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This paper focuses on a generalized definition of fuzzy subsemigroup (ideal) on semigroup. Let L be a completely distributive
lattice; we introduce the definition of L-fuzzy ideal and also the novel concept of subsemigroup (ideal) on semigroup. Then, we
discuss the necessary and sufficient conditions of L-fuzzy subsemigroup (ideal) measure using the four level cuts of an L-fuzzy
set. Moreover, we study the properties of L-fuzzy subsemigroup (ideal) measure. As an application of L-fuzzy subsemigroup
(ideal) measure, we obtain the L-fuzzy convexities on a semigroup and bijective semigroup homomorphic mapping is an L
-fuzzy isomorphism.

1. Introduction

Zadeh introduced fuzzy set theory [1]. Then, Van de Vel [2]
gave a systematic study of the theory of convexity in 1993.
Rosa [3] extended the concept of convexity to the fuzzy sit-
uation in 1994, which is said to be an L-convex structure
later, and the relevant results are shown in [4–8]. In addi-
tion, Maruyama [9] studied the concept of convexity on a
completely distributive lattice in 2009. As a matter of fact,
there is a convex space in many other mathematical struc-
tures [10–13].

Many academics studied on generalized semigroups
(ideal) [14–19]. Zhao [19] introduced the concept of L
-fuzzy subsemigroup. To be worth mentioning, Shi and
Xin opened up a prospect of inducing the L-fuzzy convexity
[20]. In recent years, mathematicians have constructed the L
-fuzzy convexities on a series of algebraic structures. Li and
Shi [21] constructed an L-fuzzy convexity according to L
-convex fuzzy sublattice measure. Furtherly, they obtained
ðL,MÞ-fuzzy convexity spaces. In particular, an ðL,MÞ
-fuzzy convexity became known simply as L-fuzzy convexity
if L =M, where M is a completely distributive lattice [22]. In
2017, Wen et al. [23] defined an L-fuzzy convexity by the L

-convex measure on vector spaces. Two years later, Han and
Shi [24] introduced an L-fuzzy convexity according to L
-convex ideal measure on a lattice. At the same year, Zhong
et al. [25] constructed an L-fuzzy convexity according to L
-fuzzy convex subgroup measure on an ordered group. The
study by Mehmood et al. [26] constructed an L-fuzzy con-
vexity on a ring in 2020. In 2021, Zeng et al. (preprint
[27]) constructed an L-fuzzy convexity according to an L
-fuzzy subfield degree on a field.

As a continuation of [19], we will extend fuzzy subse-
migroup (ideal) on semigroup to general cases on the basis
of the above researches. It recalled some necessary concepts
and theorems of general semigroup, fuzzy semigroup, and L
-fuzzy convexity. Following that, the L-fuzzy ideal is studied
and its characterizations are given. Then, an L-fuzzy subse-
migroup (ideal) measure is presented, and at the same time,
the characterizations and properties are studied. Then, an L
-fuzzy convexity is generated by an L-fuzzy subsemigroup
(ideal) measure on a semigroup. What is more, the related
L-fuzzy convex preserving mappings, L-fuzzy convex to con-
vex mappings, and L-fuzzy isomorphism mappings are dis-
cussed. The findings show that a semigroup homomorphic
mapping can be considered as L-fuzzy convexity preserving
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(L-fuzzy convex-to-convex) mapping and bijective semi-
group homomorphic mapping is an L-fuzzy isomorphism.

2. Preliminaries

To begin with, we give some useful materials for necessary.
From [28], we know the operation of AC is defined as AC
= fxy ∈ S : x ∈ A and y ∈ Cg, where S is a semigroup and A
, C ⊆ S.

Definition 1 (see [28]). Let S be a semigroup. A nonempty-
subset C of S is said to be a subsemigroup (ideal) of S if

CC ⊆ C SC ⊆ C andCS ⊆ Cð Þ: ð1Þ

Moreover, the intersection of any collection of subse-
migroup of S is a subsemigroup of S [28]. Beside, a semi-
group S is said to be a commutative semigroup if the
operation of S satisfies the commutative law.

Mordeson et al. extended Definition 1 to the fuzzy
situation.

Definition 2 (see [28]). Let S be a semigroup. An L-fuzzy
subset ν ∈ LS is called to be

(1) a fuzzy subsemigroup of S if ∀t1, t2 ∈ S such that νð
t1t2Þ ≥ νðt1Þ∧μðt2Þ

(2) a fuzzy left (right) ideal of S if ∀t1, t2 ∈ S such that
νðt1t2Þ ≥ νðt2Þðνðt1t2Þ ≥ νðt1ÞÞ

(3) a fuzzy ideal of S if it is a fuzzy left ideal and it is a
fuzzy right ideal of S

Throughout this paper, ⊥ and Τ denote the minimum
element and the maximum element in L, respectively. We
denote A as a subset of S by A ⊆ S, the set of all L-fuzzy sub-
sets on S by LS, and an L-fuzzy subset ν of S by ν ∈ LS. LS is a
completely distributive lattice if it maintains the lattice L via
defining ≤ point wisely, naturally. In addition, symbols χ∅
and χS denote the minimum element and the maximum ele-
ment in LS, respectively. Moreover, ∧∅ = Τ and ∨∅ =⊥. Let
x, y, and z be three elements in L. Then, x is said to be a
coprime if x is less than or equal to y∨z leading to x less than
or equal toz or x less than or equal to y. Moreover x is said to
be prime if y∧z is less than or equal to x leading to either y
less than or equal to x or z less than or equal to x. In addi-
tion, PðLÞ and JðLÞ denote the collection of all nonunit
prime and nonzero coprime elements, respectively. ∀x, y ∈
L and D ⊆ L, y less than or equal to ∨D, x ≺ y means that x
is less than or equal to d for some d ∈D. Then, βðyÞ is equal
to fx ∈ L : x ≺ yg and β∗ðyÞ is equal to βðyÞ ∩ JðLÞ mainly
based on [29]. Moreover, ∀x, y ∈ L, y≺opx, in another way,
there exists d in D, by D ⊆ L, ∧D less than or equal to y;
we can have d which is less than or equal to x; then, we
say αðxÞ is less than or equal to fy ∈M : x≺opyg and α∗ðyÞ
is less than or equal to αðyÞ ∩ PðLÞ [29]. Moreover, ∀x, y ∈
L and ∀s1 ∈ PðLÞðs1 ∈ JðLÞÞ, it means x ≤ y⇔ x ≰ s1ðs1 ≤ xÞ
⇒ y ≰ s1ðs1 ≤ yÞ [23].

