPU time.

5. Conclusion

In this paper, we suggested a way to solve nonlinear
monotone equations without using derivatives. Tis method
was a combination of the hybrid conjugate gradient method
and the hyperplane projection method. An adaptive tech-
nique was used to get the search direction dk. We showed
that the proposed method had global convergence under
appropriate conditions. Tis technique worked well for
solving large-scale monotone equations since it required a
very small amount of memory. Preliminary numerical
fndings demonstrated the viability of our strategy. In the
future, more experiments will be conducted to prove the
performance of the proposed algorithm and we will try to
extend the algorithm to practical large-scale nonlinear
problems.
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