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The objective of this paper is to study the relative homological properties of contravariantly and covariantly finite subcategories.
Some sufficient conditions for &xt 5 (A, B) = &xtq(A, B) are obtained. We also give the conditions under which the stable
categories (€/W')|(XLIW’) are one-side triangulated categories.

1. Introduction

The notions of contravariantly and covariantly finite subcat-
egories were introduced in [1] by Auslander and Smalg in
connection with studying the problem of which subcate-
gories of an Artin algebra have almost split sequences. Since
then, contravariantly and covariantly finite subcategories are
widely used in representation theory and relative homologi-
cal algebra. In [2], Beligiannis studied the relative homolog-
ical algebra induced by a pair (%,2) consisting of an
additive category € and a contravariantly finite subcategory
& of €. Suppose that " is contravariantly finite and any &
-epic has a kernel in €. Then, VB € &; the contravariantly
X - extension functors &xt'y(—,B): €F — b, Vn>0
are defined as the right 2-derived functor of €(-,C). The
covariantly % -extension functors %_xt;(A,—) are defined
dually. Under some conditions, if %_xt;(?, B) =
Ext 'y (A, X) =0, then xty (A, B)=&xt’(A B). In the
present paper, some results in [2] will be generalized. In
[3], Beligiannis and Marmaridis constructed the left and
right triangulated structures on the stable categories of addi-
tive categories induced from some homological finite subcat-
egories. Recently, Li extended their results to more general
settings [4]. Let € be an additive category and & be a full
additive subcategory of €. If & is contravariantly finite in

€ and any special 2'-epic has a kernel in &, then the stable
category €/ has a left triangulated structure induced by .
If ¥ is covariantly finite in € and any special %/-monic has a
cokernel in €, then the stable category €/% has a right tri-
angulated structure induced by %. In Section 3, let € be an
abelian category, 7 be a contravariantly finite subcategory
of € and W' < 2 < 6. We prove that the stable category (
GCIW)(XIW) also has a left triangulated structure.

In this paper, unless otherwise stated, we assume that all
considered categories are skeletally small and additive, and
their subcategories are full, additive, closed under direct
summands and isomorphisms. Functors between categories
are supposed to be additive. The following undefined sym-
bols can be referred in [2, 5]. The latest related profound
research conclusions on this subject can be found in [6-10].

2. Relative Homology

Homology provides an algebraic picture of topological
spaces, and complexes provide a mean of calculating homol-
ogy. Let € be an abelian category, Z is a full subcategory of
€, which is closed under direct summands and isomor-
phisms. Consider a complex

Ao Ay A (1)
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in €. The complex A" is called covariantly & -exact, if the
induced complex

CLA) - —E( L Ay) — E(LA) — - (2)
is exact in an abelian category. For example, when & is a
contravariantly finite subcategory of %, for any right &
-approximation of an object A in €, 0 — Q(A) — X
—> A is covariantly 2 -exact, where Q(A) is called the first
sysygy of A. If A€ Gen(X)={Be €| there exists an epi-
morphism X — B, for a Xe€ X}, then the right &
-approximation of A, 0 — Q(A) — X — A —0 is an
exact sequence. Dually, the complex A" is contravariantly
I -exact, if the induced complex

CAL): - —CA,L, L) —CA,X)— - (3)

is exact in an abelian category. If €(A’, X) and €(A’, I) are
both exact, the complex A’ is called functorially 2 -exact.

Let & be a contravariantly finite subcategory of ¢ and
A € 6. The X -resolution of A is the following complex:

X, : ---—>Xf¢:r1 —>X2—>--'—>X}4—>X%—>A—>0,
(4)

where X1 — X', is the composition X! — Q"!(A)
— X',. The morphism Xi' — Q*!'(A) is a right &
-approximation of the (i + 1) sysygy Q'*!(A) of A. Dually,
if % is a covariantly finite subcategory of € and B € G, the
% -coresolution of B is the complex

YB.:O—>B—>Yg—>Ylf—>---—>YtB—>Y

— ey

(5)

where Y — Y2 is the composition Y? — Q7!(B) —
Y8 . The morphism Q7' (B) — Y2 is a left %-approxi-
mation of the i cosysygy Q7'(B) of B. So Z-resolution of
A is covariant 2-exact complex, % -coresolution of B is con-
trvariant %/-exact complex. If the category € has enough
projective objects, and these projective objects are contained
in &, then any 2-resolution is an exact sequence. Similarly,
if the category € has enough injective objects, which are
contained in %, then any %-coresolution is an exact
sequence.