The four cut sets play an important part in fuzzy theory.
Supposing ν ∈ LS and ∀x, y ∈ L, according to the definition of
cut sets and the fact that an implication operator⟶ in cor-
respondence to ∧ in [23], we infer x⟶ y is equal to ∨fz
∈ L : x∧z ≤ yg and [23]

ν x½ � = s1 ∈ S : x ≤ μ s1ð Þf g, ν xð Þ = s1 ∈ S : ν s1ð Þ ≰ xf g,
ν xð Þ = s1 ∈ S : x ∈ β μ s1ð Þð Þf g, ν x½ � = s1 ∈ S : x ∉ α ν s1ð Þð Þf g:

ð2Þ

We denote L-fuzzy convexity and L-fuzzy convexity pre-
serving mapping (L-fuzzy convex-to-convex mapping) with
LFC and LFCPMðLFCCMÞ, respectively.

From the definition of ðL,MÞ-fuzzy convexity [22], we
know the following.

Definition 3 (see ([23], [28]). A mapping S : LS ⟶ L is
called to be an LFC on S if the following conditions are true:

(1) Sðχ∅Þ = SðχSÞ = Τ

(2) ∧
i∈Ω

SðνiÞ ≤ Sð ∧
i∈Ω

νiÞ if fνi ∣ i ∈Ωg ⊆ LS is nonempty

(3) ∧
i∈Ω

SðνiÞ ≤ Sð ∨
i∈Ω

νiÞ if fνi ∣ i ∈Ωg ⊆ LS is nonempty

and totally ordered

From [23], we know the following.

Definition 4 (see ([23]). Let ðS,CÞ and ðS1,DÞ be LFC
spaces. A mapping f : S⟶ S1 is called to be an LFCPM
(LFCCM) if

D Eð Þ ≤C f⟵L Eð Þð Þ for allE ∈ LS1 C Gð Þ ≤D f⟶L Gð Þð Þ for allG ∈ LS
À Á

:

ð3Þ

Then, f : X ⟶ Y is called to be an L-fuzzy isomor-
phism if f is bijective, LFCPM, and LFCCM.

In this paper, we aim at a novel definition of fuzzy sub-
semigroup (ideal) on semigroup. According to it, any fuzzy
set can be considered as a fuzzy subsemigroup (ideal) gener-
alized. This paper is arranged as follows: first, we will treat
the novel definition of fuzzy subsemigroup (ideal) on the
basis of the notion of an L-fuzzy subsemigroup (ideal) on
semigroup, their properties, and their equivalent character-
izations. Then, we will obtain L-fuzzy convexities induced
by L-fuzzy subsemigroup (ideal) measure and a conclusion
that bijective semigroup homomorphic mapping is an L
-fuzzy isomorphism and so on.

3. A Novel Definition of an L-Fuzzy
Subsemigroup (Ideal)

In this section, the novel definitions of L-fuzzy subse-
migroup ðidealÞ are introduced and their characterizations
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are given. First, we will extend Definition 2 to the L-fuzzy
situation.

(1) Let A = fl, ng and B = fl, pg. We define β, α ∈ LS as
follows:

β lð Þ = β nð Þ = 0:7, β pð Þ = 0:6, β qð Þ = 0:5, ð4Þ

α lð Þ = α nð Þ = 0:7, α pð Þ = 0:8, α qð Þ = 0:9 ð5Þ

Definition 5. Let S be a semigroup, ν ∈ LS; then, ν is called to
be

(1) an L-fuzzy subsemigroup of S, if νðt1t2Þ ≥ νðt1Þ∧νð
t2Þ∀t1, t2 ∈ S [19]

(2) an L-fuzzy left (right) ideal of S, if νðt1t2Þ ≥ νðt2Þðν
ðt1t2Þ ≥ νðt1ÞÞ∀t1, t2 ∈ S

(3) an L-fuzzy ideal of S, if it is an L-fuzzy left ideal and
it is an L-fuzzy right ideal of S

Example 1. Let S = fl, n, p, qg be a semigroup with the fol-
lowing table.

From Definition 6 (1), we can infer that β is an L-fuzzy
subsemigroup of S, but α is not.

(2) Then, we define μ ∈ LS as follows:

μ lð Þ = μ nð Þ = 0:7,  
μ pð Þ = 0:5,
μ qð Þ = ⊥L,

ð6Þ

and ν ∈ LS as follows:

ν lð Þ = ν nð Þ = 0:7, ν pð Þ = 0:8, ν qð Þ = 0:9 ð7Þ

From Definition 5 (2), we get μ is an L-fuzzy ideal of S,
but ν is not.

According to the definition of an L-fuzzy subsemigroup
in [19], an L-subset is either an L-fuzzy subsemigroup or
not. We discuss the measure to which an L-subset is an L
-fuzzy subsemigroup using the implication operator of L.
Moreover, we define an L-fuzzy ideal and study the measure
to which an L-subset is an L-fuzzy ideal.