For any object A € G, we denote )/(; by the deleted com-
plex of the &-resolutions X,

i+1

—_ X i+1 .
XA:---—>X21f—>X2—>---—>X%—>O. (6)

For Be @, the right derived &-functors &xt %-(—,B):
€ — db,Yn >0 of €(-,B) are defined to be

Ker %(f"“, B)

Exto(4.B)= 1 €(f", B)

n=0,1,2,--, (7)

where the € denoted the opposite category of €. Dually,
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Y8 denotes the deleted complex of %-coresolutions Y2

~B ;
Y. :0—>Y€—>Yf—>-~-—>Y?i>Y?+1—>--~. (8)

For A € &, the right derived % -functors %’Bct;(A,—): €
—> 9b,Vn >0 of €(A, —) are defined to be

Ker (A, g,)

xto, (A, B) = —— I
A @A g,

n=0,1,2,--.  (9)

It is similar to the extension functor in homological alge-
bra, by the comparison theorem [11], &xt %-(A, B) does not
depend on the choice of 2 -resolutions of A. %}t;(A, B)
has nothing to do with the choice of %-coresolutions of B.
If AeGen(Z) or X contains all projective objects, then
&xt %-(A,B)=G(A,B). If BeCogen(¥)={Be%| there
exists Y € %, such that B— Y is a monomorphism} or
% contains all injective objects, then ‘cfxt; (A,B)=%(A,B).

Example Let R be an algebra over a field K determined
the following quiver ,—*%, - —F, with relation Ba = 0.
Then, its AR-quiver is Scheme 1

Let S(i) and P(i) be the indecomposable simple module
and projective module at vertex i, respectively, i=1,2,3.
Put T=8(1), &=add(T) are direct sums of direct
summand-s of T, then 2 =add(T) is a contravariantly finite
subcategory of R-mod categories and &xt o(T,—) =0, but
&xt 4 (T,-) #0, since 0 — S§(2) — P(1) — S(1) — 0 is
a nonsplit exact sequence. If 2" =add{S(3); P(2)}, then by
Prop.1.2 in [12], & is a covariantly finite subcategory,
&xt b(P(1), P(3)) =~ EndgP(3) # 0, Exty(P(1), P(3)) =0.

Proposition 1. Let X, Y be full subcategories of C. Suppose
to be closed under direct sums and direct summands. If X
is contravariantly finite subcategory and Y is a covariantly
finite subcategory, then

(1) for any covariantly X-exact complex 0 — A — B
— C— 0, there is a corresponding X- resolution
exact sequence, 0 — X, — Xz — X, —0. In
particular, for any n, X3 = X', @ X¢

(2) for any contravariantly Y-exact complex, 0 — A —
B— C— 0, there is a corresponding Y-coresolution
exact sequence, 0 — ?A — f’é — ?C — 0, and
foranyn, YB=Y4 @ Y

Proof. It is only necessary to prove (1) because (2) is its dual.
Let 4 : X4 — A, f&: X% — C be the right 2-approxi-
mations. The morphism i, : A— B and pc: B— C are
corresponding morphisms in X-exact complex 0 — A
— B— C—0. By Z-exact property, there exists g
: X% — B such that f% = pcg. Since i, f} : X4 — B by def-
inition of direct sum, there exists a unique morphism d
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SCHEME 1

0—KerfQ—— Kerd — Kerf?;—»O

I

0 X9 24X o x4 X2 0
I |
0 A—4 B— ¢ 0
SCHEME 2

: X4 @ X% — B, such that i, f = diy, g=dis. So, we have
the following commutative diagram Scheme 2.

Next, it is proved that d : X§ @ X3 — B is a right &
-approximation.

Put s: X — B and X € X, there is [ : X — X, such
that pes = f21. Since pcdix%l:f%l =pes;u: X — A, sodigl
—s=1i,u, thus, thereist : X — X% such that u :fg t, hence
d(l'xocl—l'xgt) =S. O

Finally, it is proved that the complex 0 — Ker f} —
Ker d — Ker f{. — 0 is covariantly X-exact. Obviously,
we just need to prove that for all X € 2, C(X,Ker d) — C
(X, Kerf%) is an epimorphism. Then, X% zX%@X% is
obtained by the fact that 0 — C(X, X9) — C(X, X{ @ X?)
— C(X, X%) — 0 is a split exact sequence. Repeating the
above procedure Scheme 3.

We have Xj = X & X{.

By Proposition 1, if 0 — A — B— C — 0 is a cov-
ariantly 2-exact complex, then for any D € C, there is a long
exact sequence

0 — &xt %(C, D) — &xt % (B, D) — &xt %(A, D) — &xt }(C, D) —> -+

(10)

If 0—A—B— C—0 is a contravariantly %
-exact complex, then for any D € C, there is a long exact
sequence

0 — &xtyy (D, A) —> &xtiy (D, B) — Extyy(D, C) — Exty (D, A) — .

(11)

Example 1. has shown that, in general, &xty, (D,C)#
&xt (D, C), even though X = ¥ is a functorially finite sub-
category. But, we have the following conclusions.

Lemma 2. Let & be a contravariantly finite subcategory, %
be a covariantly finite subcategory. If A, Q(A) € GenZ’ and
B,Q7!(B) € Cogen?, then

0 X} Xio X, —=X, ——0
0 X9 —X4.X9 @ x4 X0, 0
79 d 1Y
0 A—4 B— (C 0
SCHEME 3

(1) If %Bct;(fl", B)=0 and &xt (A, %) =0, then there
are isomorphisms

&xty (A, B) = Ext L.(A, B), Ext | (A, Q7 (B)) = &xty, (2(A),B)  (12)

(2) If &xt &(A, %) =0, then there are epimorphism

&xty, (Q(A), B) — Ext (4, Q7 (B)), (13)
and morphism

&xt (A, B)—> &xty (A, B) (14)

3) If %Bct;(fl’, B) =0, then there are epimorphism

&xt L (A, Q7' (B)) — &xty (Q(A),B), (15
and morphism
&xty (A, B) — Ext (A, B) (16)

Proof. We only prove (1). Similarly, (2) and (3) can be

proved. Let K,=Q(A),L'=Q7'(B), 0 — K, — X" —

A —0 be a right X-approximation of A, and 0 — B

— Y, — L' — 0 be a left %-approximation of B. There-

fore, there is the following commutative diagram Scheme 4.
By the snake lemma, we have Scheme 5.

Since  C(A, B) <>C(Ky, B) — &xty(A,B) — 0 s
exact, so

Cokera = Exty, (A, B) = Cokerr = &xt (A, B).  (17)

By the above commutative diagram, po =#f. Since
%}t;(%,B):O and &xt (A, ¥)=0, so o,B are



epimorphism. Then,

Cokery = %}t;(KO, B) = Cokern = &xt (AL'). (18)
O

Theorem 3. Let & be a contravariantly finite subcategory, ¥
be a covariantly finite subcategory. If A, Q"'(A) € GenZ; B,

n S
O7"(B) € Cogen?y, n=1,2,3,-+; Exty (X, Cogen(¥))=0
and Ext ' (Gen(X), %) =0, then for all natural number n,
there is an isomorphism

&xt (A, B) = Exty (A, B). (19)

Proof. Let 0 — Q(A) — X/ — J"1(A) — 0 be a cov-
ariantly &-exact sequence, where Q7'(A)=A. 0 — Q7(B
)—Y,— Q" 1(B) — 0 be a contravariantly % -exact
sequence, where Q°(B) =B. Repeating the procedure of
Lemma 2, we have

Ext | (QV(A), Q7(B)) = &xty, (YV(A), Q7 (B)) = Ext | (27 (4), 2771 (B)).
(20)

Hence,

5 n+l

xty (A, B) = &xty, (A, Q7' (B)) = - &xty, (A, Q" (B))
= &xt o (A, Q7'(B)) = Ext 3 (A, B).
(21)
O

The subcategory & of € is called pre- & -resolving if
X <o, and o is closed under kernels of &-epic. The sub-
category 9B of € is called pre- ¥ -coresolving if ¥ < %,
and % is closed under cokernels of %/-monic.