Definition 6. Let S be a semigroup, ν ∈ LS; then,

(1) SðνÞ is called to be the subsemigroup measure of ν
as

S νð Þ = ∧
t1,t2∈S

ν t1ð Þ∧ν t2ð Þð Þ↦ ν t1t2ð Þð Þ ð8Þ

(2) LðνÞ is called to be the ideal measure of ν as

L νð Þ = ∧
t1,t2∈S

ν t1ð Þ↦ ν t1t2ð Þð Þ∧ ν t2ð Þ↦ ν t1t2ð Þð Þð Þ ð9Þ

Obviously, ν is an L-fuzzy subsemigroup (ideal) of S if
and only if SðνÞ = ΤðLðνÞ = ΤÞ, and ν always is an L
-fuzzy subsemigroup (ideal) to the measure SðνÞðLðνÞÞ.

From Example 1, we know βðμÞ is an L-fuzzy subse-
migroup (ideal) of S, but αðνÞ is not. We will explain L
-fuzzy subsemigroup (ideal) measure according to the fol-
lowing example, which indicates that any L-subset can be
regarded as an L-fuzzy subsemigroup (ideal) to some
measure.

Example 2. On the basis of Example 1, we define L-fuzzy
subsemigroup (ideal) measure of αðνÞ as

S αð Þ = ∧
t1,t2∈S

α t1ð Þ∧α t2ð Þð Þ↦ α t1t2ð Þð Þ
= 0:7↦ 0:7ð Þ∧ 0:8↦ 0:7ð Þ∧ 0:9↦ 0:7ð Þ: = 0:7:

ð10Þ

According to Definition 6 (1), this means that α is an L
-fuzzy subsemigroup to the measure SðαÞ = 0:7. In addition,

L νð Þ = ∧
t1,t2∈S

ν t1ð Þ↦ ν t1t2ð Þð Þ∧ ν t2ð Þ↦ ν t1t2ð Þð Þð
= 0:7↦ 0:7ð Þ∧ 0:8↦ 0:7ð Þ∧ 0:9↦ 0:7ð Þ = 0:7:

ð11Þ

From Definition 6 (2), we can say that ν is an L-fuzzy
ideal to the measure LðνÞ = 0:7.

By Definition 6, we can infer the following conclusion.

Theorem 7. Let S be a semigroup and ν ∈ LS, then LðνÞ ≤
SðνÞ.

Inspired by the conclusion z ≤ x⟶ y if and only if x∧
z ≤ y [23] ∀x, y, z ∈ L, the following lemma is clear.

Lemma 8. Let S be a semigroup and ν ∈ LS; then,

(1) SðνÞ ≤ x if and only if ∀t1, t2 ∈ S, νðt1Þ∧νðt2Þ∧x ≤ ν
ðt1t2Þ∀x ∈ L

Table 1: Values of the semigroup operator ∘:

s1

s2
s1 ∘ s2

l n p q

l l l l l

n n l l l

p l l n l

q l l l l

3Journal of Mathematics



(2) LðνÞ ≤ x if and only if ∀t1, t2 ∈ S, νðt1Þ∧x ≤ νðt1t2Þ,
and νðt2Þ∧x ≤ νðt1t2Þ∀x ∈ L

By Lemma 8, we can easily obtain the other characteriza-
tions of the subsemigroup measure of an L-fuzzy subset as
follows.

Theorem 9. Let S be a semigroup and ν ∈ LS; then,

(1) SðνÞ = ∨fx ∈ Ljνðt1Þ∧νðt2Þ∧x ≤ νðt1t2Þ,∀t1, t2 ∈ Sg
(2) LðνÞ = ∨fx ∈ Ljνðt1Þ∧x ≤ νðt1t2Þ, νðt2Þ∧x ≤ νðt1t2Þ,

∀t1, t2 ∈ Sg

Next, we characterize the subgroup (ideal) measure of an
L-fuzzy set by means of its four levels in the following
theorem.

Theorem 10. Let S be a semigroup, ν ∈ LS; then,

(1) SðνÞ = ∨fx ∈ L : ∀y ≤ x, ν½y� is a subsemigroupg
(2) SðνÞ = ∨fx ∈ L : ∀y ∉ αðxÞ, ν½y� is a subsemigroupg
(3) SðνÞ = ∨fx ∈ L : ∀y ∈ PðLÞ, x ≤ y, νðyÞ is a

subsemigroupg
(4) SðνÞ = ∨fx ∈ L : ∀y ∈ βðxÞ, νðyÞ is a subsemigroupg
(5) LðνÞ = ∨fx ∈ L : ∀y ≤ x, ν½y� is an idealg
(6) LðνÞ = ∨fx ∈ L : ∀y ∉ αðxÞ, ν½y� is an idealg
(7) LðνÞ = ∨fx ∈ L : ∀y ∈ PðLÞ, x ≤ y, νðyÞ is an idealg
(8) LðνÞ = ∨fx ∈ L : ∀y ∈ βðxÞ, νðyÞ is an idealg

Proof.

(1) First, we prove

S νð Þ ≤ ∨ x ∈ L : ∀y ≤ x, ν y½ � is a subsemigroup
n o

ð12Þ

∀t1, t2 ∈ S, let νðt1Þ∧νðt2Þ∧x ≤ νðt1t2Þ; then, ∀y ≤ x, ∀t1
, t2 ∈ ν½y�; we have

ν t1t2ð Þ ≥ ν t1ð Þ∧ν t2ð Þ∧x ≥ ν t1ð Þ∧ν t2ð Þ∧y = y: ð13Þ

This shows t1t2 ∈ ν½y�; therefore, ν½y� is a subsemigroup of
S. Thus,

S νð Þ ≤ ∨ x ∈ L : ∀y ≤ x, ν y½ � is a subsemigroup
n o

: ð14Þ

Next, we prove

∨ x ∈ L : ∀y ≤ x, ν y½ � is a subsemigroup
n o

≤ S νð Þ: ð15Þ

Let ν½y� be a subsemigroup of S, ∀y ≤ x, x ∈ L. We want to
show

∀t1, t2 ∈ S, ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ: ð16Þ

Suppose y = νðt1Þ∧νðt2Þ∧x, we can infer y ≤ x and t1, t2
∈ ν½y�, then t1t2 ∈ ν½y� if and only if νðt1t2Þ ≥ y = νðt1Þ∧νðt2
Þ∧x. Thus,

∨ x ∈ L : ∀y ≤ x, ν y½ � is a subsemigroup
n o

≤ S νð Þ: ð17Þ

Now, we get

∨ x ∈ L : ∀y ≤ x, ν y½ � is a subsemigroup
n o

= S νð Þ: ð18Þ

(2) First, we prove

S νð Þ ≤ ∨ x ∈ L : ∀y ∉ α xð Þ, ν y½ � is a subsemigroup
n o

ð19Þ

We take any t1, t2 ∈ S, if νðt1Þ∧νðt2Þ∧x ≤ νðt1t2Þ, then
∀t1, t2 ∈ ν½y�, ∀y ∉ αðxÞ if and only if y ∉ αðνðt1ÞÞ, y ∉ αðνðt2
ÞÞ; we can obtain

y ∉ α ν t1ð Þð Þ ∪ α ν t2ð Þð Þ ∪ α xð Þ = α ν t1ð Þ∧ν t2ð Þ∧xð Þ: ð20Þ

By νðt1Þ∧νðt2Þ∧x ≤ μðt1t2Þ, then

α ν t1t2ð Þð Þ ⊆ α ν t1ð Þ∧ν t2ð Þ∧xð Þ, ð21Þ

we can infer y ∉ αðνðt1t2ÞÞ if and only if t1t2 ∈ ν½y�. This
means ν½y� is a subsemigroup of S, and

x ∈ x ∈ L : ∀y ∉ α xð Þ, μ y½ � is a subsemigroup
n o

: ð22Þ

This demonstrates

S νð Þ = ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g
≤ ∨ x ∈ L∣∀y ∉ α xð Þ, ν y½ � is a subsemigroup
n o

:
ð23Þ

Next, we prove

∨ x ∈ L : ∀y ∉ α xð Þ, ν y½ � is a subsemigroup
n o

≤ S νð Þ: ð24Þ

Suppose ν½y� is a subsemigroup of S for any y ∉ αðxÞ, x
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∈ L. We want to show

ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ for any t1, t2 ∈ S: ð25Þ

Suppose y ∉ αðνðt1Þ∧νðt2Þ∧xÞ = αðνðt1ÞÞ ∪ αðνðt2ÞÞ ∪ αð
xÞ, then y ∉ αðxÞ and t1, t2 ∈ ν½y�; thus, t1t2 ∈ ν½y� if and only
if y ∉ αðνðt1t2ÞÞ. This shows νðt1Þ∧νðt2Þ∧x ≤ νðt1t2Þ. It is
proven that

S νð Þ = ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g
≥ ∨ x ∈ L : ∀y ∉ α xð Þ, ν y½ � is a subsemigroup
n o

:
ð26Þ

Thus, (2) is true.

(3) First, we prove

S νð Þ ≤ ∨ x ∈ L : ∀x ≰ y, ν yð Þ is a subsemigroup
n o

ð27Þ

Supposing x ∈ L, it satisfies νðt1Þ∧νðt2Þ∧x ≤ νðt1t2Þ∀t1,
t2 ∈ S. Let y ∈ PðLÞ, x ≰ y, and t1, t2 ∈ νðyÞ; now we prove t1
t2 ∈ νðyÞ: Assume that t1t2 ∉ νðyÞ: According to the fact t1t2
∉ νðyÞ if and only if νðt1t2Þ ≤ y, we can infer νðt1Þ∧νðt2Þ∧x
≤ νðt1t2Þ ≤ y. By y ∈ PðLÞ and t1, t2 ∈ νðyÞ, now, we can get
x ≤ y, which contradicts x ≰ y. Hence, t1t2 ∈ νðyÞ. This shows
that νðyÞ is a subsemigroup of S. Therefore,

S νð Þ = ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g
≤ ∨ x ∈ L : ∀x ≰ y, ν yð Þ is a subsemigroup
n o

:
ð28Þ

Next, we prove

∨ x ∈ L : ∀x ≰ y, ν yð Þ is a subsemigroup
n o

≤ S νð Þ: ð29Þ

Supposing x ∈ L, it satisfies νðyÞis a subsemigroup of Sg∀
x ≰ y. Now, we want to prove

ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ, ∀t1, t2 ∈ S: ð30Þ

Suppose y ∈ PðLÞ and νðt1Þ∧νðt2Þ∧x ≰ y, then νðt1Þ ≰ y,
νðt2Þ ≰ y, and x ≰ y if and only if t1, t2 ∈ νðyÞ. For a subse-
migroup νðyÞ, it means t1t2 ∈ νðyÞ if and only if νðt1t2Þ ≰ y.
This shows that νðt1Þ∧νðt2Þ∧x ≤ νðt1t2Þ. It is proved that ∀
t1, t2 ∈ S,

S νð Þ = ∨ x ∈ L : ∀x ≰ y, ν yð Þ is a subsemigroup
n o

≥ ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þf g:
ð31Þ

It is now obvious that (3) holds.