Corollary 4. Let X be a contravariantly finite subcategory, Y
be a covariantly finite subcategory. If Gen(X) is pre- X
-resolving, Cogen(¥) is pre- % -coresolving, A € Gen(X'), B
€ Cogen(¥), %}t;(%, Cogen(¥%)) =0, &xt b (Gen(X), ¥
) = 0, then for any natural number n, there is an isomorphism

&xt (A, B) = Exty (A, B). (22)

The concepts of dimension and codimension are given
in [2]. Put A € @, if A has 2 -resolution

0—X,—X, ,— X —X,—A—0,

(23)

in this case, the least such integer n is called 2-dimension of
A, denote by dim o (A) =n. If this nonnegative integer n
does not exist, we call dim 4(A) = co. Obviously, if A € Z,
then dim o (A) = 0. But the verse is not true. The global 2
-dimension of the category % is defined by
gl.dim o(®) = sup {dimy(A)|A € €}. Dually, using the def-
inition of %/-coresolution, we can define the %/ -codimension
of object B €@, denoted by dim? (B). The global %-codi-
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mension of the category &, denoted by gl.dim? (%) = sup {
dim? (B)|B € €}. The following proposition can be found
in [2].

Proposition 5. (1)gl.dimy (C) = 0 if and only if the inclusion
functor X o C admits right adjoint functor R: C— X
(2)gl.dim" (C) = 0 if and only if the inclusion functor Y
o C admits left adjoint functor L: C—Y

Corollary 6. If (2, ¥) is a torsion pair in €, then gl.
dim o () = gl.dim? (€) = 0.

Proposition 7. Let X be a contravariantly finite subcategory,
if Q"1 (A) € Gen(X), then dim 4(A) < n if and only if Q™!
(A)=0.

Proof. Since 0 — Q™! (A) — X, — Q"(A) is a covar-
iantly 2-exact sequence, where X, — Q"(A) is a right X
-approximation, thus €(Z,Q"'(A))=0 if and only if
Q"1(A)=0. O

Similarly, we have the following proposition.

Proposition 8. Let % be a covariantly finite subcategory. If
Q7 1(A) € Cogen(¥), then dim?(A)<n if and only if
Q" (A)=0.

There should be an equivalence relation on the set of
short exact sequences. So Y ext should be the set of equiva-
lence classes; If Y ext '-(A, B) represents all the covariantly
I -short exact sequence of the form of 0 — B—Z —>

A—0, YExt;(A, B) represents all the contravariantly %

-short exact sequence of the form of 0 — B—Z — A
— 0, then there is the corresponding Yoneda lemma.

Lemma 9 (N. Yoneda). If A, Q(A), Q*(A) € Gen(X), there is
a one-to-one correspondence

Y ext &-(A, B) & &xt 4(A, B). (24)

If B, (B), Q(B) € Cogen(¥), there is a one-to-one
correspondence

Y exty, (A, B) & &xty (A, B). (25)

Note: if € is a left R-module category, & is a subcategory
of projective module category, % is a subcategory of injec-
tive module category, then & = Gen(Z') = Cogen(%).

3. Stable Categories

Let us recall the stable category €/X. The objects of /X are
the objects of €. If A, B are objects of €/Z, (€/2)(A, B)
=%6(A,B)/X (A, B).

Lemma 10. Let 2 be a contravariantly finite subcategory, Y
be a covariantly finite subcategory. A € Gen(Z'), B € Cogen(
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0 0 0
0— C(4, B)——C(X°, B) —— C(Ko, B)— Exth(A,B)— 0
0—— C(A, Yo)——C(X?,Yg) —T+ C(Ko, Yo)— Exth(A,Yy)— 0
« I6] Y
0— C(A, L)——C(XY, 1Y)~ C(Ky, LYy Extl(A, L) — 0
Exly (A, By~ Exty(X°, B)— Exiy (Ko, B)
0 0 0
SCHEME 4
Kerp Kery > Cokera Cokerp
C(X°,B) C(Ko, B) Exly(A, B) Exly (X, B) =0
SCHEME 5

%), for all C € G,there is an epimorphism ¢ : Ext 1-(A, C)
— (GIX)(Q(A),C), and there is an epimorphism
: €xty,(C,B) — (€1%)(C, 27! (B)).