(4) First, we prove

S νð Þ ≤ ∨ x ∈ L : ν yð Þ is a subsemigroup
n o

ð32Þ

We assume ∀t1, t2 ∈ S, x ∈ fx ∈ L : νðt1Þ∧νðt2Þ∧x ≤ νðt1
t2Þg, then ∀y ∈ βðxÞ, t1, s2 ∈ νðyÞ; it holds that

y ∈ β ν t1ð Þð Þ ∩ β ν t2ð Þð Þ ∩ β xð Þ = β ν t1ð Þ∧ν t2ð Þ∧xð Þ ⊆ β ν t1t2ð Þð Þ:
ð33Þ

Then, t1t2 ∈ νðyÞ. This shows that νðyÞ is a subsemigroup
of S. This means that

S νð Þ = ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g
≤ ∨ x ∈ L : ∀y ∈ β xð Þ, ν yð Þ is a subsemigroup
n o

:
ð34Þ

Next, we prove

∨ x ∈ L : ,ν yð Þ is a subsemigroup
n o

≤ S νð Þ: ð35Þ

Supposing x ∈ L, it satisfies νðyÞ is a subsemigroup
∀y ∈ βðxÞ. Now, we prove that

ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ, ∀t1, t2 ∈ S: ð36Þ

Let y ∈ βðνðt1Þ∧νðt2Þ∧xÞ. By βðνðt1Þ∧νðt2Þ∧xÞ = βðνðt1
ÞÞ ∩ βðνðt2ÞÞ ∩ βðxÞ, we know that t1, t2 ∈ νðyÞ, and y ∈ βðxÞ
. Since νðyÞ is a subsemigroup of S, it holds that t1t2 ∈ νðyÞ
if and only if y ∈ βðνðt1t2ÞÞ. This shows that νðt1Þ∧νðt2Þ∧x
≤ νðt1t2Þ. Therefore,

S νð Þ = ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g
≥ ∨ x ∈ L : ∀y ∈ β xð Þ, ν yð Þ is a subsemigroup
n o

:
ð37Þ

It is now obvious that (4) holds.
(5)-(7) By the fact that ν½x�, ν

½x�, and νðxÞ are the ideals of
S for any x ∈ L and ν ∈ LS, then the statements are easy to be
proved with Lemma 8 (2) and are omitted

(8) Suppose νðt1Þ∧x ≤ νðt1t2Þ and νðt2Þ∧x ≤ νðt1t2Þ∀t1
, t2 ∈ S. It is a fact that y ∈ βðνðt2ÞÞ ∩ βðxÞ = βðνðt2Þ
∧xÞ ⊆ βðνðt1t2ÞÞ if and only if t1t2 ∈ νðyÞ∀y ∈ βðxÞ
and t2 ∈ νðyÞ. In addition, this shows that νðyÞ is an
ideal of S. This means that ∀t1, t2 ∈ S for any t1 ∈
νðyÞ, t1t2 ∈ νðyÞ,

L νð Þ = ∨ x ∈ L ∣ ν t1ð Þ∧x ≤ ν t1t2ð Þ and ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g
≤ ∨ x ∈ L : ∀y ∈ β xð Þ, ν yð Þ is an ideal
n o

ð38Þ

Conversely, suppose νðyÞ is an ideal of S∀y ∈ βðxÞ. Now,
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we prove that

ν t1ð Þ∧x ≤ ν t1t2ð Þ,
ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ S:

ð39Þ

Let y ∈ βðνðt2Þ∧xÞ; by βðνðt2Þ∧x = βðνðt2ÞÞ ∩ βðxÞ, we
know that t2 ∈ νðyÞ and y ∈ βðxÞ. For an ideal νðyÞ of S, it
holds that t1t2 ∈ νðyÞ if and only if y ∈ βðνðt1t2ÞÞ; it shows
that νðt2Þ∧x ≤ νðt1t2Þ. We can obtain νðt1Þ∧x ≤ νðt1t2Þ in
a similar way. Therefore,

L νð Þ ≥ ∨ x ∈ L : ∀y ∈ β xð Þ, ν yð Þ is an ideal
n o

: ð40Þ

It is now obvious that (8) holds.

Theorem 11. Let fνigi∈Ω be a family of L-fuzzy subsets in a
semigroup S. Then,

(1) ∧
i∈Ω

SðνiÞ ≤ Sð ∧
i∈Ω

νiÞ

(2) ∧
i∈Ω

LðνiÞ ≤Lð ∧
i∈Ω

νiÞ

Proof. Suppose fνigi∈Ω is a family of L-fuzzy subsets in a
semigroup S∀t1, t2 ∈ S, x ∈ L.

(1) Suppose x ≤ ∧
i∈Ω

SðνiÞ, then ∧
i∈Ω

νiðt1Þ∧ ∧
i∈Ω

νiðt2Þ∧x
≤ ∧
i∈Ω

νiðt1t2Þ. We can infer x ≤ Sð ∧
i∈Ω

νiÞ

(2) Suppose x ≤ ∧
i∈Ω

LðνiÞ, then νiðt2Þ∧x ≤ νiðt1t2Þ; it is
easy to obtain ∧

i∈Ω
νiðt2Þ∧x ≤ ∧

i∈Ω
νiðt1t2Þ, and by νiðt1

Þ∧x ≤ νiðt1t2Þ, we can obtain

∧
i∈Ω

νi t1ð Þ∧x ≤ ∧
i∈Ω

νi t1t2ð Þ ð41Þ

We can infer x ≤Lð ∧
i∈Ω

νiÞ.

The following result is obvious.
Let f : S0 ⟶ S1 be a mapping and ν and η be two L

-fuzzy subsets in S0 and S1, respectively. Then, we have

(1) f⟶S ð f⟵S ðηÞÞ = ηð f⟶L ð f⟵L ðηÞÞ = ηÞ if f is surjective
(2) f⟵S ð f⟶S ðνÞÞ = νð f⟵L ð f⟶L ðνÞÞ = νÞ if f is injective

where f⟶S : LS0 ⟶ LS1ð f⟶L : LS0 ⟶ LS1Þ and f⟵S : LS1

⟵ LS0ð f⟵L : LS1 ⟵ LS0Þ are defined by

f⟶S νð Þ s′
� �

= ∨ ν sð Þ: f sð Þ = s′
n o

, f⟶L νð Þ s′
� �

= ∨ ν sð Þ: f sð Þ = s′
n o� �

,

f⟵S ηð Þ = η ∘ fð Þ, f⟵L ηð Þ = η ∘ fð Þð Þ:
ð42Þ

Now, we investigate the subsemigroup (ideal) measures
of homomorphic image and preimage of L-fuzzy subset.

Theorem 12. Suppose f : S⟶ S′ is a semigroup homomor-
phism. Then,

(1) if ν ∈ LS, then Sð f⟶S ðνÞÞ ≥ SðνÞ. And if f is injec-
tive, then Sð f⟶S ðνÞÞ = SðνÞ

(2) if η ∈ LS′ , then Sð f⟵S ðηÞÞ ≥ SðηÞ. And if f is surjec-
tive, then Sð f⟵S ðηÞÞ = SðηÞ

(3) if ν ∈ LS, then Lð f⟶L ðνÞÞ ≥LðνÞ. And if f is injec-
tive, then Lð f⟶L ðνÞÞ =LðνÞ

(4) if η ∈ LS′ , thenLð f⟵L ðηÞÞ ≥LðηÞ. And if f is surjec-
tive, then Lð f⟵L ðηÞÞ =LðηÞ

Proof.

(1) We complete the proof by combining the fact

If f is injective, the above ≤ can be replaced by =, i.e.,
SðνÞ = Sð f⟶L ðνÞÞ. Now, (1) is true.

(2) We complete the proof by combining the fact

S f⟵L ηð Þð Þ = ∧
t1,t2∈S

f⟵L ηð Þ t1ð Þ∧f⟵L ηð Þ t2ð Þð Þ↦ f⟵L ηð Þ t1t2ð Þð Þ
= ∧

t1,t2∈S
η f t1ð Þð Þð Þ∧ η f t2ð Þð Þð Þð Þ↦ η f t1ð Þf t2ð Þð ÞÞ

≥ ∧
t1′ ,t2′∈S′

η t1′
� �� �

∧ η t2′
� �� �� �

↦ η t1′t2′
� �� ��

= S ηð Þ

ð44Þ

S f⟶L νð Þð Þ = ∨ x ∈ L : f⟶L νð Þ t1′
� �

∧f⟶L νð Þ t2′
� �

∧x ≤ f⟶L νð Þ t1′t2′
� �

,∀t1′ , t2′ ∈ S
n o

:

= ∨ x ∈ L : ∨
f t1ð Þ=t1′

ν t1ð Þ∧ ∨
f t2ð Þ=t2′

ν t2ð Þ∧x ≤ ∨
f zð Þ=t1′t2′

ν zð Þ,∀t1′ , t2′ ∈ S
( )

≥ ∨ x ∈ L : ν t1ð Þ∧ν t2ð Þ∧x ≤ ν t1t2ð Þ,∀t1, t2 ∈ Sf g = S νð Þ

ð43Þ
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If f is surjective, the above ≤ can be replaced by =, i.e.,
SðνÞ = Sð f⟵L ðηÞÞ: Now, (2) is true.

(3) We complete the proof by combining the fact

For any t1, t2 ∈ S, t1′ , t2′ ∈ S′,

L f⟶L νð Þð Þ = ∨

f⟶L νð Þ t1′
� �

∧x ≤ f⟶L νð Þ t1′t2′
� �

x ∈ Ljf⟶L νð Þ t2′
� �

∧x ≤ f⟶L νð Þ t1′t2′
� �

∀t1′ , t2′ ∈ S′

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

= ∨ x ∈ Lj

∨
f t1ð Þ=t1′

ν t1ð Þ∧x ≤ ∨
f zð Þ=t1′t2′

ν zð Þ

∨
f t2ð Þ=t2′

ν t2ð Þ∧x ≤ ∨
f zð Þ=t1′t2′

ν zð Þ

∀t1′ , t2′ ∈ S′

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

≥ ∨ x ∈ L
ν t1ð Þ∧x ≤ ν t1t2ð Þ,
ν t2ð Þ∧x ≤ ν t1t2ð Þ,

����� ∀t1, t2 ∈ S
( )

=L νð Þ:

ð45Þ

If f is injective, the above ≤ can be replaced by =, i.e.,
LðνÞ =Lð f⟶L ðνÞÞ: Now, (3) is true.

(4) We complete the proof by combining the fact

L f⟵L ηð Þð Þ = ∧
t1,t2∈S

f⟵L ηð Þ t1ð Þ↦ f⟵L ηð Þ t1t2ð Þð Þ∧ f⟵L ηð Þ t2ð Þ↦ f⟵L ηð Þ t1t2ð Þð Þ
= ∧

t1,t2∈S
η f t1ð Þð Þ↦ η f t1ð Þf t2ð Þð Þð Þ∧ η f t2ð Þð Þ↦ η f t1ð Þf t2ð Þð Þð Þ

≥ ∧
t1′ ,t2′∈S′

η t1′
� �

∧η t2′
� �� �

↦ η t1′t2′
� �

=L ηð Þ

ð46Þ

If f is surjective, the above ≤ can be replaced by =, i.e.,
LðηÞ =Lð f⟵L ðηÞÞ: It is now obvious that the theorem
holds.