Proof. (1) Let 0 — Q(A) — X, —> A — 0 be a covar-
iantly &'-exact sequence, whereX, € 2, so there is a long
exact sequence:

0— B(A, C) — B(X,, C) — G(Q(A), C) — xt L(4,C) — 0.
(26)

Iflet g : €(X,, C) — B(Q(A), C)) be a corresponding
morphism, then Im (g) € Z(Q(A), C), thus

o@).c (g) 40

Im (g)

Q(A), C
Z(Q(A),C)
(27)

¢ : Bxt y(4,C)=F

(2) is obtained dually

Let # <X <€ be the contravariantly finite subcate-
gories. «: € —GIW,3:6—CIL, y: LIW — (6!
W)I(XLIW) are the canonical functors, for any A,B€ @,
let a(A) =A, and B(B) =By, f : A— B is denoted by a(f
)=f, A, — B,, we have the following proposition. [

Proposition 11. There is an isomorphism F : L1 (A,, Bg)
— (A, B)IW(A, B).

Proof. Put f' € XIW (A, Bg), there is f € (A, B) such that

f,=f'. Then X € Z, such that f' factor through X, i.e. h
€ ¥(A,X) and t € ¥(X, B) such that f , =t h, = (th),. Thus,
f—the #'(A, B). Put

X (A, B)
oy AwBg) — W(A,B),

f'=f+W (A B).

F (28)

O

Conversely, put f+% € 2 (A, B)/% (A, B), where f ¢
Z (A, B). Thus, there exists X € 2 such that f = th, where h
€ €(A,X),t € €(X, B). Therefore, f, =t,h, € LIW (A, By
). Put G : L(A, B)/W (A, B) — LW (A,, Bg) such that G
(f+%(A,B))=f,. Hence, GF=1 and FG=1.

Theorem 12. F : /X — (GIW)(XIW') is an equivalence
of an additional category.



Proof. Put F : Ag— A,,, for all A,B€ @,

ya
(GI7) _(€I17) (A, Bp)
(L17) (A0 B, ) (X1 (Ay By)
_ (B(A,B)/7'(A,B))
 (Z(ABYW(AB) (29
_B(A,B)
- Z(A,B)

= (G1L)(Ag Bp).-
O

Let € be an additive category and 2 an additive covari-
ant endofunctor on €. Let A be a class of left triangles of the
form Q(w) —/ u —9 v —" w. The pair (Q, A) is called a
left triangulated structure on & if A is closed under isomor-
phisms and satisfies the following four axioms:

(Lt1) For any morphism f : v — w there is a left trian-
gle in A of the form Q(w)— u—v—/ w. For any
object u € &, the left triangle 0 — u—u—0isin A

(Lt2) Rotation axiom: for any left triangle Q(w) —/ u
—9y—"w in A, the left triangle Q(v) —2" Q(w)
—/ u—9visalso in A

(Lt3)If the figure below is the commutative diagram of
left triangle inAScheme 6

Then, there is morphism « : a; — b;, which makes the
figure above continuous to be a commutative diagram.

(Lt4) Octahedral axiom: for any two left triangles Q(w)
—/u—9v—"w and Qz) —'x—'w—Fz in A,
there is a left triangle Q(z) —/ p —"v—* 7z and two
morphisms «:u— p,f: p—>x, such that the graph
below is a commutative diagram Scheme 7, where the
second column from the left is a left triangle in A

Dually, we can define the right triangulated structure (
Z,A') on @, where X is a covariant additive endofunctor
of @ and A is a class of right triangles of the form u — v
—> w —> X(u). which satisfies the dual right triangulated
axioms.