On the basis of the definition of the Cartesian product of
the L-fuzzy subset [20], we discuss the subsemigroup ðidealÞ
measure of the product of L-fuzzy subsets of a semigroup.

(2) The proof is simple, and we omit it

Theorem 13. Let fSigni=1 be a family of semigroup and
Qn

i=1νi
be the product of fνigni=1, where νi ∈ LSi . Then,

(1) SðQn
i=1νiÞ ≤ ∧

i=1
n SðνiÞ

(2) LðQn
i=1νiÞ ≤ ∧

i=1
n LðνiÞ

Proof.

(1) For
Qn

i=1νi = ∧
i=1

n P−1
i ðνiÞ, let Pi :

Qn
i=1Si ⟶ Si be

projections ði = 1, 2,⋯, nÞ; then, Pi is semigroup
homomorphic mappings; we can infer

S P−1
i νið ÞÀ Á

≥ S νið Þ ð47Þ

Then,

S
Yn
i=1

νi

 !
= S ∧

i=1

n
P−1
i νið Þ

� �
≥ ∧

i=1

n
S P−1

i νið ÞÀ Á
≥ ∧

i=1

n
S νið Þ:

ð48Þ

Definition 14. Let S be a semigroup, x ∈ PðLÞ, and ν, η ∈ LS,
then ν ∘ η ∈ LS defined by

ν ∘ ηð Þ zð Þ = ∨z=t1t2 ν t1ð Þ∧η t2ð Þð Þ: ð49Þ

It is obvious that ðν ∘ ηÞðxÞ = νðxÞ ∘ ηðxÞ.

Example 3. Let S = fl, n, p, qg be a semigroup with the same
operation as Example 1. We define ν, η ∈ LS as follows:

ν lð Þ = 0:4, ν nð Þ = 0:7, ν pð Þ = 0:6, ν qð Þ = 0:5,
η lð Þ = 0:3, η nð Þ = 0:7, η pð Þ = 0:8, η qð Þ = 0:9:

ð50Þ

From Definition 14, we get

ν ∘ ηð Þ lð Þ = ∨
l=t1t2

ν t1ð Þ∧η t2ð Þð Þ = 0:7,

ν ∘ ηð Þ nð Þ = ∨
n=t1t2

ν t1ð Þ∧η t2ð Þð Þ = 0:6:
ð51Þ

Theorem 15. Let S be a semigroup, ν, η ∈ LS. If ν ∘ η = η ∘ ν,
then

S ν ∘ ηð Þ ≥ S νð Þ∧S ηð Þ: ð52Þ

Proof. . Let SðνÞ∧SðηÞ ≥ x for any x ∈ PðLÞ, then SðνÞ ≥ x
and SðηÞ ≥ x. Then, ∀z ≱ x, by Theorem 10 (3), νðzÞ and

ηðzÞ are subsemigroups, respectively. By ðν ∘ ηÞðzÞ = νðzÞ ∘
ηðzÞ, then ðν ∘ ηÞðzÞ is a subsemigroup of S. We can infer Sð
ν ∘ ηÞ ≥ z. It is now obvious that the theorem holds.

Theorem 16. Let S be a commutative semigroup, ν, η ∈ LS,
then

L ν ∘ ηð Þ ≥L νð Þ∧L ηð Þ: ð53Þ

Proof. Suppose LðνÞ∧LðηÞ ≥ x for any x ∈ PðLÞ; we can
infer LðνÞ ≥ x and LðηÞ ≥ x. Then, ∀z ≱ x; by Theorem 10

(7), νðzÞ and ηðzÞ are an ideal, respectively. By ðν ∘ ηÞðzÞ =
μðzÞ ∘ ηðzÞ, then ðν ∘ ηÞðzÞ is an ideal of S. We can infer Lðν
∘ ηÞ ≥ x. It is now obvious that the theorem holds.
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4. The L-Fuzzy Convexities and
Their Properties

In the following, we will use the L-fuzzy subsemigroup
(ideal) measures, we will construct an L-fuzzy convexity on
a semigroup. After that, we will study the relationship
between LFC and LFCPM (LFCCP).

∀ν ∈ LS, SðνÞ (LðνÞ) can be reasonably considered as a
mapping S : LS ⟶ LðL : LS ⟶ LÞ specified by ν↦ SðνÞð
ν↦LðνÞÞ. It will indicate that SðLÞ is still an LFC on a
semigroup S.

The following convention is that the null set is a subse-
migroup (ideal) of any semigroup. It is necessary to discuss
the next theorem.

Theorem 17. Let S be a semigroup, ν ∈ LS. Then,

(1) the mapping S: LS ⟶ L specified by ν↦ SðνÞ is an
LFC induced via L-fuzzy subsemigroup measure on S

(2) the mappingL : LS ⟶ L specified by ν↦LðνÞ is an
LFC induced via L-fuzzy ideal measure on S

Proof. (1) We will prove (1) in accordance with the three
axioms of Definition 3 as follows:

(i) It indicates Sðχ∅Þ = SðχSÞ = Τ

(ii) Theorem 11 has proven ∧
i∈Ω

SðνiÞ ≤ Sð ∧
i∈Ω

νiÞ if

fνigi∈Ω, a family of L-fuzzy subsets in a semigroup
S, is nonempty

(iii) Suppose fνi : i ∈Ωg ≠∅, fνi : i ∈Ωg ⊆ LS is a
chain. We want to prove

∧
i∈Ω

S νið Þ ≤ S ∨
i∈Ω

νi
� �

ð54Þ

It needs to show that

x ≤ S ∨
i∈Ω

νi
� �

∀x ≤ ∧
i∈Ω

S νið Þ: ð55Þ

By Lemma 8( 2), ∀i ∈Ω, t1, t2 ∈ S, we know

νi t1ð Þ∧νi t2ð Þ∧x ≤ νi t1t2ð Þ: ð56Þ

Assume y ∈ JðLÞ; it satisfies

y ≺ ∨
i∈Ω

νi t1ð Þ
� �

∧ ∨
i∈Ω

νi t2ð Þ
� �

∧x: ð57Þ

Then, we have

y ≺ ∨
i∈Ω

νi s1ð Þ,
y ≺ ∨

i∈Ω
νi t2ð Þ,

y ≤ x:

ð58Þ

So there exists i, j ∈Ω; it satisfies

y ≤ νi t1ð Þ,
y ≤ νj t2ð Þ,
y ≤ x:

ð59Þ

For fνi : i ∈Ωg, suppose νj ≤ Ai; it follows that y ≤ νið
t1Þ∧νiðt2Þ∧x. By νiðt1Þ∧νiðt2Þ∧x ≤ νiðt1t2Þ, we obtain y ≤ νi
ðt1t2Þ. Hence, y ≤ ∨

i∈Ω
νiðt1t2Þ. Then, we can infer

∨
i∈Ω

νi t1ð Þ
� �

∧ ∨
i∈Ω

νi t2ð Þ
� �

∧x ≤ ∨
i∈Ω

νi t1t2ð Þ: ð60Þ

Combining Lemma 8 (2), we have x ≤ Sð ∨
i∈Ω

νiÞ. Then,
we obtain ∧

i∈Ω
SðνiÞ ≤ Sð ∨

i∈Ω
νiÞ. Therefore, it is proved.

(2) There is something in common shown in Theorem
17 (1), and it is omitted here.

In the rest of this paper, we will study the properties of
LFC on semigroup. We denote L-convexity with LC. From
[22, 23], we get the equivalent characterization between an
LC and LFC. It is found that SðLÞ is an LFC if and only
if S ½x�ðL ½x�Þ is an LC for any x ∈ SðLÞ \ f⊥g or S ½x�ðL ½x�Þ is
an LC for any x ∈ αð⊥Þ. Then, we get the next theorem.

Theorem 18. Let S be a semigroup; then, the following char-
acterizations are equivalent:

(1) SðLÞ is the LFC induced by SðνÞðLðνÞÞ, where ν ∈ LS

(2) ∀x ∈ JðLÞ, S ½x�ðL ½x�Þ is an LC on S

(3) ∀x ∈ αð⊥Þ, S ½x�ðL ½x�Þ is an LC on S

Combining Definition 3 and Theorem 12, we can get the
next theorem.

Theorem 19. Let f : S0 ⟶ S1 be a semigroup homomorphic
mapping and SS0

ðLS0
Þ and SS1

ðLS1
Þ be the L-fuzzy convex-

ities induced by L-fuzzy subsemigroup (ideal) measures on S0
and S1, respectively. Then,

(1) f : ðS0, SS0
Þ⟶ ðS1, SS1

Þ is an LFCPM

(2) f : ðS0,LS0
Þ⟶ ðS1,LS1

Þ is an LFCPM

(3) f : ðS0, SS0
Þ⟶ ðS1, SS1

Þ is an LFCCM

(4) f : ðS0,LS0
Þ⟶ ðS1,LS1

Þ is an LFCCM

Proof. To prove (1) and (2) hold, combining Theorem 12 (2)
and (4) with the conditions f : S0 ⟶ S1 is a semigroup
homomorphic mapping and SS0

ðLS0
Þ and SS1

ðLS1
Þ are

the L-fuzzy convexities induced by L-fuzzy subsemigroup
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(ideal) measures on S0 and S1, we can get

SS0
f⟵S νð Þð Þ ≥ SS1

νð Þ L f⟵L νð Þð Þ ≥L νð Þð Þ for any η ∈ LS′ :
ð61Þ

Then, we can infer (1) and (2) hold according to Defini-
tion 4.

Similarly, we can prove (3) and (4) hold.

Combining Theorem 13 and Theorem 19 with Defini-
tion 4, we can get the next theorem in a similar way of The-
orem 19.

Theorem 20. Let fSigni=1 be a family of semigroup and fPigni=1
be a family of projection by Pi :

Qn
i=1Si ⟶ Siði = 1, 2,⋯, nÞ.

Then,

(1) Pi : ð
Qn

i=1Si, SQn

i=1
Si
Þ⟶ ðSi, SSi

Þ
(Pi : ð

Qn
i=1Si,LQn

i=1
Si
Þ⟶ ðSi,LSi

Þ) is an LFCPM

(2) Pi : ð
Qn

i=1Si, SQn

i=1
Si
Þ⟶ ðSi, SSi

Þ
(Pi : ð

Qn
i=1Si,LQn

i=1
Si
Þ⟶ ðSi,LSi

Þ) is an LFCCM

From Definition 4 and Theorem 19 again, we can infer
the following theorem.

Theorem 21. Let f be a semigroup homomorphic mapping
and a bijective by f : S0 ⟶ S1. Then

(1) f : ðS0, SS0
Þ⟶ ðS1, SS1

Þ is an L-fuzzy isomorphism

(2) f : ðS0,LS0
Þ⟶ ðS1,LS1

Þ is an L-fuzzy isomorphism

5. Conclusions

It is presented in this paper that any L-fuzzy subsets can be
considered as an L-fuzzy subsemigroup (ideal) on semigroup
to some measure. By this, we obtained L-fuzzy convexities
and studied their properties. Next, we will research the
related definitions and properties on order semigroup.
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