An additive category € is called a left triangulated cate-
gory if there is a left triangulated structure on €. Dually, an
additive category € is called a right triangulated category
[13] if there is a right triangulated structure on it. The data
of a right triangulated category was first introduced by Bern-
hard Keller in [14]. If the endofunctor Q (respectively, X) is
an autoequivalence, the left (respectively, right) triangulated
category (%, Q, A) (respectively, (&, 2, A")) is a triangulated
category. Left and right triangulated categories are natural
generalization of triangulated categories.

Let & be a contravariantly finite subcategory of an addi-
tive category €. A morphism f : B— A in € is called an &
-epic if for any X € I the induced map Homg (X, g): Ho
mg (X, B) — Homg (X, A) is surjective. A morphism f : B
— A in @ is called a special &-epic if it is of the following
form:

Bax, ™ A, (30)
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Q(as) . a] . Qo as
Q(v) B ¥
Q(bs) by by bs
SCHEME 6

where g is a morphism of € and p, is a right 2-approxi-
mation of A. By definition, a right 2 -apprixomation is a
special &'-epic and a special 2-epic is an & -epic. Dually, if
% is covariantly finite in &, we have the notions of an %
-monic and a special %-monic. Let € be an additive cate-
gory and & an additive subcategory of €. Assume that &
is contravariantly finite in € and any special 2-epic has a
kernel. Then €/ is a left triangulated category. If % is cov-
ariantly finite in € and any special %-monic has a cokernel.
Then, €/¥ is a right triangulated category.

Let & be a contravariantly finite subcategory of addi-
tional category €, by [4], the stable category €/ has a nat-
ural left triangulated structure. Qo : €/X — €/X is the
loop functor, which is defined as follows: Qq-(Ag) = Q(A),

for any morphism f : A— B in €, Qq(f): Qo (Ag) —
Q4(Bg) such that Qq(f4) =Q
— exact complex in €/,

(f)g- For any covariantly 2

0—caLp, (31)
if
i d°
0— Q(B)— X}, —B, (32)

is a right 2-approximation of B, then we have the following
commutative diagram Scheme 8.
So,

0

VB iB i

is a standard triangle in €/

Theorem 13. Let € be an abelian category, & and ¥ are
subcategories of 6.

(1) If W < X is a contravariantly finite subcategory of €
and any special X-epic has a kernel in G, then F : €
1L — (GIW)(XIW) is the equivalence of a left
triangulated category

(2) If 7" € ¥ is a covariantly finite subcategory of € and
any special Y-monic has a cokernel in €, then F : €
1Y — (CIV)I(YIT) is the equivalence of a right
triangulated category
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Q)
£

Q(w) / u I h w

l Q(k) « J 1, lk:
Q(z) J P m v kh z

R
Q(z) ! x ! w i z

SCHEME 7

OB)—.xo 4, g

) 5[3 1]

c —h A & . B

SCHEME 8

Proof. We only prove (1), and (2) can be obtained similarly.
For any A € G,

FQq(Ag) = F(QA) = (QA),, = Qo (Aya) = Qs F(4p),
(34)
if f: A— B, then
FOx (f5) = FQf) 5= ()0 = o (1) = Qo F (),
(35)
if
08,29 ¢, 4, 2B, (36)

is a triangle induced by special &-epimorphism g: A
— Bin €/, then

hya Iya
‘Qfl”/wByoc - Cyoc _)Aya - By(x’ (37)
is the left triangle in (€/%")/(X/%"), and that is
Fhyg Fgpg
FQgBﬁ—>FCﬁ—>FA/3—>FBﬂ. (38)

O

4. Conclusions

As a further generalization of the Proposition 2.8 in [2], we
introduced the notion of Gen(Z') and Cogen(%/), some suf-
ficient conditions for &xt 5 (A, B) = &xto (A, B) are given.
The left and right triangulated structures on the stable cate-
gories induced from some homological finite subcategories
are discussed. Let € be an abelian category, 7#'(7") be a con-

travariantly (covariantly) finite subcategory of € and 7" <
X CB(7 <Y <B), we have that the stable category (€/
WN(LIW) (€17 )(XLI7)) also has a left triangulated
structure (right triangulated structure).
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